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Abstract

Eugene Ehrhart has shown that the number of integer points in a parameterized rational
polytope is a particular polynomial whose coefficients are periodic numbers. In this research report,
we propose a study of these mathematical objects, which depend periodically on parameters, and
a generalisation to a class of mathematical objects: the periodics. Then, a link between integer
points in a polyhedra and the periodics is establshed. Finally, we present a set of polyhedral

problems which can be solved using the periodics.

1 Motivation

Integer polyhedral (or linear) problems are numerous in the mathematical literature. In particular,
feasible solutions in integer linear programming are usually the set of integer points that belong to
a polyhedron. In program compilation, a certain kind of frequently used control flow strucures, loop
nests, allow to repeat the execution of instructions. Each distinct execution, called iteration, is indexed
by integer variables. These variables are bounded by affine functions and belong to a lattice of integer
points. The polytope model [1] models these loop nests by the intersection between a polyhedron
(defined by the affine bounds) and an integer lattice. This intersection is called a Z-polyhedron. Loop
nests can then be optimized and parallelized (e.g. in [8, 6, 9, 5]) by manipulating the corresponding
Z-polyhedron.

The work of Eugene Ehrhart [3], Philippe Clauss and Vincent Loechner [2] on counting the in-
teger points in a parameterized rational polytope have brought a particularly interesting structural
information. Ehrhart polynomials, which give the number of integer points in a parameterized ratio-
nal polyhedron, have periodic numbers as their coefficients. Periodic numbers are rational numbers
depending periodically on parameters. We focus on this periodic aspect, and we want to link it to the

object Z-polyhedron.



Frstly, we study the periodic numbers in section 2, as well as a a more general class of mathematical
objects, the periodics. Then, the link between periodics and integer points in a polyhedron is shown in
section 3. The explicit use of this link allows to solve some integer linear problems, which are detailed

in section 4. Finally, we present in section 5 an overview of our current and future work.

2 Periodics

In the following, a class of mathematical objects, the periodics, which depend periodically on a set of
integer numbers, is defined. This class extends the notion of periodic numbers, introduced by Ehrhart
in the context of counting integer points in a parameterized rational polyhedron. We will then present

some specific periodics that will be useful for solving integer linear problems in next sections.

2.1 Definition

Here, we propose two equivalent definitions of the periodics. Each one will be more appropriate for
a given use. The following definition presents a periodic as a mapping from integer variables x € Z"
to elements of a monoid K. Any distinct reached element of K is periodically reached in function of
each variable of x.
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Definition 1 A periodic U of period S = | . | € Z™ over a monoid K is a mapping:
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A periodic depending on x € Z" will be noted U,, by convention. n is called the dimension of U.
The definition yields the following property:

Property 1 U, equals the element u, of K for all x such that x =y mod S.

The elementwise modulo operator is used here. We define this operator, which is close to the

division remainder operator, by:
Va € Z,n,b e Nyamodn=b< a=kn+0bsothat b>0 et k € Z is maximum

The i*" component of 2 mod S can take s; distinct values. As the components of S are independent
(they are constants), x mod S can take |S| = s1 X sg X -+ X s, distinct values. Hence, a periodic
can be represented as an array U of dimension n, of size S = (s1,82, -+ ,s,) as following: U, =
U[ir,d9,- - ,in] if Vj € [1,n], i; = x; mod s;.

Example 1 A periodic of dimension 1 over Q, of period S = (3) depending on P € Z, which equals:

° %imeodSzO
e lif Pmod3=1
° %imeodeZ

2 8
A 2-dimensional periodic over affine functions (i, j, k) € Z" dependng periodically on (i, ) € Z?,

can be represented as: [§ 1 Z]
P

which equals:
e i +2j—3k+7forimod3=0,jmod2=0

e 2i—j+kforimod3=1,jmod2=0

3j—5forimod3=2,7mod2=0

—i—2j 43k -7 for i mod 3 =0, j mod 2 =1
e —2k+1forimod3=1,jmod2=1
e 0forimod3=2,jmod2=1

can be represented as:
1+2j—3k+7 —i—2j4+3k-T7
2i—j+k i—2k+1
3j—5 0

2%



but also as:

1 -1 2 =2 -3 3 7T =7
2 1 t+ -1 0 j+11 =2 E+10 1
0 3 0. . 0 0. . -5 0. .
i,J 2,7 (2%} ]

(this representation is called factored form: the generic part of an affine function of (7,7, k) is ex-
tracted). ©

The property 1 yields a more geometric definition of the periodics. The set of integer points z
such that a periodic U, reaches a given element of K spans a lattice of integer points. Each lattice is

then the definition domain of a given element of K reached by U,.
S1
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Definition 2 A n-dimensional periodic M of period S = | . | € N" over a monoid K is defined by:

Sn
® =351 X Sy X...X s, elements My of K, indezed by:
11
19
I=| .| €Z" with 0 <14 < s,k €[l..n]
i7l

e their respective definition domain Dy, which is the integer lattice defined by:

s 0 - 0
0 sy O 0

J+I1,Jez”
0 . :
0 0 - s,

U; Dr =Z": any element X € Z" is associated to a unique My by the relation I = X mod S.

2.2 Some interesting periodics

This section enumerates periodics ovec particular monoids. Some of them already exist, the others

being useful for solving integer linear problems.

Definition 3 Periodics over Q are called periodic numbers.



They have been introduced by Ehrhart [3], where he shows that they are a ring.

9 .
is a periodic number of period S = depending on Z o
3 5 1 3 j

]

0 2 4
Example 2 [ 1

Definition 4 Periodics over rational affine expressions are called periodic expressions.

3 1
1
= 2
Example 3 [ 3 31 4+ {0 4 1} ~.j is a periodic expression of period S = [ 2| en | j [. ©
bl ' 2 N

Definition 5 Periodics over polyhedra in Q?, d € N are called periodic polyhedra.

Example 4
12l .
S itlo a4 1] =0
T . T
N,j
0 3 2 is a periodic polyhedron.
° 5| 4520 P POy .
13 5|
i.j
N>0

According to definition 2, a periodic polyhedron P can be seen as polyhedra P; with their asso-
ciated lattice of integer points (their definition domain). Each P; is then the intersection between a
polyhedron and an integer lattice, that is to say a Z-polyhedron.

Definition 6 Introduced by Ehrhart [3] and extended by Clauss and Loechner [2], Ehrhart polynomial
(or pseudo-polynomials, arithmetic polynomials ou polars) are periodics over the ring of polynomials

of integer variables with rational coefficients.

0 3 2

Example 5 £(i,j,n) = L 15

1 2
] 452N + ) ] .ij3 4+ 4N is a pseudo-polynomial. o
2 N.j

2.3 Operations on periodics

Notation Periodics over the monoid K will be noted P[K]. o

If 3k € [1..n] such that s; = 1, we say that the periodic is independent from zj. Indeed, the
element of K reached by U, is the same for all xj, for given values of x1,z9, -+ g1, Zp41, ", Tn-

Any element k of a monoid K is then a periodic U, over K that equals k for all z. In this section,
we give other properties of the periodics, concerning the internal operations. They will be useful to
understand the techniques shown hereafter.

The periodics are defined over a monoid K. By definition, a monoid K has an internal operation,
that is to say a mapping K x K — K. Let us consider operations on periodics and study them
regarding the operations on elements of K.



Theorem 1 For any operation C':
KisxKp — K

o, B p=Cla, 3)

there exists an operation C’:

P[K 4] x P[Kg] — P[K]
(Ay, By) — U, = C'(A,, By)
forall (0) <x < S.

Proof Without loss of generality, assume that the periodics A and B are n-dimensional and of re-
51
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spective periods S and SB. Let S = | | | € Z" such that s; = ppem(s,sP) Vi € [1,n]. Let

70
Sn

55 sii=
! 7 The vectors tB and ¢; are built similarly

t4 € Z",Vi € [1,n] of components tfj = { }
0 stnon

from the periods S? and S. Accoring to the definition 2.1 of the periodics, A, = A(HtiA) and
By = B(y445). As s; is a multiple of s* and of s for all i € [1,n], we also have: A, = A(,14,) and
B, = B(y4+,)- By substitution, the following property is obtained: C(A,, Bz) = C(A(z4s,), Bats,))-
C' = C(A,, By) is then a periodic of period S. o

According to the theorem 1, C’ is a periodic. Moreover, the elements reached by U, belong to K:
U, is a periodic over K.

Corollary 1 Periodics P[K] over the monoid K are a monoid.

Proof By definition, an internal operation on a monoid K is a mapping K x K — K. According to
the theorem 1, there exists for any monoid K with an operation C': K x K — K a class P[K| with
an operation C’ : P[K| x P[K] — P|[K]. The conservation of the associativity of the operation and
of a neutral element is shown easily. o

It yields that periodics over P[K] are periodics over K.

Example 6 Consider the monoid of polyhedra in Q¢,d € N with the operation intersection (N). We

have for example:

i+j>0
i+j>0 _[i—j>0 =
‘ g . =4t—75=0
1> =3 1 <10 .

1 <10

An operation intersection (noted N) can then be defined from periodic polyhedra to periodic
polyhedra. For instance, we have:



i—j>0
i<0 mHz‘—j>0 {%—j>ﬂ
itj>0 i <10 i>-3 |
i> -3
i—j>0 [-3<i<o0
B {igo {m—jzo

B i <10 2i—j>0
—1<j<i i+j2>0

However, the operation C” defined in the theorem 1 exists, but may not have the same semantic as

N,M
O

the operation C. Indeed, according definition 2, the elements of K reached by a periodic A, € P[K]
are defined on an integer lattice. If the semantic of C' depends on the fact that x is on a lattice, then
the semantics of C’ as defined in theorem 1 is the same as the one of C only if its operands are of
period (1).

Example 7 The operation upper integer part, [a], is defined for a € Q by:
[al={ne€Z|n—-1<a<n},acQ
One can deduce, by the theorem 1, an operation with the same definition for P[Q]:
upper_int(U,) ={N, € P[Z] | N, -1 < U, < N,},U, € P|Q]
Suppose we want to solve z = [U,] = [{321 EL] One can build the operator upper_int(U,) =

153

[%]} R Using the operator upper_int to solve the equation would lead to the following result:

T = [{n0|n0—1<%§n0} {n1|n1—1<%§n1}}
For y = 5, we would then have x = {3 2} , that is to say:

v 3 for x even
|2 for x odd

which reduces to x = ). The semantic of the operator upper_int is then not to extract the upper
integer part of a periodic, as it could be expected. We can see that the semantically corresponding
operator would give:

(@1:k%0m%_2<gg2%}{mu+u2m_1<§g2m+1ﬂ$



In a more general way, it is always possible to make explicit the value of = in U, of period p, in

order to build an operator that is semantically equivalent for periodics by writing:
x = px’ +x0,T0 = x mod p

In next section, we show a more general interaction between the operators integer part and modulo

and the periodics, in the case of integer linear problems.

3 Integer Parts

We want to model integer linear problems, which can be written as a set of inequalities between (upper
or lower) integer parts of rational expressions. In this section, we show the link between this kind of

problems and the periodics.

Property 2 Let f(I) be an integer affine expression of I = | . | € Z™:
in
fI) =co+ crir+ caio + -+ + Cpin, ek € Z

f(I) mod m is a periodic over Z depending on I of period B = (by), where by, = %,Vk € [1,n].

ged(m,cy,

(3

/
b2 s ij+brsij=k
Proof Let the vector I} = | |, with i} =~/ o J
ij else

< ..

F(I) = F(I) + crby

But cb, = % and ged(m, cx) divides ci. ciby, is then an integer multiple of m, so f(I},) mod m =
(f(I) + cxbr) mod m = f(I) mod m. Each distinct value of f(I) mod m is reached periodically
depending on 7, with a period b;. o
Let a 1-dimensional periodic A = |ag a1 -+ aQm-1 ‘o of period m depending periodically on
f(I). We have:
A=aj <= f(I) mod m=j

with j € [0,m — 1]. The values of A are then reached periodically, depending on iy, with a period by.

by

b

2
A can then be represented a periodic of period S = | | |. Note A° this representation. Each value

bn



a®r of A° equals the value ay ) of A. A° is then obtained by scanning each of its entry, which will

equal ay(r).

Example 8

012345} _|0 2
Git4j) |3 5 1,,

Property 3 The period B of the representation A° of A is minimal: there is no periodic depending

directly on the indices I with a smaller period (along each component).

Proof Let ¢ the denominator of by, k € [1,n]. By definition, periodics have integer periods: b, must
be integer, and then its denominator ¢ must divide m. Moreover, c;byr must be a multiple of m, so ¢

must divide ¢;. Hence, the minimal value for by is the biggest value of ¢ that divides both m and ¢y,

m

Fedtman) is then the smallest possible period of A° along ix. o

that is to say ged(m, cg). by =

Thus, a 1-dimensional periodic depending on an affine function f(I) from Z" to Z can be repre-
sented by a n-dimensional periodic depending directly on I. The inverse operation will be studied
later: representing a periodic depending directly on variables by a periodic depending on an affine
function of these variables. Generalizing this notion of equivalence to multidimensional periodics de-
pending on affine functions of integer variables could als be useful. However, this operations are not
useful for this study, so we will not develop it here.

Now we have defined mathematic objects which will be used for analyzing integer linear problems.
A fundamental application is the computation of integer parts of rational affine expressions. It is

presented in next section.

3.1 Integer parts of rational expressions

We want to compute the (upper or lower) integer part of an affine function of integer variables I and
of parameters N of the form: f(I,N) = > axir + > bpni + ¢ avec ag, by, ¢ € Q. Let ¢ the common
denominator of all the coefficients ay, bx and ¢. We can write f(I, N) as following;:

Y ayip > g+ f'(I,N)

f(IaN)_ q = q

with aj, b}, ¢’ € Z. Integer lower and upper parts of f(I, N) can be written as:

f’(I,N)—(f;(I,N) mod q) LN — f’(I,N; mod q
', N) + (=f'(I,N) mod q) (=f"(,N)) mod g

[f(I,N)] = p =f(I,N)+ .

LF(L,N)] =




The value of | f(I,N)]| depends on f'(I, N) mod ¢, which is periodically depending on f'(I, N).
Indeed, f'(I, N) mod q is the following periodic over Z:

(I, Nymodg=10 1 -+ q—2 ¢g—1
f'(I,N) mod q [0 q q L,(LN)

We have seen that f/(I, N) mod q can be written as a periodic over Z:

e of dimension n = Dim(I) + Dim(N),
. . N
e depending directly on x = <I> ez

It is similar for [f(I, N)].

Example 9
[3i+ 3] = %52
_ 4i+3j—((4i—g$j) mod 6)
0 3
4it3j— 4 1
2 5

.
I

I
ol
~
_|_
O[S
I
Wi wn O
DTt D= D=
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Now the main application for this comes from the fact that a rational polyhedron can be written
as a set of equalities and inequalities over rational affine expressions. Many problems reduce to look
for an integer point in a rational polyhedron. We present in next section an overview of the problems
that are of special interest to us, and that we wish to solve by using periodics.

4 Applications

The application of greatest interest for us is the analysis of loop nest in computer programs. In
particular, we focus on loops whose indices are integer and bounded by affine functions of the indices
of the enclosing loops and of parameters. This kind of loops constitute a large part of the existing

loops. The loop bounds are then integer parts of rational affine expressions.

Example 10 Consider the following loop:

for k = (2%j)/3 + 1/2 to 7*j + i

10



The lower integer bound of & is given by :
. 4i+3j
Zi+d) - A
4i+3j+((—4i—35) mod 6)

6

0 3
4i+3j+12 5

4 1

o
<

I
Wi
-~
_|_
N
_|_
W W= O
D= DT D[

4,9

Extracting the integer bounds for a loop nest defines more precisely the values taken by the loop
indices. The polytope model models the considered loop nests by rational Z-polyhedra. It is known
that the solution of a linear program (when it is unique) is a vertex of the polyhedron P that represents
all the possible values for the variables of the problem. Then it is tricky to look for integer solutions
inside a polyhedron that has rational vertices. But we can build the polyhedron P’ that contains all
the integer points of P and whose vertices are integer. This polyhedron, which is the convex hull of
the integer points of P, is called the integer hull of P. Knowing P’ allows to compute the integer
lexicographic minimum and maximum of a polyhedron [4], which correspond respectively to the first
and last iterations of the loop nest modelized by P. A more general linear solver could also use the

integer hull to solve an integer linear programming problem, of the form
min{z | f(x,N) € P}

where x are the variables of the problem, and N are parameters that are in the constant part of the
constraints (equalities and inequaities) of P.

Moreover, having the parameterized integer hull of P gives a new method for counting the integer
points in P. Indeed, the integer hull of P contains exactly the same number of integer points as P.
The number of integer points in P (its Ehrhart polynomial) is then the one of P’.

One can want to know for which value of its parameters a loop nest will be executed or not. This
domain is the one for whom there exists an integer point in the associated polyhedron P. We think
that this domain of existence of an integer point in P will allow to compute the Ehrhart polynomial
of the integer projection D’ of a Z-polyhedron D by a projection w. Indeed, it is possible that some
integer points of the convex hull of D’ are not the image of an integer point in D. The number of
integer points in D’ is the number of points x of D’ whose preimage ' by 7 is in D. Taking the
coordinates of x as new variables of the problem allow to establish the domain ¢ for which x exists.
The number of integer points in D’ is then the Ehrhart polynomial of 4.

I The preimage of D’ by 7 is the set of points whose image by = is in D’

11



5

Conclusion

We have presented the class of periodics, and shown their link to integer linear problems. Using

periodics in this context allows an explicit representation of integer parts of rational expressions. This

allows to transform rational problems into their integer equivalent. We think that this approach can

yield new methods for solving integer linear problems. In particular, we will try to solve the integer

lexicographic extrema of a polyhedron, as well as the Ehrhart polynomial of the integer projection of

a Z- polyhedron. Their applications are known in program analysis, compilation and optimization (as
for example in [8, 6, 9, 5, 10, 7]).

References

1]

2]

C. Ancourt and F. Irigoin. Scanning polyhedra with DO loops. In Proc. ACM SIGPLAN ’91,
pages 39-50, june 1991.

Ph. Clauss and V. Loechner. Parametric analysis of polyhedral iteration spaces. Journal of VLSI
Signal Processing, 19(2):179-194, July 1998. http://icps.u-strasbg.fr/pub-98.

E. Ehrhart. Polynomes arithmétiques et Méthode des Polyédres en Combinatoire, volume 35 of

International Series of Numerical Mathematics. Birkhduser Verlag, Basel/Stuttgart, 1977.

P. Feautrier. Parametric integer programming. RAIRO Recherche Opérationnelle, 22:243-268,
September 1988.

P. Feautrier. Lncs 1132. In The Data Parallel Programming Model, chapter Automatic paral-
lelization in the Polytope Model, pages 79-100. 1996.

C. Lengauer. Loop parallelization in the polytope model. In CONCUR 93, 1993.

V. Loechner, B. Meister, and Ph. Clauss. Precise data locality optimization of nested loops. The
Journal of Supercomputing, 21(1):37-76, January 2002. Kluwer Academic Pub.

M.E. Wolf and M..S. Lam. A loop transformation theory and an algorithm to maximize parallelism.
IEEFE Transactions on Parallel and Distributed Systems, 2(4):452-471, October 1991.

M. Wolfe. High Performance Compilers for Parallel Computing. Addison Wesley, 1996.

J. Xue. Unimodular transformations of non-perfectly nested loops. Parallel Computing,
22(12):1621-1645, 1997.

12



