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21 Introdu
tionThis paper is intended as a follow-up to the theoreti
al work on in
omplete Givens orthogonal-ization methods by Bai, Du� and Wathen [BDW01℄. They des
ribed and analysed a family ofin
omplete QR type fa
torizations using Givens rotations. Whereas their paper was 
on
ernedonly with theoreti
al aspe
ts of these methods, we have undertaken the task of eÆ
iently im-plementing them, as well as providing a variety of numeri
al results for these methods.We start by giving a brief ba
kground on in
omplete fa
torization te
hniques for solving linearsystems of equations where the 
oeÆ
ient matrix is sparse.In
omplete LU fa
torizations: Assuming that we are given a square, sparse, nonsingularmatrix A 2 Rn�n, we 
an de
ompose it into a produ
t of a unit lower triangular matrix L, anda nonsingular upper triangular matrix U , su
h that A = LU . This 
omplete fa
torization 
anthen be used to solve a system of the form Ax = b, x; b 2 Rn dire
tly. However, these fa
tors
an be quite dense matri
es. Complete LU fa
torizations are all too often 
ostly to 
omputefrom the point of view of time as well as memory (for storing the dense fa
tors), and hen
enot pra
ti
al in appli
ations.On the other hand, in
omplete variants of an LU fa
torization 
an be obtained at only a smallfra
tion of the 
omputational 
ost required for the 
omplete fa
torization. We 
an then usethis in
omplete fa
torization to pre
ondition an iterative method, su
h as Krylov subspa
emethods, to speed up 
onvergen
e of su
h an iteration.The idea of using in
omplete fa
torizations as pre
onditioners for the iterative solution of linearsystems is not a re
ent one.The so-
alled in
omplete variants of the LU fa
torization 
an be generated via dropping strate-gies. That is, during the fa
torization pro
ess, we set 
ertain elements in the fa
tors to be zero.The resulting triangular fa
tors are then both sparse and 
an be 
omputed in a fra
tion ofthe time ne
essary for a 
omplete fa
torization; most of the 
omputational work is simply by-passed through the use of dropping rules. The resulting in
omplete fa
torization is of 
ourseuseless for dire
t solution of the system. What one 
an do instead is use them to pre
onditionany standard general iterative method. If the dropping rule is not too stri
t, one 
an usuallya
hieve good 
onvergen
e with su
h pre
onditioners (see [MAN80℄, [SAAD88℄, [SAAD96℄).More re
ently, resear
h has fo
used on ordering or prepro
essing strategies for the system ma-trix, as a step in improving the performan
e of ILU pre
onditioners ([BHT00℄, [BSVD99℄).In
omplete QR fa
torizations: In
omplete LU fa
torizations have re
eived mu
h attentionduring the last twenty years or so, as LU de
omposition is the natural and less 
omplex wayone would use to solve a square linear system. However, more re
ent resear
h has introdu
edimportant innovations in the �eld of in
omplete fa
torization te
hniques, su
h as approximateinverse te
hniques (see [SAAD96℄, 
h. 10.5) and in
omplete QR type fa
torizations for pre
on-ditioning iterative methods. It is this latter 
lass of in
omplete QR methods that will re
eiveour attention in this paper.A square, nonsingular matrix A 
an be de
omposed into a produ
t of an orthogonal matrix Qand a nonsingular upper triangular matrix R, su
h that A = QR. Obviously, one 
an use su
ha de
omposition to solve the aforementioned linear system dire
tly. However, 
omplete QR



3fa
torizations are even more expensive than their LU 
ounterpart. On the other hand, one
ould use in
omplete variants of a QR fa
torization to pre
ondition iterations, in a mannersimilar to in
omplete LU pre
onditioning.The question that arises naturally is how should one pro
eed to obtain this in
omplete QRtype fa
torization. The traditional approa
h would be the In
omplete Modi�ed Gram-S
hmidtte
hnique (see [JA84℄ or [SAAD96℄, 
h. 10.7), whi
h uses a modi�ed Gram-S
hmidt orthog-onalization pro
ess 
oupled with dropping rules to 
ompute the in
omplete fa
tors Qin
 andRin
. This approa
h has re
eived 
onsiderable attention, but this has also brought forwardits short
omings. One of the hardest ones to over
ome is the fa
t that Qin
 is in general notorthogonal and hen
e diÆ
ult to invert; Qin
 
ould even be singular if not enough �ll is allowed,making the in
omplete fa
torization worthless even as a pre
onditioner. Also, the in
ompletefa
tors 
omputed by this pro
ess may be of poor quality in terms of speeding up 
onvergen
eof the iteration, unless massive amounts of �ll-in (and 
onsequently 
omputational time) areallowed. Despite this, there have been su

essful attempts to improve the robustness of thismethod (see [WGB97℄).In
omplete QR via Givens rotations: Wishing to over
ome these diÆ
ulties, people haveinvestigated other orthogonalization te
hniques to use in an in
omplete QR pro
ess. The useof Givens rotations for orthogonalization purposes is advo
ated in the aforementioned paperby Bai, Du� and Wathen whi
h has been the starting point of the work presented here.However, this is not the �rst attempt to use in
omplete QR fa
torization via Givens rotationsfor pre
onditioning purposes.James, in his PhD thesis [JAM90℄, uses su
h a fa
torization for 
onjugate gradients for thesystem of normal equations. His 
hoi
e of a stati
 sparsity pattern dropping rule (the sparsitypattern set of ATA) however, produ
ed pre
onditioners of poor quality. James also identi�ed
ases for whi
h the in
omplete triangular fa
tor resulting from this method is singular. Theimplementation of James 
losely resembles the pre
onditioning te
hnique of George and Heath[GH80℄, developed for the least squares solution of re
tangular systems.Zlatev and Nielsen, in [ZN88℄, have also developed an in
omplete orthogonalization type pre-
onditioner for 
onjugate gradients.Zlatev [ZLA91℄, dis
usses in detail in
omplete QR via Givens rotations. He appears to bethe �rst one to produ
e in
omplete QR fa
torizations via Givens rotations that also use somethreshold dropping rule. He uses the row-wise approa
h to the fa
torization pro
ess, that is,the redu
tion of the system matrix A to upper triangular form is performed row by row.This small number of papers is all the resear
h relevant to in
omplete Givens orthogonalizationte
hniques we were able to lo
ate. Note that most of the authors 
ited above used their te
h-niques to pre
ondition least-squares problems via the normal equations, and seem to ignorethe 
ase of square systems. Apparently, this is due to the availability of e�e
tive ILU pre
on-ditioning te
hniques for the square 
ase, whereas this is not true for re
tangular systems.In this paper, we have 
hosen to present results for both square and re
tangular (least-squares)systems, so as to present an exhaustive report on this 
lass of in
omplete QR fa
torizations.The rest of this paper is organized as follows:In se
tion 2, we des
ribe the three algorithms (
IGO, 
TIGO and rTIGO) we have 
oded and



4tested. The �rst two, with slight modi�
ations, were presented in [BDW01℄, whereas the thirdone uses the approa
h in [JAM90℄ and [GH80℄, ex
ept that the dropping strategy is now dif-ferent. As one 
an tell from their pre�x, in 
IGO and 
TIGO we perform the redu
tion ofthe system matrix A to upper triangular form in a 
olumn-wise fashion, as opposed to rTIGOwhere this is done in a row-wise fashion. Some preliminary observations about ea
h of thesealgorithms are also in
luded.Se
tion 3 dis
usses the implementation issues for ea
h algorithm. In order to be as eÆ
ient aspossible, and assuming we are working with a high level language, one has to use a variety ofsparse matrix and ve
tor stru
tures and asso
iated operations on these; a des
ription of su
hstru
tures 
an be found in standard literature su
h as [DER86℄ and [SAAD96℄. Finally, theissue of using these fa
tors as pre
onditioners, on
e they have been 
omputed by any of thethree pro
esses, is addressed.In se
tion 4 we present a number of numeri
al experiments involving these fa
torizations aspre
onditioners for Krylov subspa
e methods for square systems, and 
ompare their perfor-man
e to standard in
omplete LU type fa
torizations. Many brief examples are presented,as well as a short dis
ussion on the e�e
t of reordering and prepro
essing the system prior to
omputing the in
omplete fa
torization, as well as the problem of en
ountering ill-
onditionedsystems. Some brief relevant remarks 
an be found at the end of this se
tion.In se
tion 5 we swit
h our attention to pre
onditioning least-squares systems, them being the'natural` 
hoi
es for one to apply a QR fa
torization on. After presenting test results, weembark on a 
omprehensive dis
ussion of all the issues regarding Givens in
omplete QR aspre
onditioner we en
ountered during our resear
h. This dis
ussion o�ers insights into howone 
ould potentially improve the performan
e of these pre
onditioners.Some overall 
on
luding remarks 
an be found at the end of this paper.2 Des
ription of Algorithms and ObservationsWe start by introdu
ing the notation used to de�ne sparsity pattern sets and, 
onsequently,dropping rules.A dropping rule (or dropping strategy, or nonzero strategy) tells us whi
h of the elementsof a matrix we allow to be �lled-in with nonzero values during, for example, an in
ompletefa
torization pro
ess. The easiest way to deal with a dropping rule is to de�ne it as a set ofpairs of integers. These refer to the indi
es of the elements of a parti
ular matrix that areallowed to be �lled-in with nonzeros.For example, the set of integer pairsPA;U := f (i; j) j aij 6= 0 , i � j , 1 � i; j � n gdenotes the set of indi
es of the elements of A that are both nonzero and above or on its maindiagonal.A dropping rule 
an then be, for example 'keep elements only in PA;U and PA;L (i.e. in PA)and drop the rest'; in fa
t we will impose this exa
t dropping rule when we implement the �rstof our three algorithms.



5We 
an now present the three di�erent algorithms for 
omputing an in
omplete QR fa
toriza-tion using Givens rotations we implemented, and dis
uss brie
y some of their properties.The �rst two of these algorithms (
IGO and 
TIGO) are variants of the ones presented in[BDW01℄. We have somewhat diverged from the a
tual algorithms presented in this �rstpaper as it was more 
on
erned with their theoreti
al aspe
ts. However, when it 
ame to im-plementing them eÆ
iently, we dis
overed that 
ertain details needed to be 
hanged or omitted.Despite this, the 
ore idea of these methods, that is the order in whi
h we perform rotations,remains the same.As for the third algorithm (rTIGO), although not presented in [BDW01℄, we 
oded it and in-
lude here a short presentation, as it is another way to a
hieve an in
omplete QR fa
torizationusing Givens rotations.A glan
e at the algorithms should 
onvin
e us that no matter how one tries to organise theredu
tion of A to upper triangular form, two rows of the matrix will have to be updated forea
h element we rotate out. This is a fundamental disadvantage of Givens QR when 
omparedto LU de
omposition and its in
omplete variants. In the in
omplete LU de
omposition, we
an set the pro
ess up so that only a single row 
hanges for ea
h element we zero out.2.1 
olumn-In
omplete Givens Orthogonalization (
IGO) methodThe 
orresponding algorithm 
an be des
ribed in pseudo
ode as follows:The 
IGO-Method Algorithm1. For j = 1; : : : ; n� 1 Do: ! for ea
h 
olumn of A2. De�ne kr(j) :=maxfi j i � j , aij 6= 0g ! max. row i with nonzero element in 
olumnj of A3. If kr(j) = j Then Cy
le ! no elements to be annihilated below diagonal on this
olumn4. For i = kr(j) DownTo j + 1 and (i,j) 2 P Do: ! all nonzero subdiagonals in 
olumnj are su

essively annihilated5. Compute � :=qa2jj + a2ij ! 
ompute rotation angles6. Compute 
 := ajj=�7. Compute s := aij=�8. Set ajj := �9. Store rotation data j, i, 
, s10. For k = j + 1; : : : ; n Do: ! update A without allowing any additional �ll-in11. If (i; k) 2 P And (j; k) 2 P , Compute temp := �sajk + 
aik



6 12. ElseIf (i; k) 2 P And (j; k) 2 P 
, Compute temp := 
aik13. If (j; k) 2 P And (i; k) 2 P , Compute ajk := 
ajk + saik14. ElseIf (j; k) 2 P And (i; k) 2 P 
, Compute ajk := 
ajk15. If (i; k) 2 P , Set aik := temp16. EndDo17. EndDo ! end of se
ondary loop18. For k = j; : : : ; n And (j; k) 2 P Do: ! �ll in R but respe
t sparsity pattern19. Set rjk := ajk20. EndDo21. EndDo22. Set rnn := annWe should make the following notes:� The in
omplete orthogonal fa
tor Qin
 is never expli
itly 
omputed nor dropping ofelements is performed on Qin
 expli
itly. It is however an in
omplete fa
tor in the sensethat not all the rotations that would be required for a 
omplete Givens QR fa
torizationhave been performed during the 
IGO pro
ess; we only rotate out elements that belongto the set P [AL.In the �rst paper, the in
omplete orthogonal fa
tor was a
tually 
omputed and updatedexpli
itly after ea
h rotation and elements 
ould then be dropped. However, we qui
klyrealised that it is both easier, faster and 
heaper from the point of view of 
omputationalwork and memory requirements, to only store Qin
 as a produ
t of rotations.Although in
omplete, the fa
tor Qin
 is however always orthogonal as it 
onsists of aprodu
t of rotation matri
es. A pro
edure for generating Qin
 from the Givens rotationmatri
es it 
onsists of 
an be found in [BDW01℄. When pre
onditioning with the 
IGOfa
torization, we a
tually require the 
omputation of matrix ve
tor produ
ts of the formQTin
v; we present an algorithm for su
h an operation in se
tion 3.5.� The natural and 
onvenient 
hoi
e for the sparsity pattern set P is the sparsity patternof the original matrix A, i.e. P = PA = f(i; j)jaij 6= 0; 1 � i; j � ng. Hen
e nz(Rin
) =nz(AU ), and Qin
 is a produ
t of nz(AU )� n rotation matri
es.� The j-th row of Rin
 is generated at step j of the pro
edure. Denote by ~a�;� an elementof the partially redu
ed (after a series of rotations) form of the matrix A. Then, at thebeginning of su
h a loop on j, we 
an have the following situation:{ If ~ajj 6= 0 then Rin
(j; j) 6= 0;



7{ Else, if ~ajj = 0 but there is an element ~aij 6= 0 for some i, n � i > j, thenRin
(j; j) 6= 0;{ Else Rin
(j; j) will be 0.If for some j we en
ounter the third possibility mentioned above, then of 
ourse Rin
will be a singular matrix and the in
omplete fa
torization is ill-de�ned. 
IGO typefa
torizations of nonsingular matri
es 
an give rise to su
h singular in
omplete uppertriangular fa
tors and we present two su
h examples in the appendix. The easy wayto remedy su
h a situation is simply to assign some arbitrary nonzero value to su
h adiagonal entry of Rin
, but this approa
h usually leads to pre
onditioners of poor quality
onvergen
e-wise.2.2 
olumn-Threshold IGO (
TIGO)The 
IGO pro
ess is a very basi
 non parametri
 one yielding 
heap pre
onditioners. How-ever, in pra
ti
e, having su
h a basi
 pre
onditioner is seldom e�e
tive. We need to produ
ein
omplete fa
torizations that are 
loser to the full QR type fa
torization and we 
an a
hievethis by allowing extra amounts of �ll-in via a threshold dropping strategy.The 
TIGO-Method Algorithm1. For j = 1; : : : ; n� 1 Do: ! for ea
h 
olumn of A2. De�ne kr(j) :=maxfi j i � j , aij 6= 0g ! max. row i with nonzero element in 
olumnj of A3. If kr(j) = j Then Cy
le ! no elements to be annihilated below diagonal on this
olumn4. For i = kr(j) DownTo j + 1 Do: ! all nonzero subdiagonals in 
olumn j aresu

essively annihilated5. If (i; j) 2 P Or jaijj > � Then: ! rotate out if element in P or is a large enough�ll-in6. Compute � :=qa2jj + a2ij ! 
ompute rotation angles7. Compute 
 := ajj=�8. Compute s := aij=�9. Set ajj := �10. Store rotation data j; i; 
; s11. For k = j + 1; : : : ; n Do: ! 
ompute updated i and j row segments and imposedropping rule



8 12. Compute tempi := �sajk + 
aik13. Compute tempj := 
ajk + saik14. If (j; k) 2 P Or jajkj > � , Set ajk := tempj15. Else, Set ajk := 0 ! element too small so drop it16. If (i; k) 2 P Or jaikj > � , Set aik := tempi17. Else, Set aik := 0 ! element too small so drop it18. EndDo19. Keep all entries in P plus the p largest �ll-ins in the j-th row aj�20. Keep all entries in P plus the p largest �ll-ins in the i-th row ai�21. EndDo ! end of se
ondary loop22. For k = j; : : : ; n And ajk 6= 0 Do: ! store �nal j-th row of R23. Set rjk := ajk24. EndDo25. EndDo26. Set rnn := annThe same remarks as for the 
IGO algorithm apply, but we should also note the following:� In the 
ase of 
TIGO we are still working with a given sparsity pattern set P (= PA),but, by the use of a thresholding strategy we allow additional �ll-ins on top of this inorder to re
eive pre
onditioners of potentially better quality. Hen
e, for the in
ompletefa
tors we will have nz(Rin
) � nz(AU ) and Qin
 will be a produ
t of at least nz(AL)�nrotations.� The element drop toleran
e � for the �ll-ins may vary a

ording to the row or 
olumn weare working with. For example, the following set of dropping rules 
an be used, assuming� is the user inputed value for the drop toleran
e:{ When determining on whi
h rows to rotate, and ~aij is a �ll-in not in P , 
hoose rowi for rotation only if j~aijj > � j~ajjj;{ When updating the j-th and i-th rows, we keep a �ll-in ~ajk (or ~aik) that is not inP only if j~ajkj > � j~ajjj (respe
tively, if j~aikj > � j~aiij for the i-th row).In fa
t, this is exa
tly the thresholding strategy used in our 
ode, but other 
ombinationsmay also provide interesting results.



9� The memory 
ontrol toleran
e p may also be adjusted for ea
h row.� Note again the 
ombination of both 
olumn and row-oriented loops in the 
TIGO al-gorithm. It turns out that be
ause of this parti
ular order in rotating out elements,a

omodating and handling arbitrary �ll-ins in the lower triangular part of A is quitediÆ
ult from the programming point of view. Hen
e the use of a sparsity pattern Pas a basis on top of whi
h we allow the extra �ll-in, in the hope that we 
an obtainpre
onditioners of good quality without too mu
h of this diÆ
ult to handle �ll-in. Weshall refer to this matter extensively in se
tion 3.3.2.3 Row-Wise Elimination TIGO (rTIGO)This seems to be the traditional approa
h with respe
t to the order in whi
h we rotate outelements in order to redu
e A to upper triangular form (see [JAM90℄, GH[80℄). For 
om-pleteness, we present here the threshold in
omplete variant of this algorithm we have a
tuallyimplemented.The rTIGO-Method Algorithm1. For j = 2; : : : ; n Do: ! for ea
h row of A2. For i = 1; : : : ; j � 1 And aji 6= 0 ! redu
e row j to upper triangular form by rotatingagainst row i3. If jajij < � Then4. Set aji := 0 ! element too small to be rotated out so drop it5. Cy
le to Next i6. EndIf7. Compute � :=qa2ii + a2ji ! 
ompute rotation angles8. Compute 
 := aii=�9. Compute s := aji=�10. Set aii := �11. Store rotation data i; j; 
; s12. For k = i; : : : ; n Do: ! 
ompute updated i and j row segments and impose droppingrule13. Compute tempi := sajk + 
aik14. Compute tempj := 
ajk � saik



1015. If jaikj > � , Set aik := tempi16. Else, Set aik := 0 ! element too small so drop it17. If jajkj > � , Set ajk := tempj18. Else, Set ajk := 0 ! element too small so drop it19. EndDo20. Keep only the p largest entries in the i-th row ai�21. Keep all nonzero entries in the j-th row aj�22. EndDo ! end of se
ondary loop23. Keep only the p largest entries in the j-th row aj�24. EndDo ! j-th row now redu
ed to upper triangular form25. For i = 1; : : : ; n26. For j = i; : : : ; n27. Set rij := aij ! R is extra
ted from redu
ed form of A28. EndDo29. End DoThe following observations need to be made:� The rows i, i = 1; : : : ; j � 1, used to rotate out elements in row j when attemptingto redu
e it to upper triangular form, already have the required redu
ed form. Hen
e,using them will alter their 
ontent but only in the 
olumns from i to n and their uppertriangular form will be preserved. As for the j-th row, su
h a rotation will zero-in theelement in position (j; i) but will not 
reate any �ll-in in positions (j; k); k = 1; : : : ; i� 1.Hen
e, we a
hieve our obje
tive of gradual redu
tion to upper triangular form.� We now drop elements by magnitude only, without 
aring whether they belong to asparsity pattern set P or not. Hen
e, mu
h sparser in
omplete fa
torizations than in the
ase of 
TIGO 
an be obtained. Their quality as pre
onditioners remains to be seen.� The threshold drop toleran
e � 
an again vary in a dynami
 fashion. In our implemen-tation we have 
hosen the following 
ombination:{ To perform a rotation, the element ~aji we want to rotate out must satisfy the
riterion j~ajij > � j~aiij, otherwise we drop it (skip rotation).



11{ For row j whi
h we are 
urrently redu
ing, we drop elements ~ajk unless they satisfyj~ajkj > � � jjA(j;:)jj1nz(A(j;:)) . The dropping rule is therefore the weighted 1-norm of the j-throw of the original matrix. Similarly, for row i, we drop elements ~aik not satisfyingj~aikj > � � jjA(i;:)jj1nz(A(i;:)) .Note that the rule applies to o�-diagonal entries only. The entries on the main diagonalof the matrix are always kept regardless of their magnitude in order to ensure that Rin
is nonsingular. This is also true for the 
IGO and 
TIGO algorithms.3 Computer Implementation DetailsIn this 
hapter we provide a 
omprehensive des
ription of how the algorithms presented inthe previous 
hapter 
an be 
oded in a high level language (we have used fortran77) using avariety of standard sparse matrix and ve
tor stru
tures. The interest in sparsity arises be
auseits exploitation 
an lead to enormous 
omputational savings and be
ause most of the largematrix problems that o

ur in pra
ti
e are sparse.3.1 Implementing 
IGOAssume that we are given the matrix A whose 
IGO fa
torization we want to 
ompute; A isavailable in the ordered 
ompressed sparse row (CSR) format (see [SAAD96℄, [DER86℄). Thisis not too strong a demand, as matri
es in (online) databases are usually stored in some sortof ordered stru
ture, out of whi
h we 
an derive the ordered CSR format we require here.Implementing 
IGO is then a relatively easy task. The �rst step is to 
onstru
t the asso
iatedordered 
ompressed sparse 
olumn (CSC) stru
ture of the matrix but with the real CSC arraysubstituted by an integer pointer-to-values-in-CSR array. This is a ne
essary preparatory stepas rotations are performed in a 
olumn-wise fashion, so we require some information on thedistribution of nonzeros over ea
h 
olumn. In fa
t, we only need this 
olumn information forthe stri
tly lower triangular part only, but it is easier to 
onstru
t it for the whole matrix. Ifone did not have this CSC stru
ture, one would have to perform an expensive sear
h throughthe CSR stru
ture in order to pin-point the next rotation in a parti
ular 
olumn.The two stru
tures des
ribed above are all we need to perform the 
IGO fa
torization illustratedin se
tion 2.1. For a parti
ular rotation, and sin
e we allow no further �ll-in, updating the tworows boils down to just 
omputing new values for the nonzeros in the 
orresponding positionsin the CSR stru
ture.After the matrix has been redu
ed, we need to extra
t Rin
 out of the redu
ed form of A andstore it in a separate CSR type stru
ture. This is ne
essary, as the CSR stru
ture for A will
ontain, at the end of the 
IGO pro
ess, a number of zeros 
orresponding to the nonzeros inthe lower triangular part of the original matrix. On the other hand, the in
omplete fa
tor Qin
will just 
ome out as a list of rotations.A �nal thing worth mentioning is the fa
t that the CSR stru
ture of A needs to 
ontain allthe diagonal elements, even if their initial value is zero.



123.2 Implementing 
TIGOEÆ
ient implementation of 
TIGO is a mu
h more 
omplex issue. We now have arbitrary�ll-in appearing in the lower triangular part (where elements to be rotated out are situated)of the matrix under redu
tion, and still rotate out elements in a 
olumn-wise order. On theother hand, ea
h su
h rotation requires updating two rows. This 
ombination of 
olumn androw oriented a
tions, on a stru
ture in 
onstant pattern 
hange be
ause of �ll-in allowan
e,
alls for spe
ial 
are in 
oding.We start by observing that, be
ause of the nature of the algorithm, it is easier to have twoseparate and independent stru
tures 
orresponding to the lower and upper triangular parts ofthe matrix under redu
tion.The main stru
ture for keeping ea
h part of the matrix and the values is of a CSR type butwith predetermined length for ea
h row.For the upper triangular part, this large stru
ture will eventually 
ontain the fa
tor Rin
.In this large stru
ture, the spa
e allo
ated for row j, initially 
ontains the non-zeros of AU inthis row plus a number of zeros whi
h a
t as spa
e for potential �ll-ins during the fa
torizationphase, as in the example below:[ : : : j elms. in PA;U j0 : : : spa
e for �ll-ins : : : 0j : : : ℄So, assuming that we initially have nz(Pj;A;U) nonzeros in the upper triangular part of thej-th row of A and want a maximum of p nonzeros in the j-th row of Rin
, we will allow for atmost p� nz(Pj;A;U) �ll-ins due to thresholding on this row.We require two su
h arrays; an integer one in whi
h we store the 
olumn index, and a real onefor an element's value.Two integer arrays of size n are also employed; one whi
h holds pointers to the position atwhi
h ea
h row begins, and a se
ond one whi
h holds the 
urrent total number of nonzeros inea
h row. For a row, the 
ut-o� point between spa
e for elements in PA;U and spa
e for �ll-insis always known, as the elements in PA;U are never thrown away.Wasteful in terms of memory as it may seem, one has to employ su
h a large stru
ture so thatindividual rows 
an be a

essed and modi�ed at any time during the fa
torization phase at aminimum of e�ort. The fa
t that two rows are updated at the same time in this fa
torization
alls for this a priori determination of row length. This is of 
ourse a restri
ition on thein
omplete fa
tor(s) that does not appear for example when doing ILU type fa
torizations.But, of 
ourse, ILU methods 
an be organised in su
h a way that only one row is updated atany given time; this is not true for our 
lass of methods.Sin
e the spa
e allo
ated for �ll-ins in ea
h row is predetermined, one has to make good useof the memory 
ontrol parameter p to make sure that a 
ertain balan
e is maintained. Inparti
ular, one easy way to pre-allo
ate spa
e is the rule spa
e for row j = minfn � j +1;maxfnz(Pj;A;U ); pgg, for the portion of the row j in the upper triangular part.A similar stru
ture will be employed for the lower triangular part of the matrix, where thepotential elements to be rotated out reside.Constru
ting the initial form of these stru
tures is a fairly easy and 
heap task, assuming theordered CSR form of A is available.We now turn our attention to the task of eÆ
iently determining elements to be rotated out in



13a parti
ular 
olumn.A CSC stru
ture of size nz(AL) with pointers to element values' lo
ation in the large stru
turesolves the problem of determining rotations for elements in PA;L.However, we still have for ea
h 
olumn a number of rotations that should be performed be
auseelements o

urred as thresholding �ll-ins in the lower triangular part.The easy way to deal with these is, for ea
h 
olumn, to sear
h through all �ll-in elements inthe lower triangular part. This approa
h is of 
ourse extremely ineÆ
ient; for a O(104) sizedmatrix the time taken for these sear
hes was 60 � 75% (depending on �ll-in allowed by the
hoi
e of the threshold parameter) of the total time it took to produ
e the fa
torization.The way around this problem is to employ an ordered 
olumn linked list stru
ture (see [DER86℄)to keep tra
k of �ll-ins due to thresholding in the lower triangular part. Linked lists are
ommonly used in in
omplete QR type fa
orizations. Saad [SAAD96℄ advo
ates the ne
essityof a linked list in the implementation of In
omplete Modi�ed Gram-S
hmidt.When a thresholding �ll-in appears in the lower triangular part, we simply add a new entryto the list after the �nal position and adjust the link for the previous in order of in
reasingrow index element on the same 
olumn. Instead of the element's value, we store a pointer tothe large CSR stru
ture where the value is held. There is an ineÆ
ien
y here in the sense thatwe a
tually have to sear
h through all entries on the same 
olumn with this new addition to�nd the position of the previous (in as
ending row order) element. Of 
ourse, this sear
h isonly ne
essary if one wants to preserve the stri
tly de
reasing order of rotations in a parti
ular
olumn, as is done in the original 
TIGO algorithm. If one relaxes this requirement and allowsrotations in a 
olumn to be performed in a random way, the linked list no longer needs to beordered.Now assume a thresholding �ll-in that appeared during a previous rotation has to be droppedin the 
urrent rotation. All we have to do is set the entry for the list's pointer-to-large-CSR-stru
ture for this element to 0, but we do not alter its link. An ineÆ
ien
y related to thisapproa
h appears if for a 
olumn the thresholding �ll-ins alter frequently. Then, we may endup going through a large number of su
h 'dead` links at anytime we go through the list. Thealternative would be to swit
h the link in the previous in order entry to point dire
tly tothe next and bypass the element altogether, but this operation requires a serar
h of its ownin determining this previous element. There does not seem to be a 
lear way to ta
kle thisproblem.Closing this dis
ussion on determining rotations, we note that we have to add an extra integerarray to the large CSR stru
ture for the lower triangular part, pointing to the position ofea
h element in the linked list. This array is ne
essary to update the linked list in the fashionillustrated above.Having set up the ne
essary stru
tures, we 
an now pro

eed with 
TIGO per se.At step j of the pro
ess we extra
t the respe
tive row from the large stru
ture for the uppertriangular part and store it as a sparse ve
tor. We then determine the order in whi
h rotationswill be performed to zero in the j-th 
olumn below the main diagonal by 
ombining theinformation from the CSC stru
ture for PA;L and the 
olumn linked list. For ea
h su
h rotation,we extra
t the 
orresponding i-th row out of the large stru
tures. Note that parts of the i-throw will have to be extra
ted from both these stru
tures. Updating the two rows by the rotation



14angles and imposing the threshold dropping rule is a straightforward operation. Row updatingis performed using a modi�ed version of the standard algorithm for adding two sparse ve
tors(see [DER86℄). At the end of this, if any of the rows has more nonzero elements than the spa
eavailable for them in the large stru
tures, the memory 
ontrol dropping rule is imposed. Thisis simply a qui
k sorting operation on a sparse ve
tor for whi
h a good routine 
an be foundin Y. Saad's Sparskit2 pa
kage [SPK99℄. The rotation is 
ompleted by reinserting the updatedsegments of the i-th row into the large stru
tures and the updating of the linked list for thepart of the i-th row that is in the lower triangular se
tion of the matrix.After all rotations have been performed on 
olumn j, we simply insert the j-th row in the largestru
ture for the upper triangular part.These operations will require a number of sparse ve
tor stru
tures, but their size is negligible
ompared to the size of the two large CSR type stru
tures and the linked list.The stru
tures des
ribed above are lo
al. They are only required during the fa
torization phase.With the 
TIGO pro
ess 
omplete, Rin
 
an be extra
ted from the large upper triangular CSR,as a CSR stru
ture with no zeros in it, while Qin
 
omes out as a list of rotations.3.3 Implementing rTIGOIn this algorithm all operations are done in a row wise fashion so this relieves us of the burdenof having a linked list. On the other hand, sin
e redu
tion of a row via rotations must beperformed in a parti
ular order (from right to left), all the stru
tures have to be and remainordered at all times to avoid sear
hes for the next element to be rotated out. Note that thiswas not a ne
essary requirement for 
TIGO. In 
TIGO the �ll-ins due to thresholding were ingeneral unordered in the large CSR stru
ture, and, as we have explained, the linked list 
ouldalso be unordered. Note also that for rTIGO we only perform pure thresholding as a droppingrule and no longer 
are if an element is in PA.rTIGO does not require a preparation phase. We do on
e again set up a large CSR stru
turein whi
h we will keep elements in the upper triangular part of the matrix under redu
tion, butapart for determining the length for ea
h row, little else must be done. This stru
ture will begradually �lled up wth nonzeros as elimination progresses.rTIGO pro
eeds as follows. At step j we pull out the j-th row of A out of the ordered CSRstru
ture where we store the original matrix and pla
e it in a sparse ordered ve
tor. This isnow the row to be redu
ed and it has not been a

essed before. We use the previous rows 1to j � 1 to redu
e it to upper triangular form. These rows have already been redu
ed to thedesired form and they are stored in the large CSR stru
ture. For ea
h of these rows, theirnonzeros are ordered by in
reasing 
olumn index. Hen
e, if element (j; i); i = 1; : : : ; j � 1,has to be rotated out, we extra
t the 
orresponding i-th row out of the large CSR stru
tureand pla
e it in an ordered sparse ve
tor. We perform the rotation and subsequent updatingof the two rows by the rotation angles. It is feasible to preserve ordering when 
omputing theupdated rows without extra work and su
h an algorithm is given in [DER86℄. Thresholding isthen performed; this operation also preserves ordering.We now have to re-insert the updated i-th row ba
k into the large CSR stru
ture. First, iftoo mu
h �ll-in has remained we need to apply the memory 
ontrol dropping rule. This isnow done in two stages. Assuming we have spa
e for at most pi entries in the i-th row of the



15large stru
ture, we �rst permute the sparse ve
tor stru
ture so that the pi largest in magnitudeentries are in the �rst pi positions of this sparse ve
tor. This operation does not preserve order,so we now have to permute these pi entries so that the ve
tor is again ordered by in
reasing
olumn index in the part that interests us. This is a
hieved by applying a qui
k sort typeroutine on the integer array of the sparse ve
tor. The updated i-th row is now on
e againordered and of su
h a length that will not interfere with other rows in the large CSR stru
ture,so we 
an just 
opy it onto the right position and move on to the next rotation.After row j has been redu
ed to upper triangular form, we insert it into the large CSR stru
ture.The memory 
ontrol dropping rule may have to be enfor
ed �rst (note that this is the �rsttime we impose this rule on row j; it is not imposed during redu
tion) but otherwise we aredone.At the end of this pro
ess, Rin
 is extra
ted from the large stru
ture for whi
h we have nofurther use.3.4 Pre
onditioning with M = Qin
Rin
 and M 0 = RTin
Rin
On
e the in
omplete fa
tors Qin
 and Rin
 have been 
omputed using one of the methodsillustrated above we 
an use them to pre
ondition any standard iterative method.For square systems, general iterative methods su
h as GMRES or Bi-CGSTAB 
an be pre
on-ditioned withM = Qin
Rin
. On the other hand, and this is an advantage of our methods, one
ould potentially pre
ondition 
onjugate gradients for the system of normal equations (CGNR)with M 0 = RTin
Rin
.For square systems, we only give numeri
al results for the �rst 
ase. We shall next des
ribehow pre
onditioning a general iterative method works for this parti
ular form of the pre
ondi-tioner M . The 
ase of pre
onditioned CGNR is not as interesting for square systems, althoughit will be des
ribed and applied in se
tion 5 where we 
onsider least-squares systems.We have implemented the right pre
onditioned versions of GMRES and Bi-CGSTAB. Des
rip-tion of these algortihms 
an be found in [SAAD96℄ and [TEMPL℄ respe
tively.The right-pre
onditioned versions of these iterations are based on solvingAM�1u = b; u =Mx:The advantage of right pre
onditioning is that the residual norm at the m-th iteration, i.e.b�Axm, whi
h one typi
ally uses as a 
onvergen
e 
riterion for the iteration, is relative to theinitial system.Going through the algorithms, one sees that the instan
es where the pre
onditionerM appears,are 
omputations of the type w = AM�1v, where w; v are (dense) ve
tors. We split this
omputation into two parts: 
ompute z =M�1v and then 
ompute w = Az. The se
ond partis a simple matrix ve
tor produ
t. The �rst part is equivalent to solving the square systemMz = v, given that the pre
onditioner is nonsingular.It now remains to see how we 
an eÆ
iently 
ompute the solution z to Mz = Qin
Rin
z = v.We �rst note that Qin
, being a produ
t of rotation matri
es, is orthogonal. Hen
e, our problemis equivalent to solving Rin
z = QTin
v. Assuming that we 
an 
ompute the modi�ed right handside QTin
v, this is now just a system involving an upper triangular matrix. EÆ
ient routines



16for solving it, assuming Rin
 is stored in CSR, are given in [SAAD96℄.We shall now see how to 
ompute r = QTin
v without expli
itly 
reating QTin
.The IGO algorithms presented so far all store the in
omplete orthogonal fa
tor Qin
 as a listof rotations. That is, assuming the k-th rotation was performed to zero out the element inposition (i; j) of the matrix under redu
tion, we store the rotation data in two integer andtwo real arrays as indxr(k) = i, indx
(k) = j, 
os(k) = 
, sin(k) = s, where 
 and s are therespe
tive rotation angles. Note that for ea
h rotation we stored two real variables. In fa
t,only one real variable (the rotation angle itself rather than the 
osine or sine) is ne
essary, butwe have 
hosen to retain both for 
larity.Assuming that in total rts rotations have been performed during the in
omplete fa
torizationpro
ess, we have Qin
 = Grts : : : G2G1;where Gk is a Givens rotation matrix of the formGk = G(i; j; �) = � 
os � sin �-sin � 
os � � :Hen
e, QTin
 = GT1GT2 : : : GTrts;and so QTin
 
an be 
omputed by going through our list in reverse order and paying attentionto the fa
t that ea
h of the Givens matri
es is now transposed.We are, however, only interested in the e�e
t that QTin
 has when applied to a ve
tor v. Thepro
edure that gives us r = QTin
v is then:1. Set r := v2. For k = rts DownTo 1 Do3. Compute temp := 
os(k) � r(indxr(k)) + sin(k) � r(indx
(k))4. Set r(indx
(k)) := �sin(k) � r(indxr(k)) + 
os(k) � r(indx
(k))5. Set r(indxr(k)) := temp6. EndDoThus, the total number of 
oating point operations required to 
reate the right hand side of thesystem Rin
z = QTin
v is rts� (4 multipli
ations +2 additions/subtra
tions). The subsequenttriangular solve requires nz(Rin
)�n multipi
ations and additions as well as n divisions. Thisis the total amount of extra work required for pre
onditioning per iteration.



174 Pre
onditioning Square Systems4.1 Des
ription of ExperimentsIn this 
hapter we shall present a series of numeri
al results for matri
es arising from a varietyof appli
ations. The matri
es are all available on the publi
 domain at either the MatrixMar-ket [MM00℄ database or the Davis 
olle
tion of sparse matri
es at the Univeristy of Florida[UFSMC℄. In these experiments, we have used the IGO methods as pre
onditioners for eitherGMRES or Bi-CGSTAB. As an opposing standard, we are 
omparing the performan
e of thesemethods with a variety of ILU type pre
onditioners. These ILU fa
torizations were all obtainedusing Y. Saad's Sparskit2 [SPK99℄ pa
kage, also written in fortran77, so there is 
ompatibilityof programs used and timings. All the experiments were run on a Sun Ultra 5 workstation.The in
omplete LU type pre
onditioners we tested are the following: ILU(0) and modi�edILU(0), two simple nonparametri
 fa
torization te
hniques that work with the sparsity pat-tern of A only. ILUt, whi
h uses a threshold dropping rule without 
onsiderations of sparsitypattern sets. ILUtp, whi
h is the same as ILUt but we also allow 
olumn pivoting. Extensivedes
ription of these methods 
an be found in [SAAD96℄, [SPK99℄.Knowing that ILU methods make for very powerful pre
onditioners when it 
omes to matri-
es possessing stru
ture like bandedness or diagonal dominan
e, as matri
es arising from thedis
retization of partial di�erential equations often do, we have 
on
entrated on more generalexamples whose sparsity pattern or distribution of values will 
ause ILU methods diÆ
ulties.For both iterative methods, the pre
onditioners is always applied to the right. Again, for bothmethods, the stopping 
riterion for the iteration wasjjb�Ax(i)jj2 � jjb�Ax(0)jj2 � 10�9;with the null ve
tor as the initial guess. The right hand side ve
tor, sin
e it is not generallyavailable, was 
reated in a random fashion using matlab. However, for some experiments wherewe wanted to test the a

ura
y of our iterative solution, we 
hose a known solution ve
tor,namely x(i) = i; i = 1; : : : ; n and 
reated the right hand side appropriately. This approa
hwas also used in [BHT00℄.As for the pre
onditioners, we should mention that for all thresholding methods (
TIGO,rTIGO, ILUt, ILUtp) the spa
e allo
ated was enough so that the memory 
ontrol droppingrule is never invoked. The 
ases where we had su
h trun
ation be
ause, otherwise, we wouldrun out of memory when 
omputing the pre
onditioner, are 
learly marked.We should �nally mention that espe
ially for ILUtp where 
olumn pivoting is allowed, the
hoi
e of the pivoting parameter p (not to be 
onfused with the memory 
ontrol parameter for
TIGO, rTIGO) was 0.01. Sin
e the ILUtp rule for pivoting between 
olumns i and j at stepi is j~aij j � p > j~aiij, the value we 
hose for p means that we do not pivot often.Note also that, be
ause of the way we 
oded Bi-CGSTAB, what is presented in the experimentsas 1 iteration 
onsists in fa
t of two matrix ve
tor produ
ts, that is, the Krylov spa
e is twi
eaugmented per Bi-CGSTAB iteration. For GMRES, 1 iteration 
orresponds to augmentingour Krylov spa
e by one.For GMRES, we have 
hosen a restart value of 50 always. Hen
e, when we say that GMRES



18has 
onverged at iteration 123, we mean that it has restarted twi
e and only then, at the 23rditeration after the se
ond restart, did we a
hieve 
onvergen
e.4.2 Examples in BriefIn this se
tion we will be brie
y listing results for a variety of matri
es. These are a
tuallythe best results we 
ould obtain for the methods out of the values (normally powers of 10) forthe threshold parameters we tested for ea
h system. The two tables in this se
tion list theattributes and performan
e of 
TIGO (or just 
IGO when no �ll was ne
essary), respe
tivelyrTIGO, against ILUtp (or ILU(0)), the latter apparently being the most powerful and robustof the ILU pre
onditioners we had at our disposal.Ea
h table should be read as follows; for ea
h matrix, we have two rows of results, the �rstone showing attributes of the 
TIGO (or rTIGO) pre
onditioner, and the se
ond one showingthe respe
tive results for ILUtp (or ILU(0)), so as to fa
ilitate 
omparison between the bestobserved performan
e of the IGO and the ILU method used.Note that when, under the 
olumn marked 'GMRES its`, and next to the number of iterationsa B within bra
kets ([B℄) appears, restarted GMRES was not 
onverging so we had to employBi-CGSTAB instead to a
hieve 
onvergen
e.The results on table 4.1 show that 
TIGO is in fa
t a robust pre
onditioner, in the sensethat if enough �ll is allowed it 
an eventually give pre
onditioners of good quality. The timeit takes to a
tually 
ompute these pre
onditioners is usually mu
h higher than for ILUtp, al-though the density of the two resulting in
omplete fa
torizations is 
omparable.Note that spread around the table are matri
es for whi
h the non-parametri
 
IGO pre
on-ditioner was enough to give fairly good pre
onditioners. For these same systems, ILU(0) orMILU(0) were not enough to start 
onvergen
e, so we had to turn to the threshold methodILUtp. The opposite was observed in the 
ase of matri
es arising from the streamline-upwinding Petrov-Galerkin dis
retization of adve
tion-di�usion problems (see [STE01℄), wherefor many tested 
ases ILU(0) pre
onditioning is of good quality but 
IGO gives stagnant iter-ations.Two matri
es for whi
h 
IGO (and 
TIGO with very little �ll) performs mu
h better than thetested ILU methods are the garon matri
es. These arise in the dis
retization of 2-D Navier-Stokes problems and, as is usual for su
h systems, have a small zero blo
k in the bottom right
orner. This is probably what 
auses diÆ
ulty with ILU methods. On the other hand, evenfor 
IGO, the zero elements on the main diagonal of this blo
k are 
overed with values duringthe in
omplete fa
torization pro
ess and the resulting pre
onditioner is 
onvergent.Going through the results, one also sees that things 
an easily go terribly wrong for 
TIGO. Inorder to get 
onvergent pre
onditioners one has to lower the value for � . But this also results inlarge �ll-in in the lower triangular part. This 
auses 
TIGO to slow down, and eventually, thetimings we get do not re
e
t a
tual 
oating point operations, but rather updating and goingthrough our various stru
tures, parti
ularly the linked list. This issue is adressed in detail inse
tion 5.4.



19Table 4.1: best results: 
TIGO vs ILUTPmatrix 
TIGO � nz(Rin
) # rots 
TIGO time GMRES GMRESILUtp � nz(U) nz(L) ILUtp time its. timememplus 
IGO 71954 50073 11.6 189 [B℄ 57.5ILU(0) 71954 54197 1.3 200 [B℄ 51.7rdist1 10�3 353622 146555 52.3 20 5.310�8 161766 480445 9.5 29 5.2garon1 
IGO 46051 39416 1.7 206 17.910�3 162758 306347 26.8 42 8.2garon2 
IGO 202071 173080 7.7 218 [B℄ 156.110�2 218430 494309 13.9 469 [B℄ 324.2meg4 
IGO 26378 10462 0.6 2 0.110�6 6202 463 0.2 2 0.1add32 10�1 22030 9058 2.6 10 0.610�3 28216 19364 0.21 4 0.16b dyn 10�8 21586 11123 1.6 8 0.1510�6 10897 7980 0.1 8 0.1bp 800 10�2 24624 28902 19.2 33 0:910�2 14085 9265 0.2 36 0.4dwt 2680 10�2 183860 194045 160.5 300 49.510�3 275282 298096 19.9 33 4.8fidap3 10�8 254415 85776 51.4 14 2.310�8 90406 61372 1.9 17 1.3fidap24 10�3 223508 118814 69.5 18 2.310�2 69901 91570 2.0 29 1.7fidap37 
IGO 67591 32013 1.9 11 0.70:1 5973 22143 0.2 13 0.5gemat11 0:50 44315 211489 125.1 514 97.210�4 115037 99766 3.6 13 1.0gre1107 10�2 52700 53291 37.2 90 4.310�3 86816 90134 4.1 22 1.0lhr01 10�3 188102 221994 195.5 51 12.710�6 71993 51633 1.8 4 0.2mahindas 0:1 13615 42360 18.0 341 13.710�2 24414 11419 0.4 44 0.9orani678 1010 45373 95161 83.4 519 55.310�2 330246 135776 41.0 25 4.0orsirr 1 10�2 5926 3158 0.46 30 0.3410�4 9515 7642 0.11 9 0.09qh1484 10�10 66531 39189 20.1 69 3.210�10 24026 17857 0.5 62 1.4poli large 1:0 33494 1048 5.4 20 2.010�2 44270 26819 0.4 6 0.5raefsky5 1010 86975 81428 8.0 26 3.610�2 57863 62449 0.5 5 0.5thermal 
IGO 34992 31536 1.1 7 0.910�2 21100 22989 0.2 6 0.25



20 Table 4.2: best results: rTIGO vs ILUTPmatrix rTIGO � nz(Rin
) # rots rTIGO time GMRES GMRESILUtp � nz(U) nz(L) ILUtp time its. timememplus 10�2 76142 54089 11.3 33 [B℄ 4.710�2 72619 55321 1.0 14 [B℄ 3.6rdist1 10�4 331769 127197 28.6 25 4.410�8 161766 480445 9.5 29 5.2meg4 10�6 25226 342 1.0 2 0.110�6 6202 463 0.2 2 0.1bp 800 10�3 44163 14535 4.4 30 0.710�2 14085 9265 0.2 36 0.4
an 1054 10�2 196366 116026 56.2 196 21.410�2 248320 250526 37.0 34 5.4dwt 2680 10�2 237770 137368 38.2 247 36.410�3 275282 298096 19.9 33 4.8fidap24 10�3 271764 121090 36.6 15 2.110�2 69901 91570 2.0 29 1.7fidap35 10�10 1251839 616062 20.8 10 2.910�9 564113 516668 3.5 8 1.4fidap37 0:1 28449 2504 0.14 13 0.160:1 5973 22143 0.2 13 0.5gemat11 10�3 300681 153308 39.7 144 28.4+m
64=5 10�3 55897 55983 0.9 32 2.2mahindas 10�2 23827 10867 1.4 36 0.810�2 24414 11419 0.4 44 0.9orani678 10�2 200882 117335 100.5 286 53.910�2 330246 135776 41.0 25 4.0qh1484 10�8 44066 14082 2.8 16 0.410�10 24026 17857 0.5 62 1.4We have also identi�ed some examples where we were unable to produ
e 
onvergent pre
on-ditioners via 
TIGO. That is, lowering the threshold value enough so that the pre
onditionera
tually makes the method 
onvergent rather than stagnating, 
auses so mu
h �ll in the lowertriangular part that we run out of memory; the linked list grows with ea
h insertion andqui
kly rea
hes the maximum length we have allo
ated for it. Matri
es for whi
h we en
oun-tered su
h problems in
lude barth, barth4, b
sstk24, 
an 1054, fidap14, fidap35, finan512,graham, lns 3937, nasa2910, plat1919. Of 
ourse, if enough memory (and time) was availablewe would eventually rea
h a threshold value for whi
h the 
TIGO pre
onditioner would be
onvergent. To be fair, we did not test ILUtp for these matri
es; just the fa
t that 
TIGO'fails` made them negative examples automati
ally.The test results for rTIGO 
an be found in table 4.2.Again, note that rTIGO is invariably slower than the best 
hoi
e for ILUtp in 
omputingthe pre
onditioner. However, for some of the problems, rTIGO is 
onsiderably faster than
TIGO, despite the fa
t that the pre
onditioner it 
omputes 
an be quite denser than the
TIGO one. This reinfor
es our belief that it is a
tually the need for keeping and 
onstantly
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nz = 63307Fig. 4.1: matrix bayer02, original: n = 13935, nz(AU ) = 36518, nz(AL) = 27161,
ondest(A) = 2:3 � 1018, and after applying m
64, job 5: n = 13935, nz(AU ) = 33676,nz(AL) = 30003, 
ondest(A) = 3:6� 103a

essing/updating a linked list stru
ture that undermines 
TIGO.On the other hand, rTIGO fails to produ
e good pre
onditioners for quite a few problems, espe-
ially matri
es with zeros on the diagonal, before the limit of available memory is rea
hed. Su
hexamples, apart from the garon matri
es, are b
sstk24, goodwin, gre1107, lhr02, lns 3937,plat1919, utm 5940.4.3 The E�e
t of PrePro
essingWe now present an example showing how prepro
essing a matrix 
an improve the overall per-forman
e of in
omplete fa
torization pre
onditioning.Prepro
essing and reordering matri
es for ILU has been the fo
us of some attention re
ently(see [BHT00℄, [BSVD99℄). Sin
e they only involve 
omputations with integer indi
es, re-ordering methods tend to be quite 
heap to use. On the other hand, the advantages we get bypre
onditioning the reordered matrix 
learly outweigh the 
ost of applying a reordering s
hemesu
h as reverse Cuthill-M
Kee or Harwell's MC64. The example we present here 
learly showsthat reordering the matrix bene�ts both the IGO as well as the ILU methods.We have 
hosen matrix bayer02 (Bayer AG, F. Grund, Mar. 1995) arising in 
hemi
al kineti
sto illustrate this (Fig. 4.1). We �rst ran both 
TIGO and ILUtp on the original system,and then reordered it using the HSL2000 MC64 (option 5) routine (see [HSL00℄). 
TIGO andILUtp pre
onditioning was then applied to the reordered system. The results are shown in thetables below.MC64 prepro
essing of the matrix not only altered the sparsity pattern for the better, in thesense that diagonal elements were �lled in and, in the reordered matrix, most elements arewitihin a small band, but also greatly improved the 
ondition number.



22 bayer02: 
TIGO vs ILUtp� 10�10 10�11 10�12 10�8 10�10 10�12nz(Rin
) 461108 468881 470406 nz(U) 123374 131919 140328#rots 205364 205842 206374 nz(L) 168517 191947 210069
TIGO time 59:2 59:4 60:0 ILUTP 2:0 2:6 3:2GMRES(50) its stagn 3 3 stagn 4 3GMRES(50) time n/a 1:3 1:4 n/a 1:2 0:9bayer02, m
64/5: 
TIGO vs ILUtp� 1:0 10�1 10�2 1:0 10�1 10�2nz(Rin
) 38247 82668 143441 nz(U) 13935 33568 52432#rots 29415 39199 63709 nz(L) 5353 20924 37849
TIGO time 7:1 7:6 14:4 ILUTP 0:2 0:2 0:3GMRES(50) its stagn 38 10 stagn 9 5GMRES(50) time n/a 6:2 2:2 n/a 0:8 0:5This improvement is re
e
ted in the performan
e of the pre
onditioners. For the pro
essedmatrix, sparser and faster to 
ompute in
omplete fa
tors are required to a
hieve 
onvergen
ein a similar number of iterations as for the original matrix. This is true for both 
TIGOand ILUtp. Hen
e, although 
TIGO is bene�ted by su
h a prepro
essing of the matrix, sodoes ILUtp, so that the overall ratio by whi
h ILUtp outperforms 
TIGO does not 
hange.The same observation applies for rTIGO. Note also that, bene�
ial as it may be for manyproblems, prepro
essing or reordering is not a pana
ea. For example, MC64 prepro
essing hasno dis
ernable e�e
t if applied to the garon matri
es.4.4 Ill-Conditioned SystemsWe 
lose this se
tion on numeri
al results for square systems, with a short referen
e to ill-
onditioned systems.We often use pre
onditioned iterative methods and a
hieve 
onvergen
e within a �nite numberof iterations. This means that, assuming we have right pre
onditioning, we have 
omputedan iterate x(i) for whi
h the residual jjb � Ax(i)jj is small enough. However, how 
lose is this
omputed solution to the exa
t one? It turns out that if the system is ill-
onditioned, the
omputed iterative solution 
an be very ina

urate, in the sense that the quantity jjx� x(i)jj,where x is the exa
t solution, is not as small.In parti
ular for in
omplete fa
torization pre
onditioners, this is a 
onsequen
e of the fa
t thatthe 
omputed triangular fa
tors (U for ILU methods, and, respe
tively, Rin
 for IGO methods)are ill-
onditioned themselves or have extremely small entries on the diagonals, making thetriangular solves required for pre
onditioning at ea
h iteration unstable and therefore ina

u-rate.We illustrate this by a typi
al (although a bit extreme) example.We will pre
ondition the system Ax = b with A being the matrix nn
1374 of size n=1374,with 
ondest(A) = 4:1 � 1015, and b su
h that x(i) = i; i = 1; : : : ; n.The results, for ILUtp and rTIGO pre
onditioning 
an be found below. The 
hoi
e of GM-RES(50) as the iterative method is of no importan
e. Qualitatively similar results are obtainedwith Bi-CGSTAB. rTIGO was used in this example sin
e the in
omplete fa
tors are very denseand hen
e require 
onsiderable time to be 
omputed. 
TIGO has the same behaviour.



23nn
1374: rTIGO results� 10�10 10�12 10�14 10�16 10�20nz(Rin
) 59296 99586 106778 116083 135236#rots 27943 41195 45274 47448 48492GMRES(50) its stagn 1 1 1 1jjb�Ax(i)jj2 n/a 5:4� 10�5 5:9� 10�8 5� 10�9 5:3� 10�9jjx� x(i)jj2 n/a 155108:9 311:1 74:5 40:2For the iterative method we used, 
onvergen
e was a
hieved on
e the residual be
ame smallerthan 8:76 � 10�3.These results show that although the residual of the 
omputed solution is extremely small (oforder up to 10�9), the 
omputed solution has not got the a

ura
y one would expe
t by lookingjust at this residual.Perhaps it is worth mentioning that inability to 
ompute a

urate results due to ill-
onditioningis not limited to pre
onditioned iterations. Using matlab's ba
kslash 
ommand to solve thissystem returns a solution ve
tor xbslash for whi
h jjx� xbslashjj2 = 17:4.nn
1374: ILUtp results� 10�10 10�12 10�14 10�16 10�20nz(U) 59419 58477 59086 59162 66537nz(L) 19029 20803 21464 21516 24407GMRES(50) its stagn 1 1 1 1jjb�Ax(i)jj2 n/a 1� 10�6 3� 10�9 2:8� 10�9 4:6� 10�9jjx� x(i)jj2 n/a 2734:7 14:8 11:8 22:4This unstable behaviour of the pre
onditioner is re
e
ted in the matrix residual and errornorms. In parti
ular, for an IGO method, one 
an 
ompute the quantities jjA � Qin
Rin
jjFand jjI � (Qin
Rin
)�1AjjF . These two quantities gauge how fast 
onvergen
e is a
hieved (i.e.how fast we obtain residual redu
tion in the iterative method) and, respe
tively, how a

urateis the 
omputed iterative solution (see [BHT00℄).In parti
ular, for Qin
Rin
 
omputed by rTIGO with � = 10�12, we have jjA�Qin
Rin
jjF =6:6�10�4, but jjI�(Qin
Rin
)�1AjjF = 1086:4. This di�eren
e of almost 8 orders of magnitudein the two quantities tells us that we expe
t the pre
onditioner to redu
e the residual, butthe iterative solution will be ina

urate. This observation is indeed re
e
ted in the resultspresented above. Similar residual and error matrix norm estimates 
an be 
omputed for theILU fa
torization and they should lead to the same 
on
lusions.The matrix above is by no means an ex
eption. [BHT00℄ lists a number of ill-
onditionedmatri
es for whi
h ina

urate solutions were obtained even when ordering and prepro
essingte
hniques were applied to them before ILU pre
onditioning.4.5 Dis
ussionThe numeri
al experiments show that IGO methods 
an provide robust and a

urate pre
on-ditioners for Krylov subspa
e iterations for solving large sparse systems of linear equations.We have tested these methods' performan
e against a wide range of standard in
omplete LU



24fa
torization te
hniques.In the 
ase of the non-parametri
 pre
onditioners of either type (
IGO and ILU(0)), we haveidenti�ed 
ases where 
IGO outperforms ILU(0), 
ases where the opposite happens, as well as
ases where either pre
onditioner will work. Hen
e, if a simple pre
onditioner is required, one
ould sometimes 
onsider using 
IGO rather than ILU(0) and a
hieve better 
onvergen
e ratesat a similar 
ost for the 
omputation of the pre
onditioner.The situation 
hanges however if more powerful pre
onditioning is required, either via thresh-olding or through extended sparsity pattern sets.With few ex
eptions, the parametri
 Givens IQR type methods (
TIGO, rTIGO) are 
learlydisadvantageous when their performan
e is 
ompared to standard parametri
 ILU fa
toriza-tions (ILUt, ILUtp). The time required to 
ompute fa
torizations of similar pre
onditioningquality (sparsity of fa
tors, 
onvergen
e rate of iteration) via either of our methods 
an bemu
h larger than the 
orresponding time using one of the available ILU methods.The programming issues related to why our methods 
an get swamped during the 
omputa-tion of the in
omplete fa
torization have been 
learly addressed. The main issue seems to bethe �ll in the lower triangular part of the matrix and, 
onsequently, the number of rotationsperformed during the in
omplete redu
tion pro
ess. One 
an limit these without a�e
ting thepre
onditioner's quality by the use of a standard reordering or prepro
essing s
heme appliedto the matrix before the in
omplete fa
torization pro
ess begins. On the other hand, applyingsu
h a reordering s
heme to the matrix a priori, will also bene�t the in
omplete LU method.Hen
e, when we 
ompare the performan
e of these two 
lasses of in
omplete fa
torizations forthe reordered system, the situation will remain un
hanged in favour of the ILU methods.In relation to this problem, one 
ould also 
onsider the use of di�erent 
ombinations of thresh-old dropping rules than the ones used for our experiments. A detailed dis
ussion follows inse
tion 5.4.To sum up, it seems that in
omplete Givens orthogonalization methods 
annot 
ompete within
omplete LU fa
torization te
hniques in general. With very few notable ex
eptions, we havenot been able to lo
ate examples for whi
h some type of in
omplete LU fa
torization withgood 
hoi
e of parameters 
ould not perform at least as well as any of our methods.On the other hand, the algorithms presented here 
an be adapted for use with re
tangularmatri
es, and, as we shall see in the next se
tion, it is in this area of pre
onditioning leastsquares problems that they prove more su

essful.5 Pre
onditioning Least-Squares SystemsSin
e a QR fa
torization is well-de�ned for re
tangular systems one 
an naturally extendthe algorithms presented above to produ
e in
omplete fa
torizations of su
h systems. Morepre
isely, we will deal with systems arising from dis
retizations of least-squares problems,namely Ax = b; A 2 Rm;n; b 2 Rm; x 2 Rn; with m � n:The 
ase of matri
es with m < n whi
h arises in linear programming problems will not be
onsidered here.



25Assuming that an in
omplete Givens fa
torization Qin
Rin
; Qin
 2 Rm�m; Rin
 2 Rm�nhas been 
omputed, one 
an then use it to pre
ondition 
onjugate gradients for the asso
iatedsystem of normal equations ATAx = AT b. Sin
e Qin
 is orthogonal, the natural pre
onditionerto use is M = RTin
Rin
, whi
h is also positive de�nite.Note also that for this 
hoi
e of pre
onditioner, and sin
e by 
onstru
tion all the rows of Rin
below the nth are zero, one 
an indeed disregard them from the start and use the trun
atedin
omplete triangular fa
tor ~Rin
 2 Rn�n. The trun
ated fa
tor is exa
tly Rin
 but with theselast zero rows thrown out. To simplify notation, from now on Rin
 will refer to this trun
atedfa
tor.In the se
tions below we shall address parti
ular issues 
on
erning the 
onstru
tion, eÆ
ientimplementation and performan
e of this pre
onditioner.5.1 Computer ImplementationExtending our in
omplete Givens fa
torization 
ode to handle su
h re
tangular systems re-quires only simple alterations, mainly to a

ount for the fa
t that there is no main diagonalelement for the rows of A after the nth, and hen
e no natural 
ut-o� point between the upperand lower triangular part of the matrix undergoing Givens redu
tion to upper triangular form.The setup and data stru
tures required for the IGO variants presented in the previous se
tionremain the same. Some auxiliary routines also had to be modi�ed to handle re
tangular ma-tri
es.Despite the fa
t that we are forming the normal equations, there is no need to 
ompute ATAexpli
itly, but rather apply two su

essive matrix-ve
tor produ
ts where ne
essary within the
onjugate gradient algorithm.Similarly, for pre
onditioning this iteration, there is no need to form RTin
R expli
itly, an ap-proa
h whi
h would be too expensive both 
omputationally and storage-wise. Instead, andsin
e it is legitimate to use the square trun
ated triangular fa
tors, we apply a lower followedby an upper triangular solve to pre
ondition ea
h CGNR iteration. This approa
h howeverrequires that we transpose and store in a CSR form RTin
 as well as Rin
 before starting thepre
onditioned iteration. Fortunately, this is a one-o� operation and not very expensive atthat. On the other hand, there is no need to store the series of rotations that form Qin
, as wehad to in the square 
ase.5.2 Dropping RulesThe fa
t that there is no main diagonal element in the last rows of A and for the rows wherethere is su
h an element its value is usually zero, as well as our experien
es with square ma-tri
es that initially have some zero main diagonal elements, 
all for some modi�
ations in thethreshold dropping rules.The memory 
ontrol dropping rules remain the same as in the square 
ase.Hen
e, the threshold dropping rules for 
TIGO were 
hosen to bePA [ fa(k; j) s.t. a(k; j) > a(j; j) � �; m � k > jg;



26when determining whi
h elements to rotate out at 
olumn j. This is the same dropping rulewe employed in the square 
ase.Consequently, for this j as pivot row, the dropping rule remains the same as in the square 
ase,namely PA [ fa(j; k) s.t. a(j; k) > a(j; j) � �; n � k > jg:As for the row i, to whi
h su
h an element to be rotated out belongs, the dropping rule be
omesPA [ fa(i; k) s.t. a(i; k) > a(i; i) � �; n � k > jg; i � n;PA [ fa(i; k) s.t. a(i; k) > �; n � k > jg; m � i > n:Note that for 
TIGO we have not removed the dependen
e of the threshold on the diagonalelement.For rTIGO, when determining the next element to be rotated out on row j; 1 < j � mthat is redu
ed to upper triangular form, we 
he
k whethera(j; k) > a(k; k) � �; k = 1; : : : ;min(j � 1; n);where this kth row has already been redu
ed to upper triangular form.After the rotation has been performed, we retain the elements a(j; k) on this row j undergoingredu
tion if they satisfya(j; k) > � � jjA(j; :)jj2 ; k = 1; : : : ;min(j � 1; n);where the norm notation refers to the 2-norm of the jth row of the original matrix A beforeany redu
tion via Givens rotations has begun.Similarly, for the row i; i = 1; : : : ; n whose main diagonal element will a
t as pivot to therotation performed on row j, after ea
h rotation we will retain elements a(i; k) that satisfya(i; k) > � � jjA(i; :)jj2; k = 1; : : : ; n;where again the right hand side refers to the 2-norm of the ith row of the original matrix A.Note that for rTIGO, we have removed as mu
h as possible the dependen
e of the droppingrule on values of main diagonal elements that might well be zero. On doing so however, thedropping rule be
omes more rigid as it depends on two �xed quantities (� and a norm of a rowof the original matrix). On the other hand, for 
TIGO, we still base our threshold droppingrule on the value of the main diagonal element wherever possible. Thus, we still have thepotential of a dynami
 dropping rule, but will risk the likelihood of too mu
h �ll-in be
ause ofinitial zeros on the main diagonal.5.3 Numeri
al ResultsIn all the tests presented below we 
omply with the same basi
 guidelines outlined in thesquare systems 
ase. Again, we allow enough spa
e for the memory 
ontrol parameter to be



27rendered ine�e
tive, so only threshold dropping applies. The right-hand-side is a ve
tor ofones of appropriate size. The initial guess for the iterative method (CGNR) is always the zerove
tor. Convergen
e is assumed on
e the initial residual has been redu
ed by nine orders ofmagnitude in the Eu
lidean norm.The online repositories of sparse matri
es that supplied us with test matri
es for square systemsare 
uriously la
king in least-squares systems. This is quite possibly due to the fa
t that su
hsystems, although arising quite frequently in s
ienti�
 
omputing, are not at the fo
us ofresear
h in pre
onditioning methods.We present here results for most of the least squares matri
es available in Matrix Marketand the Rutherford-Boeing 
olle
tion. Some matri
es we left out; the smallest ones from thejimenez 
olle
tion as they were 
onsidered too small (dimensions ranging from 100 to 300),as well as the largest one of the pigs matri
es, as it was too large for our available resour
es.The fundamental attributes of our test set of matri
es 
an be found in table 5.1.Table 5.1: matrix attributesmatrix size nz(A) initial zero vanilla CGNR 
IGO CGNRdiags. its. time its.ill
 1033 1033� 320 5047 315 > 3000 > 10:98 > 3000ill
 1850 1850� 712 9463 705 2057 14:63 > 3000jimenez 4 385� 361 2013 352 > 10000 > 19:1 > 3000jimenez 5 574� 526 3886 521 > 10000 > 31:3 > 3000well 1033 1033� 320 5047 315 169 0:56 453well 1850 1850� 712 9463 705 447 3:27 960pigs s1 3140� 1988 9525 1015 551 6:28 843pigs s2 6280� 3976 27560 2030 1104 29:41 2168pigs m1 9397� 6119 31131 6118 743 28:05 1464pigs m2 18794� 12238 87275 12236 1555 129:12 3241pigs l1 28254� 17264 92282 17264 1169 117:51 2368pigs l2 56508� 34258 259582 34528 2346 438:70 3574jorda
he 24708� 23937 218568 23292 > 3000 n/a > 1000Note that the pre
onditioner resulting from applying the simple 
IGO algorithm is qual-itatively bad in all 
ases. In fa
t, it takes approximately twi
e the iterations for CGNR pre-
onditioned with 
IGO to a
hieve the same residual redu
tion as the simple CGNR iterationwithout any pre
onditioning. On the other hand, and for the larger examples in parti
ular,the need for an eÆ
ient pre
onditioner for CGNR is self-evident.As in the square 
ase, for ea
h matrix, we performed a number of runs, ea
h time varying thedropping threshold value � . We present here the result for that tested value of � for whi
h thetotal solution time (in
omplete fa
torization followed by one pre
onditioned iterative solutionof the system) was minimized. For ea
h matrix, we present the best su
h run for 
TIGO versusrTIGO in table 5.2.As was the 
ase for square systems, �ne-tuned rTIGO will be faster than its 
olumn-based
ounterpart 
TIGO by more or less an order of magnitude of time, and 
ompute a pre
ondi-tioner that is qualitatively better than 
TIGO, although quite denser in some 
ases.



28 Table 5.2: best results: 
TIGO vs rTIGOmatrix 
TIGO � nz(Rin
) 
TIGO time pCGNR pCGNRrTIGO � nz(Rin
) rTIGO time its. timeill
 1033 10�3 5200 2.03 317 1.6510�2 2550 0.80 198 0.80ill
 1850 10�2 10492 9.10 137 1.4110�2 13581 6.84 75 0.87jimenez 4 10�5 25327 6.37 17 0.2510�6 30241 0.80 11 0.19jimenez 5 10�4 61075 22.61 204 6.2010�5 81316 13.45 117 4.63well 1033 10�2 4759 1.91 37 0.1810�1 2551 0.10 65 0.25well 1850 0:05 6205 3.04 75 0.660:05 8181 0.54 52 0.50pigs s1 10�1 8464 2.25 91 1.6810�1 11851 0.50 59 0.83pigs s2 0:025 29004 15.12 457 21.80:050 46006 2.39 77 3.14pigs m1 10�1 33258 9.18 105 3.4010�1 37311 1.30 65 2.90pigs m2 0:05 98117 40.3 > 1000 n/a10�1 112365 3.31 132 14.50pigs l1 10�1 99612 9.83 127 10.0610�1 109915 1.90 78 5.93pigs l2 0:075 245148 62.50 > 1000 n/a0:05 436328 13.50 138 31.1jorda
he 10:0 171614 8.83 > 1000 n/a0:05 614266 6.18 > 1000 n/aIn all 
ases, the pre
onditioners signi�
antly redu
e the number of iterations when 
omparedto simple CGNR iterations, and there are large savings in terms of total solution time despitethe extra time ne
essary to 
ompute the pre
onditioner or the added work for ea
h iterationdue to the triangular pre
onditioning solves.The pre
onditioners in all 
ases have between 1 or 2 times the number of nonzero elementsas the system 
oeÆ
ient matrix, so they 
an be 
onsidered very e�e
tive in terms of requiredstorage spa
e. Note that this does not apply to intermediate storage spa
e ne
essary whenperforming the IGO type redu
tion; in fa
t, 
TIGO fails to produ
e 
onvergent pre
onditionersfor some of the larger test matri
es for the lowest value of the dropping threshold � we 
ouldtry before we ran out of memory during the in
omplete fa
torization phase. This is also truefor rTIGO for the jorda
he matrix.5.4 Dis
ussionThe numeri
al results presented in the previous se
tion show us the best our IGO methods
an a
hieve but we feel some further insights and 
omments should be made.



29Variation of performan
e over � : In the table presented in the last se
tion, only theresults for the experimental optimal value for � for ea
h IGO method variant and matrix werelisted. They showed the savings one 
an have over simple CGNR iterations if a TIGO pre
on-ditioner is used.In fa
t, for ea
h problem, the threshold value � 
an vary over a whole interval and still produ
ea pre
onditioner that will bene�t the iterative solution time-wise. We have 
hosen one of thesmaller test matri
es, so that � 
an be taken very small without en
ountering memory over
owbe
ause of �ll-in, to illustrate this (see �gure 5.1). We 
learly see that a 
hoi
e of � between
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 1033: Total solution time for 
TIGO & rTIGO CGNR pre
onditioning forvarious � , versus simple CGNR iteration.10�5 and 10�2 for 
TIGO or less than 10�1 for rTIGO, improves solution time when 
omparedto the simple CGNR iteration.Sin
e we 
annot know a priori the best value for � , we see that a sensible 
hoi
e for it 
an stillgive good savings.Finally, note the roughly 
up-like shape of the total solution time 
urves for both methods. Theexplanation for this behaviour is quite simple. When � is large, the pre
onditioner is 
heap to
ompute but qualitatively poor, so the pre
onditioned iteration 
onverges slowly. Hen
e, totalsolution time is high and dominated by the pre
onditioned iteration. On the other hand, for �small, the pre
onditioner is of very good quality, so the pre
onditioned iteration 
onverges fast,but expensive to 
ompute. Hen
e, total solution time is again high, but now dominated by thetime it takes to generate the pre
onditioner. The value(s) of � for whi
h total solution time islowest are exa
tly those for whi
h a balan
e between these two extremes has been a
hieved: thepre
onditioner is relatively 
heap to 
ompute and it has a fairly good 
onvergen
e behaviour.
TIGO dependen
e on linked list length: We have already pointed out our observa-tion that the 
omputation of 
TIGO is heavily dependent on the length of the linked liststru
ture whi
h holds 
olumn-wise information on the �ll-ins in the lower triangular part of



30the matrix. We have seen in various test results how 
TIGO e�e
tively stalls as the lengthof the linked list blows up be
ause of too mu
h �ll-in appearing, getting dropped and thenreappearing during another rotation.We illustrate this observation with the example presented in �gure 5.2. The 
hosen matrix(pigs s1) is quite small, but exhibits this fundamental disadvantage of having to use the linkedlist. Note that the length of the linked list in
reases linearly over � ex
ept in the transition
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Figure 5.2: pigs s1: Evolution of fundamental pre
onditioner sizes over � .from � = 0:5 to 0:01, where there is a sudden jump. The same jump is mirrored in the in-
rease in the number of rotations, but more importantly in the time it takes to 
ompute thein
omplete fa
torization. On the other hand, there is no su
h jump neither in the numberof nonzeros in the in
omplete triangular fa
tor nor, 
onsequently, in the number of iterationsthat pre
onditioned CGNR needs for 
onvergen
e. Hen
e, 
TIGO performs many unne
essaryrotations, in the sense that they do not have any similar impa
t on the quality of the resultingpre
onditioner.This is a vi
ious 
ir
le, as the more su
h unne
essary rotations we have, the longer the linkedlist be
omes, so not only it eats up resour
es but it be
omes very time 
onsuming to updateit. More unne
essary �ll-in will appear parti
ularly in the lower triangular part of the matrix,whi
h in turn generally leads to more rotations being performed to get rid of it.The ne
essity to keep the size of the linked list down also justi�es our 
hoi
e to always keep



31all elements in the original sparsity pattern PA of the matrix A. We aim to produ
e qualita-tively good pre
onditioners with only little of this diÆ
ult to a

ommodate �ll-in on top ofthe nonzeros in the sparsity pattern.Threshold dependen
e on main diagonal element: We have already des
ribed the de-penden
e of the threshold dropping rules for 
TIGO on the value of the main diagonal element,and the relative independen
e from this for rTIGO. We will here look into this issue in moredetail.For systems arising from least squares problems, most (all) the elements on the main diagonalare usually zeros. This means, that for a threshold rule that depends on main diagonal values,mu
h �ll-in will appear, at least for the �rst rotation involving su
h a row with a zero initialmain diagonal element value. This �ll-in 
an in many 
ases a

umulate during the fa
torizationphase and kill performan
e, as we saw above.It is however our experien
e that su
h a pre
onditioner will only start being really helpful to
onvergen
e on
e most (or in some 
ases, all) the main diagonal elements of Rin
 have been�lled with some value. Just �lling those zero diagonal elements with an arbitrary value (in our
ode we 
hose 1) is simply not enough.This is exa
tly the reason why we have 
hosen to keep the dependen
e on diagonal elements.We want to have enough �ll-in to at least 
reate the potential of all the main diagonals be-
oming nonzero at one stage or another during the fa
torization phase by the simple expedientof rotating out su
h a �ll-in against a zero main diagonal element. We are of 
ourse alwaysrunning the risk of our fa
torization be
oming over
owed with su
h ine�e
tual �ll-in.On the other hand, for rTIGO, we have kept this dependen
e to a minimum; we only employit when determining the next rotation. But this lead to dropping rules that are not adaptive,but rather based on a rigid threshold value determined by the initial matrix. It would beinteresting to see whether other 
hoi
es for the dropping rules, perhaps with less emphasis onthe value of the main diagonal element, but still adaptive, produ
e better results.A more systemati
 approa
h would be to try and minimize the number of rotations duringthe redu
tion pro
ess itself. Algorithms su
h as the ones in [GO95℄ and [RS94℄ 
an sometimesa
hieve a signi�
ant redu
tion in rotations by reordering rows during the fa
torization pro
ess.They are therefore worth 
onsidering, given the apparent sensitivity of the IGO methods tothe order in whi
h rotations are applied (
olumn-wise redu
tion in 
TIGO versus row-wiseredu
tion for rTIGO).Performan
e of IGO methods against other pre
onditioners for least-squares: Al-though, be
ause of the apparent la
k of least-squares pre
onditioning software on the publi
domain, we have not performed any 
omparative tests, it would be interesting to test the perfor-man
e of our Givens based in
omplete fa
torizations against other types of pre
onditioners forsu
h problems. In parti
ular, it would be interesting to produ
e 
omparative results againstthe latest versions of in
omplete modi�ed Gram-S
hmidt (IMGS), as this approa
h is alsobased on in
omplete QR fa
torizations, as well as the pre
onditioning methods based on A-orthogonalization that are 
urrently being applied to least-squares systems by Benzi and Tuma[BT01℄. Still, the results we present in this paper are good enough to show that there is a



32future for IGO methods in pre
onditioning least-squares.6 Con
lusionsWe have implemented and tested a series of in
omplete orthogonal fa
torization methods forgeneral nonsingular and unsymmetri
 matri
es as well as re
tangular overdetermined systems.These fa
torizations are obtained from the Givens orthogonalization pro
ess by dropping �ll-ina

ording to either position or magnitude and by limiting the number of entries a

ording toavailable storage. The pro
ess of redu
ing the initial matrix to upper triangular form via asu

ession of Givens rotations was implemented in both 
olumn-wise and row-wise fashion.We have performed extensive 
omparative tests for both square and re
tangular (least-squares)systems for these methods. These test results show that for the square system 
ase, a �ne-tuned ILU pre
onditioner will almost always outperform any of our IGO methods. This is dueto the fa
t that LU fa
torizations are not only 
heaper to 
ompute in terms of 
oating pointoperations but, more signi�
antly perhaps, the sparse data stru
tures required for an ILUfa
torization are mu
h less 
omplex and expensive to use and update than Givens in
ompleteQR ones. As for the least-squares 
ase, although we did not have any opposing standard as inthe square 
ase, the results we presented, 
oupled with our subsequent observations, show thatthey 
an be powerful pre
onditioning tools, parti
ularly if we 
onsider the fa
t that for least-squares problems there is a less impressive array of general pre
onditioning methods 
urrentlyavailable.Referen
es[BDW01℄ Z.-Z. Bai, I.S. Du�, A.J Wathen, A 
lass of in
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torizationmethods. I: methods and theories. BIT 41(1), Mar
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torization pre
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h 1997.[ZLA91℄ Z. Zlatev, 1991. Computational Methods for General Sparse Matri
es, 
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onjugate gradient algorithms. Comput. Math. Appl., vol. 15, no. 3, pp. 185-202, 1988.Appendix A Two Examples of 
IGO BreakdownAs we have already mentioned, despite the fa
t that a QR fa
torization always exists for ageneral matrix A, and the fa
tor R is nonsingular if A is square and nonsingular, the in
ompletevariant of QR using Givens rotations 
an give out an in
omplete upper triangular fa
tor Rin
that is singular even when A is nonsingular, making the in
omplete fa
torization unusable forpre
onditioning. Below we identify two situations that might 
ause su
h a breakdown.Consider the nonsingular matrix A = 0BB� 1 1 0 10 1 1 11 0 3 21 0 0 1 1CCA :If we apply the 
IGO method as des
ribed in se
tion 2.1 to A, the �rst nonzero that we rotateout is the one in position (4; 1). Applying the rotation, using element (1; 1) as pivot, leads tothe matrix eA = 0BB� p2 1p2 0 p20 1 1 11 0 3 20 0 0 0 1CCA ;and we 
an immediately see that the element in position (4; 4) will remain zero till the end.Thus, Rin
 will be singular. This is an example of breakdown 
aused by sparsity pattern de-penden
ies between two rows. That is, the two rows of the matrix, the �rst and fourth one,are independent, if viewed as a whole. However, if we look at the segments (
olumns) of thetwo rows whi
h are in both row sparsity pattern sets, we see that they are dependent. In afull QR redu
tion, or if adequate �ll-in via thresholding was allowed, this �rst rotation would
reate a nonzero in position (4; 2), and, when rotating out that element at a subsequent step,the diagonal (4; 4) element would rea
quire a nonzero value. Note also that, for this 
ase,if rotations were applied the other way around, i.e. �rst rotate out the (3; 1) nonzero andthen the (4; 1), we would have no breakdown. Of 
ourse, one 
an 
onstru
t examples whererotations applied in this fashion again lead to breakdown be
ause of dependen
ies.



35Examples of su
h dependen
ies are fairly un
ommon in pra
ti
e. They are very unlikely too

ur for large systems with nonzero initial diagonals. What usually happens, when a systemhas a number of zero initial diagonal elements, is that simply not enough rotations are per-formed to 
over up all these zeros on the main diagonal. For example, 
onsider the nonsingularmatrix B = 0BB� 1 1 0 10 1 1 11 0 0 21 0 0 3 1CCA :Rotating out (and dropping elements) in the usual 
IGO fashion �rst the nonzero in (4; 1) andthen the one in (3; 1), leads to the matrixeB = 0BB� p3 1p3 0 2p30 1 1 10 0 0 00 0 0 p2 1CCA :Again, we see that there is no way we 
an make the third diagonal element nonzero. Thesparsity pattern set PB is simply not large enough for a rotation that will �ll the (3; 3) positionto be performed. There is no easy me
hanism to identify how many more elements one needsin the sparsity pattern set to ensure that all diagonals get �lled with nonzeros. In fa
t, even forthis small example, it would require all three of elements (4; 2); (3; 2) and (4; 3) to be allowedin the sparsity pattern set in order for (3; 3) to be
ome nonzero.The existen
e of su
h examples leads to the question whether there exist 
lasses of matri
eswith a spe
ial property for whi
h, for example, the 
IGO fa
torization is always nonsingular.For example, it 
an be proven (see e.g. [MAN80℄) for ILU type methods that if the matrix A isan M -matrix, then the in
omplete upper triangular fa
tor U is also an M -matrix, and hen
enonsingular. That is, the M -matrix property of A is retained during the whole pro
ess of itsin
omplete redu
tion to upper triangular form.Our question is whether there are su
h properties that are retained during the redu
tion viaGivens rotations, and, of 
ourse, whether we 
an use them to prove nonsingularity of Rin
.Needless to say, the M -matrix property is not one of them.


