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Abstract

It is well known that the expressive power and efficiency of Constraint
Logic Programming (CLP) systems is reduced by the strong partitioning
of the structures in which constraints can be expressed. This means
constraints defined on a particular domain must be solved by a specific
reasoning method with its associated solver that is not appropriate for
constraints defined on other domains.

In this paper, we describe a common unified framework for process-
ing constraints on any computation domain in which an ordering has
been defined. This framework is based on a single generic constraint and
unique inference rule. As usual on CLP our system can make use of built-
in domains and constraints defined on them but also allows the definition
of user-defined domains as well as of user-defined constraints on them.
Moreover, the system is independent of the underlying type and cardi-
nality of the domain which means a form of genericity for the constraint
solving. This means a higher flexibility with respect to the existing CLP
systems. We demonstrate, through examples, the expressiveness of our
framework compared to traditional CLP systems.

keywords: finite domains, interval reasoning, domain reasoning, con-
straint solving, interval narrowing, solver, constraint store.
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1 Introduction and Motivation

Constraint Logic Programming (CLP) systems [JAF94] have been applied to
many different domains each with distinct algebraic structures. The type
of the domain gives place to different instances of the CLP scheme such as
CLP(FD) (CLP on finite ranges of integers) [COD96a], CLP(R) (CLP on real
domain) [REF96], CLP(Sets) (CLP on finite sets of elements) [GER97] or
CLP(Bool) (CLP on boolean domain) [COD96b]. However, problems suit-
able for solving with constraints often have a natural formulation which use
more than one domain or a domain other than the built-in domains. Ex-
isting constraint systems (with some exceptions such as the CHR language
[FRU94]), only support specific domains and assume a strong partitioning of
the constraints between these domains. Thus, current constraint systems lack
expressiveness and the final code often bears no resemblance to the initial
problem statement. Moreover, the constraints defined on a domain must be
solved on very different solvers that have been implemented particularly for a
specific domain (see left-hand diagram in Figure 1).

In current systems, many of the constraints have the control fixed by the
system. These black bor constraints provide very efficient tools for common
constraint applications but lack adaptability when used for non-standard prob-
lems. To overcome this lack of flexibility, some constraint systems now provide
glass box constraints [FRI"J94, COD96a]. These allow new constraints to be
defined by the user, although, in most cases, these are still restricted to par-
ticular predefined domains such as the integers.

However there are two practical problems with the current approach. The
constraint solving process is usually "hard-wired” using a low-level language
so that it is difficult (sometimes, impossible) to build new solvers over new
domains. Moreover, the cardinality of the domain determines the constraint
solving procedure so that existing CLP systems have distinct constraint solving
methods for the finite and the infinite domains.

This paper has two main contributions. First, it describes a CLP system
with a generic constraint solver that can perform constraint propagation for
any ordered domain, finite or infinite (as illustrated in the right-hand diagram
of Figure 1). Note that this means that the system is valid as unified framework
for the usual domains used in CLP including the integer, Boolean and real
domains.

Secondly, it opens up the glass box approach given by the CLP finite do-
main constraint system [COD96a] to any ordered domain, finite or infinite,
user-defined or system-defined. With this more generic approach, the user
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Figure 1: Actual state of CLP. A generic solver approach

can define new domains, new constraints on these domains and, for each con-
straint, the intended propagation behaviour of the domain values. Figure 2
shows how this new glass box approach grows in two different directions (ver-
tically, by defining planes which means the user defines new domains, and/or
horizontally on any plane, by defining new constraints on each domain).

We call our constraint system CLP(X). since is valid for any domain X
in which an ordering relation < (not necessarily total) is defined. Since the
approach is independent of the cardinality and base type of the domain and
presents a form of generic constraint solving, definitively, this means that the
users:

e can define constraints on built-in domains (the typical glass bozx ap-
proach);

e can define their own domains and constraints on them for particular
applications (our new glass box approach) when necessary:;

e can specialise the constraint solving for particular applications since they
can formulate the problem in a more natural way.

The CLP(X)< constraint system

e has a single primitive constraint that can be used with any ordered
domain;
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Figure 2: A two dimensional glass box approach: over constraints and over
domains

e uses a novel propagation mechanism for this constraint;

e supports certain special extensions required by small domains such as
the Booleans and the infinite domains;

e allows the user the option of controlling the precision of the results.

The primitive constraint is then used to define more complex constraints that
are specialised for the particular domains of interest.

Of course, it is vital that any new constraint system is not only expressive
but also have an efficiency comparable with existing constraint systems. It is
known that although most of the solvers are based on extensions of the con-
sistency techniques in [MACT7], the detailed reasoning varies for each specific
domain. There are two basic forms of reasoning: domain reasoning and inter-
val reasoning. Interval reasoning (which prunes just domain bounds) is more
efficient that domain reasoning (which prunes the values in the domain). The
constraint solver described here is based on a combination of two interval rea-
soning techniques: interval variations and indexicals ranges (similar to those
used on finite domains [COD96a]) to update and (re)activate constraints in
terms of other constraints.

The paper is structured as follows. Section 2 recalls algebraic concepts used
in the paper. The computation domain and the primitive generic constraint are
described in Section 3. Section 4 describes the unique inference rule used and



defines the operational semantics of the system. In Section 5, three problems
on very different domains are solved to show the expressiveness and flexibility
of our system and Section 6 compares our system with related work. The
paper ends with some considerations about further work and the conclusions.

2 Preliminaries

This section recalls the algebraic concepts [dBURSS] and defines notation used
in this paper.

Definition 1 Let C be a set. The binary relation = on C is a weak order if
it is reflexive, antisymmetric and transitive. The binary relation < on C is a
strict order if it is transitive and irreflexive (hence necessarily asymmetric).
Note that if equality and inequality are defined for the elements of a set C
ordered by < and =X, then

c=xdNc#d =ec=<,

c<dVvVe=d=c=</c.

Definition 2 Let C be a set with elements ¢ and ¢ and a (weak or strict)
ordering relation R. Then c¢ and ¢ are comparable by R, when either cRc
or ' Re. We say a set C is totally ordered if every pair of elements of C is
comparable. We say the ordering R in the set C' is partial, if there are at least
two elements which are not comparable.

Evidently any order relation for a set C' is an order for any subset of C.
We write (C, R) to indicate C' is a set ordered by the relation R.

Definition 3 Given (C, <), an element s in C is a lower (upper) bound of
a totally ordered subset E of Ciff s < x (s = z) for every x in E. If the set
of lower (upper) bounds of C' has a greatest (least) element, then that element
is called the infinum (supremum) of C. The infinum of C is also called the
‘greatest lower bound’ of C' (denoted by glb(C)); the supremum of C is also
called the ‘least upper bound’ of C' (denoted by lub(C)).

Definition 4 Suppose the set C is weak ordered by =<, ¢, € C and ¢ <X .
Then c is called a predecessor of ¢ and ¢ a successor of c. c¢ is called the
immediate predecessor of ¢ if either ¢ = ¢ = glb(C) or ¢ # glb(C) and
c = wb{"|c" < ¢}. Similarly, ¢ is called the immediate successor of ¢ if
either c = ¢ = lub(C) or ¢ # wb(C) and ¢ = glb{c"|c" - '}.



Definition 5 Given (C, <) and any two comparable elements a and b in C,
then each of the sets:
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(a,b) ={ce C|a=<c=<b}

18 called an Interval with origin a and end b. An Interval said to be consistent
when is different from the empty set. Otherwise the interval is inconsistent.
The notation {a,b} denotes an interval of any of the above forms.

For example, using the domain of integers, [1,1],[1,2),(1,2], (1, 3) are all con-
sistent intervals, but [2,1],(1,1],[1,1), (1,2) are inconsistent.

Our constraint system is built on top of a pure logic programming language
and we base our notation on the Prolog syntax.

We use #C to denote the cardinality of a set C.

3 Computation Domain

This section presents the domain constraints on which our system is based.
We explain how high-level constraints can be constructed from them.

3.1 Domains

A computation (or type) domain D(7) interprets the set of values of a type
7. For example, integer, real, Booleans are common domains that are often
provided by CLP systems. The user can also define domains by means of
declarations:

data D(7) = data constructory|...|data constructory,.
For example:

data Letter =a | ... | z.
data Natural = zero | suc(Natural).

The constraint solving system described here is valid for any domain D(7)
in which a strict order relation < and the (in)equality over elements of type 7
has been defined. Thus, the type 7 is identified with the computation domain
D(7) over which the constraints are solved.



Let 7 be a domain partially ordered with the strict order relation <. We
define L, to be glb(7), if it exists, and a new constant not in 7, otherwise.
Similarly, we define T, to be lub(7), if it exists, and a new constant not in 7,
otherwise. From now on, L, and T, are assumed to be elements of 7, that is,
7= 71U{L,T,}

If T, or L, were added to 7 as new constants then any operation involving
exactly one of them must return the same bound. For example, L. op,. C' = 1,
where C::7 and op;::1 — 7 — 7. The result when an operation involves both
bounds is undefined. This situation can be changed by the user.

3.2 Interval constraints

A range R(7) is a set of possible values in the domain D(7) over which the
constraint can be satisfied.

Definition 6 The range Rx (1) for a variable X is an interval {a,b}, where
a,b::7 are terms (t;) defined as:

tru=ct| L(Y) | tr op, t;

where the constant ct € 7, Y is a variable distinct from X but of the same
type 7, 1.(Y) is an indexical term, and op.::T — T — T is a functional term
called a domain operator. Note that op, can be predefined or user-defined.
The indexical term I(Y) is an expression of the form min(Y) or maz(Y)
where min, maz :: (1) — T are defined:

min(Y) = glb(Ry (1)),

maz(Y) = lub(Ry (1))

Y which is distinct from X is called the indexed variable.

Note that an indexical term as defined here is similar to the indexicals provided
by CLP finite domain languages [COD96a]).
An interval constraint assigns a constraint variable to a range.

Definition 7 An interval constraint for a variable X of type T is a unary
constraint X € Rx (7). When the interval Rx(7) is [L;, T;] it contains every
element of type T, it is called a type constraint and we use the notation X:'r.
X is called the constrained variable. An interval constraint is consistent (resp.,
inconsistent ) if the range is consistent (resp., inconsistent). A simple interval
constraint is an interval constraint that does not use indexicals. X =ct denotes
the interval constraint X € [ct, ct].



To illustrate these definitions: Y, X::'Integer, B::’Bool, W, T::' Real, C: Letter
and N:'Natural are examples of type constraints; Y € [1,4), X € [min(Y)-
+ 3,max(Y) + 3|, B € [True,True], T € (1.21 * min(W),4.56), C € [a,z)
and N € [zero, suc(suc(suc(suc(zero))))] are examples of interval constraints.
where +,*::7 — 7 — 7 are the domain operators for the Integer and Real
domains.

Definition 8 A constraint store is a finite set of interval constraints [JAF9/].
The constraint store is in a stable form if, for each constrained variable, there
18 at most one interval constraint which doesn’t use indexicals.

3.3 High-level constraints

High-level constraints are predicates defined solely in terms of interval con-
straints. For example, generic disequality constraints <’, </for any domain 7
can be defined as follows.

</, <":7 — 7 — Bool.
X<Y —Xe[Ll;,max(Y)), Y € (min(X), T,].
X<Y — Xe[l;,max(Y)], Y € [min(X), T,

A generic (in)equality predicate =', #'can be also defined:

=' #":7 — 7 — Bool.
X =Y : =X € [min(Y),max(Y),Y € [min(X), max(X)].
X#Y =X e[L;,max(Y)),Y € (min(X), T,];

X e (min(Y), T,],Y € [L,,maz(X)).

As usual, ; indicates a choice point. The apostrophe at the end of an op-
erator symbol indicates that the operator is a high level constraint. A high
level constraint can be defined as a function of the basic domain operators.
For example, a generic sum constraint +'a domain 7 can be defined as follows:

+ T o171

+(X,Y,Z) : =X € min(Z)—min(Y), max(Z)—max(Y)],
Y € [min(Z)—min(X), mazx(Z)—maz(X)],
Z € Imin(X)+min(Y), max(X)+maz(Y))].

where +,—::7 — 7 — 7 are the basic arithmetic domain operators. For
simplicity, we use an infix notation for high level constraints that are also



operators. For example, +'(X,Y, Z) will be denoted as X +'Y and an inter-
mediate constraint variable Z for the value of the sum will be created, that is,
Z € [min(X)+min(Y), max(X)+maz(Y)].

Any finite set of constraints is called a system of constraints. For example,
{X <'Y, X €[1.4,3.6]} is a system of constraints.

3.4 Meaning of a program

A program is a triple (L,T,R) where L defines the computation domains, T
defines the high level constraints and R is a set of rules. L, T as well as R may
consist of user and system components. Each rule has the form

p(t1, ... tn):i—ay...an, S.

where p is a predicate symbol (distinct from those used in 7 to define high level
constraints), the ¢; are terms, ay, ..., a,, are atoms, and S is a possibly empty
system of constraints. The meaning of such a rule is as follows: “provided S
is satisfied, the atom p(t1,...,t,) is admissible if, for each i = 1,...,n, a; is
an admissible atom.

4 Execution model

A goal or body of a clause consists of a sequence atoms and a set of constraints.
The atoms are resolved by the inference machine of the logic language whereas
the constraints are processed by the constraint solver. This is a single generic
solver that is independent of the constraint domains. Interval constraints
of the form n € R(7) where n :: 7 and R(7) does not contain indexicals are
considered as tests that result directly in failure or success. Interval constraints
of the form n € R(7) where n :: 7 and R(7) contains indexicals are delayed
to test and not sent to the solver. Note that if n :: 7, min(n) = n and
max(n) = n. For example, in the integer domain a call such as 1 <’ Y only
generates an interval constraint for the solver: Y € [1, T 1,4]? since constraint
1 € [Lrne, max(Y)] is not sent to the solver.

The execution model of the constraint solver is based on narrowing the
constraint intervals for the constrained variables by removing values from the
domain that do not satisfy the constraint. The techniques we use are inde-
pendent of the particular domain. The idea consists of first constraining each

*Note that min(1) = 1.



variable X of a type 7 to have values in the range [L ., T.] and, secondly, re-
moving values from this range that can never be part of any feasible solution.

The indexicals in an interval constraint specify how the constrained vari-
able’s interval must be updated when the domains of other variables changes.
A constraint on a variable X using an indexical on another variable Y must
be checked each time the domain of Y is updated. These constraints remain
in the constraint store to propagate future modifications on the indexed vari-
ables. Any change in an indexed variable activates the constraint narrowing
procedure for the constrained variable. This process is called constraint prop-
agation.

4.1 Inference rule

There is one inference rule called interval narrowing (N;) which takes two
interval constraints which share the same constrained variable and returns a
range of possible values. The rule is formulated as follows:

X € {ia,b}1, X € {a¢,d}2 F X € {smazimum(a, c), minimum(b,d)}s N,

Given the ordering ( < [ <) <] for the brackets, the following tables give the
values for {3 and }3 in the inference rule N, (for example, {3= {2 iff a < ¢).

a<c|c<a a=c atc
{3 | {2 {1 minimum of ({1,{2) | [

b<d | d=<b b=d bAd
ts H }2 | minimum of (}1, }2) ]

where, a % b means that neither ¢ < b nor b < a is defined.
The functions minimum and maximum are the core of the interval nar-
rowing mechanism. They are defined as follows:

MINLMUM, MATLMUm::7 — T — T.
minimum(a,b) = aif a <b,

bif b=<a,

a op; b, otherwise
mazimum(a,b) = bif a < b,

aif b=a,

a opl. b, otherwise

where op;,opl::1 — 7 — 7 are user-defined functions. They are only applied
when the ordering on 7 is partial and thus neither a < b nor b < a is defined.
This allows the user control of the propagation mechanism. The following



conditions are imposed on the user-defined functions op, and op’:
(Aop, B)y<Aand (Aop B) < B cl
(Aop. B) = Aand (Aop. B) = B c2

An example of their use is shown in Subsection 5.4

4.1.1 Properties of the inference rule

Let X € dy, X € dy +F X € d3, where d; = {1a,b}1,d2 = {QC, d}g and
ds = {3se, f}3 be consistent intervals so that

(1) a<xb,c<dande =< f and
(2) {35 {13 {35 {2a }3 = }1 and }3 = }2-

The main properties of the inference rule N, are:
(1) Contractance: ds is a subset of dj and ds.

Proof: By N, e = mazimum(a,c) and f = minimum(b,d). Definitions
of mazimum and minimum and properties cl and ¢2 guarantee that a =< e,
c <e f=2band f X d. By (1) this infers that a < e < f =< b (that is,
le, f] C [a,b]) and ¢ 2 e X f < d ([e, f] C [e,d]). Then, by (2) it is inferred
that {36, f}3 C {1a, b}l and {36, f}3 C {QC, d}g

(2) Correctness: Only values which do not belong to dy Ndsg, and therefore
can’t be part of any feasible solution, are removed.
If s € di and s € dy, then s € d3.

Proof: Let s be a solution, then s € d; and s € dy. By the minimum
and maximum definitions and properties ¢l and ¢2 s € {smazimum(a,c), =<
minimum(b,d)}s which means s € ds.

(3) Idempotence: The final range d3 has to be computed once.

XEdl,X€d3 F Xedg;
Xeds, Xedy, H X eds.

Proof: Trivial.
(4) Monotonicity: The inclusion is preserved. Let X € ds, X € ds F X €

dg where dy = {4a',V'}4,d5 = {5¢,d'}5 and dg = {¢¢, f'}¢ are consistent in-
tervals; if di Ndy C dg N ds then d3g C dg.

10



Proof: Clearly, di N dy = {smazimum(a,c), minimum(b,d)}s and ds N
ds = {gmazimum(da’, ), minimum(t',d")}s. Thus, di Ndy C dy Nds =
(mazimum(a’, ) < mazimum(a,c) < minimum(b,d) < minimum(t’,d’),
{3j {67 }3 j}@) WhiCh means d3 g d6.

4.2 Operational semantics

The interval narrowing rule N is defined for a pair of interval constraints. The
operational semantics described by the algorithm later in this section refines
and infers the consistency of a system of constraints.

The initial domain of a constraint variable with type constraint X::/7 is
defined by the corresponding constraint X € [L,, T,]. This is reduced as a
consequence of its interaction with any other interval constraints defined on
X.

Let I be the constraint system to be solved. Each constraint ¢ € I is rep-
resented by a triple (n., §, d_;) where n,. identifies the constraint, §'is the set of
constrained variables® over which the constraint ¢ is defined and d_; is the set of
interval constraints with respect to 5. For example, a constraint S’ <’ S is rep-
resented as the triple (<',{S’, S}, {(S" € [Lr,maz(S)],S € [min(S"), T-]}).
Interval and type constraints are identified by € and :: respectively. Let C
denote the set of triples corresponding to I. In this section, these triples are
called “constraints”.

The constraint store (recall that this is a set of interval constraints) is de-
noted by S. This is partitioned into: Sy which contains all the simple interval
constraints in S and S; which contains the non-simple interval constraints
(that is, interval constraints that contain indexicals). If X is a constraint vari-

able, we write dx to denote a constraint for X in S; and d%y)
for X in S7. For simplicity, only one indexed variable Y is considered. The
algorithm, with minor changes, can be extended to work with indexicals d&(g)
over a set of indexed variables ¥. A state is a triple (C, Sy, S7) where, in Sy,
there is at most one simple interval constraint for each variable.

The operational semantics is based on the non-deterministic transition rule
defined in the procedure below which is called constraint solving proce-
dure. It takes as input a state (C, Sy, S;) and a selected constraint (n, s, d_;)
in C and determines if constraints in d; are locally consistent wrt the con-
straints in S;. Constraints with indexicals are added to S; and remain in S;
to produce further propagation.

The initial state of the transition system is specified by (C,0,0) where

for a constraint

3Note thus each variable s is constrained by a interval constraint ds.

11



all the constraints in C' need to be checked. The final state is either fail or
(0,85, 57) where S/ is in a stable form and no more constraint propagation
can be done. S/, contains the solution intervals.

Constraint solving procedure
1 Initialise Sg and S7 to the empty set
2 while C is not empty do

-

3 select and remove a constraint (nc, §,ds) from C
4 for each constrained variable X in § do
5 case of
6 (1) dﬁéy) € ds, then (* interval constraint with indexicals *)
7 Sr:=Sru dé((y)
8 if any dy € Sy then (* constraint propagation *)
9 apply values min(Y'), maz(Y) of dy on d;,(y) which returns d%¥
10 if di & Sa then C := CU{(€,{X},{d%})} endif
11 endif
12 (2) dx € ds, then (* simple interval constraint *)
13 if Ady € Sy then Sy := SqUdx; d% = dx;
14 else
15 select and remove d’x from Sy
16 apply inference rule N, on dx and d’x which returns d'x
17 if d’% is inconsistent then exit with failure endif
(this will cause backtracking)
18 Sq = Sq U d/)/(
19 endif
20 if (Adx € Sq) or (dx # dx) then  (* constraint propagation *)
21 for each d{,(m € S;r do
22 apply values min(X), maz(X) of d% on df,(X) which returns dy
23 if dy ¢ Sq then C := C U {(€,{Y},{dy})} endif
24 endfor
25 endif
26 endcase
27 endfor

28 endwhile

The constraint solving procedure is adapted from the arc consistency
algorithms in [MACT77] although with significant differences. The main differ-
ence is in the constraint propagation which is based on the use of indexicals
and in the inference rule applied.

Termination. As will be shown in Theorem 1, the constraint solving
procedure terminates when the computation domain is finite since these do-
mains cannot be refined indefinitely. However, this is not necessarily the case
if the domain is infinite since constraint propagation can add new constraints
to C causing other constraints to propagate and infinite domains could be
refined indefinitely. Note that this is not a problem in practice with well

12



known domains such as the real domain since the precision of any real num-
ber is bound so that the domain is effectively finite. This is the argument
given in [CLES87, LEE93] and [BEN97]. Our system allows (possibly infi-
nite) user-defined domains. For this reason, we incorporate a generic predi-
cate Precision :: T — 7 — Bool which limits domain refinement. Predicate
Precision defines the condition that the glb and the lub of a range must hold
to get the refinement required. When this condition holds the range is not
refined. Examples of definition of this predicate are shown below:

(1) On integer domain: Precision(A,B) :—B—A <0
(2) On real domain: Precision(A, B) :—B—A < 0.00000001
(3) On N2 : Precision(A, B) :— ... maximum distance between Aand B . . ..

The only condition required by this predicate is that there must be at least
elements z,y :: 7 satisfying « < y and Precision(z,y).

Let X € {c,d} be a simple interval constraint defined on a domain D. If
Precision(c,d) holds, then the constraint is not added to C. Note that the
predicate Precision allows the user direct control over the accuracy of the re-
sults*. To use the Precision predicate, the constraint solving procedure
needs to be extended with an extra test. Line 20 in the procedure is thus
reformulated as follows:

20 if (Not Precision(glb(dx),lub(dx))) and ( (Ady € Sq) or (dyx # d%) ) then

We call the new procedure obtained by replacing line 20 of the constraint
solving procedure with the above line the constraint solving algorithm
since the following theorem proves termination.

Theorem 1 The constraint solving algorithm always terminates. The
resulting store Sq is either inconsistent or stable.

We present here just the proof outline.

Proof Outline: The algorithm terminates when an inconsistency is de-
tected or when #C' is zero. In the former case (see line 17) Sy is inconsistent
and the algorithm clearly terminates.

If no inconsistency is detected, in each step of the constraint solving
algorithm a constraint is removed from C' (line 3). Then,

(a) If constraint propagation is never executed then, in #C steps, C' will
be empty and thus the algorithm will terminate. Note that Sy will remain in

4[SID92] provides a similar approach but only over reals.
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a stable form (N, and lines 13-19 assure that at most only one simple domain
constraint on a variable remains in Sg).

(b) If constraint propagation is executed (lines 8-11 and 20-25), new triples
(containing only simple interval constraints) are added to C. But constraint
propagation cannot be executed indefinitely since the ranges of these simple
domain constraints are refined (contractance property) when N; is applied (line
16) and the distance (measured in number of elements) between the bounds
(glb and lub) of these ranges decreases. This assures that the condition defined
by map Precision/2 can only succeed a finite number of times. Thus the
condition in the reformulated line 20 will eventually succeed and hence, C' will
become empty after a finite number of steps. Thus the algorithm terminate.

Theorem 2 If a solution exists, it can be derived (completely or incompletely)®
from the constraint solving algorithm.

Proof. This follows directly from the correctness property.

4.3 Some considerations on finite domains

A Constraint Satisfaction Problem (CSP) involving constrained variables on
finite domains isn’t always solvable by using the process described in preced-
ing sections. For example, consider the Boolean domain, an ordering relation
defined by false < true and the constraint X € [false, true). This constraint
provides enough information to know the value of X must be false, but this is
not computed. For finite domains, this problem can be solved using an enu-
meration strategy® as is usually done for the existing finite domain constraint
languages. However, suppose the domain is discrete and that the immediate
predecessor pre(K) and immediate successor suc(K) of every value K in the
domain can be computed. Then we can eliminate the (,) brackets in favour
of the [,] ones using the two range rules:

{a,K) = {a, pre(K)] rleft
(K,a} = [suc(K), A} rright

which would be applied only when no more constraint propagation is possible.
For the glb and lub elements, we define: (1) pre(L,;) = L, and (2) suc(T,) =
T,. For our example on the Boolean domain, we have that suc(false) = true
and pre(true) = false and by applying rleft, the constraint X € [false, true)

A solution is complete if all the values within the ranges of the constrained variables
which are in the store Sy are valid solutions. An incomplete solution has potential solutions
within the ranges.

5That is, each possible value is assigned in turn to the constrained variables in order to
solve constraints.
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is transformed to X € [false, false]. Note that an inconsistency is detected
in a range (a,b) when pred(b) = a or suc(a) = b. An example is shown in
Subsection 5.3.

5 Examples on different domains. Applications

In this section, by solving three examples over very different domains we
demonstrate the expressiveness and flexibility of the system described.

5.1 Notation used in the examples

We follow the notation shown in the basic constraint solving procedure in
Subsection 4.2:

e Triples: ¢;.
e Simple interval constraints: dx.
e Interval constraints using indexicals: d?

e Constraint propagation: d§ — .
This means that the simple interval constraint dy belonging to the store
S, is propagated by d}/( in ¢; (see lines 9-10 and 22-23 in the constraint
solving procedure).

e Interval narrowing: dg(, dj)'( F d’}(.
This means that dé( and d’, are reduced to dg( by applying the inference
rule N;.

e Step without change: NC.
This means that a calculation without consequence was done. For ex-
ample, d}/( — NC denotes that d}/( is propagated in a triple ¢; without
affecting C and Sy.

We discuss three problems in turn. For each one, the system of constraints
for the goal is first translated to a system of triples (the starting point of
the basic algorithm). For each problem there are two tables. The first table
associates these triples and the interval constraints used in the algorithm with
a label. In the second table, we show step by step, how the constraint solving
process is executed (by following the basic algorithm shown in Subsection 4.2).
The columns labelled as C,S; and S; show the current value of the state
(C,Sq4,S1) (see Subsection 4.2). The first row indicates the initial state. In
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subsequent rows, an integer in column 1 corresponds to a complete inference
step and means that a constraint has been selected and removed from C. A
non-integer in column 1 indicates that the for loop of the constraint solving
algorithm is being executed. The column labelled as Ch.P. marks the steps
in which a choice point is introduced by some disjunctive constraint. The
column labelled as Remarks describes the process that was followed.

5.2 A problem on Reals

The first example illustrates the basic constraint solving algorithm in Sub-
section 4.2. Consider the constraint system {S::'Real, S € [0,4],1 <" S,3.75 <’
S}. This is represented by the triples: {cl, 2, ¢3, c4} as defined in Table 1. Ta-
ble 1 also gives the interval constraints used by Table 2 to show the constraint
solving process.

Table 1: Triples and interval constraints in the example of R

Triples Simple Interval constraints
(Cl) (::/7 {S}’ {d}‘?}) (d}‘?) S S [J—Reah TReal}
(c2) (e, {S},{d3}) | (d%) S€[0,4]
(e3) (2, {S}.{ds}) | (d3) S €1, Treal
(c4) (=,{S}{ds}) | (d5) S €[3.75,T real]
(d3) S €1,4]
(d$) S € [3.75,4]

The values L geqr and T geqr are added to the Real domain to ensure that Real
has glb and lub elements. The process terminates at row 4 when C' = () and
there is no more constraint propagation. Here, Sy has just the constraint d%
on S. Thus it can infer that S € [3.75,4].

Table 2: An example of constraint solving on R

C Sa Sr | Remarks
(0) | {cl,c2,c3,c4} | O 0
(1) | {c2,¢3,c4} {ds} 0
(2) | {c3,c4} {d%} | 0 | ds,d3F d2
(3) | {c4} {dg} | 0 | d%,dét+d}
(4) | 0 {d&} | 0 | d%,d% - dS

5.3 A colouring problem

This example illustrates the use of the immediate predecessor and successor
functions introduced in Subsection 4.3.
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type constraints )
0 —> {AB,C & [white,black]}
A A,B,C::Colour
B A+B /\ A+B (Second alternative)
g e %white,max(B)f Ae(minB)plack] | ¢,
C B € (min(A),black B ¢ [white,max(A)
5 A ¢ [white,black) Ae (whiteMlack] | g
B ¢ (white,black] B € [white,black)
A colour map BC B+C (Second
alternative)
A ¢ [white,nax(B)) B+C | |A€ (mi]_l(B),black&
S1| B ¢ (min(A) black] Bewhitonax(A))| ¢,
B ¢ [whitemax(C)) | | B*C (Second g € (mllll?(C),black]
; € [white,max
CemnBIONk] | | ghemi) [ o)
Fail B ¢ (whitelack) ) Fail B ¢ (white,black)
€ [white,max(B)) | [A € (min(B),black]
¢ (min(A),black] | |B e [white,max(C))
ST B ¢ (min(C)black] | |B ¢ [whitemax(4)) | SI
€ [white,max C ¢ (min(B),black
A € [white,black) | [Ae (white,black]
Note * §d B e(whiteblack] | \p ¢ [whiteplack) | Sd
ofe *: C e [Whiteplack) | | e (white lack]
By Applying A € [white;white] | (4 c black black
mright and/or * B e[blackblack] | |p e[[[bwhitnghitli *
fefton S Ce '[whlte,whn'e] C ¢ [black) lackg-
First solution  Second solution

Figure 3: A colour map and its solving tree

Consider the problem of colouring the map shown in Figure 3 so that no two
adjoining regions have the same colour. We consider the finite domain Colours
declared as data Colour = white | black. The problem consists in solving the
following system of constraints: {A, B,C :' Colour, A #' B, B #' C}. We
assume the definition of #’ given in Subsection 3.3.

Let < be defined by the order of the elements in the declaration of Colour
so that, white < black. Assume also that suc(white) = black and pred(black) =
white. By definition, | coour = white and T gojour = black. The Tree in Fig-
ure 3 illustrates the constraint solving process. Each node shows the state of
the stores S; and S;. When no more propagation is possible, rules rleft and
rright (see Subsection 4.3) are applied on the interval constraints that belong
to Sy (in the figure this is marked with %) and two solutions are found. Note
that two branches detected an inconsistency when B € (white,black) since
suc(white) = black (see Subsection 4.3).

The initial system of constraints is represented by the following set of
triples: {c1,¢2,¢3,c4;¢4,c5;¢h’'} defined in Table 3. The choice points are
introduced by the definition of the propagator #’. Table 3 also gives the
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Table 3: Triples and interval constraints in the colouring example

Triples

Simple Interval constraints

Constraints with indexicals

1) (', {A}{da})
AB}.{ds})

(d%) A € [white, black]
B € [white, black]

(dB) A € [white, max(B))
d3) B € (min(A), black]

(c

(2) ( (dg) (d5)

(e3) (=, {C},{d&}) (d&) C € [white, black] (dS) B € [white, maz(C))
(c4) (#,{A, B},{d5,d3}) (d%) A € [white, black) (dg) C € (min(B), black]

(cd) (#,{A, B}, {dE,d4'}) | (d%) B € (white,black] (d/AB) A € (min(B), black]
(e5) (#,{B,C},{d%,d2}) (d%) C € (white, black] (dg') B € [white,mazx(A))
(c5') (#,{B,C},{d,dP}) | (d%) A € (white,black] (df) B e (min(C),black]
(c6) (€,{A},{d%}) (d%) B € [white, black) (dP) C € [white, maxz(B))
(c7) (€,{B},{d%}) (d%) C € [white, black)

(c8) (€,{B},{dB})

(c9) (€.{C},{d¢})

(c10) (,{C},{d&})

(c11) (€,{A}, {d4})

interval constraints used by Table 4 to show the constraint solving process.

Three choice points are added by the inference machine and backtracking
is executed when an inconsistency or a solution is found by the generic solver.
When no more constraint propagation is possible, rules rright and rleft are
applied (see Subsection 4.3). Two solutions are found: (1){d%",d%,d%"} and
(2){d%, d%" d%}. In the solutions, d%" denotes X € [white, white] and d%
denotes X € [black,black] for X = A, B or C.

5.4 Interval propagation to reason about sets

This final example illustrates how minimum and maximum are defined when
the ordering is partial (see Subsection 4.1).

[GER97] describes a system for solving sets constraints. [GER97] provides
the three inference rules shown below to describe the cases when two distinct
set domains (ranges) are applied to a single set variable or when the set do-
main (range) of a set variable is reduced to one value or is inconsistent :

a=b 2 bCa a’'=aUc,b/=dNb
Sie[a,b]l—S,-:a S

= b fal B Sea.seledrSelay]

where a,b, c,d,a’ and b’ are sets and S; and S set variables. This can be easily
modelled by our system. First, the domain Set is defined as follows:

data Set a = {} | {a, Set a}.
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With the ordering < defined by set inclusion, rules I1 and 12 are implicitly de-
fined by our system. However, this ordering is a partial ordering. minimum/3
and mazimum/3 are defined:

minimum, mazximum::Set a — Set a — Set a

minimum(A,B) = Aif A< B, mazimum(A,B) =B if A< B,
Bif B=< A, Aif B=<A,
AN B otherwise AU B otherwise

where N and U are defined respectively as the intersection and union on sets.
Note that Lge o = {} whereas Tget 4 is a new value added to the domain
Set a. Cases for T ge o can be explicitly defined as indicated in Subsection 3.1
(for example, Tger o N A = A). Note that N satisfies condition ¢1 and U
satisfies condition ¢2 (see Subsection 4.1). Thus, rule I3 is defined by the
inference rule N.

As an example of a high level constraint C’ is easily defined as follows:

;2 Set a — Set a — Bool

g/
S C'S" =S € [Lget aymazx(8")], 8" € [min(S), Tset al-

Constraint systems involving sets can be solved. For example, the system of
constraints {S,S1::' Set Int,S € [{1},{1,2,3,4}],51 € [{3},{1,2,3}], S <’
S1} produces the refined domains S € [{1},{1,2,3}] and S1 € [{1,3},{1,2,3}].

In the constraint solving process followed by our system, the system of
constraints is translated to the set of triples: {cl, 2,3, ¢4, cb}. Table 5 defines
these triples and labels for the interval constraints used in Table 6.

The process terminates when the solution {d%,d$;} is found. User defini-
tions for mazimum and minimum are used in the narrowing of the interval
constraints (that is, when N, is applied).

6 Related work

Accounts of conventional interval arithmetic can be found in [MOOG66]. [CLES7]
and [SID92] describe several proposals to incorporate arithmetic into logic pro-
gramming. Benhamou and Older [BEN97] and Lee and Van Emden [LEE93]
apply interval reasoning to numerical computations on the real domain. [MAJ97]
presents a survey of the existing work in the area of interval-based perfor-
mance analysis of computing systems. Relative to the finite domains, we
have built on the works of Gervets [GER97] on sets and Diaz and Codognet
[CODY96b, COD964a| on integers.
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We have built on the work of of Codognet and Diaz [COD96a]. In particu-
lar, we have developed the glass box approach over constraints. Also, we have
used a primitive constraint similar to the indexical in CLP(FD) over which
high level constraints can be defined.

7 Conclusions

By combining interval reasoning with the use of indexicals we have built a
unified framework in which to process constraints in any ordered domain in-
dependently of its length. The range of application and the flexibility of the
system is wider than the usual CLP system since our framework allows the
users to define their own domains and constraints, to control the constraint
propagation mechanism and to modify the precision of the required results.
The system provides a unified framework for the different and well-known in-
stances of CLP such as CLP(FD), CLP(R), CLP(Bool) and CLP(Set) among
other.

An implementation of the system to test the feasibility of our proposal is
currently under development.

Since CLP(X)< can mix different domains (declared as types), we plan to
study the possibility of combining our system with a CLP type system [FRA97]
in order to incorporate domain checking (type checking) and domain inference
(type inference).
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8 Appendix. A schedule problem on Reals

Consider the Real domain and the program [SID92] shown below that sched-
ules tasks using some of the relations on temporal intervals described in
[ALLS3].

in(task(S1, D1),task(S2, D2)) : —

52 < 81,

S1+' D1 <" S2+4' D2.
noOverlap(-,[]).
noOverlap(task(S1, D1), [task(S2, D2) | Tasks]) : —

S1+'D1<’"S2v 82+ D2< S1,
noOverlap(task(S1, D1), Tasks).
schedule((], -).
schedule([Task | Tasks], Supertask) : —
in(Task, Supertask),
noOverlap(Task, Tasks),
schedule(Tasks, SuperTask).

A task is represented by a term Task(S, D) where S is the start time of the
task and D is the duration of the task. The predicate in(Task, SuperTask) is
true is the interval for SwuperTask contains the interval for Task.
noOverlap(Task, Tasks) is true if Task overlaps with none of the tasks in
the list T'asks. It uses a disjunctive inequality constraint to make sure Task
is either before or after all the tasks in Tasks. Schedule(Tasks, Supertask)
is true if all the tasks in the list T'asks are in SuperTask but no pair in Tasks
overlap. Consider the following goal:

?—S:'Real, S € [0, 4], schedule([task(0, 1), task(2.75,1), task(S, 0.875)], task(0, 4.875)).

Its resolution in the logical inference machine leads to solve the following sys-
tem of constraints:

{S ' Real,S € [0,4],1 <" SvS+'0875 < 0,3.75 <’ SvS+'0875 < 2.75,0 <’
S, S +'0.875 < 4.875}

Suppose arithmetical operators, the ordering relation < and the equality
are (pre)defined on Reals in the usual way. Figure 4 shows the solving tree.
Each node contains the domain constraints actually in S; which is initially
empty. Each arrow is labelled by the constraint to consider. Note that disjunc-
tive constraints introduce choice points. Propagators <’ and +’ were defined in
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{}twm; {S € [J_Real, TReul)]}

S::'Real
l S € [0,4]

{S € [0,4]}

Sy
'S 0.
x:/ 751

Sellay Fail

N *0.g,
" sy
- s

{S € [3.75,4.0]} {S' € [1.875,2.75],
S € [1,1.875]}
0<'S
0<'S
{S € [3.75,4.0]}
{S' € [1.875,2.75],
§+'0.875 <'4.875 S € [1,1.875]}

(S' € [4.625,4.875], SHO8T5 <'4.875

§ € [3.75,4.01} (S’ € [1.875,2.75],
First Solution S €[1,1.875]}

Second Solution

Figure 4: Tree solving for the scheduling problem on real domain

Subsection 3.3. The propagator +’ introduces an additional variable” (by clar-
ity named S’ in each branch) and two interval constraints in the form of S’ €
[min(S) 4+ 0.875, max(S) + 0.875] and S € [min(S") — 0.875, max(S’) — 0.875]
which will remain in the store Sy (although by space restrictions, they aren’t
shown in the figure). Note L peq and T geq are ficticial bounds which were
added to the domain. The store becomes inconsistent in one branch and stable
in another two ones. The solution set is S € [1,1.875] U [3.75,4.0]. Figure 5
represents the problem and their solution ranges graphically.

As done in preceding examples, let’s see the process in detail. The initial
system of constraints is translated to the following set of triples:

{c1,¢2,¢3; (ca,cd), c4; (ca, c4’), c5, (ca, c6')}
Table 7 shows the representation of each triple and each interval constraint

used in the constraint solving process. Note that the triple ca is resulted
from the propagator 4+’ (for example, constraint S +' 0.875 <’ 0 is translated

"Note this variable corresponds to variable Z in the definition for 4+’ shown in Subsection
3.3. As told before, for simplicity we use a functional style instead of a relational style
in order to get more expresiveness by operating with infix propagators. This means that
S'=S+'0.875.
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to ca,c3’). The whole process is detailed in Table 8. Two choice points are
introduced as consequence of the disjunctive constraints (V). Two solutions
are found: d% and dg.

Task Scheduling Problem

task(0,1) task(2.75,1)
| e— | ——

1.875 2.7;5 375 4.875
o 2 3 4

3

task(S,0.875) task(S,0.875)

Figure 5: The task Scheduling problem graphically
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Table 4: An example of constraint solving on the domain Colour

ChP. | C Sa S7 | Remarks
(0) {cl,c2,¢c3,cd;cd’, c5;eh'} | 0 0
(1) {c2,¢3,c4;cd, c5;ch'} {d4} 0
(2) {3, c4; ¢4’ ¢5;¢5'} {d4,dp} 0
(3) {c4; cd’, ¢5;¢5'} {d4,dp,de} 0
(4) Licd | {c5;cd'} {d4,dE,de} {d3,d5}
1 cb, cb; ch — b
(4.1) {6, c5; 5"} {d4,dp,dt} {dZ,d5} | di
(4.2) {e7,¢6, c5;c5'} {d4,dp,de} {d3,dg} | df —c7
(5) {c6,c5;c5'} {d}y, d%, db} {d5,d3} | di,d% - d
(6) {c5;¢5'} {d%,d%, d&} {d3,d5} | da,di b d;
(7) 255 | 0 {dzq,d’;g,dic} {dg,d%dg,dg} .
(71) {68} {dA7dB7dC} {dA7dBadB7dC} dB — c8
(7.2) {c9, c8} {d;,,dzg, dic} {dg, d%, d%, dg} d? - c9 .
(8) {c8} {da,dp,dc} {d4,ds,dg,dc} | do,de - de
(9) 0 INCONSISTENCY {d5, d%,d%,d8} | d%,d% - B € (white, black)
Backtrack Point 2 (c5’)
{5} (@ 45, ) Y
(7) @ {diadzB7dlC} {dg7dg7dBcadCB} ,
df — NC d% € Sq
(7.1) {c10} {d%, 3}, d&} {df.d.diS . dFP} | dF — c10
®) 0 {d%,d%, d2} {df,d,d ,d P} | db,d2 - d
df§ — NC d% € Sy
/ / rleft 4+ rright are applied
(8.1) ) {d¥", d%, dehy {d5,d%,d§ ,dP} | FIRST SOLUTION
Backtrack Point 1 (c4’)
{c4’,ch;ch'} {d}4,dgs, dG} [}
(4) {c5;c5'} {d}, dp, d&} {d.f dg'}
(4.1) {c11,¢5;¢5'} {dY,ds,d5} {d;,B,d;g‘} d;,B —cll
(42) {68’ 6117 657 65/} {d}‘l? dlBa dé} {dAB7 d;} dBA - 68
(5) {11, ¢5;c5'} {dh, d,dt} {d° dg'} | dp,d - di,
o df — clINC (C=CUcll)
dgt — NC d% € Sq
(7) 3 ;CS, @ {d?é‘n d?)Bv dé} {dAB7 déqa dg? dg}
d% — NC d% € Sy
(71) {Cg} {di‘n d%v dlC} {dAB7 d;v d%7 dg} dCB — 9
8) 0 {d2, d, d2} {d.f,dg, d5,dB} | db,d% - d2
d§ — NC d% € 54
rleft 4+ rright applied
(8.1) 0 {d¥, dg, d%} {dZ,d4,d5, d2} | SECOND SOLUTION
Backtrack Point 3 (C5’)
{65/} {dih dsBa dé‘} , , {d;ABv dlBA}
(7) @ {d?47d3B7dé} {d/ABvdlBévd/BCvd/CB} ,
(7.1) {7} {d%, d%, d&} {dP,dg',dg,dZ} | df — T
d,§ NC. MAX(B) isn’t solved
(8) 0 INCONSISTENCY d%,d% &+ B € (white, black)
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Table 5: Triples and interval constraints in the example of the sets

Triples Simple Interval constraints Constraints with indexicals
(c1) (:,{S},{d5}) (ds) S € [Lset 1nt; T Set Int]

(c2) (', {51}, {ds:}) (ds1) S1€ [Lser tnt, T set rni]

(e3) (€,{S} {d%}) (d%) Sel[{1},{1,2,3,4}]

(c4) (€,{S1},{d%:1}) (d%1) S1€[{3},{1,2,3}]

(e5) (S',{S, 51}, {d5", d&1}) (d3') S € [Lset rne, max(S1)]

(c6) (6,{5},{d33[})
(e7) (€,{51},{d¥:})

) S € [Lset mt,{1,2,3}]
1) Sle [{1},TSet Int]

(d31) S1€ [min(S), Tset 1nt]

(d
(d
(d
(d

S e {1}, {1,2,3}]

<) S1e[{1,3},{1,2,3}]

Table 6: An example of constraint solving on sets of integers

C Sa St | Remarks
(0) {cl,¢2,c3,c4,ch} | 0 0
(1) {c2,¢3,c4,cb} {ds} 0
(2) | {e3,c4,c5} {ds, ds:1} 0
(3) | {c4,cp} {d%, ds:} 0 | ds,d%+d%
(4) {c5} {d%, d2Sl} 0 d}Sl: d2S1 = d.25‘1
(5) @ {d%a dQSI} {dgl7 dgl}
(5.1) | {c6} {d3,d%,} | {dd',d3,} | d5' — 6
(5.2) | {cT7,c6} {d%,d%l} {dglvdgl} dgl — 7
(6) {c6} {d257 dilﬂ} {d§17 dgl} d251a d?é‘l H d%‘l
(6.1) | {c6} {d%,d%} | {d2*,d2,} | d3' — 6 NC(C = C U c6)
(7) 0 {d§,d&,} | {d2',d3,} | d%,d+dS
(71) {07} {déa dg’l} {d§17 dgl} dgl - C7
(8) 0 {ds,ds,} | {dg',d3,} | d&i,dé, Fds NC
FOUND A SOLUTION
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Table 7: Triples and interval constraints for Scheduling example

Triples

Simple Interval constraints

Const. with indexicals

(ca) (+/7 {S7 Sl}7 {dg ,dg’})

(c1) (=, {S}.{ds})

(c2) (€,{S} {d})

(e3) (=, {S},{ds})
(e3") (=/,{8"} {ds })
(cd) (=, {S},{ds})
(c4) (=, {5}, {d%})
(e5) (
(c6) (
(e7) (
(e8) (

&
C
C

c5) (=,{S},{d3})
= {8} {ds'})
<, {Sl}7 {d4S’})
€. {5}, {ds})

C
C
C

(c9) (€.{S},{ds})
(c10) (€, {5} {d5:})

) S S [J-Real7TReal]
) S €l0,4]

) S S [LTReal}

/) S’ S [J_Real,O]

) S e [3~757TReal}
/) S’ e [J_REQL,Q.?E)]
) S €10, TReal

) S € [LRrear, 4.875]
) S € [4.625,4.875]
) S € [1.875,4.875]
) S el,4]

) S €[3.75,4]

) S’ € [1.875,2.75]
) S €[l,1.875]

/) 8" €[0.875,4.875]

R Y i i e e Y T o o
QU QU QR QR QU Q] Q QAU QQ

NNNIN O NNOY TN FNRNT NN AN W0

(dS) S € [min(S") — 0.875, max(S') — 0.875]
(d3)) 8" € [min(S) + 0.875, max(S) + 0.875)]
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Table 8: Constraint solving process in the Scheduling problem on Reals

Ch.P. C Sa St | Remarks
(0) {c1,c2,¢3; (ca,cd'), c4; (ca,cd’), cb, (ca,c6)} | O 0
(1) {c2,¢3; (ca, "), c4; (ca, c4'), c5, (ca, c6) } {ds} 0
(2) {e3; (ca, c3"), c4; (ca,cd'), cb, (ca, c6)} {d%} 0| ds,d%Fdi
(3) 15(ca,c3") | {c4;(ca,cd’),cb, (ca,c6)} {d%} 0| d%,dy FdS
(4) 2 ;(ca,cd’) | {c5,(ca,c6)} {d%} 0| ds, di+ds
(5) {ca, c6} {d%} 0 | d5,d% Fds NC
(6) {c6} {d5} {df’, 5.}
(6.1) {c7,c6} {d%} {dg',d3,} | dS, — T
(7) {c6} {d%,d%} | {dS,d3} | dS — NC(d% € S).
8) 0 {db,db} | (3,8} | db,d% - dé NC
FOUND FIRST SOLUTION (d%)
Backtrack Point 2
{(ca,cd’),c5, (ca,cb)} {d%} 0
(4) {c4', ¢35, (ca, c6)} {d3} {d3,d$}
(4.1) {c8, ¢4’ ¢5, (ca, c6)} {dS} {dg',dS} | dS — c8
(5) {c4',¢5, (ca, c6)} {dg,d%} | {d3,d3.}
ds — NC(dS € Sq)
(6) {c5, (ca, c6)} {dS,d% ) | {dS,dS,} | d%,d% + dS,
(6.1) {c9,¢5, (ca, c6)} {d%,d% ) | {d¥,dS} | d8 — 9
(7) {c5, (ca, c6)} {d%,dS} | {d2,d3,} d%,dg - d
d3, — NC(d% € Sy)
(8) {ca,c6} {d%,dS,} | {d%,dS} | d%,d%+ dS NC
9) {c6} {d3,d%} | {d3,d%} | NC
(10) 0 {d%,dS,} | {d%,dS} | d%,d% - dS, NC
FOUND SECOND SOLUTION (d%)
Backtrack Point 1
{(ca, c3"), c4; (ca,cd’), c5, (ca, c6)} {d%} 0
(3) {c3', c4; (ca,cd),cb, (ca, c6)} {d%} {d2', d3,}
(3.1) {c10,¢3', c4; (ca, c4'), ¢5, (ca, c6)} {d%} {d3',d3,} | dS — c10
(4) {c3',c4; (ca, cd'), c5, (ca, c6)} {d%,d%} | {d¥,dS} | d3 — NC(dL € Sq)
(5) {c4; (ca,cd’), c5, (ca, c6)} {d%,d%} | {d¥,dS} | d%,dL - Fail

INCONSISTENCY
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