
GENERALIZED PATTERN AVOIDANCE WITHADDITIONAL RESTRICTIONSSERGEY KITAEVAbstra
t. Babson and Steingr��msson introdu
ed generalized per-mutation patterns that allow the requirement that two adja
entletters in a pattern must be adja
ent in the permutation. We 
on-sider n-permutations that avoid the generalized pattern 1�32 andwhose k rightmost letters form an in
reasing subword. The num-ber of su
h permutations is a linear 
ombination of Bell numbers.We �nd a bije
tion between these permutations and all partitionsof an (n� 1)-element set with one subset marked that satisfy 
er-tain additional 
onditions. Also we �nd the e.g.f. for the numberof permutations that avoid a generalized 3-pattern with no dashesand whose k leftmost or k rightmost letters form either an in
reas-ing or de
reasing subword. Moreover, we �nd a bije
tion betweenn-permutations that avoid the pattern 132 and begin with the pat-tern 12 and in
reasing rooted trimmed trees with n+ 1 nodes.
1. Introdu
tion and Ba
kgroundAll permutations in this paper are written as words � = a1a2 � � �an,where the ai 
onsist of all the integers 1; 2; : : : ; n.A pattern is a word on some alphabet of letters, where some of theletters may be separated by dashes. In our notation, the 
lassi
al per-mutation patterns, �rst studied systemati
ally by Simion and S
hmidt[S
hSim℄, are of the form p = 1 � 3 � 2, the dashes indi
atingthat the letters in a permutation 
orresponding to an o

urren
e of pdo not have to be adja
ent. In the 
lassi
al 
ase, an o

urren
e of apattern p in a permutation � is a subsequen
e in � (of the same lengthas the length of p) whose letters are in the same relative order as thosein p. For example, the permutation 264153 has only one o

urren
eof the pattern 1 � 2 � 3, namely the subsequen
e 245. Note that a
lassi
al pattern should, in our notation, have dashes at the beginningand end. Sin
e most of the patterns 
onsidered in this paper satisfythis, we suppress these dashes from the notation.In [BabStein℄ Babson and Steingr��msson introdu
ed generalized per-mutation patterns (GPs) where two adja
ent letters in a pattern may be



2 SERGEY KITAEVrequired to be adja
ent in the permutation. Su
h an adja
en
y require-ment is indi
ated by the absen
e of a dash between the 
orrespondingletters in the pattern. Thus, a pattern with no dashes 
orresponds toa 
ontiguous subword anywhere in a permutation. For example, thepermutation � = 516423 has only one o

urren
e of the pattern 2-31,namely the subword 564, but the pattern 2-3-1 o

urs also in the sub-words 562 and 563. The motivation for introdu
ing these patterns in[BabStein℄ was the study of Mahonian statisti
s.A number of interesting results on GPs were obtained by Claesson[Claes℄. Relations to several well studied 
ombinatorial stru
tures, su
has set partitions, Dy
k paths, Motzkin paths and involutions, wereshown there. In [Kit1℄ the present author investigated simultaneousavoidan
e of two or more 3-letter GPs with no dashes. Also thereis a number of works 
on
erning GPs by Mansour (see for example[Mans1, Mans2℄).In this paper we 
onsider avoidan
e some generalized 3-patterns withadditional restri
tions. The restri
tions 
onsist of demanding that apermutation begin or end with the pattern 12 : : : k or the pattern k(k�1) : : : 1.It turns out that the number of permutations that avoid the pattern1� 32 and end with the pattern 12 : : : k is a linear 
ombination of theBell numbers. The n-th Bell number is the number of ways a set of nelements 
an be partitioned into nonempty subsets. We �nd a bije
tionbetween these permutations and all partitions of an (n � 1)-elementset with one subset marked that satisfy 
ertain spe
ial 
onditions. Inparti
ular, in Theorem 3, we investigate the 
ase k = 2. We get thatthe total number of partitions of an (n� 1)-element set with one partmarked, is equal to the number of (1 � 32)-avoiding n-permutationsthat end with a 12-pattern. Lemma 2 gives us an identity involvingthe Bell numbers and the Stirling numbers of the se
ond kind, whi
hseems to be new. In Theorem 5 we prove that the number of 132-avoiding n-permutations that begin with the pattern 12 is equal to thenumber of in
reasing rooted trimmed trees with n+ 1 nodes.In Se
tions 4 { 7, we give a 
omplete des
ription (in terms of expo-nential generating fun
tions (e.g.f.)) for the number of permutationsthat avoid a pattern of the form xyz and begin or end with the pattern12 : : : k or the pattern k(k� 1) : : : 1. We re
ord all the results 
on
ern-ing these e.g.f. in the table in Se
tion 7. The 
ase k = 1 is equivalentto the absen
e of the additional restri
tion. This 
ase was 
onsideredin [ElizNoy℄ and [Kit2℄.



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 3We observe that avoidan
e of some pattern with the additional re-stri
tions des
ribed above, in fa
t is equivalent to simultaneous avoid-an
e of several patterns. For example, beginning with the pattern12 is equivalent to the avoidan
e of the pattern [21) in the Babson-Steingr��msson notation. Thus avoidan
e of the pattern 132 and begin-ning with the pattern 12 is equivalent to simultaneous avoidan
e of thepatterns 132 and [21). Also, ending with the pattern 123 is equivalentto simultaneously avoiding the patterns (132℄, (213℄, (231℄, (312℄ and(321℄. 2. Set partitions and pattern avoidan
eWe re
all some basi
 de�nitions.A partition of a set S is a family, � = fA1; A2; : : : ; Akg, of pairwisedisjoint non-empty subsets of S su
h that S = [iAi. The total num-ber of partitions of an n-element set is 
alled a Bell number and isdenoted Bn.The Stirling number of the se
ond kind S(n; k) is the number of waysa set with n elements 
an be partitioned into k disjoint, non-emptysubsets.Proposition 1. Let P (n; k) be the number of n-permutations thatavoid the pattern 1� 32 and end with the pattern 12 : : : k. ThenP (n; k) = n�kXi=0 �n� 1i �Bi:Proof. Suppose a permutation � = �1� avoids the pattern 1� 32 andends with the pattern 12 : : : k. The letters of � must be in in
reasingorder, sin
e otherwise we have an o

urren
e of the pattern 1 � 32involving 1. Also, � must avoid 1 � 32. If j�j = i then obviously0 � i � n � k and we 
an 
hoose the letters of � in �n�1i � ways. By[Claes, Proposition 5℄, the number of i-permutations that avoid thepattern 1� 32 is equal to Bi, hen
e there are Bi ways to form �. �Lemma 2. We have n�1Xi=0 �ni�Bi = nXi=0 i � S(n; i):Proof. The identity 
an be proved from the re
urren
es for S(n; k) andBn, but we give a 
ombinatorial proof.The left-hand side of the identity is the number of ways to 
hoose ielements from an n-element set, and then to make all possible partitionsof the 
hosen elements.



4 SERGEY KITAEVThe right-hand side is the number of ways to partition a set with nelements into i disjoint non-empty subsets (i = 1; 2; : : : ; n) and markone of the subsets. For example if n = 4 then 1� 24� 3 and 1� 24� 3are two di�erent partitions, where the marked subset is overlined.A bije
tive 
orresponden
e between these 
ombinatorial interpreta-tions is given by the following: For the left-hand side, after partitioningthe i 
hosen elements, let the remaining n�i elements form the markedsubset in the partition. �The formula for P (n; k) in Proposition 1, applied to k = 2, andLemma 2 now give the following theorem:Theorem 3. The total number of partitions of an (n � 1)-elementset with one part marked, is equal to the number of (1 � 32)-avoidingn-permutations that end with the pattern 12.We give now a dire
t 
ombinatorial proof of this theorem.Proof. Suppose P = S1 � S2 � � � � � Sk is a partition of an (n � 1)-element set into k subsets with one marked subset and Ti is the wordthat 
onsists of all elements of Si in in
reasing order. We may, withoutloss of generality, assume that min(Si) < min(Sj) if i > j. In parti
ular,1 2 Sk. There are two 
ases possible:1) Sk = f1g (Sk is not marked set);2) Either Sk = 1 or 1 2 Sk and jSkj � 2.In the �rst 
ase, to a partition P = S1�S2�� � ��Si�� � ��Sk�1�1 weasso
iate the permutation �(P ) = nT1T2 : : : Ti�1Ti+1 : : : Tk�11Ti, whi
his (1 � 32)-avoiding and ends with the pattern 12 sin
e Si 6= ;. Forexample 4� 23� 1 7! 54123.In the se
ond 
ase we adjoin n to a marked subset, and then 
onsiderthe permutation �(P ) = T1T2 : : : Tk. This permutation is obviously(1� 32)-avoiding sin
e min(Si) < min(Sj) if i > j and the letters in Tiare in in
reasing order. Also it ends with the pattern 12. For example5� 34� 12 7! 534612, and 5� 234� 1 7! 523416.Obviously in both 
ases we have an inje
tion.Now it is easy to see that the 
orresponden
e above is a surje
tion aswell. Indeed, for any (1 � 32)-avoiding permutation � that ends withthe pattern 12, we 
an 
he
k if � begins with n or not and a

ording tothis we have either 
ase 1) or 2). In the �rst 
ase, we remove n, thenread � from left to right and 
onsider all maximal in
reasing intervals.The elements of ea
h su
h interval 
orrespond to some subset, and welet all the letters to the right of 1 
onstitute the marked subset. In these
ond 
ase, we divide � into maximal in
reasing intervals, and let theletters of ea
h interval 
orrespond to a subset. Then we let the interval



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 5
ontaining n be the marked subset. Thus we have a surje
tion. So the
orresponden
e is a bije
tion and the theorem is proved. �The following theorem generalizes Theorem 3.Theorem 4. Let P = S1�S2�� � ��S` be a partition of f1; 2; : : : ; n�1ginto ` subsets with subset Si marked. We assume also that 1 2 S`. ThenP (n; k) 
ounts all possible marked partitions of f1; 2; : : : ; n � 1g thatsatisfy the following 
onditions:1) if i = ` (the last subset is marked) then jS`j � k � 1;2) if i 6= ` and jS`j 6= 1 then jS`j � k;3) if i 6= ` and jS`j = 1 then jSij � k � 1.Proof. A proof of this theorem is similar to the proof of Theorem 3.We assume that min(Si) < min(Sj) for i > j and 
onsider three 
ases.If a partition satis�es 1), that is P = S1 � S2 � � � � � S` and jS`j �k� 1, then adjoining n to S` guarantees that the permutation �(P ) =T1T2 : : : T`, whi
h is (1� 32)-avoiding, ends with k letters in in
reasingorder.In 
ase 2), we adjoin n to the marked subset and 
onsider �(P ) =T1T2 : : : T`. This permutation avoids the pattern 1� 32 and ends withthe pattern 12 : : : k sin
e jS`j � k.In 
ase 3), to a partition P = S1 � S2 � � � � � Si � � � � � Sk�1 � 1 weasso
iate the permutation �(P ) = nT1T2 : : : Ti�1Ti+1 : : : Tk�11Ti; whi
his (1� 32)-avoiding and ends with at least k letters in in
reasing ordersin
e jSij � k � 1.That this 
orresponden
e is a bije
tion 
an be shown in a way similarto the proof of Theorem 3. �3. In
reasing rooted trimmed trees and patternavoidan
eIn an in
reasing rooted tree, nodes are numbered and the numbersin
rease as we move away from the root. A trimmed tree is a tree whereno node has a single leaf as a 
hild (every leaf has a sibling).Theorem 5. Let An denote the set of all n-permutations that avoid thepattern 132 and begin with the pattern 12. The number of permutationsin An is equal to the number of in
reasing rooted trimmed trees (IRTTs)with n + 1 nodes.Proof. A right-to-left minimum of a permutation � is an element aisu
h that ai < aj for every j > i.We des
ribe a bije
tive 
orresponden
e F between the permutationsin An and IRTTs with n+ 1 nodes.



6 SERGEY KITAEVSuppose � 2 An and � = P0a0P1a1 : : : Pkak, where ai are the right-to-left minima of � and Pj are (possibly empty) subwords of �. We
onstru
t a IRTT T = F (�) with n+1 nodes as follows. The root of Tis labelled by 0 and a0; a1; : : : ; ak are the labels of the root's 
hildren ifwe read them from left to right. Then we let the right-to-left minimaof Pi be the labels of the 
hildren of ai and so on. It is easy to see that,sin
e � avoids 132 and begins with 12, T avoids limbs of length 2. Also,T is an in
reasing rooted tree and hen
e T is a IRTT. For instan
e,F (2 9 10 5 3 1 11 13 14 8 12 7 4 6) = 0
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129 10 11 13 14Obviously, the 
orresponden
e F is an inje
tion.To see, that F is a surje
tion, we show how to 
onstru
t the permu-tation � 2 An that 
orresponds to a given IRTT T . The main rule isthe following: If ai and aj are siblings, and ai < aj, then the labelsof the nodes of the subtree below aj, are all the letters in � betweenai and aj, that is, ai+1, ai+2; : : : ; aj�1. If ai is a single 
hild, then thelabels of the nodes of the subtree below ai appear immediately left ofai in �. That is, if there are k nodes in the subtree below ai then thek 
orresponding labels form the subword ai�kai�k+1 : : : ai�1. We nowstart from the �rst level of T , whi
h 
onsists of the root's 
hildren, andapply this rule. After that we 
onsider the se
ond level and so on. Thefa
t that T is a IRTT ensures that � avoids the pattern 132 and beginswith the pattern 12. Thus, F is a bije
tion. �4. Avoiding 132 and beginning with 12 : : : k or k(k � 1) : : : 1Let Epq (x) denote the e.g.f. for the number of permutations thatavoid the pattern q and begin with the pattern p.If k = 1, then there is no additional restri
tion, that is, we are dealingwith avoidan
e of the pattern 132 (no dashes) and thus(1) E1132(x) = 11� R x0 e�t2=2 dt;sin
e this result is a spe
ial 
ase of [ElizNoy, Theorem 4.1℄ and [Kit2,Theorem 12℄.



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 7Theorem 6. We haveE12132(x) = e�x2=21� R x0 e�t2=2 dt � x� 1;and for k � 3E12:::k132 (x) = E1132(x) Z x0 Z tk�20 � � �Z t20 �e�t21=2 � t1 + 1E1132(t1)� dt1dt2 � � �dtk�2:Proof. Let En;k denote the number of n-permutations that avoid thepattern 132 and begin with an in
reasing subword of length k > 0.Let � be su
h a permutation of length n + 1. Also, suppose k 6= 2. If� = �1� then either � = � or � 6= � where � denotes the empty word. If� = � then � must avoid 132 and begin with an in
reasing subword oflength k�1. Otherwise � must avoid 132 and begin with an in
reasingsubword of length k, whereas � must begin with the pattern 12, or bea single letter (there are n ways to 
hoose this letter), or be �. Thisleads to the following:(2) En+1;k = En;k�1 +Xi�0 �ni�Ei;kEn�i;2 + nEn�1;k + En;k:Multiplying both sides of the equality with xn=n! and summing overall n we get the following di�erential equation(3) ddxE12:::k132 (x) = (E12132(x) + x + 1)E12:::k132 (x) + E12:::(k�1)132 (x);with the initial 
onditions E12:::k132 (0) = 0 for k � 3.Observe that equality (3) is not valid for k = 2. Indeed, if k = 2,then it is in
orre
t to add the term En;k�1 = En;1 in (2), sin
e this term
ounts the number of permutations � = 1� with the only restri
tionfor � that it must avoid 132. The absen
e of an additional restri
tionfor � means that the 3 leftmost letters of � 
ould form the pattern 132.However, we 
an use (3) to �nd E12132(x) by letting k equal 1. In this
ase we have ddxE1132(x) = (E12132(x) + x+ 1)E1132(x);whi
h gives(4) E12132(x) = e�x2=21� R x0 e�t2=2 dt � x� 1:For the 
ase k � 3, it is 
onvenient to write E12132(x) in the formE12132(x) = B0(x)� x� 1;



8 SERGEY KITAEVwhere B(x) = � ln(1� R x0 e�t2=2 dt) and thus B0(x) = exp(B(x)� x22 ).So (3) is equivalent to the di�erential equationddxE12:::k132 (x) = B0(x)E12:::k132 (x) + E12:::(k�1)132 (x)whi
h has the solutionE12:::k132 (x) = eB(x) Z x0 e�B(t)E12:::(k�1)132 (t) dt =E1132(x) Z x0 E12:::(k�1)132 (t)E1132(t) dt =E1132(x) Z x0 Z t20 E12:::(k�2)132 (t1)E1132(t1) dt1dt2 =E1132(x) Z x0 Z tk�20 � � �Z t20 E12132(t1)E1132(t1)dt1dt2 � � �dtk�2:Using (1) and (4) we now get the desired result. �Using the formula for E12:::k132 (x) in Theorem 6 one 
an derive, inparti
ular, thatE123132(x) = �12 � x� x22 + �1 + x2� e�x2=2 � 121� R x0 e�t2=2 dt :Theorem 7. For k � 2E132k(k�1):::1(x) = E1321 (x)(k � 1)! Z x0 tk�1e�t2=2 dt:Proof. We pro
eed as in the proof of Theorem 6.Let Rn;k denote the number of n-permutations that avoid the pattern132 and begin with a de
reasing subword of length k > 1 and let � besu
h a permutation of length n + 1. Suppose also that � = �1� . If� = � then, obviously, there are Rn;k ways to 
hoose �. If j� j = 1,that is, 1 is in the se
ond position from the right in �, then there aren ways to 
hoose the rightmost letter in � and we multiply this byRk;n�1, whi
h is the number of ways to 
hoose �. If j� j > 1 then �must begin with the pattern 12, otherwise the letter 1 and the twoleftmost letters of � form the pattern 132, whi
h is forbidden. So, in



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 9this 
ase there arePi�0 �ni�Ri;kEn�i;2 su
h permutations with the rightproperties, where i indi
ates the length of � and En�i;2 is de�ned in theproof of Theorem 6. In the last formula, of 
ourse, Ri;k = 0 if i < k.Finally we have to 
onsider the situation when 1 is in the k-th position.In this 
ase we 
an 
hoose the letters of � in � nk�1� ways, write them inde
reasing order and then 
hoose � in En�k+1;2 ways. Thus(5) Rn+1;k = Rn;k+nRn�1;k+Xi�0 �ni�Ri;kEn�i;2+� nk � 1�En�k+1;2:We observe that (5) is not valid for n = k � 1 and n = k. Indeed, if1 is in the k-th position in these 
ases, the term � nk�1�En�k+1;2, whi
h
ounts the number of su
h permutations, is zero, whereas there is one\good" (n+1)-permutation in the 
ase n = k�1 and n \good" (n+1)-permutations in 
ase n = k. Multiplying both sides of the equality withxn=n!, summing over n and using the observation above (whi
h givesthe term xk�1=(k�1)!+kxk=k! in the right-hand side of Equalion (6)),we get(6) ddxEk(k�1):::1132 (x) = (E12132(x) + x + 1)�Ek(k�1):::1132 (x) + xk�1(k � 1)!� ;with the initial 
ondition E132k(k�1):::1(0) = 0. We solve the equation inthe way proposed in Theorem 6 and getEk(k�1):::1132 (x) = E1132(x)(k � 1)! Z x0 (E12132(t) + t+ 1)tk�1E1132(t) dt = E1132(x)(k � 1)! Z x0 tk�1e�t2=2 dt:�For instan
e,E21132(x) = 1� e�x2=21� R x0 e�t2=2 dt and E321132(x) = 12  �1 + 1� xe�x2=21� R x0 e�t2=2 dt! :Moreover, the integral R x0 tk�1e�t2=2 dt from the formula forEk(k�1):::1132 (x)
an be solved to show that Ek(k�1):::1132 (x) equals(k=2� 1)!2k=2�1(k � 1)!(1�p�2 erf(x)) 0�1� e�x2=2 k=2�1Xi=0 x2i2ii!1A ;



10 SERGEY KITAEVif k is even, and1(k � 1)!!0��1 + 11�p�2 erf(x)0�1� e�x2=2 (k�3)=2Xi=0 x2i+1(2i+ 1)!!1A1Aif k is odd.In the formula above, erf(x) is the error fun
tion:erf(x) = 2p� Z x0 e�t2 dt:5. Avoiding 123 and beginning with k(k � 1) : : : 1 or 12 : : : kIf k = 1, we have no additional restri
tions and, a

ording to [ElizNoy,Theorem 4.1℄, E1123(x) = p32 ex=2
os �p32 x + �6� :Theorem 8. For k � 2Ek(k�1):::1123 (x) = ex=2(k � 1)! 
os�p32 x + �6� Z x0 e�t=2tk�1 sin p32 t+ �6! dt:In parti
ular,E21123(x) = p32 tan p32 x+ �6!� x� 12 :Proof. Let Pn;k denote the number of n-permutations that avoid thepattern 123 and begin with a de
reasing subword of length k. Weobserve that we 
an use arguments similar to the proof of Theorem 7to get the re
urren
e formula for Pn;k. Indeed, we only need to writethe letter P instead of R and E in (5):(7) Pn+1;k = Pn;k + nPn�1;k +Xi�0 �ni�Pi;kPn�i;2 + � nk � 1�Pn�k+1;2:This formula is valid for k > 1. Multiplying both sides of the equalitywith xn=n!, summing over n and reasoning as in the proof of Theorem 7,we get:(8) ddxEk(k�1):::1123 (x) = (E21123(x) + x + 1)�Ek(k�1):::1123 (x) + xk�1(k � 1)!� ;



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 11with the initial 
ondition Ek(k�1):::1123 (0) = 0. To solve (8), we need toknow E21123(x). To �nd it, we 
onsider the 
ase k = 1. In this 
ase wehave almost the same re
urren
e as we have in (7), but we must removethe last term in the right-hand side:Pn+1;1 = Pn;1 + nPn�1;1 +Xi�0 �ni�Pi;kPn�i;2:After multiplying both sides of the last equality with xn=n! and sum-ming over n, we haveddxE1123(x) = (E21123(x) + x+ 1)E1123(x);and thusE21123(x) = ddxE1123(x)P1(x) � x� 1 = p32 tan p32 x+ �6!� x� 12 :Now we solve (8) in the way we solved Equalion (6) and getEk(k�1):::1123 (x) = ex=2(k � 1)! 
os�p32 x + �6� Z x0 e�t=2tk�1 sin p32 t+ �6! dt:�The following theorem is straightforward to prove.Theorem 9. We have E12:::k123 (x) = 0 for k � 3 andE12123(x) = E1123(x)�E21123(x) = p32 ex=2
os�p32 x+ �6��12�p32 tan p32 x + �6! :6. Avoiding 213 and beginning with k(k � 1) : : : 1 or 12 : : : kIf k = 1, then by [ElizNoy, Theorem 4.1℄ or [Kit2, Theorem 12℄E1312(x) = 11� R x0 e�t2=2 dt:Theorem 10. For k � 2E12:::k213 (x) = Z x0 Z t0 sk�2eT (t)�T (s)(k � 2)!(1� R t0 e�m2=2dm) dsdt;where T (x) = �x2=2 + R x0 e�t2=21�R t0 e�s2=2ds dt.



12 SERGEY KITAEVProof. Let An denote the number of n-permutations that avoid thepattern 213 and let Bn denote the number of n-permutations that avoid213 and begin with the pattern 12 : : : k. Let Cn denote the number ofn-permutation that avoid 213, begin with the pattern 12 : : : k and endwith the pattern 12 and let Dn denote the number of n-permutationsthat avoid 213 and end with the pattern 12. Also, let A(x), B(x),C(x) and D(x) denote the e.g.f. for the numbers An, Bn, Cn and Dnrespe
tively.We observe, thatD(x) = E12132(x) = e�x2=2=(1� Z x0 e�t2=2dt)� x� 1;sin
e, by using the reverse and 
omplement dis
ussed in the next se
-tion, there are as many permutations that avoid the pattern 213 andend with the pattern 12 as those that avoid the pattern 132 and beginwith the pattern 12. Also, A(x) = E1312(x) and B(x) = E12:::k213 (x).Suppose now that � = �(n + 1)� is an (n + 1)-permutation thatavoids the pattern 213 and begins with the pattern 12 : : : k. So � mustavoid 213, begin with 12 : : : k, but also end with the pattern 12 sin
eotherwise the two rightmost letters of � together with the letter (n+1)form the pattern 213, whi
h is forbidden. For � , there is only onerestri
tion | avoidan
e of 213. So if j�j = i then we 
an 
hoose theletters of � in �ni� ways, whi
h gives Pi�0 �ni�CiAi permutations thatavoid the pattern 213 and begin with the pattern 12 : : : k. Moreover,it is possible for (n + 1) to be in the kth position, in whi
h 
ase we
hoose the letters of � in � nk�1� ways and arrange them in in
reasingorder. Thus Bn+1 =Xi�0 �ni�CiAn�i + � nk � 1�An�(k�1):Multiplying both sides of this equality with xn=n! and summingover n, we get(9) B0(x) = �C(x) + xk�1(k � 1)!�A(x);with the initial 
ondition B(0) = 0.To solve (9) we need to �nd C(x). Let � = �(n + 1)� be an(n+ 1)-permutation that avoids the pattern 213, begins with the pat-tern 12 : : : k and ends with the pattern 12. Reasoning as above, � mustavoid the pattern 213, begin with the pattern 12 : : : k and end with thepattern 12, whereas � must avoid 213 and end with the pattern 12.This gives Pi�0 �ni�CiDn�i permutations 
ounted by Cn+1. Also, the



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 13letter (n+1) 
an be in the kth position, whi
h gives � nk�1�Dn�(k�1) per-mutations, and this letter 
an be in the (n+1)st position, whi
h givesCn permutations that avoid the pattern 213, begin with the pattern12 : : : k and end with the pattern 12. Also, if n + 1 = k and all theletters are arranged in in
reasing order, then (n+1) is in the (n+1)stposition, but this permutation is not 
ounted by Cn above. SoCn+1 =Xi�0 �ni�CiDn�i + � nk � 1�Dn�(k�1) + Cn + Æn;k�1;where Æn;k is the Krone
ker delta, that is,Æn;k = � 1; if n = k,0; else.Multiplying both sides of the equality with xn=n! and summingover n, we get(10) C 0(x) = (D(x) + 1)C(x) + (D(x) + 1) xk�1(k � 1)! :To solve (10), it is 
onvenient to introdu
e the fun
tion T (x) su
hthat T 0(x) = D(x) + 1. ThusT (x) = x + Z x0 D(t)dt = �x2=2 + Z x0 e�t2=21� R t0 e�s2=2ds dt;and we need to solve the equationC 0(x) = T 0(x)C(x) + T 0(x) xk�1(k � 1)! ;with C(0) = 0.The solution to this equation is given byC(x) = eT (x) Z x0 e�T (t)T 0(t) tk�1(k � 1)!dt = � xk�1(k � 1)!+eT (x) Z x0 e�T (t) tk�2(k � 2)!dt:Now we substitute C(x) into (9) to get the desired result. �Theorem 11. For k � 2Ek(k�1):::1213 (x) = � xk�1(k � 1)!+k�2Xn=0 Z x0 Z tn0 � � �Z t10 Ck�n(t) + Æn;k�21� R t0 e�m2=2dmdtdt1 � � �dtn;whereCk(x) = eT (x) Z x0 Z tk�20 � � �Z t10 e�T (t) e�t2=21� R t0 e�m2=2dm � t� 1! dtdt1 � � �dtk�2;



14 SERGEY KITAEVwith T (x) = �x2=2 + R x0 e�t2=21�R t0 e�s2=2ds dt.Proof. Let An denote the number of n-permutations that avoid thepattern 213 and let Bn;k denote the number of n-permutations thatavoid 213 and begin with the pattern k(k � 1) : : : 1 for k � 2. LetCn;k denote the number of n-permutation that avoid 213, begin withk(k� 1) : : : 1 for k � 2 and end with the pattern 12 and let Dn denotethe number of n-permutations that avoid 213 and end with the pattern12. Also, let A(x), Bk(x), Ck(x) and D(x) denote the e.g.f. for thenumbers An, Bn;k, Cn;k andDn respe
tively. In the proof of Theorem 10it was shown that D(x) = e�x2=2=(1� R x0 e�t2=2dt)� x� 1 and A(x) =E1312(x). Moreover, Bk(x) = Ek(k�1):::1213 (x).Suppose now that � = �(n+1)� is an (n+1)-permutation that avoids213 and begins with the pattern k(k � 1) : : : 1. So � must avoid 213,begin with k(k � 1) : : : 1, but also end with the pattern 12 if j�j � 2,sin
e otherwise the two rightmost letters of � together with the letter(n + 1) form the pattern 213 whi
h is forbidden. For � , there is onlyone restri
tion - avoidan
e of 213. So if j�j = i then we 
an 
hoosethe letters of � in �ni� ways, whi
h gives Pi�0 �ni�Ci;kAi permutations
ounted by Bn+1;k. Also, it is possible for (n + 1) to be the leftmostletter, in whi
h 
ase the remaining letters must form a n-permutationthat avoids 213 and begins with the pattern (k � 1)(k � 2) : : : 1. Thus(11) Bn+1;k =Xi�0 �ni�Ci;kAn�i +Bn;k�1:However, this formula is not valid when k = 2 and n = 0. Indeed, sin
eB0;1 = A0 = 1, it follows from the formula that B1;2 = 1, whi
h is nottrue, sin
e B1;2 must be 0. So, in the right-hand side of (11), we needto subtra
t the term
n;k = � 1; if n = 0 and k = 2,0; else.Multiplying both sides of the obtained equality by xn=n! and summingover n, we get, that for k � 3(12) ddxBk(x) = Ck(x)A(x) +Bk�1(x);with the initial 
ondition Bk(0) = 0, and(13) ddxB2(x) = C2(x)A(x) +B1(x)� 1;with the initial 
ondition B2(0) = 0.



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 15The solution to di�erential equations (12) and (13) is given byBk(x) = � xk�1(k � 1)! + k�2Xn=0 Z x0 Z tn0 � � �Z t10 Ck�n(t) + Æn;k�21� R t0 e�m2=2dmdtdt1 � � �dtn:So, to prove the theorem, we only need to �nd Ck(x).Suppose � = �(n + 1)� be an (n + 1)-permutation that avoids thepattern 213, begins with the pattern k(k � 1) : : : 1 and ends with thepattern 12. It is 
lear that � must avoid 213, begin with the patternk(k � 1) : : : 1 and end with the pattern 12, whereas � must avoid 213and end with the pattern 12. There arePi�0 �ni�Ci;kDn�i permutationswith these properties. Also, the letter (n + 1) 
an be in the leftmostposition, whi
h gives Cn;k�1 permutations, and (n + 1) 
an be in therightmost position, whi
h gives Cn;k permutations, sin
e in this 
ase,two letters immediately to the left of (n + 1) 
annot form a des
ent.So, Cn+1;k =Xi�0 �ni�Ci;kDn�i + Cn;k�1 + Cn;k:Multiplying both sides of the equality with xn=n! and summing over n,we get the following di�erential equation(14) C 0k(x) = (D(x) + 1)Ck(x) + Ck�1(x):As when solving Equation (10), it is 
onvenient to introdu
e thefun
tion T (x) su
h that T 0(x) = D(x) + 1. Moreover, Equation (14) issimilar to Equation (3) and we 
an solve it in the same way. Also weobserve that from the de�nitions, C1(t) = D(t), and thusCk(x) = eT (x) Z x0 Z tk�20 � � �Z t10 e�T (t)C1(t)dtdt1 � � �dtk�2 =eT (x) Z x0 Z tk�20 � � �Z t10 e�T (t) e�t2=21� R t0 e�m2=2dm � t� 1! dtdt1 � � �dtk�2:�7. Summarizing the results from se
tions 4,5 and 6We re
all that the reverse R(�) of a permutation � = a1a2 : : : an isthe permutation anan�1 : : : a1 and the 
omplement C(�) is the permu-tation b1b2 : : : bn where bi = n+ 1� ai. Also, R ÆC is the 
ompositionof R and C. We 
all these bije
tions of Sn to itself trivial. Let � bean arbitrary trivial bije
tion. It is easy to see that, for example, thereare as many permutations avoiding the pattern 132 as those avoidingthe pattern �(132). Moreover if, for instan
e, a permutation � begins



16 SERGEY KITAEVwith a de
reasing pattern of length k, then depending on �, �(�) eitherbegins with an in
reasing pattern, or ends with either a de
reasing orin
reasing pattern of length k. This allows us to apply Theorems 6 {11 to a number of other 
ases. We summarize all the obtained results
on
erning avoidan
e of a generalized 3-pattern with no dashes andbeginning or ending with either in
reasing or de
reasing subword, inthe table below.



PATTERN AVOIDANCE WITH ADDITIONAL RESTRICTIONS 17avoid begin end e.g.f.123 12 : : : k {1 123 { 12 : : : k p32 ex=2
os(p32 x+�6 ) , if k = 1321 k : : : 21 { p32 ex=2
os(p32 x+�6 ) � 12 � p32 tan(p32 x+ �6 ), if k = 2321 { k : : : 21 0, if k � 3123 k : : : 21 {2 123 { k : : : 21 p32 ex=2
os(p32 x+�6 ) , if k = 1321 12 : : : k {321 { 12 : : : k ex=2 R x0 e�t=2tk�1 sin(p32 t+�6 )) dt(k�1)! 
os(p32 x+�6 ) , if k � 2132 12 : : : k {3 213 { 12 : : : k (1� R x0 e�t2=2 dt)�1, if k = 1312 k : : : 21 { e�x2=2(1� R x0 e�t2=2 dt)�1 � x� 1, if k = 2231 { k : : : 21 (1� R x0 e�t2=2 dt)�1 R x0 R tk�20 � � � R t20 (e�t21=2�(t1 + 1)(1� R t10 e�t2=2 dt))dt1dt2 � � �dtk�2, if k � 3132 k : : : 21 {4 213 { k : : : 21 (1� R x0 e�t2=2 dt)�1, if k = 1312 12 : : : k { 1(k�1)!(1�R x0 e�t2=2 dt) R x0 tk�1e�t2=2 dt, if k � 2231 { 12 : : : k213 12 : : : k { (1� R x0 e�t2=2 dt)�1, if k = 15 132 { 12 : : : k231 k : : : 21 { R x0 R t0 sk�2eT (t)�T (s)(k�2)!(1�R t0 e�m2=2dm) dsdt , if k � 2, where312 { k : : : 21 T (x) = �x2=2 + R x0 e�t2=21�R t0 e�s2=2ds dt213 k : : : 21 { (1� R x0 e�t2=2 dt)�1, if k = 16 132 { k : : : 21 � xk�1(k�1)! + k�2Xn=0R x0 R tn0 � � � R t10 Ck�n(t)+Æn;k1�R t0 e�m2=2dmdtdt1 � � �dtn,231 12 : : : k { if k � 2, where Ck(x) = eT (x) R x0 R tk�20 � � � R t10 e�T (t)�312 { 12 : : : k � e�t2=21�R t0 e�m2=2dm � t� 1� dtdt1 � � �dtk�2 and T (x) as above
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