
On-line extensible bin pa
king with unequal bin sizes �Deshi Ye y Guo
huan Zhang zAbstra
tIn the extensible bin pa
king problem we are asked to pa
k a set of items into a givennumber of bins, ea
h with an original size. However, the original bin sizes 
an be extendedif ne
essary. The goal is to minimize the total size of the bins. We 
onsider the problemwith unequal (original) bin sizes and present the tight bound of a list s
heduling algorithmfor ea
h 
olle
tion of original bin sizes and ea
h number of bins. We further give betteron-line algorithms for the two-bin 
ase and the three-bin 
ase. Interestingly, it is shownthat the on-line algorithms have better 
ompetitive ratios for unequal bins than for equalbins. Some variants of the problem are also dis
ussed.1 Introdu
tionWe 
onsider the following on-line extensible bin pa
king problem: there are m binsB1; B2; : : : ; Bm with original bin sizes b1; b2; : : : ; bm. The original bin sizes 
an be extendedif needed. The (�nal) size of a bin is de�ned to be the larger one between the original binsize and the total size of the items assigned to it. Items fa1; a2; : : : ; ang arrive over list, whi
hare not known in advan
e. When an item ai arrives it must immediately and irrevo
ably beassigned to one of the bins and the next item ai+1 be
omes known only after ai has beenassigned. The size of item ai is pi. The goal is to assign all items to the bins su
h that thetotal size of the bins is minimized.This problem arises in a wide variety of 
ontexts. It has many appli
ations in bin pa
king,storage allo
ation and s
heduling problems. Consider, for instan
e, a set of workers is givenwith regular working times. In 
ase of needed, the worker 
an do some overtime works. Theproblem is to assign duties to the workers in su
h a way that the total work (regular workingtimes plus overtime works) is minimized.Competitive ratios. An instan
e of the problem 
onsists of a list of items and m bins withoriginal sizes b1; b2; : : : ; bm. Let B be the 
olle
tion of bin sizes, i.e., B = fb1; b2; � � � ; bmg. Forany instan
e L, let AL(m;B) and OPTL(m;B) be the total size of the bins used by an on-linealgorithm A and the total size of the bins used by an optimal o�-line algorithm, respe
tively.�Supported by EU-Proje
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Then the 
ompetitive ratio of algorithm A isRA(m;B) = supL AL(m;B)=OPTL(m;B):If the bin sizes are identi
al, i.e., b1 = b2 = � � � = bm, the 
ompetitive ratio is denoted asRA(m). Further we de�ne the overall 
ompetitive ratios as follows.RA(m; �) = supB RA(m;B); RA = supm;B RA(m;B):Known results. The extensible bin pa
king problem with unequal bin sizes was �rst studiedby Dell'Olmo and Speranza [5℄. They 
onsidered both the o�-line 
ase and the on-line 
aseunder the assumption that the maximum item size is not larger than the minimum bin size.They showed an upper bound of 4 � 2p2 for an LPT algorithm in the o�-line 
ase and anupper bound of 5=4 for a list s
heduling algorithm LS in the on-line 
ase. The bound 5=4 istight in terms of the overall 
ompetitive ratio, i.e., RLS = 5=4.The spe
ial 
ase that all bin sizes are equal to one has been extensively studied. It wasproved that the o�-line version of the problem is NP-hard in the strong sense [4℄. A
tually,it 
an be easily redu
ed from the 3-partition problem [7℄. Dell'Olmo et al. [4℄ proved that theworst-
ase ratio of the LPT algorithm is 13/12. If the number of the bins is �xed, it followsfrom the results of [11℄ that there exists a fully polynomial time approximation s
heme. If mis not �xed, a polynomial time approximation s
heme was provided in [1℄. Re
ently, Co�manand Lueker [3℄ presented a fully polynomial time asymptoti
 approximation s
heme. They alsoproved that the problem does not admit a fully polynomial time approximation s
heme unlessP = NP, when m is not �xed. The on-line version was studied by Speranza and Tuza [10℄.They showed that the overall 
ompetitive ratio of a list s
heduling heuristi
 is 5=4. Then a
lass of heuristi
s Hx were presented whi
h depend on a parameter x, 0 < x < 1, and tendto load partially loaded bins until a limit total load of 1 + x is rea
hed on the bin. For anynumber of bins, the algorithm has an overall 
ompetitive ratio bounded above by 1.228. Forthe lower bound of the on-line problem, they showed that no heuristi
 
an have a 
ompetitiveratio smaller than 7=6 by presenting an instan
e for the 
ase that m = 2. Ye and Zhang [12℄
onsidered on-line s
heduling on a small number m of bins. They proved lower bounds form = 3; 4 and gave the 
ompetitive ratios RHx(m) for m = 2; 3 and 4. For m = 2 the algorithmis best possible. An improved algorithm for m = 3 was also presented.A similar problem, 
alled on-line bin stret
hing, was introdu
ed by Azar and Regev [2℄. Aset of bins of �xed sizes is given. Items arrive on-line while it is known that there exists a validpa
king of all items into the given bins. One is asked to pa
k all items into the bins, whi
h 
anbe overloaded. The goal fun
tion is the stret
h fa
tor, whi
h is the maximum ratio for any binbetween the size to whi
h any bin was stret
hed (the sum of all items assigned to it) and itsoriginal size. Azar and Regev [2℄ studied the problem of identi
al bins, i.e. all original bins areof size 1. Epstein [6℄ 
onsidered the two-bin 
ase with unequal bin sizes.Our results. In this paper, �rstly we assume, as in [5℄, that the largest item size is at mostthe smallest bin size, i.e.,nmaxi=1 pi � mminj=1 bj: (1)2



We analyze the LS algorithm more 
arefully and prove the 
ompetitive ratios for ea
h m andea
h 
olle
tion B of bin sizes. The ratios di�er for an even number of bins and an odd numberof bins. It also shows that the 
ompetitive ratio of LS for the equal bins is exa
tly 5=4 whenm is even and 5=4 � 1=(4m2) when m is odd. We then present an improved on-line algorithmfor m = 2 and m = 3. Finally we dis
uss the problem without the assumption (1). A lowerbound 6=5 for the overall 
ompetitive ratio is presented. We prove the 
ompetitive ratio of LSfor the two-ma
hine 
ase and present an improved on-line algorithm.Notations and organization of the paper. Consider any algorithm A. During the exe-
ution of algorithm A, if a bin Bj has a load (the total size of items assigned to it) is over itsoriginal size bj, Bj is 
alled heavy; otherwise, it is 
alled light. The di�eren
e between the loadand the size bj is idle spa
e if Bj is light or ex
ess if Bj is heavy.Consider any instan
e L where Pni=1 pi < Pmj=1 bj. In an optimal pa
king there must besome bins with idle spa
e. Constru
t a new instan
e L0 by adding new items su
h that nobins have idle spa
e in the optimal pa
king without 
hanging the optimal value. Note thatAL0(m;B) � AL(m;B) and OPTL0(m;B) = OPTL(m;B). Therefore,AL(m;B)=OPTL(m;B) � AL0(m;B)=OPTL0(m;B):In instan
e L0, the total size of items is at least the total original size of bins. It implies that weonly need to 
onsider the instan
es in whi
h the total size of items is at least the total originalsize of bins to prove an upper bound. Throughout the paper in proving the 
ompetitive ratioswe always assumenXi=1 pi � mXj=1 bj : (2)The remainder of the paper is organized as follows. Se
tion 2 gives the tight bound for alist s
heduling algorithm. In Se
tion 3, we present an on-line algorithm for m = 2 and m = 3.We dis
uss the problem without the item size assumption (1) in Se
tion 4.2 Tight bound for a list s
heduling algorithmList S
heduling was introdu
ed by Graham [8℄ for parallel ma
hine s
heduling. The algorithmalways s
hedules the 
urrent job to the ma
hine with minimum load at this time. Applying lists
heduling to extensible bin pa
king with unequal bin sizes may result in di�erent versions. We�rst 
onsider a list s
heduling algorithm, denoted by LS, whi
h always assigns the in
omingitem to the bin of largest idle spa
e. Dell'Olmo and Speranza [5℄ proved that RLS = 5=4.In this se
tion we �gure out RLS(m;B). Then we will show that a di�erent version of lists
heduling, whi
h always assigns the in
oming item to the bin with the least load (the totalsize of items in a bin), is not as good as LS in terms of the overall 
ompetitive ratio.Let bmin be the smallest bin sizes in the 
olle
tion B and let pmax be the largest item size.Under the assumption (1), we have pmax � bmin. Consider the pa
king given by algorithm LS.For ea
h bin Bj, let lj be the total size of the items it a

ommodates after the s
hedule is over.If Bj is light, let sj be its idle spa
e, i.e., sj = bj � lj. If Bj is heavy, let rj be its idle spa
e3



immediately before it be
omes heavy, and ej be its ex
ess, i.e., ej = lj � bj. We re-index thebins so that the �rst k bins are heavy.In proving an upper bound for algorithm LS we 
an assume, without loss of generality,that a bin a

epts no more items on
e it be
omes heavy. Otherwise, all bins are heavy and thepa
king is optimal.lemm 1 The 
ompetitive ratio of the list s
heduling algorithmRLS(m;B) � 8><>: 1 + mbmin4Pmj=1 bj ; if m is even;1 + (m2�1)bmin4mPmj=1 bj ; if m is odd:Proof. Consider the following instan
es. If m is even, a large number of small enough itemsare 
oming �rst. The total size of these items is Pmj=1 bj �mbmin=2 su
h that after assigningthese items by LS, ea
h bin has idle spa
e exa
tly bmin=2. Then m=2 items with size of bminare 
oming. Clearly, the optimal value is Pmj=1 bj, while LS generates a total size Pmj=1 bj +mbmin=4. Thus RLS(m;B) � 1 + mbmin4Pmj=1 bj .If m is odd, the instan
e is slightly di�erent. A large number of small enough items are
oming �rst. The total size of them is Pmj=1 bj � (m� 1)bmin=2, so that after assigning theseitems ea
h bin has idle spa
e exa
tly m�12m bmin. Then (m � 1)=2 items with length bmin are
oming. Clearly, the optimal total bin size is Pmj=1 bj, while LS generates a total bin size ofPmj=1 bj + (m2 � 1)bmin=(4m). Thus RLS(m;B) � 1 + (m2�1)bmin4mPmj=1 bj . The lemma is proved.theo 2 The 
ompetitive ratio of the list s
heduling algorithmRLS(m;B) = 8><>: 1 + mbmin4Pmj=1 bj ; if m is even;1 + (m2�1)bmin4mPmj=1 bj ; if m is odd:Proof. We only need to prove thatRLS(m;B) � 8><>: 1 + mbmin4Pmj=1 bj ; if m is even;1 + (m2�1)bmin4mPmj=1 bj ; if m is odd:Consider any instan
e L(m;B) satisfying (2). By the algorithm LS, we know thatPkj=1 rjk � minj=1;���;k rj � maxj=k+1;���;m sj � Pmj=k+1 sjm� k :Then (m� k) kXj=1 rj � k mXj=k+1 sj (3)4



From (2), we havekXi=1 ei � mXj=k+1 sj: (4)We add (m� k)Pkj=1 ej to both sides of the inequality (3) and from (4), we get(m� k) kXj=1 (rj + ej) � k mXj=k+1 sj + (m� k) kXj=1 ej� k mXj=k+1 sj + (m� k) mXj=k+1 sj= m mXj=k+1 sj:It means that Pmj=k+1 sj � (m�k)m Pkj=1 (rj + ej). Note that the 
ompetitive ratioRLS(m;B) � ( nXi=1 pi + mXj=k+1 sj)= nXi=1 pi:ThenRLS(m;B) � 1 + (m� k)Pkj=1 (rj + ej)mPni=1 pi � 1 + (m� k)Pkj=1 (rj + ej)mPmj=1 bj :Sin
e rj + ej � pmax � bmin, we obtainRLS(m;B) � 1 + (m� k)kbminmPmj=1 bj :If m is even, then m2 � 4mk + 4k2 = (m� 2k)2 � 0 and (m� k)k=m2 � 1=4. It followsRLS(m;B) � 1 + mbmin4Pmj=1 bj :If m is odd, then m2 � 4mk + 4k2 = (m� 2k)2 � 1 and (m� k)k � 14(m2 � 1). We haveRLS(m;B) � 1 + (m2 � 1)bmin4mPmj=1 bj :
oro 3 RLS(m;B) � RLS(m) = ( 54 ; if m is even;54 � 14m2 ; if m is odd:Moreover, RLS = 5=4. 5



Note that RLS(m;B) < RLS(m) if m � 2 and bi 6= bj for some i; j. It means that the
ompetitive ratio be
omes smaller if the bin sizes are unequal.Before 
losing this se
tion, we 
onsider a di�erent version of list s
heduling: assign itemsto the bin of least load. Denote the algorithm as LS0. Consider the following simple instan
eL for two bins. Let b1 = 2b2 and let " > 0 be a suÆ
iently small number. The �rst twoitems have size of b2 � ", whi
h are followed by an item with size of "=2. By algorithm LS0,after assigning the �rst two items, ea
h bin has a load of b2 � ". If the 3rd item goes to the�rst bin B1, an item (the last one) with size of b2 
omes, whi
h is assigned to B2. If the 3rditem goes to the se
ond bin B2, then the 4th item has a size of " and the 5th item (the lastone) has size of b2. The 4th is assigned to B1 while the 5th is assigned to B2. In both 
ases,LS0L(2;B) = b1+ b2+ b2� ". In an optimal pa
king, we 
an assign the last item to B2 and theothers to B1. Then OPTL(2;B) = b1 + b2, whi
h shows that RLS0(2;B) ! 4=3 as " tends tozero. It implies that RLS0 � 4=3.3 The two- and three-bin 
asesAssume that b1 � b2 � � � � � bm � pmax. In this se
tion we 
onsider the 
ases that m = 2 andm = 3.Algorithm Am(�): Assign the in
oming item ai to the lowest indexed bin, if the total ex
essof the bins is not greater than �; otherwise assign ai to the bin of largest idle spa
e.In this algorithm � is a user-spe
i�ed parameter. Choosing di�erent parameters results indi�erent algorithms.lemm 4 For any parameter � > 0, the 
ompetitive ratio of algorithm A2(�) is at least 1 +b2=(3(b1 + b2)).Proof. Let N be a suÆ
iently large integer. If � < b2=3, 
onsider an instan
e L as follows.The �rst b(b1 � 2b2=3)N
 items are small items, ea
h with size 1=N , whi
h are followed byitems a1; a2; a3 with size of b2=3; 2b2=3 and 2b2=3, respe
tively. Clearly, A2(�) assigns allthe small items together with a1 to bin B1, and a2 to bin B2. Thus no matter where a3 isassigned, A2(�)L(2;B) � b1 + b2 + b2=3� 1=N . For an optimal solution, we 
an assign a1 anda2 to B2, and the remaining items to B1. Thus OPTL(2;B) = b1 + b2, whi
h follows thatA2(�)L(2;B)=OPTL(2;B)! 1 + b2=(3(b1 + b2)) as N goes to in�nity.If � � b2=3, 
onsider the following instan
e L: the �rst b(b1 � 2b2=3)N
 items with size1=N , are followed by item a1 with size b2. So A2(�)L(2;B) � b1 + b2=3 + b2 � 1=N . In anoptimal pa
king, we assign a1 to B2, and the remaining items to B1. OPTL(2;B) = b1 + b2,whi
h follows A2(�)L(2;B)=OPTL(2;B) ! 1 + b2=(3(b1 + b2)) as N tends to in�nity.By setting � = b2=3, we prove that the 
ompetitive ratio of A2(�) is 1 + b2=(3(b1 + b2)).theo 5 The 
ompetitive ratio of A2(�) is 1+ b2=(3(b1 + b2)) if � = b2=3. Moreover the overall
ompetitive ratio is 7=6.Proof. If both bins are light or both are heavy, the pa
king is optimal. We only need to 
onsiderthe 
ase that exa
tly one bin is heavy. From the assumption (2), we have M1 +M2 � b1 + b2,where Mi is the load of bin Bi, i = 1; 2. 6



Let � = b2=3. Let T be the ex
ess of the heavy bin and let X be the idle spa
e of the lightbin. If T � �, then RA2(�)(2;B) � (T + b1 + b2)=(b1 + b2) � 1 + b2=(3(b1 + b2)). Now assumethat T > �. We want to prove X � �.Case 1. B2 is light. X = b2 �M2. Let an be the last item assigned to B1, whi
h makes theex
ess over �. B2 6= ; and before an is assigned B1 is light and has an idle spa
e at least X.Otherwise, an should have been assigned to B2. It implies that the size of the items in B2 islarger than X + �. Thus X = b2 �M2 < b2 � (X + �). It follows that X < �.Case 2. B1 is light. X = b1 �M1. Before the last item is assigned to B2, B2 is light and hasan idle spa
e at least X. The total size of items in B2 before the last item is assigned is atmost b2 �X. A

ording to the algorithm, b2 �X +M1 > b1 + �. It implies that X � �.In both 
ases we have RA2(�)(2;B) � (X +M1 +M2)=(M1 +M2) � 1 + b2=(3(b1 + b2)). Itis easy to verify that RA2(�)(2; �) = 7=6.Sin
e no on-line algorithm 
an have an overall 
ompetitive ratio less than 7/6 for twobins [5℄, A2(�) is an optimal on-line algorithm for m = 2 in terms of the overall 
ompetitiveratio, setting � = b2=3.We will show a lower bound for two bins under the assumption (1). Let b1 = kb2=3 + x,where 0 � x < b2=3 and k � 3 (k is an integer).lemm 6 No on-line algorithm 
an a
hieve a 
ompetitive ratio smaller thanR = ( 1 + (b2=3� x)=(b1 + b2); if 0 � x � b2=6;1 + x=(b1 + b2); if b2=6 < x < b2=3:Proof. Let A be any on-line algorithm. Consider the following instan
e L. The items withsize of b2=3 
ome one by one until n(b2) = 2 or n(b1) = k � 1, where n(bi) is the number ofitems with size of b2=3 pla
ed into bin Bi by algorithm A for i = 1; 2.Case 1. n(b2) = 0; n(b1) = k� 1. If 0 � x � b2=6, the next two items have size of 2b2=3. ThusAL(2;B) � b1 + b2 + b2=3� x.If b2=6 < x < b2=3, the next item has size of x. If x goes to B1, two items with size of 2b2=3
ome. It follows that AL(2;B) � b1+ b2+ b2=3. If x goes to B2, an item with size of b2 
omes.Then AL(2;B) � b1 + b2 + x.Case 2. n(b2) = 1; n(b1) = k�1. The next item has size of b2 and then AL(2;B) � b1+b2+b2=3.Case 3. n(b2) = 2; n(b1) = p, where 0 � p � k � 1.Sub
ase 3a) If p = k�1, the next item has size of 2b2=3+x, and thus AL(2;B) � b1+b2+b2=3.Sub
ase 3b) If p = k � 2, we 
onsider two sub
ases. If 0 � x � b2=6, the next item has sizeof x. If it is assigned to B1, an item with size of b2 
omes. Then AL(2;B) � b1 + b2 + b2=3.If it is assigned to B2, an item with size of b2 
omes. So AL(2;B) � b1 + b2 + b2=3 � x. Ifb2=6 < x < b2=3, the next two items have size of b2=3+x and 2b2=3. So, AL(2;B) � b1+b2+x.Sub
ase 3
) If p = k�3, the next two items have size of 2b2=3+x=2. AL(2;B) � b1+ b2+ b2=3.Sub
ase 3d) If p � k� 4, let s = d(k� p)=3e-1. The next s items have size of b2. If one of su
hitems is pa
ked into B2, then AL(2;B) � b1 + b2 + 2b2=3. Otherwise, all the s items go to B1.7



The idle spa
e of B1 be
omes (k� p)b2=3 + x� (d(k� p)=3e � 1)b2, whi
h is either b2=3 + x or2b2=3 + x or b2 + x. Then it is redu
ed to the above three sub
ases 3a) -3
).Note that in any of the above 
ases, OPTL(2;B) = b1 + b2. Thus, the lemma is proved.Lemma 6 shows that RA(2;B) � 1 + b26(b1+b2) for any on-line algorithm A. It also showsthat algorithm A2(�) is optimal for the 
ase that x = 0 (or b1 = kb2=3 for some integer k), bysetting � = b2=3. Now we 
onsider the three-bin 
ase.lemm 7 For any parameter � > 0, the 
ompetitive ratio of algorithm A3(�) is at least 1 +b3=(2(b1 + b2 + b3)).Proof. Let N be a suÆ
iently large integer. If � � b3=2, 
onsider the following instan
e L.The �rst bb1N � 1
 items with size of 1=N are followed by an item of size b3=2+1=N . Clearly,A3(�)L(3;B) � b1 + b2 + 3b3=2 � 1=N and OPTL(3;B) � b1 + b2 + b3 + 1=N . It follows thatA3(�)L(3;B)=OPTL(3;B)! 1 + b3=(2(b1 + b2 + b3)) as N tends to in�nity.If � < b3=2, 
onsider the following instan
e L. bb1N�1
 items with size of 1=N are followedby item a1 with size of �+ 1=N . Then b(b2 � b3=2)N
+ 1 items with size of 1=N are 
oming,whi
h are followed by the last two items a2, a3 with size of b3=2, b3 � � � 1=N , respe
tively.Algorithm A3(�) assigns the �rst bb1N � 1
 items together with a1 to B1, b(b2 � b3=2)N + 1
items with size 1=N to B2, and a2 and a3 to B3. It shows A3(�)L(3;B) � b1+b2+3b3=2�2=N .In an optimal pa
king, we 
an assign a1 and a3 to B3, the �rst bb1N � 1
 items with size 1=Nto B1 and the remaining items to B2. It follows that OPTL(3;B) � b1 + b2 + b3 + 1=N . ThenA3(�)L(3;B)=OPTL(3;B)! 1 + b3=(2(b1 + b2 + b3)), as N tends to in�nity.In the following, we prove that the 
ompetitive ratio of algorithm A3(�) 
an rea
h the lowerbound 1 + b3=(2(b1 + b2 + b3)) by setting � = b3=2.theo 8 The 
ompetitive ratio of the algorithm A3(�) is 1 + b3=(2(b1 + b2 + b3)) if � = b3=2.Proof. Let � = b3=2. In the pa
king given by A3(�), let Mi be the total size of the itemsassigned to bin Bi. If all the bins are heavy or all the bins are light, the algorithm gives anoptimal pa
king. Hen
e, we only need to 
onsider the following 
ases.Case 1. Only one bin is heavy. If the ex
ess of the heavy bin is at most �, we 
an get the
ompetitive ratio 1 + b3=(2(b1 + b2+ b3)) immediately. Before the last item of the heavy bin isassigned, all the three bins are light and the heavy bin has the largest idle spa
e at the moment.Sub
ase 1a) B1 is heavy. Then M1 > b1 + �. Note that M2 +M3 > b2 + �. We haveRA3(�)(3;B) � (M1 + b2 + b3)=(M1 +M2 +M3)= 1 + (b2 + b3 �M2 �M3)=(M1 +M2 +M3)� 1 + b3=(2(b1 + b2 + b3))Sub
ase 1b) B2 is heavy. M2 > b2 + b3=2 and M1 +M3 > b1 + b3=2.RA3(�)(3;B) � (M2 + b1 + b3)=(M1 +M2 +M3)= 1 + (b1 + b3 �M1 �M3)=(M1 +M2 +M3)� 1 + b3=(2(M1 +M2 +M3))� 1 + b3=(2(b1 + b2 + b3))8



Sub
ase 1
) B3 is heavy. M3 > b3 + b3=2. Let X be the total idle spa
e of M1 and M2. ThenX = b1 + b2 � (M1 +M2). Let Y3 be the load in B3 before the last item is assigned. Thusb3 � Y3 � b2 �M2; b3 � Y3 � b1 �M1:We have X = b1 + b2 � (M1 +M2) � 2(b3 � Y3). On the other hand,Y3 +M1 � b1 + b3=2; Y3 +M2 � b2 + b3=2:We have X = b1 + b2 � (M1 +M2) � 2Y3 � b3. So, X � minf2(b3 � Y3); 2Y3 � b3g � b3=2.Therefore, RA3(�)(3;B) � (X +M1 +M2 +M3)=(M1 +M2 +M3)� 1 + b3=(2(b1 + b2 + b3)):Case 2. Only one bin is light. If the idle spa
e X of the light bin is at most � or the totalex
ess of the two heavy bins is at most �, we have the 
ompetitive ratio immediately. We onlyneed to 
onsider the 
ase that X > � and the total ex
ess ex
eeds �. However, We will showthat it is impossible. Before 
onsidering the following two 
ases, we assume that Mi > 0 fori = 1; 2; 3. Otherwise, the total ex
ess is at most �.Sub
ase 2a) B3 is light. M3 = b3�X < � = b3=2. Let Yi be the load of Bi immediately beforeit be
omes heavy, for i = 1; 2. Then bi � Yi � X; otherwise the last item, whi
h makes thetotal ex
ess of B1 and B2 over �, would have been assigned to bin B3. Thus all the items inB3 should have been assigned to Bi by the algorithm. It is a 
ontradi
tion.Sub
ase 2b) B3 is heavy. Re
all that any item size is at most b3. There are at least two itemsin B3. Assume that ak is the last item assigned to B3. Those items assigned to B3 have sizeat least X > b3=2. Thus the idle spa
e of B3 before ak is assigned is less than X, whi
h meansthat ak would have not been assigned to B3. It is a 
ontradi
tion.From Theorems 5 and 8 we realize that the 
ompetitive ratio of algorithmAm(�) for unequalbins is better than that for equal bins.4 Without the assumption on item sizesIn this se
tion, we will dis
uss the problem without the assumption (1) for the two-bin 
ase.lemm 9 Without the assumption (1), no deterministi
 on-line algorithms 
an a
hieve an over-all 
ompetitive ratio lower than 6=5 for two bins.Proof. Let b1 = 3=2 and b2 = 1. The �rst item a1 has size of 1/2. If a1 is assigned to bin B2,two items a2, a3 with size of 1 are 
oming. If a1 is assigned to bin B1, item a2 with size of 3=2is 
oming. For both 
ases, the overall 
ompetitive ratio is at least 6/5.lemm 10 For any on-line algorithm A the 
ompetitive ratioRA(2;B) � 8><>: 1 + (4b2=3� b1)=(b1 + b2); if b1 � 7b2=6;1 + (b1 � b2)=(b1 + b2); if 7b2=6 < b1 < 4b2=3;1 + b2=(3(b1 + b2)); if b1 � 4b2=3:9



Proof. Let A be any on-line algorithm. Consider �rst the 
ase that b1 � 4b2=3 with thefollowing instan
e L. The �rst two items have size of b2=3. If both items go to B1, thenext item has size of b1; if both items go to B2, two items with size of 2b2=3 and b1 � b2=3,respe
tively, are 
oming; if the �rst two items go to di�erent bins, the next item has size of b1.For any of the above 
ases, AL(2;B) � b1+4b2=3 and the optimal value OPTL(2;B) = b1+ b2.It implies that the lemma is true.Now turn to the 
ase that b1 < 4b2=3. Let b1 = b2 + x, where 0 � x < b2=3. The lemmafollows from Lemma 6 by setting k = 3.We 
onsider on-line algorithms. Assume that all items have size of at most b1 (b1 � b2).theo 11 The 
ompetitive ratio of the list s
heduling algorithm LS for two bins is 1 +minfb2; b1=2g=(b1 + b2).Proof. We �rst show the upper bound. Without loss of generality, we 
onsider the 
ase onlyone bin is heavy.Case 1. b1=2 � b2. Sin
e the LS algorithm assigns items to the bin with largest idle spa
e.Re
all that the total size of items is not less than the total size of bins, we get that the idlespa
e is at most b2. Then, LSL(2;B) �P pi + b2, OPTL(2;B) �P pi � b1 + b2, whi
h impliesRLS(2;B) � 1 + b2=(b1 + b2).Case 2. b1=2 < b2. Let X be the idle spa
e and T be the ex
ess. We only 
onsider the 
ase thatboth X and T are greater than b1=2. Otherwise, it follows that RLS(2;B) � 1+b1=(2(b1+b2)).Let pn be the size of the last item assigned to the bin whi
h has an ex
ess over b1=2. Re
allthat all items have size of at most b1. Let Yi be the load of bin Bi before the last item isassigned. Then bi � Yi � X > b1=2, sin
e pn � b1. It implies that either X or T is at mostb1=2.The following simple instan
e shows that the bound is tight. Consider three items withsizes of minfb2; b1=2g, maxf0; b2 � b1=2g, and b1, respe
tively. The optimal value is b1 + b2while LS 
osts b1 + b2 +minfb2; b1=2g.In the following, we present an on-line algorithm to improve the upper bound in some 
ases.Algorithm A2:� If b1 � 4b2=3, apply algorithm A2(�) by setting � = b2=3;� if 4b2=3 < b1 � 2b2, apply A2(�) by setting � = b1 � b2;� if b1 > 2b2, apply algorithm LS.theo 12 The 
ompetitive ratio of algorithm A2 isRA2(2;B) � 8><>: 1 + b2=(3(b1 + b2)); if b1 � 4b2=3;1 + (b1 � b2)=(b1 + b2); if 4b2=3 < b1 � 2b2;1 + b2=(b1 + b2); if b1 > 2b2:
10



Proof. Consider the following 
ases:Case 1. b1 � 4b2=3. We use A2(�), by setting � = b2=3. The proof is similar as the one ofTheorem 5.Case 2. 4b2=3 < b1 � 2b2. We only need to 
onsider the 
ase that exa
tly one bin is heavy, theex
ess of the heavy bin is over b1� b2, and the idle spa
e of the light bin is larger than b1� b2.However, we will show this 
ase is impossible. Before the last item an, whi
h makes the ex
essover b1 � b2, is assigned, if B2 is empty, then the ex
ess is at most b1 � b2 after assigning an.Assume that B2 is not empty before an is assigned. Note that B1 has an idle spa
e larger thanb1� b2 before an is assigned. It means that the total size of items in B2 is more than 2(b1� b2).Then the idle spa
e of bin B2 is at most b2 � 2(b1 � b2) < (b1 � b2). In this 
ase an is assignedto B1. B2 is a light bin and the idle spa
e is less than b1 � b2. It is a 
ontradi
tion.Case 3. b1 > 2b2. It follows from Theorem 11.Final Remarks. There are many open questions. Although we have proved that the algorithmA2(�) is optimal in terms of the overall 
ompetitive ratio, it is still open to �nd a best possibleon-line algorithm for two bins in terms of the 
ompetitive ratio. It is interesting to design analgorithm with a better 
ompetitive ratio than LS algorithm for any number of bins. Theproblem without the assumption (1) be
omes more diÆ
ult. We only proved the 
ompetitiveratio of LS for the two-bin 
ase. Any improvement on the lower bounds is also of interest.Referen
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