
On the stationary Boltzmann equation in R nLeif Arkeryd�
1. IntroductionLet 
 � Rn be a strictly convex domain with C1 boundary and inward normal~n(x). Consider in 
 the stationary, non-linear Boltzmann equation for hard andsoft forces with Grad's angular cut-o�,vrxF (x; v) = Q(F; F )(x; v); x 2 
; v 2 Rn : (1.1)Solutions F 2 L1+(
�Rn) are understood in renormalized sense, or an equivalentform (mild, exponential, iterated integral, etc., cf [7], [1]). Constants are denotedby c.Given a total mass M, solutions are sought with R Fdxdv = M and with agiven indata pro�le on the boundary @
F (x; v) = 1c fb(x; v); x 2 @
; v � ~n(x) > 0: (1.2)The constant c > 0 of the indata pro�le and the total mass M > 0 are notindependent.The collision operator Q is the classical nonlinear Boltzmann collision opera-tor, Q(f; f) = ZRn dv� ZSn�1 d!B(!; jv� v�j)(f 0f 0� � ff�) == Q+(f; f)�Q�(f; f) = Q+(f; f)� f�(f);where Q+ � Q� is the usual splitting into gain and loss terms, Sn�1 the unitsphere in Rn , andf� = f(x; v�); f 0 = f(x; v0); f 0� = f(x; v0�);v0 = v � [(v � v�) � !]!; v0� = v� + [(v � v�) � !]!:For simplicity the kernel B is taken as B(!; jv � v�j) = b(!)jv � v�j�, with�n < � < 2 and b 2 L1(Sn�1) with a strictly positive lower bound. Let � > 0 be�Department of Mathematics, Chalmers University, S-41296 Gothenburg, Sweden.1



given (�xed and small) and let ��(v; v�; !) be the characteristic function of thesubset of Rn � Rn � Sn�1 for whichjvj � �; jv�j � �; jv0j � �; jv0�j � �;and set B� = B � ��. The weight function (v) = (1 + jvj)max(0;�)is used throughout. De�ne M0;M2, and M� for 0 < � < 2 byZ
 dx ZRn F (x; v)dv =M0; Z
 dx ZRn v2F (x; v)dv =M2;Z
 dx ZRn(1+ j v j)�F (x; v)dv =M�:Theorem 1. Suppose fb > 0 and Rx2@
 dx Rv�~n(x)>0 v � ~n(x)fb(x; v)dv = 1,Zx2@
 dx Zv�~n(x)>0[v � ~n(x)(1 + v2 + log+ fb(x; v)) + 1]fb(x; v)dv <1:Consider the problem (1.1-2) with collision kernel B�, and boundary value fb. Theequation (1.1) has a family of solutions (Fm)m>0 satisfying (1.2) with c = cm > 0,and with the property Mj(m) > 0, together with limm!0Mj(m) = 0 for j = 0; 2;limm!1M2(m) =1; limm!1M0(m) =1 when �n < � � 0,and limm!1M�(m) =1 when 0 < � < 2.In the present proof, the parameter m of the theorem has the value of the -moment of certain approximations (cf. (3.2) below). Those approximations arethen split into two pieces, one 'decoupling' in the limit, and the other de�ningthe solution F of the theorem, this latter possibly having a smaller  -momentthan m.In the close to equilibrium case, there are a number of results concerning thenon-linear stationary Boltzmann equation in Rn , [9], [10], [11], [17] and others.Here general techniques such as contraction mappings can be utilized. Stationaryproblems in small domains can be solved in a similar way, [15], [13]. The uniquesolvability of interior, stationary problems for the Boltzmann equation at largeKnudsen numbers is established in [14]. Existence results far from equilibriumfor the stationary Povzner equation for bounded domains in Rn are obtained in[4]. In the slab case, results on boundary value problems with large indata forthe BGK equation are presented in [16], and for the Boltzmann equation in ameasure sense in [2] and others, and in an L1-sense in [5-6].In the Povzner and 1D Boltzmann papers [4-6] the entropy dissipation term isused to obtain weak L1 compactness, necessary for applying the techniques from2



the time-dependent case. However, for (1.1-2) in several space dimensions, thecompactness properties from the Povzner and 1D Boltzmann cases are no longeravailable. Instead, a careful analysis of the entropy dissipation term reveals thatthe approximations split into a bounded and a singular component - with, in thelimit, the latter 'decoupling' and the remaining component by itself satisfying(1.1-2) in the sense of Theorem 1. The decoupled component may carry part of,but not all the original  -moment. However, that latter possibility (i.e. the whole -moment disappearing) cannot be excluded by the arguments of the presentpaper, when the cut-o� factor �� in Q is dropped. In this paper the study ofthe decoupling uses nonstandard analysis, which has a number of advantagesin terms of simplicity and available techniques. Similarly, the author has earlierused a nonstandard approach to get initial insights into kinetic mechanisms (laterusually followed by detailed standard studies of the problems). In connection withthe present paper, work has also started on a second, standard proof.In the following sections, we seek to present a reasonably coherent sketch ofhow the proof goes. The �rst step is standard and uses the same type of initialapproximation that was introduced in [4-6]. But quite di�erent arguments arerequired to conclude the proof. After the removal of a number of parameters fromthe initial approximation by standard arguments, the remaining approximation((2.4) below) is taken, via transfer, in�nitesimally close to its measure limit. Asplitting is introduced for this approximation. The analysis of the splitting makesextensive use of the entropy dissipation control. This is where nonstandard anal-ysis is brought in to carry the proof through. A relevant form of the averaginglemma connects nonstandard averages to corresponding standard ones in a limitat Lebesgue points. Finally, the gain and the loss terms of the nonstandardapproximation in iterated integral form are shown to be in�nitesimally close tothose of the standard candidate for solution.For clarity of exposition the proof is presented for R3 .2. A �rst approximationThe proof of Theorem 1 starts from an approximation for (1.1-2) of the sametype as in [4-6], namely�cF (x; v) + cv � rxF (x; v) = ZR3 dv� ZS2 d!�r�pnB�� cF1 + cFc0j (x; v0( f � '�1 + f�'�j (x; v0�)� cF (x; v) f � '�1 + f�'�j (x; v�)�; (x; v) 2 
� R3 ;cF (x; v) = fb(x; v) ^ j; x 2 @
; v � ~n(x) > 0: (2:1)In (2.1) the notations are as follows. We assume in this �rst step that b 2 C1,that jv � v�j� is replaced by a C1 approximation of max( 1� ;min(�; jv � v�j�)).3



The functions �r(v; v�; !) and �pn(v; v�; !) are taken invariant with respect to thecollision transformation J(v; v�; !) = (v0; v0�;�!), invariant under an exchange ofv and v�, with �r; �pn 2 C1; 0 � �r; �pn � 1;�r(v; v�; !) = 1 if jvj � r; jv�j � r; jv0j � r; jv0�j � r;�r(v; v�; !) = 0 if jvj � r2 ; or jv�j � r2 ; or jv0j � r2 ; or jv0�j � r2 ;�pn(v; v�; !) = 1 if v2 + v2� � n22 ; 1p � ���� v � v�jv � v�j � !���� � 1� 1p; j v � v� j� 1p;�pn(v; v�; !) = 0 if v2 + v2� � n2; orj v � v�jv � v�j � !j � 12p; or j v � v�jv � v�j � !j > 1� 12p; or j v � v� j� 12p:Moreover, r > 0; 0 < � < 1; �; p; n; j; � 2 N+ , where N+ denotes the setof strictly positive integers. The functions '� are molli�ers in x, de�ned by'�(x) = �'(�x); 0 � ' 2 C10 (R3); ' = 0 for jxj � 1; R '(x)dx = 1.De�ne the map T by T (f; c0) = (F; 1c ) on K � R+ , whereK := ff 2 L1+(
� R3); Z  �(v)f(x; v)dxdv = 1g;and cF solves (2.1) with c so chosen that F 2 K. Here  �(v) = min(�;  (v)).E.g. by a monotone iteration scheme applied to (2.1) it is easy to see thatT is well de�ned. The uniqueness in L1+ of (2.1) follows by considering thedi�erence between an arbitrary non-negative solution and the iterated one. Bythe iteration scheme any such di�erence is non-negative, and so uniqueness followsfrom Green's formula.Characteristics in 
�R3 are of the type f(x+ sv; v); s 2 R; x+ sv 2 
g, andin 
 , for 
 2 S2 given, of the type fx+ s
; s 2 R; x + s
 2 
g. There is a lowerbound c0 > 0 for c, only depending on fb but not on c0 � 0. Namely, from theexponential form of the problem obtained by integration along characteristics,cF = fbe� R � + c Z e� R �Q+;it follows that F is bounded from below by the ingoing value fb along the cor-responding characteristic times the negative exponential of a collision frequencyintegral along this characteristic. And soc = Z c �(v)F (x; v)dxdv � c0;where c0 > 0 is a certain integral of fb. 4



Following the line of proof in [4-6] one shows that the map T is continuousand compact on K � [0; 1c0 ] with the strong L1 topology for K. Green's formulagives for � > 0 that the solution cF of (2.1) for c0 = 0 has �nite mass, hence1c > 0. So by the Schauder �xed point theorem, there is a function f 2 K andc0 2 (0; 1c0 ] with c0 = 1c and�f(x; v) + vrxf(x; v) = Z �r�pnB�� f1 + cfc0j (x; v0) f � '�1 + f�'�j (x; v0�)�f(x; v) f � '�1 + f�'�j (x; v))dv�d!; (x; v) 2 
� R3 ;cf(x; v) = fb(x; v) ^ j; x 2 @
; v � ~n(x) > 0;with c � c0; Z  �(v)f(x; v)dxdv = 1:Again following the proof in [4-6], we can pass to the limit when � ! 1 usinga strong L1 compactness argument. For each j 2 N+ the solution f j satis�esf j � c0j2. By Green's formula �c R f j(x; v)dxdv � cb with cb depending on fbbut not on j. By computations similar to [4-5], Green's formula for f j log fj1+ fjjgives that � R f j log f j � Cb with Cb depending on fb but not on j. And sothe weak L1 limit when j ! 1 follows as in the time-dependent case, giving asolution f to�f(x; v) + vrxf(x; v) = Z �r�pnB�(f(x; v0)f(x; v0�)��f(x; v)f(x; v�))dv�d!; (x; v) 2 
� R3 ;cf(x; v) = fb(x; v); x 2 @
; v � ~n(x) > 0; (2:2)with c0 � c � cb� ; and Z  �(v)f(x; v)dxdv = 1:By Green's formula, the solution f of (2.2) satis�es c R v2f(x; v)dxdv � c1 for� small enough, and with c1 only depending on fb, but not on p; n; �; �. WriteQ(f; f) � �f = Q+(f; f) � �(f)f , where Q+ is the gain term and the collisionfrequency � includes the parameter �. Then the exponential form impliesfbe� R �(t) � cf � eR �(f)cfout; (2:3)along characteristics, where fout is taken on the outgoing boundary along thecharacteristic. This in turn implies that c R f(x; v)dxdv � c2, with the constantc2 only depending on fb, but not on p; n; �; �. It follows thatc�11 Z v2f(x; v)dxdv � c�1 � c�12 Z f(x; v)dxdv;5



and that c�1; R f(x; v)dxdv; R v2f(x; v)dxdv have strictly positive lower and up-per bounds independent of p; n; � (but depending on fb and with the upperbounds independent of �).Also by Green's formula for f log f , it follows that � R f log fdxdv � Cb withCb depending on fb but not on p; n; �. The previous weak L1 limit �rst in-troduced in the time-dependent case, can now be repeated with respect to theapproximations of B and to the parameters p; n; �, giving a solution to�f(x; v) + vrxf(x; v) = Z �rB(f(x; v0)f(x; v0�)�f(x; v)f(x; v�))dv�d!; (x; v) 2 
� R3 ;cf(x; v) = fb(x; v); x 2 @
; v � ~n(x) > 0; (2:4)with R  (v)f(x; v)dxdv = 1, as well as strictly positive upper and lower a prioribounds of c�1; R f(x; v)dxdv; R v2f(x; v)dxdv. The bounds depend on fb, and theupper bound is independent of �. In the same way, letting �r converge to �� forr = �, the result of (2.4) holds with �� instead of �r. Also for some �nite constantce depending on fb but not on �,Z ��B(f 0f 0� � ff�) log f 0f 0�ff� dxdvdv�d! � ce: (2:5)The previous limit procedure cannot be invoked to remove the term �f in(2.4), since we have no �-independent entropy estimate but only the entropydissipation estimate (2.5). Instead the subject of the rest of the paper is a studyof the �-limit with the help of (2.5).3. Splitting the limitFor the rest of the paper the results (2.4-5) will be employed after transfer to anonstandard context with 0 < � � 0 �xed, and with �� for 0 < � 2 R+ �xed. Thevalues of ce and the bounds for c�1; R f(x; v)dxdv; R v2f(x; v)dxdv remain thesame. The convention will be followed of not putting stars on standard objectsin the nonstandard context, except for clarity. We refer to [12] for all notationsused from nonstandard analysis. In particular, "st" denotes the standard part ofa hyperreal number.The collision frequency � still includes the parameter �. De�ne the standardmeasure � on 
� R3 byCc(�
� R3) 3 'y st Z �
�R3 f �'�dxdv =: Z
�R3 'd�(x; v):Split � into a Lebesgue absolutely continuous and a Lebesgue singular component,d� = Fsdxdv + d�s. For � 2 R+ ; st Rf��  (v)fdxdv � 1, and the value of this6



integral increases with �. Recalling (2.3), there is a limitM0 when �!1 with0 <M0 � 1. Hence, by spillover, for some � 2 �R1+ ,Zf��  (v)f(x; v)dxdv �M0 � 0:For z 2 R+ , set a1(z) = log z; ai(z) = max(1; log ai�1(z)); g(z) = (ai(z))i2N+ .Then �g(�) has ai(�) 2 �R1+ for i 2 N+ , and so by spillover for all i � i0 forsome i0 2 �N1 . Set n0 = ai0(�). By (2.3), for jvj � n0 along all characteristicsoutside some set Sn0 of in�nitesimal measure, n0�1 � f � n0. A slightly largerinternal in�nitesimal set Sn0 will now be constructed in a particular way and usedto de�ne a subsequent splitting f = fc + fs related to d� = Fsdxdv + d�s.Given 
 2 �S2, let �
 denote a plane in �R3 orthogonal to 
. Let 

 be theprojection of 
 into �
 . By Green's formula,Zx2@
 dx Zv�~n(x)<0 jv � ~n(x)jf(x; v)dv � 1c Zx2@
 dx Zv�~n(x)>0 v � ~n(x)fb(x; v)dv � cb;where cb is �nite. It follows that afteri) taking into Sn0 the union of all characteristics �xv := f(x + t
; v); v =
jvj; x+ t
 2 �
g for a suitable internal in�nitesimal set of 
 2� S2;ii) for all other 
 2 �S2, taking into Sn0 for a suitable 
-dependent internalin�nitestimal set of x 2 

 , all characteristics �xv for all v = 
jvj;iii) for all 
 2 �S2 not removed in i), for all x 2 

 not removed in ii), takinginto Sn0 for a suitable internal in�nitesimal set of jvj, the characteristics �xvwith v = 
jvj;then at the outgoing boundary point (x; v) of each remaining characteristic,f(x; v) � n0.After taking into Sn0 an analogous, internal, in�nitesimal union of of charac-teristics, on the ingoing boundary point (x; v) of each remaining characteristicfb(x; v) � n0�1. Given 
 2 �S2, if x 2 �@
 and j
 � ~n(x)j � n0�1=8, then let�xv � Sn0 for all v parallel to 
. For jvj � n0 take �xv into Sn0 ifZ�xv ds Zjv�j�n0 B�f�dv� � n0�1:Recall that Z  (v)f(x; v)dxdv = 1:7



Then for 0 � � < 2 and 
 2 �S2, after taking for a suitable internal, in�nitesimalset of x 2 

 , all characteristics �xv with v parallel to 
, into Sn0, it holds for allother x 2 

 , and near-standard v = 
jvj thatZ ds Z ��jv � v�j�f(x + sv; v�)dv� Z b(!)d! � n0:Since Rn0�f��  (v)fdxdv � 0, it also holds given 
 2 �S2, that outside a suitableinternal, in�nitesimal set in 

 ,Z ds Zn0�f�� ��jv � vj��f(x+ sv; v�)dv� Z b(!)d! � 0:All characteristics parallel to 
, through x from the above in�nitesimal set in 

 ,are taken into Sn0. Finally let �xv � Sn0, if �x(�v) � Sn0.Thus, given 
 2 �S2 and x 2 �@
, either for all jvj � n0, the characteris-tic �x
jvj � Sn0 or this holds for at most an in�nitesimal set of such jvj. Alson0�1e�n0 � f � n0en0 holds along all characteristics with jvj � n0 not in Sn0. Toobtain the same structure for �3 < � < 0, due to the singularity in jv� v�j�, thethree steps i)-iii) above may be performed once again.Set fs(x; v) = f(x; v) for (x; v) 2 �xv if �xv � Sn0 or jvj > n0, fs(x; v) = 0 oth-erwise, f�(x; v) = f(x; v) for f(x; v) � �; f�(x; v) = 0 otherwise, and fc(x; v) =f(x; v)� fs(x; v). Thenfs � f� � 0; Z  (v)(fs � f�)dxdv � 0: (3:1)Obviously fc only contributes to Fs (not to �s). De�ne F (x; v) � Fs(x; v) byCc(�
� R3) 3 'y st Z �
�R3 f �c'�dxdv =: Z
�R3 F'dxdv):The study of fs is by (3.1) reduced to a study of f�. It immediately followsfrom an a priori estimate of the outgoing entropy 
ow that the integral of f� isin�nitesimal when restricted to the set of those characteristics where R �ds < n0.Consider the set Oc� of those x 2 
 for which R  (v)f�dv < 1� . For � 2 �N1it follows that ROc� dx R  (v)f�dv � 0. Given i; � 2 N+ and x 2 O�, suppose theset of 
 2 S2 with �xv \Sn0 = � for all v parallel to 
 (except possibly an internalin�nitesimal subset) has measure � 4�i . The set of such x is denoted Oi�.By construction n0�1e�n0 � f(x + s
; 
jvj) � n0en0 along the correspondingcharacteristics.Lemma 1. For i; � 2 N it holds that�i := Zx2Oi� dx Z  (v)f�dv � 0:8



This is proved, using local estimates from the entropy dissipation integral. Anessential ingredient is that the range of f(x; �) when x 2 Oi�, for a large part ofvelocity space has f � n0, whereas obviously f � � for the domain of integrationof f�. A number of geometrically di�erent cases have to be considered separately.Given � 2 N+ , by spillover, the lemma holds for some i0 2 �N1 with �i0 � 0.Given 
 2 S2, for x 2 

 , if Rx+s
2Oi0� ds R  (v)f�(x + s
; v�)dv� > �1=2i0 , then forall v parallel to 
, move to Sn0 the characteristic �xv and change the de�nition offc and fm accordingly. Obviously for 0 � � < 2 along characteristics not in (thenew) Sn0, f�(x; :) for all x 2 Oi0� only contributes in�nitesimally to the integralof the collision frequency along the characteristic. For �3 < � < 0, the samefollows after moving as before, for an in�nitesimal set of v, all characteristics intoSn0.Finally consider x 2 O� nOi0� .Lemma 2. De�ne A
 as the (internal) set of those x 2 O� nOi0� with at most anin�nitesimal set of characteristics with jvj � n0 through x in direction 
 belongingto Sn0.There then exists an (internal) in�nitesimal subset I� of S2, such that given
 2 S2 n I�, ZA
 dx Z  (v)f�(x; v)dv � 0:The proof is reduced via approximation to a problem where the result is asimple consequence of the fact that, when an in�nite sum of positive terms takesa �nite value, then at most a countable number of the terms are nonin�nitesimal.Here those terms correspond to an in�nitesimal set of directions 
 2 S2, containedin an internal in�nitesimal set of directions.The lemma holds for all � 2 N+ , and so for all � � �0 for some �0 2 �N1 . For� = �0, all characteristics with 
 2 I�0 are moved into Sn0, and fc; fs are changedaccordingly.For 
 2 S2 n I�0, there is an internal in�nitesimal set J
 of x 2 

, so that forall other x 2 

 , it holds thatZx+s
2A
 ds Z  (v)f�(x+ s
; v)dv � 0:All characteristics in the direction 
 through x 2 J
 are moved into Sn0 and fc; fsare changed accordingly.It follows that Sn0 consists of characteristics of the following types. For anin�nitesimal set of 
 2 S2, all characteristics in direction 
 are in Sn0. For allother 
 2 S2, the set of x 2 O�0 that for all jvj belong to a characteristic forSn0 in direction 
, has in�nitesimal projection into 

. For such 
 the integralRA dx R  (v)f�(x; v)dv � 0, where A is the set of those x 2 O�0 for which (x; v)with v = 
jvj outside an in�nitesimal set of jvj � n0, belong to characteristics9



parallel to 
 and not in Sn0. It follows that R �(f)ds � R �(fc)ds along charac-teristics with fc 6� 0.The previous discussion forZ  (v)f(x; v)dxdv = 1can be repeated with an arbitrary �nite m > 0 in place of 1, giving correspondingf; fc; fs; f�; F and �s. For Z  (v)f(x; v)dxdv = mset,Z  (v)F (x; v)dxdv =M�(m); Z F (x; v)dxdv =M0(m); Z v2F (x; v)dxdv =M2(m):(3:2)Let cb denote positive constants depending on fb but not on m.Lemma 3. Mj(m) > 0 form > 0; limm!0Mj(m) = 0 for j = 0; 2, limm!1M2(m) =1, limm!1M0(m) =1 for �n < � � 0, limm!1M�(m) =1 for 0 < � < 2.Proof. The property limm!0M0(m) = 0 follows from R F (x; v)dxdv = st R fc(x; v)dxdv �R  (v)f(x; v)dxdv = m. Denote by cm the constant c of (2.4) when R  f = m.Using Green's formula on (2.4), it follows that cm R v2fdxdv � Cb1 with Cb1 �niteand independent of 0 < � < �0 for some �0 with st �0 > 0.Moreover,Z
 dx ZR3 v2fdv � �22�0 Z
 dx ZR3  (v)f(x; v)dv = m�22�0 ;with � 0 = max(�; 0), and soM2(m) = Z v2F (x; v)dxdv � st Z v2fc(x; v)dxdv � Z v2f(x; v)dxdv � Cb1cm ; (3:3)mcm = cm Z
 dx ZR3  (v)f(x; v)dv � 2�0�2 cm Z v2f(x; v)dxdv � 2�0�2 Cb1;1cm � m�22�0Cb1 : (3:4)Given d 2 R; 0 < d <1, it holds thatZ
 dx Zjvj�d �(f)dv � mC(d) <1;10



since Z
 dx ZR3  (v)f(x; v)dv = m:Using (2.3), it now follows thatm � Zjvj�d fc(x; v)dxdv � c�1m c(m);where st c(m) � st c > 0 for m � m0, m0 �nite. Hence, also using (2.3), for m�nite it holds thatM0(m) = Z
 dx ZR3 F (x; v)dv > st Z
 dx Zjvj�100 fc(x; v)dv > 0;and also using (3.3), 0 � limm!0M2(m) � limm!0 Cb1cm = 0:But F satis�es (1.1-2) (as will be proved in next section), hence also (2.3). Sup-pose (M�0(m)) is bounded for some sequence m!1. Then it follows from (2.3)for F , thatM0(m) � cbcm , and so by (3.4) that limM0(m) =1. This contradictsthe hypothesis, and so limm!1M�0(m) =1; limm!1M2(m) =1:4. End of proof of Theorem 1The part of Theorem 1 concerned with estimates for the M-moments is con-tained in Lemma 3 of the previous section. It remains to show that F solves theboundary value problem (1.1-2). This is here carried out for m = 1. Test func-tions are functions ' 2 L1(
 � R3) with vrx' in L1(
 � R3) and continuousalong characteristics, with supp ' compact, and '(x; v) = 0 for x 2 @
 withv � ~n(x) < 0.Lemma 4. For test functions ',Z dxj Z fc �'dv � � Z F'dvj � 0: (4:1)Proof. The proof of (4.1) uses a nonstandard consequence of the following in-equality from the proof [8] of the averaging lemmaZ Z j~g(x)� ~g(y)j2jx� yj4 dxdy � CkgkL2kvrxgkL2; (4:2)11



where ~g(x) = Z g(x; v)dv:For i 2 N+ de�ne f in along characteristics where jvj � i andi�1 � fc(x; v) � iby vrxf in = �Q+ � ��f in; x 2 �
; v 2 �R3cf in(x; v) = fb(x; v) ^ i; x 2 @
; v � ~n(x) > 0:Here �� = � ^ j and the integrand of �Q+ is the integrand of Q+ multiplied withthe characteristic function of the set of (x; v; v�; !) such thatjvj; jv�j � i; f 0f 0� � iff�; f� � j:Since 0 � f in � fc � i is �nitely bounded together with Q+; ��, obviouslyvrxf in; f in 2 �L2(
 � R3), and f iu := fc � f in satis�es (for a suitable sequence(ji)) limi!1 st Z f iudxdv = 0.To prove the lemma it is enough to prove (4.1) for f in and a correspondingstandard Lebesgue function Fn. Set ~fn = R f indv. For 0 < s 2 R+st Z ���� 34�s3 Zjhj�s ~fn(x+ h)dh� ~fn(x)����dx �� 34�s3 st Zjhj�s dh Z
 dxj ~fn(x+ h)� ~fn(x)j �� Cs1=2(st Z j ~fn(x+ h)� ~fn(x)j2h4 dhdx)1=2 � Cs1=2 ! 0;when s! 0.But f in de�nes a standard Lebesgue integrable function Fn by'y 0 Z f in �'dxdv := Z Fn'dxdv:Set ~Fn = R Fndv. For os > 0; Rjhj�s ~fn(x + h)dh only changes in�nitesimally,when x changes in�nitesimally. Moreover, for x 2 
 a Lebesgue point of ~Fn,34�s3 st Zjhj�s ~fn(x + h)dh! ~Fn(x); 0 < os! 0:Hence st ~fn(x) = ~Fn � st(x), Loeb a.e. x 2 �
.12



Analogously, for every test function ',st Z f in(x; v) �'(x; v)dv = Z Fn(ox; v)'(ox; v)dv;Loeb a.e. x 2 �
:This concludes the proof of (4.1).>From here a proof can be given that F is a L1 solution to the problem (1.1-2)in iterated integral form.Proof. Let �i be the characteristic function of the set of characteristics alongwhich F � i. It is enough to prove that for any test function ', the product�i' = 'i satis�es a weak form of the problemZ
�R3 Fv � rx'idxdv + ZR3�
�R3�S2 ��B'i(F 0F 0� � FF�)dvdxdv�d! = 1oc Z@
 dx Zv�~n(x)>0 v � ~n(x)'ifbdv: (4:3)We let �k denote the characteristic function of those characteristics along whichfc 6� 0; f � k. Then f satis�es a corresponding nonstandard version of (4.3)for the test function �k �'i and with the extra term � R f�k �'idxdv � 0. Fork 2 �R1+ with k � n0, the �rst integral in (4.3) for F is in�nitesimally close to thecorresponding nonstandard one for f . The same holds for the boundary term.So it remains to study the gain and the loss term.An analogous result will now be proved for those terms, when k 2 �N1 issu�ciently small. For convenience we write B for ��B. For the loss term it holdsfor k 2 N thatZ �'i�kBff�dxdvdv�d! � Z �'i�kBfcfc�dxdvdv�d!; (4:4)since supp �kf � supp fc; �kf � k. By spillover, this holds for k � k0 for somen0 � k0 2 �N1 . By Lemma 4, k0 may be chosen so that, moreover, (4.4) isin�nitesimally close toZ �'i�kBfc �F�dxdvdv�d! � Z �'iB �F �F�dxdvdv�d! =Z 'jBFF�dxdvdv�d!:The desired result is thus proved for the loss termZ �'i�kBff�dxdvdv�d! � Z 'iBFF�dxdvdv�d!:13



For the gain term, we start with an estimate from below, and then givean estimate from above. Together they imply equality for the gain term. Fork0 � k 2 �N1 it holds thatZ �'i�kBf 0f 0�dxdvdv�d! = Z �'0i�0kBff�dxdvdv�d!� Z �'0i�0kBfcfc�dxdvdv�d! (4:5)Set fcR = fc ^R, and de�ne FR by'y st Z fcR �'dxdv := Z FR'dxdv:Using (4.1), for R 2 R, the last member in (4.5) can be estimated from below byZ �'0i�0kBfcRfc�dxdvdv�d!� Z �'0i�0kBfcR �F�dxdvdv�d!� Z �'0iB�F �RF�dxdvdv�d!= Z '0iBFRF�dxdvdv�d!! Z '0iBFF�dxdvdv�d! (4:6)when R!1. For the opposite inequality, let �h be de�ned in the same way as�k above. Then, for h 2 N ,�hf = �hfc; Z �hf�dv�dx � Z �hfc�dv�dx;and so using (4.1)Z �'0i�0k�hBff�dxdvdv�d!� Z �'0i�0k�hBfcfc�dxdvdv�d!/ Z �'0i�hBfc �F�dxdvdv�d!/ Z �'0iB �F �F�dxdvdv�d!= Z '0iBFF�dxdvdv�d!: (4:7)14



In (4.7) a comparison between gain and loss integrand, together with the entropydissipation estimate, was invoked to handle large velocities. For k �nite �xed, forh su�ciently large and �nite, the �rst member of (4.7) is arbitrarily close to thesame term without the �h factor. And so the inequality between the �rst andthe last member in (4.7) holds without �h, i.e., for k 2 N+Z �'i�0kBff�dxdvdv�d! / Z '0iBFF�dxdvdv�d!:By spillover, this also holds for k � k0 for some k0 2 �N1 . Together with (4.6)this implies Z �'i�kBf 0f 0�dxdvdv�d! � Z 'iBF 0F 0�dxdvdv�d!:It follows that F satis�es (4.3).Remark. The previous discussion can be carried through also in the case of Bwithout the ��-factor. But in that case, the present proof does not seem to ruleout the possibility that � = �s, F � 0, and 1cfb � 0.AcknowledgementThe author acknowledges with thanks the comments made by J. Hejtmanek andby the editor; their suggestions considerably helped to improve the exposition.References1. Arkeryd, L., Cercignani, C., On the convergence of solutions of the Enskogequation to solutions of the Boltzmann equation, Comm. Part. Di�. Eqs.14, 1071-1089 (1989).2. Arkeryd, L., Cercignani, C., Illner, R., Measure solutions of the steadyBoltzmann equation in a slab, Comm. Math. Phys. 142, 285-296 (1991).3. Arkeryd, L., Heintz, A., On the solvability and asymptotics of the Boltz-mann equation in irregular domains, Comm. Part. Di�. Eqs. 22, 2129-2152(1997).4. Arkeryd, L., Nouri, A., On the stationary Povzner equation in Rn , J. Math.Kyoto Univ. 39, 115-153 (1999).5. Arkeryd, L., Nouri, A., L1 solutions to the stationary Boltzmann equationin a slab, submitted. 15
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