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0. Introduction

Let X be a Polish spaceÐthat is, a complete, separable metric spaceÐand let
f : X! X be a continuous function. We write q for the set of natural numbers
f0; 1; 2; . . .g, and for k 2 q, f k for the k th iterate of f , so that for each x 2X,
f 0�x� � x and f k�1�x� � f � f k�x��. For x and y in X we de®ne

x {f y()df $ strictly increasing a: q! q with lim
n!1 f a�n��x� � y:

We write qf �x� for the set fy j x {f yg: so the members of qf �x� are the
accumulation points of the forward orbit of x under f , including the periodic
points. When f is ®xed in a discussion, we write x { y for x {f y, and we
sometimes write y [ x for x { y. We read x { y as `x attacks y'. Of®cially the
distance between two points x and y of X is written d�x; y�, but we are prone to
denote it by jxÿ y j, to bring concepts of undergraduate analysis to mind. If
A Í X is such that �x 2 A & x { y� �) y 2 A, we call A{-closed.

0.0 Proposition. (i) If x { y and y { z then x { z .

(ii) The set qf �x� is a closed and {f -closed subset of X.

The proof is by elementary analysis. . . . . . . . . . . . . . . . . . . . . . . A (0.0)

We de®ne an operator Gf on subsets of X by

Gf �X � �df

[
fqf �x� j x 2 Xg:

Using this operator and starting from a given point a 2X, we de®ne a
trans®nite sequence of sets:

A0�a; f � � qf �a�;
Ab�1�a; f � � Gf �Ab�a; f ��;

Al�a; f � �
\
n< l

An�a; f � for l a limit ordinal.

G�X � is always {f -closed, and if A is {f -closed, then G�A� Í A. Hence

A0�a; f � Ê A1�a; f �, and so by repeated application of the trivial principle that
X Ê B Ê C �) Gf �B� Ê Gf �C �, we have

A0�a; f � Ê A1�a; f � Ê A2�a; f � . . . ;
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as we take intersections at limit ordinals we shall have that for all ordinals a, b,

a < b�) Aa�a; f � Ê Ab�a; f �:

0.1 Lemma. If x 2 An�a; f � then f �x� 2 An�a; f �; the set An�a; f � is {f -closed.

The proof proceeds by induction on n using the continuity of f and properties
of G. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (0.1)

0.2 Lemma. For each ordinal m , Am�a; f � � qf �a�Ç
T

n < m An�1�a; f �.

The proof is by induction on m. . . . . . . . . . . . . . . . . . . . . . . . . . A (0.2)

0.3 De®nition. The escape set is the union over all ordinals b of the set of
those points in qf �a� eliminated at stage b of the iteration:

E�a; f � �df

[
b

�Ab�a; f �n Ab�1�a; f ��:

Here X nY is the set-theoretic difference fx j x 2 X & x 62 Y g.

0.4 De®nition. For x 2 E�a; f �, we write b�x; a; f � for the unique b with
x 2 Ab�a; f �n Ab�1�a; f �.

E�a; f � is a set, being a subset of X, so the axiom of replacement will tell us
that the image of the set E�a; f � under the map x 7! b�x; a; f � cannot be the
whole of the proper class of all ordinals: so there will exist an ordinal v, which
using the axiom of choice may be easily seen to be less than �2À0��, such that

Av�a; f � � Av�1�a; f �, and accordingly we may de®ne

0.5 De®nition. v�a; f � �df the least ordinal v with Av�a; f � � Av�1�a; f �.

Then for all d > v, Ad�a; f � � Av�a; f �.

0.6 De®nition. We write A�a; f � for this ®nal set Av�a; f ��a; f �. We call
A�a; f � the abode and the ordinal v�a; f � the score of the point a under f .

Thus E�a; f � � qf �a; f �n A�a; f �. We say that points in A�a; f � abide, and
points in E�a; f � escape.

This paper studies the closure ordinal v�a; f � with the help of ideas from
descriptive set theory.

Statement of the results

In § 1 we review some set-theoretical notions, chie¯y the concept of the
well-foundedness of a tree of ®nite sequences.

In § 2, we show how, given X, f and a, to associate to each point x in qf �a� a
tree of ®nite sequences; we prove using DC, the Axiom of Dependent Choice,
which is explained in § 1, that x 2 E�a; f � if and only if the tree associated to x is
well-founded, and we use that characterisation to obtain our ®rst theorem:
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0.7 Theorem (DC ). For every X, f and a, v�a; f � is at most the ®rst
uncountable ordinal, q1; if A�a; f � is empty or, more generally, is a Borel set,
then v�a; f � < q1 .

Our proof proceeds by showing that for each point x in E�a; f �,
b�x; a; f � < q1. Set-theorists will recognise that we are here applying the classical
boundedness theorem of descriptive set theory; we shall prove that theorem in the
special case that we use. In fact this section of the paper would easily generalise:
the ordinal v�a; R� may be de®ned for any transitive relation R in place of the
relation {f , and when R is in addition Borel or indeed analytic, v�a; R� will
again be at most q1.

In §§ 4 and 5 we shall give examples of X and f where q1 � supa2X v�a; f �:
the author conjectures that that bound can never be attained.

In § 3, we characterise the abode A�a; f � in terms of recurrent points, which
are points z such that z {f z , by proving for an arbitrary Polish X, continuous f
and point a, the following

Proposition. y 2 A�a; f � () $z�a { z { z { y�,

so in particular recurrent points exist in qf �a� if and only if A�a; f � is non-empty.
Implicit in our proof is the idea of searching for points at the end of in®nite paths
through ill-founded trees. The argument here relies on particular properties of the
relation {f and seems not to generalise to an arbitrary transitive relation R. We
also establish in that section that whenever recurrent points exist, there also exist
maximal recurrent points in the sense of the following, which again holds for
arbitrary X, f , and a:

Proposition. If a { y { y, then there is a z such that a { z { z { y and
whenever a { w { w { z , then z { w.

In words, z is recurrent and there is no recurrent w in qf �a� strictly above z in
the relation {.

In § 4, we consider Baire space, which is called variously N, qq or qq in
different mathematical cultures, and is the set of all functions a: q! q. N is a
Polish space. On that space we de®ne the shift function s by the formula
s�a��n� � a�n� 1�. We show how to associate to each countable well-founded
tree T a point xT in Baire space with v�xT ; s� exceeding the rank of the tree, and
we explain how to modify that construction to ®nd a point a 2N with v�a; s�
exactly a given countable ordinal. We end the section with an example showing
that whilst the abode is always contained in the set of non-wandering points in
the sense of Birkhoff [3], it need not coõÈncide with it.

In § 5, we adapt our construction to a compact subspace of N, closed under s. A
dif®culty is caused by the fact that in a compact space the abode cannot be empty.
Further obstacles emerge when one attempts to construct points which score a given
countable limit ordinal, with the result that though such points exist in the
compact space in question, they all must attack in®nitely many recurrent points.

The observations in this paper leave open the question whether there exist X, f ,
and a with v�a; f � � q1. In § 6, we give this answer to an effective version of
that question:
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Theorem. Let N be Baire space and s: N!N the shift function. There is
a recursive point a 2N such that v�a; s� � qCK

1 , the ®rst non-recursive ordinal.

That result is inspired by the theorem of Kreisel (see [8] and, for historical
detail, [17]) that there is a recursively coded closed set whose Cantor±Bendixson
sequence of derivatives runs through all recursive ordinals. The essence of the
proof is an adaptation of our constructions on well-founded trees to the case of a
recursive ill-founded tree. We shall also see that when A�a; f � is empty, v�a; f �
will be strictly less than the ®rst ordinal not recursive in the pair �a; f �.

In § 7, we exploit the continuity of our association, implicit in earlier sections,
of points in Baire space to countable linear orderings to obtain a new complete S1

1

set. Speci®cally, the set

P � fa 2N j $r:2Na {s r {s rg
is complete in the sense that to any S1

1 set Q Í N there is a continuous function
h: N!N with x 2 Q() h�x� 2 P; known results will then extend that to
supplying for any S1

1 subset of an arbitrary Polish space X a Borel function
h: X!N reducing it to P.

To ®nd such a set in a compact space, the above de®nition, which is of the set
of points with non-empty abode, must be modi®ed, since in a compact space
every point attacks at least one recurrent point. Various modi®cations prove to
succeed in suitable spaces, for example the set of points with uncountable abode,
the set of points with in®nite abode, the set of points which attack at least one
non-periodic recurrent point, the set of points with abode of size at least three, or
even, in q4, the set of points which attack at least one recurrent point distinct
from 01 and 21; the complement of the second of those, namely the set of points
in q 7 that attack only ®nitely many recurrent points, forms a space, closed under
shift and attack but not a Polish space, in which our iteration question is
intelligible but the only ordinals scored are 0 and the countable successor ordinals.

Finally in § 8 we list some open problems.

Alternative terminology

In a recent preprint, `On the structure of the q-limit sets for the continuous
maps of the interval', Lluis AlsedaÁ, Moira Chas and Jaroslav SmõÂtal use the term
centre for what I have called the abode of a point, and depth for what I have
called its score.

In discussion of the results of the present paper at the Bonn logic seminar the
terms kernel and boundary were suggested as alternatives for my abode and
escape set.

Attractive as these alternatives are, I have thought it prudent not to attempt to
change the terminology of my paper at this late stage.
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1. Set-theoretic preliminaries

We write 0= for the empty sequence: technically, of course, it is the same as the
empty set, which we write as 1; and also the same as the number zero, which
we write as 0, since set-theorists customarily identify each natural number n with
the set f0; 1; . . . ; nÿ 1g .

We denote by <q X the set of ®nite sequences of points in the set X, including
the empty sequence.

When s is a ®nite sequence, we write ,h�s� for its length, so that
s � hs�0�; s�1�; . . . ; s�,h�s� ÿ 1�i. We also write ,�s� for its last element,
s�,h�s� ÿ 1�. Concatenation is denoted by _, so ,h�s_h pi� � ,h�s� � 1.

A two-place relation R on a set X is called well-founded if every non-empty
subset Y of X has a minimal element under R:

"Y Í X
ÿ
Y 6�1�) $y:2Y "z:2Y :�z R y��:

For example, a well-ordering is a well-founded linear ordering. An important
simpli®cation in the de®nition of well-foundedness is afforded by the Axiom of
Dependent Choice, DC, which is the following assertion:

given a relation S on a non-empty set X such that

"x:2X $y:2X x S y;

there is a function h: q! X such that

"n:2q h�n� S h�n� 1�:
DC is strictly weaker than the full Axiom of Choice but nevertheless unprovable
from the other axioms of set theory.

1.0 Proposition. Assuming DC, a relation R is well-founded if and only if
there exist no in®nite descending sequences

. . . R y3 R y2 R y1 R y0:
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Proof. Such a sequence would yield (even without DC) a non-empty subset
f yi j y 2 qg with no minimal element. Conversely, suppose Y to be a non-empty
subset of X with no minimal element: then (writing S for Rÿ1), we have
"x:2Y $y:2Y x S y and so by DC there will be a sequence h yi j i 2 qi with
"i yi S yi�1, yielding a descending sequence in R, as desired. . . . . . . . . A (1.0)

Our constructions will be based on well-founded relations of a particular kind,
well-founded trees of ®nite sequences.

For a non-empty set XÐfor example, let X � qÐwe de®ne a relation on the
set <qX.

1.1 De®nition. t 4 s()df t is an extension of s; t a s()df t is a proper
extension of s; s< t()df s is an initial segment of t; s s t()df s is a proper
initial segment of t.

1.2 Remark. Thus s< t() t 4 s, and so on. 0= has no proper initial
segments, but is itself a proper initial segment of every ®nite sequence of positive
length. Note that longer sequences are lower in this ordering.

1.3 De®nition. A tree in this paper will mean a subset of <q X which is
closed under shortening in the sense that s< t 2 T �) s 2 T . Thus if T is non-
empty it will contain the empty sequence 0= . We shall refer to the members of T
as its nodes.

1.4 De®nition. A tree T is well-founded if whenever C is a non-empty
subset of T there is an s 2 C such that no t a s is in C. Such an s is termed a T-
minimal element of C.

1.5 Remark. If X has a well-ordering, as is the case with the two main
examples, or if we assume DC, then saying that T is well-founded is equivalent to
the requirement that there be no in®nite path through T : that is, that there is no
function f : q! X such that for each n, the ®nite sequence

f W n �df h f �0�; f �1�; . . . ; f �nÿ 1�i
is in T .

Given a well-founded tree T that is closed under shortening we may de®ne a
rank function %T on it by recursion:

%T �s� � supf%T �t � � 1 j t 2 T & t a sg:
Some comments on this de®nition: if T consists solely of the empty sequence,

%T �0=� � 0. For any non-empty well-founded T there will be by de®nition of well-
foundedness nodes of T with no proper extension in T; such nodes, which we
term bottom nodes of the tree, will have rank 0. Should %T not be de®ned for all
nodes of the tree, we may by well-foundedness ®nd a node s such that %T is not
de®ned at s but is de®ned for each proper extension of s. But then the recipe tells
us how to proceed to de®ne %T at s.

The above illustrates the process of de®nition by induction on a well-founded tree.
There is also available a method of proof by induction on a well-founded tree:

1.6 Proposition. Let T be a well-founded tree, and F�s� some property. If
"s:2T ��"t a s F�t �� �) F�s�� then "s:2T F�s�.

262 a. r . d. mathias



That may be proved by supposing fs j :F�s�g to be non-empty, considering a
T-minimal element thereof, and reaching a contradiction. It may also be proved
by using the rank function %T and considering a counterexample s with %T �s�
minimal. Just such an argument proves the following

1.7 Proposition. Let T be a well-founded tree and s 2 T. For each n < %T �s�
there is a t a s with %T �t� � n .

2. Linking escape to well-foundedness

Characterising the escape set by well-foundedness of certain trees

We introduce the trees we shall use to calculate b�b� for b 2 E�a; f �. We shall
de®ne for our ®xed a and for each b 2X a tree T a

b � T a
b � f � of ®nite sequences

and show using DC that b 2 A�a; f � () T a
b is ill-founded.

2.0 De®nition. For b 2X, set

T a
b � f � �df

�
s 2 <qX j ,h�s� > 0�)ÿ

s�0� � b & "i:<,h�s��a {f s�i�� &

"i:<,h�s� ÿ 1�s�i� 1�{f s�i���	:
Note that if t s s 2 T a

b , then t 2 T a
b , so that T a

b is closed under shortening. Our
de®nition is of most interest when b 2 qf �a�, since b 62 qf �a� () T a

b � f0=g.

2.1 Lemma (DC ). For b 2X, b 2 A�a; f � if and only if there is an in®nite
sequence hxi j i < qi of points, each attacked by a, such that

b � x0 [ x1 [ x2 [ . . . :

Proof. Given such a sequence, one checks easily by induction on y that each
of its members is in Ay�a; f �, hence is in A�a; f �; in particular b � x0 is in
A�a; f �. If no such sequence exists for a given b, then by DC the tree T a

b will be
well-founded under a, and hence we may de®ne a rank function % � %a

b mapping
T a

b to the ordinals by

%a
b�s� � supf%a

b�s_hr i� � 1 j r 2X & s_hr i 2 T a
b g;

and show by induction on y that %a
b�s� � y�) ,�s� 62 Ay�1�a; f �: hence

b 62 A% a
b �hb i��1�a; f �.

Here are the inductive arguments: if we are given x0 [ x1 [ . . . ; with
"i a { xi , what is the least ordinal z such that not all xi are in Az�a; f �? It
cannot be 0 since "i a { xi ; it cannot be a successor ordinal y� 1, for
xj�1 2 Ay�a; f � �) xj 2 Ay�1�a; f � and so if each xi 2 Ay�a; f � then each
xi 2 Ay�1�a; f �, and it cannot be a limit ordinal since at limits we take
intersections. Hence z does not exist, and so each xi 2 A�a; f �.

For the second argument, we know the tree is well-founded, so that we can
de®ne the rank function %, and we want to show that for each s,

,�s� 62 A%�s��1�a; f �. If r�s� � 0, s cannot be extended within the tree, hence

there is no y 2 A0�a; f � with y { ,�s�, and so ,�s� is not in A1�a; f �. If
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r�s� � y > 0, then every extension s_h yi in T has rank less than y, and so by the

induction hypothesis no such y is in Ay�a; f �, and therefore ,�s� 62 Ay�1�a; f �.
A (2.1)

2.2 Corollary (DC ). For b 2 qf �a�, b 2 E�a; f � if and only if T a
b is

well-founded.

2.3 Remark. The structure of our argument is this: without DC we prove that
if there is an in®nite [ sequence starting from b, as in Lemma 2.1, then
b 2 A�a; f �; if T a

b � f0=g then b 62 qf �a�; if fhbig 2 T a
b and T a

b is well-founded
then b 2 E�a; f �; and then DC tells us that these possibilities are exhaustive.

Bounding the rank of well-founded trees

We turn to the proof of the following

2.4 Proposition. For each b 2 E�a; f �, %a
b�hbi� < q1 ,

from which the ®rst part of Theorem 0.7 follows immediately:

2.5 Corollary. v < q1.

Proof. By Proposition 2.4, each b in E�a; f � leaves the A-sequence at the
countable stage %a

b�hbi� � 1. Hence by stage q1 all those points that are to escape
have already done so. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (2.5)

We defer the proof of the second part of Theorem 0.7, that if A�a; f � is a Borel
set, v < q1.

2.6 De®nition. Let Rf � f�x; y� j y { xg.
The relation Rf is Gd, since it equals

T
n

T
q

S
m Xn;q;m where for natural

numbers n, q and m,

Xn;q;m �df

�
�x; y� 2X ´ X j m > n & j f m� y� ÿ x j < 1

q� 1

�
;

but will not in general be closed (nor, as we shall see later, even Fj):

2.7 Example. Take X to be the closed unit interval �0; 1�, and f �x� � x2. Then

Rf � f�1; 1�gÈ f�0; y� j 0 < y < 1g:
Our aim, nevertheless, is to show that many sequences of points in Rf are

convergent to a point in Rf . To that end we de®ne a sequence of maps fn , each
mapping Rf to the countable set 3q of all triples of natural numbers.

Recall that we are working in a Polish space X: there is therefore a countable
basis of open neighbourhoods, enumerated as hNp j p 2 qi, such that for each
« > 0 and each x 2X, there is a p with x 2 Np and diam�Np� < «.

Given �x; y� 2 Rf and n 2 q, let fn�x; y� be the ®rst triple �k; p; q� in some
natural well-ordering of 3q such that

k > n & j f k�y� ÿ x j < 1

n� 1
; diam�Np� <

1

n� 1
& x 2 Np;
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and

diam�Nq� <
1

n� 1
& y 2 Nq :

2.8 Proposition. Let �xi ; yi� be a sequence of points in Rf such that for each
n the sequence fn�xi ; yi� is eventually constant. Then there are points x and y
such that

lim
i

x i � x & lim
i

y i � y & y { x :

Proof. Let �kn ; pn ; qn� be the eventual value of fn�xi ; yi�. For each n, the
sequence �xi� lies eventually in Npn

and the diameter of that neighbourhood is less
than �n� 1�ÿ1; so the sequence �xi� is Cauchy; since we are in a complete metric
space, the (unique) limit point x will exist. Similarly lim i yi will exist, call it y.

For each n and all suf®ciently large i,

j f kn� yi� ÿ xi j <
1

n� 1
;

so by the continuity of f kn ,

j f kn� y� ÿ x j< 1

n� 1
:

As kn tends to in®nity with n, y { x as required.. . . . . . . . . . . . . . . . A (2.8)

2.9 Remark. A special case of the above is when each xi � b: then our
conclusion is that y { b. Note also that if a { yi for each i, then since all yi lie
in the closed set qf �a�, so does y, and thus a { y.

Now we de®ne a map j � j a
b from the tree T a

b to a tree S a
b of ®nite sequences

of elements of 3q. We de®ne j progressively:

j�0=� � 0= ;

j�x0� � h�0; 0; 0�i;
j�x0; x1� � h�0; 0; 0�; f0�x0 ; x1�i;

j�x0 ; x1; x2� � h�0; 0; 0�; f0�x0 ; x1�; f0�x1; x2�; f1�x1; x2�; f1�x0 ; x1�i;
j�x0 ; x1; x2 ; x3� � j�x0 ; x1; x2�_hf0�x2 ; x3�; f1�x2 ; x3�; f2�x2 ; x3�;

f2�x1; x2�; f2�x0 ; x1�i;
and so on. The order of listing is according to this diagram:

265delays, recurrence and ordinals

f0 f1 f2

x0 ; x1 1 4 9 . . .

x1; x2 2 3 8 . . .

x2 ; x3 5 6 7 . . .

..

. ..
. ..

. ..
.



Note that

u s v�) j�u�s j�v�: ���
The members of S a

b are by de®nition the initial segments of the image of j a
b :

S a
b �df ft j $u:2T a

b t < j a
b�u�g:

2.10 Proposition. If T a
b is well-founded then so is S a

b .

Proof. Suppose S a
b ill-founded, with a descending sequence t0 s t1 s t2 s . . . ;

where by interpolating terms if necessary we may assume that ,h�t i� � i. So
t0 � 0= , and each t i for i > 1 is an initial segment of a sequence of the form

j�xi
0 ; xi

1; . . . ; xi
j i
�, where ji > iÿ 1, for each i, xi

0 � b and for each j < ji ÿ 1,

x i
j [ xi

j�1.
Then for each j and n, the sequence fn�x i

j ; xi
j�1� is for suf®ciently large i

de®ned and constant: for example, the ®rst term of t i for i > 1 is �0; 0; 0�, the
third term of t i for i > 3 will be f0�x3

1 ; x3
2� and the seventh term of t i for i > 7

will be f1�x7
2 ; x7

3�. By Proposition 2.8 and Remark 2.9, there are points xj for

j 2 q such that limi x i
j � xj , a { xj and

b � x0 [ x1 [ x2 [ . . . ;

contradicting the well-foundedness of T a
b . . . . . . . . . . . . . . . . . . . . . A (2.10)

Thus for b 2 E�a; f � , the image of j generates a well-founded tree, S a
b : but as

3q is countable, so is S a
b , and hence its rank is less than q1. We shall show that

the height of T a
b is at most that of S a

b by proving by induction on the well-founded
tree T a

b the following

2.11 Proposition. For each b 2 E�a; f � and u 2 T a
b ,

rT �u�< rS�j�u��:

Proof.

rT �u� � supfrT �v� � 1 j u s vg
< supfrS�j�v�� � 1 j u s vg (by the induction hypothesis)

< supfrS�t � � 1 j j�u�s tg (since by ��� fj�v� j u s vg Í ft j j�u�s tg)
� rS�j�u��: A (2.11)

Thus %a
b�hbi�< rS a

b
�h�0; 0; 0�i� < q1. . . . . . . . . . . . . . . . . . . . . . . A (2.4)

A confession

Logicians will have noticed that this section of the paper reduces the original
dynamical question to a result of classical descriptive set theory, and that the
argument just given is, apart from the simpli®cations that the present special case
permits, simply a modern proof of a modern generalisation of that classical
result; namely Kunen's proof of the Kunen±Martin theorem, as presented in
Moschovakis' treatise [15, p. 101, Theorem 2G.2].
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That classical result may be formulated thus:

if R is an analytic relation on a Polish space, and X is an analytic subset of
that space, and the restriction R Ç �X ´ X � of R to X is well-founded then
that restriction is of countable height.

We refer the reader to Moschovakis' notes on pages 113±115 for the history
of that result, and to his Chapter I for a de®nition of the notion of an analytic
subset of a Polish space; a co-analytic set is the complement of an analytic set.
Every Borel set is analytic; an analytic set is Borel if and only if it is also
co-analytic.

These concepts arose in the development of descriptive set theory in the ®rst
quarter of the twentieth century; lately this subject has, as described by
Moschovakis, been re-worked as an effective theory by the adoption of concepts
from recursion theory. In terms of the notation of the effective theory for
de®nable subsets of Polish spaces we have, from the de®nition of { and using
Lemma 2.1 and Corollary 2.2:

2.12 Proposition. (i) The relation y { z is a P0
2 property of y, z , and f .

(ii) A�a; f � is a S1
1�a; f � set; E�a; f � is a P1

1�a; f � set.

So in the older terminology, A�a; f � is an analytic set and E�a; f � is co-analytic.

2.13 Remark. We have seen that qf � y� is closed, and thus for each y the
property y { z is P0

1� y; z ; f ; a� for some real a that, we emphasize, is dependent

on y. Example 2.7 shows that there can be no uniform P0
1 formula F� y; z ; f �

such that for an arbitrary continuous f and arbitrary points y and z ,
y { z() F� y; z ; f �, nor indeed a S0

2 one, as shown by the following example
where the relation { fails to be Fj, for supplying which the author thanks a
colleague of the referee.

Consider the space X � T2, where T is the one-dimensional unit circle
fe2pi x j x 2 �0; 1�g. De®ne f : X ! X by f �y; h� � �y; yh�. Let y � e2pi x. The
set fz j y { zg is ®nite if x is rational, and is T otherwise. Hence the set
f� y; z� 2 X j y { zg is a dense Gd in X and therefore, being co-meagre,
cannot be Fj .

The author's original example will be mentioned in Remark 3.5.
Turning now to the proof of the last part of Theorem 0.7: the relation Rf is

Borel, being indeed Gd ; on A�a; f � it is ill-founded, but on E�a; f � it is well-
founded. The obstacle to proving that v < q1 is therefore that we do not know
prima facie that the set E�a; f � is Borel, only that it is co-analytic; but if
it is Borel (as it will be if A�a; f � is Borel, since qf �a� is closed and
E�a; f � � qf �a�n A�a; f �), then the classical result applies and we may indeed
conclude that v < q1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (0.7)

2.14 Remark. A converse result holds: if v < q1 in a particular case, then
E�a; f � will be Borel.

We shall not in this paper prove the classical result, though we have in the
proof of Proposition 2.4 given the main ideas of the proof of the Kunen±Martin
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theorem from which it follows. It is proved as Theorem 31.1 on page 239 of
Kechris' text [7].²

The Kunen±Martin theorem may also be derived from Theorem 1.6 of the
paper [4] by Cenzer and Mauldin. These last authors are concerned with sets
de®ned as the closure points of iterated operators on Polish spaces, such as our G;
they have general results for those operators that they call Borel, analytic or
co-analytic; and they establish the countability of an ordinal corresponding to our
b�x� by a stage comparison theorem, again using ideas of Kunen. The `working
mathematician' may ®nd the style of much of their paper more approachable than
more `logical' treatments.

3. Recurrent points, minimal sets, and maximal recurrent points

Recurrent points

3.0 De®nition. A recurrent point is a b such that b { b.

It has long been known that the existence of recurrent points is neither certain
nor impossible:

3.1 Example. Let X � R, and f �x� � x� 1. Then f has no recurrent points.

3.2 Theorem (AC ). Let X be a compact Polish space and f : X! X
continuous. Then recurrent points exist: indeed each x 2X attacks at least one
recurrent point.

3.3 Remark. The above use of AC could be reduced to an application of DC
by working in L�a; f � and appealing to Shoen®eld's absoluteness theorem, which
appears as Theorem 8F.10 on page 526 of [15].

We may use the following lemma since in a metric space second countability
and separability are equivalent conditions.

3.4 Lemma (AC ). In a second countable space X there can exist neither a
strictly descending sequence hCn j n < q1i nor a strictly ascending sequence
hDn j n < q1i of non-empty closed subsets of X.

Proof. Given a descending counterexample in a space with countable basis
fNs j s 2 qg, pick pn 2 CnnCn�1, and sn 2 q with pn 2 Ns n

and Ns n
Ç Cn�1 empty.

There will be n < d < q1 with sn � sd. But then pd 2 Cd Ç Ns d
Í Cn�1 Ç Ns n

�1,
a contradiction. In the ascending case, pick pn 2 Dn�1n Dn , and sn 2 q with
pn 2 Ns n

and Nsn
Ç Dn empty. Again there will be n < d < q1 with sn � s d . But

then pn 2 Dn�1 Ç Ns n
Í D d Ç Ns d

�1, another contradiction. . . . . . . . . A (3.4)

3.5 Remark. Hausdorff in § 27 of his book Mengenlehre [6] proves with a
beautiful argument that, more generally, there cannot be an uncountable sequence,
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whether strictly increasing or strictly decreasing, of sets that are simultaneously
Fj and Gd . That may be used to prove that in Baire space, neither the set
fb j b {s bg nor for any « the set fb j b {s «g is S0

2 , and therefore the relation
Rs cannot be, either; see Proposition 7.6 of [13] for the details, but note that in
two places in the proof, bn is printed instead of b W n.

Proof of Theorem 3.2. We know that each qf �x� is a closed set, which, by
sequential compactness is non-empty, and that if y 2 qf �x� then qf � y� Í qf �x�.
Start from x, and set C0 � qf �x�. We shall de®ne a shrinking sequence of closed
sets all of the form qf �z�.

If Cy � qf �xy� ask if there is a y 2 Cy such that qf � y� is a proper subset of
Cy : if not, then every element of qf �xy� is recurrent (in a strong sense, indeed). If
there is, pick some such and call it xy�1, and take Cy�1 � qf �xy�1�.

At limit stages, take the intersection, call it C 0l: by compactness it will be
non-empty. Pick xl in it. Then for each n < l , xn { xl ; so qf �xl� Í C 0l. Set
Cl � qf �xl� and continue.

By the Lemma this process breaks down before stage q1: when it does, we
have reached a z such that "v; w:2qf �z�v { w: in particular, each member of the
non-empty set qf �z� is recurrent, and is attacked by our original x. . . . . A (3.2)

I am grateful to Marianne Morillon for correcting a slip in my original
presentation of the above proof, stemming from my forgetting that at each stage
the chosen point y might not be a member of qf � y�; and for further suggesting
that it might therefore be better to present the proof as proceeding by choice of
sequences of closed sets, rather than of points.

3.6 De®nition. The set qf �z� reached at the ®nal step, or any point w with
w 2 qf �w� � qf �z�, will be termed minimal.

The minimal sets are pairwise disjoint closed sets, which might, but need not,
partition the set of recurrent points. Here are some examples.

3.7 Example. Let X � �0; 1� and f �x� � x2: then A1 � f0; 1g, although f is
surjective and 1-1 and X is compact. The minimal sets in this case are f0g and f1g.

3.8 Example. Let X � fx 2 R2 j d�x; 0�< 1g. Let f be rotation by an
irrational multiple of 2p. The minimal sets are the concentric circles with centre
the origin, so they partition the space, in which every point is recurrent.

3.9 Example of a case where a non-minimal but recurrent y attacks two
inequivalent minimal points. Let y 2 4q attack everything in that space, let a have
only 0's and 1's, and let b have only 2's and 3's. By compactness, a and b, if not
minimal themselves, will attack minimal points. Neither a nor b can attack y.

3.10 Remark. In a compact space, the set of all points in some minimal set
is fx j "y x { y�) y { xg, so it is P1

1. Hence by a theorem of Burgess either
there are at most À1 minimal sets or there is a perfect set of inequivalent minimal
points, where points x and y are considered equivalent if x { y { x. To see that,
let P�x; f � be a P1

1 formula saying that x is a minimal point with respect to the
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continuous function f . De®ne an equivalence relation � on the whole space by

x� y()df ��P�x; f � or P� y; f �� �) �x { y & y { x��:
under this relation, the set of non-minimal points forms a single equivalence class,
and two minimal points are equivalent if and only if they attack each other. From
its de®nition, � is S1

1� f � and is de®ned on the whole space, and so Burgess'
theorem applies.

3.11 Proposition. Suppose no image of x is recurrent. Then qf �x� is
nowhere dense.

Proof. Each point of q f �x� is a limit of points (namely the f k�x�, for k 2 q)
not in that closed set, hence its interior is empty. . . . . . . . . . . . . . . . A (3.11)

3.12 Corollary. Let r be Cohen generic over L� f ; x� and suppose that no
image of x is recurrent. Then r is not attacked by x.

3.13 Lemma. Suppose that C � qf �b� is compact. Then f W C maps C onto C.

Proof. C is closed under f . Let u 2 C . Then b { u, so let �k i�i be an
increasing sequence of positive integers such that limi!1 f k i�b� � u. Let �mj�j
be a subsequence of the sequence �ki ÿ 1�i such that the sequence f m j�b� is
convergent, to w say. w 2 C, as C is closed, and f �w� � u. . . . . . . . . A (3.13)

3.14 Proposition. Let X be connected. Suppose that f is 1-1 and that C is a
compact minimal set with non-empty interior. Then C � X.

Proof. Deny, let D be the closure of X n C, let t 2 C Ç D, which will be non-
empty by the connectedness of X, and let v be in the interior of C. Pick « > 0 so
that the set of all points distant less than 2« from v is a subset of C.

Note that t { v, by the minimal character of C: let k > 0 be such that
d� f k�t�; u� < «. Choose d > 0 so that d� f k�t�; f k�v�� < « whenever d�t; v� < d,
and choose w 62 C with d�t; w� < d. Then f k�w� 2 C, so for some i with 0 < i < k,
x �df f i�w� 62 C and f �x� 2 C. But by the lemma, f �x� � f � y� for some y 2 C,
contradicting the 1-1 character of f . . . . . . . . . . . . . . . . . . . . . . . . A (3.14)

Characterising the abode by recurrent points

The following result shows that provided not every point in qf �a� escapes,
recurrent points exist. We emphasize that the space is not assumed to be compact.
The apparent use of the Axiom of Choice is avoidable.

3.15 Theorem. Let X be a complete separable metric space, f : X! X a
continuous map, and a, x arbitrary points in X. Then

x 2 A�a; f � () $b a { b { b { x :

Proof. The characterisation given in Lemma 2.1 shows immediately that if
b { b { x , the point x is in A�a; f �, as we could take x0 � x and xi � b for
i > 0. In particular every recurrent point is in A�a; f �.
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Suppose therefore that for each i < q, a { xi�1 { x i and x0 � x . Our task is to
build a recurrent b with a { b { x0 .

We shall de®ne a sequence of points yi starting with y0 � x0 and converging to
a point b, such that for each i, a { yi and b { yi . Since qf �a� and qf �b� are
closed, that will give a { b and b { b, so b is indeed a recurrent point with
a { b { x0. The points yi will each be of the form f m i�xi�: and we shall derive
helpful properties of the sequence � yi� from those of the sequence �xi� by using,

without further comment, the general lemma that if c { d then f �c�{ d and
c { f �d �. The numbers mi are strictly increasing and will be chosen to make the
sequence yi a Cauchy sequence.

In de®ning the sequence yi we shall de®ne various sequences of positive reals
tending monotonically to 0, and we shall de®ne various strictly increasing sequences
of positive integers.

More speci®cally, for each i < q we shall de®ne a sequence �« i
k�k < q of positive

reals tending monotonically to 0, and for 0 < i < q a strictly increasing sequence
�, i

k�k < q of natural numbers. Further we shall de®ne a decreasing sequence

�h i�i < q of positive reals tending to 0, and we shall de®ne a strictly increasing
sequence of positive integers �mi�1 < i < q .

Our de®nition takes place in in®nitely many rounds. In Round 0, we shall
de®ne the point y0 , the sequence �«0

k � and the positive real h0 . In Round 1, we

shall de®ne m1, y1, the sequences �,1
k � and �«1

k � and the positive real h1. For

n > 1, we shall by the end of Round nÿ 1 have de®ned mnÿ1, ynÿ1, ,nÿ1
k and

«nÿ1
k for each k, and hnÿ1, and in Round n we shall de®ne mn , yn, ,n

k , «n
k and hn .

Let W�i; n; g; k� be the statement that

jgÿ ynj < «n
k �) j f , n

k �, nÿ 1
k � ...�, i

k �g� ÿ yiÿ1j < « iÿ1
k :

We shall verify in Round n, for n > 1, that

"k"g"i
ÿ�k 2 q & g 2X & 1 < i < n� �)W�i; n; g; k��:

In fact, for each g and k, W�n; n; g; k� will follow from our choice of «n
k and ,n

k ;
and then the other cases will be covered by the following

3.16 Lemma. If «n
k and ,n

k have been de®ned, then for i < n,ÿ
W�n; n; g; k� & W�i; nÿ 1; f , n

k �g�; k���)W�i; n; g; k�:

Proof. Let jgÿ ynj < «n
k . By W�n; n; g; k�, j f , n

k �g� ÿ ynÿ1j < «nÿ1
k : so we

may apply W�i; nÿ 1; f , n
k �g�; k� and use the fact that

f , nÿ 1
k � ...�, i

k
ÿ

f , n
k �g�� � f , n

k �, nÿ 1
k � ...�, i

k�g�: A (3.16)

We are now ready to begin our construction.

Round 0. Put y0 � x0 , choose an arbitrary sequence «0
k of positive reals

tending monotonically to 0 as k! 1, and set h0 � 1
4

«0
0 .

Round 1. Pick m1 such that j f m 1�x1� ÿ y0 j < h0: that is possible as

x1 { y0 � x0 . Put y1 � f m 1�x1�. Choose a sequence ,1
0 < ,1

1 < ,1
2 < . . . such that

"kj f , 1
k � y1� ÿ y0j < 1

2
«0

k : that can be done as y1 { y0 .
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Choose a sequence «1
k tending to 0 monotonically from above such that

"k"g:2Xÿjgÿ y1j < «1
k �) j f , 1

k �g� ÿ f , 1
k � y1�j < 1

2
«0

k

�
:

that can be done as f , 1
k is continuous at y1.

That implies that for all k 2 q and all g 2X,

jgÿ y1j < «1
k �) j f , 1

k �g� ÿ y0j < «0
k

which is the statement W�1; 1; g; k�. Set h1 � min� 1
8

«0
0 ;

1
4

«1
1� � min� 1

2
h0 ;

1
4

«1
1�.

Round 2. Pick m2 > m1 such that j f m 2�x2� ÿ y1j < h1 Ðpossible as

x2 { y1Ðand put y2 � f m 2�x2�. Choose a sequence , 2
0 < ,2

1 < ,2
2 < . . . such

that "k j f , 2
k � y2� ÿ y1j < 1

2
«1

k : that can be done as y2 { y1.

Choose a sequence «2
k tending to 0 monotonically from above such that

"k"g:2X�jgÿ y2 j < «2
k �) j f , 2

k �g� ÿ f , 2
k � y2�j < 1

2
«1

k �:
that can be done as f , 2

k is continuous at y2 .
That implies that for all k 2 q and for all g 2X,

jgÿ y2 j < «2
k �) j f , 2

k �g� ÿ y1j < «1
k

and therefore

jgÿ y2 j < «2
k �) j f , 2

k �, 1
k �g� ÿ y0 j < «0

k

which are the statements W�2; 2; g; k� and W�1; 2; g; k� respectively. Set
h2 � min� 1

2
h1;

1
4

«2
2� and continue to the next round.

Round n, for n > 2. Pick mn > mnÿ1 such that j f m n�xn� ÿ ynÿ1j < hnÿ1, and put
yn � f m n�xn�. Choose a sequence , n

1 < , n
2 < . . . such that

"k j f , n
k � yn� ÿ ynÿ1j < 1

2
«nÿ1

k :

that can be done as yn { ynÿ1.
Choose a sequence «n

k tending to 0 monotonically from above such that

"k"g:2Xÿjgÿ ynj < «n
k �) j f , n

k �g� ÿ f , n
k � yn�j < 1

2
«nÿ1

k

�
:

that can be done as f , n
k is continuous at yn .

That implies that for all k 2 q and for all g 2X,

jgÿ ynj < «n
k �) j f , n

k �g� ÿ ynÿ1j < «nÿ1
k

which is the statement W�n; n; g; k�; we have seen that it follows from statements
established in previous rounds that for n > i > 1,

jgÿ ynj < «n
k �) j f , n

k �, nÿ 1
k � ...�, i

k�g� ÿ yiÿ1j < « iÿ1
k

which is W�i; n; g; k�. Set hn � min� 1
2
hnÿ1;

1
4

«n
n �.

Once all the rounds have been completed, we shall have de®ned a sequence yi

such that for each i, j yi�1 ÿ yi j < hi . By de®nition hi�1 � min� 1
2
h i ;

1
4

« i�1
i�1 �, so

in particular hi�1 < 1
2
hi , and so

P
i < q hi is convergent. Hence � yi� is a Cauchy

sequence, and hence by the completeness of the space X is convergent. Let b be
its limit.
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3.17 Lemma. For each k, jbÿ ykj < « k
k .

Proof. For each k, hk < 1
4

« k
k , hk�1 < 1

2
nk < 1

8
« k

k , and so for each j > k,

h j < 2 kÿ2ÿ j« k
k ; we know that for each i, j yi�1 ÿ yij < h i , and hence for k < j ,

j yj ÿ ykj < hk � . . .� h jÿ1; thus

jbÿ ykj<
X
j > k

h j < � 1
4
� 1

8
� . . . �« k

k � 1
2

« k
k : A (3.17)

Fix i. We assert that b { yi . Thus, we must show that

"« > 0$ n j f n�b� ÿ yi j < «;

moreover that n may be chosen arbitrarily large.
Fix « > 0. Pick k > i such that « i

k < «. By the lemma, jbÿ ykj < « k
k , and so

applying W�i� 1; k; b; k�,
j f , k

k �, kÿ 1
k � ...�, i� 1

k �b� ÿ yi j < « i
k < «;

as required.
Note ®nally that as k can be chosen arbitrarily large, the power of f applied to

b, which is at least , i�1
k , can also be made arbitrarily large.

Our theorem is proved. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (3.15)

Maximal recurrent points

In fact our proof of Theorem 3.15 has established the following statement:

3.18 Proposition. Given X, f , and a, suppose that, for all i,
a { z i�1 { z i { . . . { z0 . Then there are natural numbers m0 < m1 < . . . such
that setting yi � f m i�z i�, the sequence � yi� is convergent with limit b, say,
and b { yi for each i. It follows that b is recurrent, and that for all i, a { b { z i

and qf �z i� � qf � yi�.
3.19 Remark. Note that if the points z 0i form a second set satisfying the

hypothesis of the Proposition, with "i z i { z 0i { z i , and y 0i , b 0 are the outcome of
repeating the argument, then

"i b { z i�1 { z 0i�1 { y 0i & b 0 { z 0i�1 { z i�1 { yi

and so b { b 0 { b.

3.20 Proposition. In these circumstances, qf �b� is the closure of
S

i qf �z i�.
Proof. Write Cb for qf �b�, Ci for qf �z i� , and C for the closure of

S
i Ci .

Each Ci is closed topologically and also under the action of f , hence so is C.
Note that Cb is a closed set containing

S
i Ci , and therefore Cb Ê C. But b 2 C,

being the limit of the sequence yi , so each f k�b� is in C, and therefore each point
of Cb is in C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (3.20)

3.21 De®nition. Call a point b maximal recurrent in qf �a� if a { b { b and
whenever a { c { c { b, then b { c.

With the help of the axiom of choice the above proposition yields the following
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3.22 Corollary (AC ). If d is a recurrent point in qf �a�, then there is a
point b which is maximal recurrent in qf �a� with a { b { d.

Proof. Set d0 � d . If d0 is not maximal in qf �a�, pick d1 with
a { d1 { d1 { d0 6{ d1; if d1 is not maximal, continue. Proposition 3.18 tells us
that our construction can be continued at countable limit ordinals. If we never
encounter a maximal recurrent point, then our construction will yield for every
countable ordinal n a recurrent point d n with a { dz { d n 6{ dz for n < z < q1 .
But then the sequence hqf �d n� j n < q1i will form a strictly increasing sequence
of closed sets of order type q1, contradicting Lemma 3.4. . . . . . . . . . A (3.22)

3.23 Remark. Again, that use of AC could be reduced to an application of
DC by working in L�a; f � and appealing to Shoenfeld's absoluteness theorem.

3.24 Remark. We could also formulate the notion of a maximal recurrent
point in the space X as a whole, without reference to a particular point a; the
same argument will prove that if recurrent points exist, so do maximal ones. In a
case such as the shift function acting on Baire space, the maximal recurrent points
will be simply those whose orbit is dense in the whole space.

3.25 Remark. Note that it follows from Theorem 3.15 that each point in the
abode A is in the closure of the set of recurrent points. The converse need not
hold, as we shall see later; and thus the abode is not necessarily identical with the
set of non-wandering points studied by earlier writers such as Birkhoff, which
exactly equals that closure.

4. Long delays in Baire space

Explicit construction of well-founded trees

For any ordinal h we can uniformly build a tree of height that ordinal:

4.0 De®nition. For an arbitrary ordinal h let Th be the set of all strictly
descending sequences of ordinals less than h.

Naturally, Th is a well-founded tree. We include the empty sequence 0= in each
Th as its topmost point.

4.1 Proposition. For each h, %Th
�0=� � h.

Proof by induction on h. T0= � f0=g, and so %T0=
�0=� � 0. h � b� 1: the

sequences with ®rst element less than b will all lie in Tb , and have rank less than b
accordingly. The sequences with ®rst element b form a tree isomorphic to Tb (on
removing b from each sequence) so %Th

�hbi� � b and thus %Th
�0=� � b� 1 � h.

Now let h be a limit ordinal: all the non-empty sequences starting below h will
have rank less than h, so the empty sequence will have rank h, all ranks here
being computed in Th . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (4.1)

Evidently when h is countable Th will be isomorphic to a tree U Í <qq; it will
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be convenient instead to ®nd a tree, isomorphic to Th , that is a subset of the set
S we now de®ne.

4.2 De®nition. Let S be the set of ®nite strictly increasing sequences of
odd prime numbers (excluding 1). We count 0= , the empty sequence, as a member
of S.

4.3. With an eye to applications in § 7, we show, more generally, that given a
countable linear ordering �X ; <�, we may uniformly de®ne a map w, from the set
of decreasing ®nite sequences of members of X to the set of increasing ®nite
sequences of odd primes, which preserves the end-extension relation. Note that
�X ; <� need not be a well-ordering; it might for example be the set of rationals
under the Euclidean order.

Let h: Xÿ!1-1
q. Using h we can assign to each x 2 X a bijection (usually not

order-preserving!) gx of f y 2 X j y < xg and either some ®nite n or q.
We set w�0=� � 0= . We map sequences of length 1 to sequences of odd primes of

length 1, using h composed with an enumeration pi of odd primes: w�hxi� � h ph�x�i.
Now suppose we have already de®ned w�s�, where s 6� 0= . Let x be the least

element of s, and let pj be the largest element of w�s�. If t � s_h yi where y < x,
set w�t� � w�s�_h pj�1�g x� y�i .

The plan of attack

We explore and exploit the possibility of embedding countable well-founded
trees into the relation { .

4.4 Lemma. Let f : X! X be continuous, and let T be a non-empty well-
founded tree with top-most point 0= . Suppose that we have points xT and xs ( for
s 2 T ) in the space X such that for all s and t in T, xT { xs and if s a t then

xs { x t . Then for each s 2 T, xs 2 A% T �s��xT ; f �.

Proof. Following Proposition 1.6, let r a s�) xr 2 A% T �r��xT ; f �. Then

xs 2 qf �xT�Ç
T fA% T �r��1�xT ; f � j r a sg which by Proposition 1.7 and Lemma

0.2 equals A% T �s��xT ; f �.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (4.4)

We would like to have "s:2T xs 62 A% T �s��1, so that a < b < %T �0=� � 1) Aa ) Ab

and we should then have v�xT ; f � > %T �0=�. The next lemma gives further
conditions on our points xT , xs which will make that happen. We present this
argument in an abstract setting in terms of a nearness relation between points,
which, to emphasize its possibly asymmetric character, we write as b Mf x, or,
more conveniently, as b M x, which may be read as `b is near to x'.

4.5 Example. In our ®rst application we shall take b M x to mean that for
some n > 0, f n�x� � b; plainly that is liable to be asymmetric. In our second
application we shall take b M x to have the plainly symmetrical meaning that for
some non-negative n, m, f m�b� � f n�x�. In both we shall have b M b for every b.
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4.6 Lemma. Let f : X! X be continuous, and let T be a non-empty well-
founded tree with top-most point 0= . Suppose that we have points xT and xs ( for
s 2 T ) in the space X and a relation b M x between points such that whenever
s 2 T & xT { c { b M xs , then for some r 2 T with r a s, c M xr . Then for
b 2 qf �xT� and s 2 T,

xT { b M xs �) b 62 A%�s��1�xT ; f �:

Proof. Write F�s� for `xT { b M xs �) b 62 A%�s��1�xT ; f �'. We suppose
inductively that "r a s F�r� and prove F�s�. So suppose xT { c { b M xs . By

assumption, $r:2T �r a s & c M xr�; by F�r�, c 62 A% T �r��1, so c 62 A% T �s�. As c

was arbitrary, b 62 A% T �s��1, and we have proved that F�s� holds. . . . . . . A (4.6)

These lemmata lead to the following general result:

4.7 Theorem. Let X be a complete separable metric space, let f : X! X be
continuous, and let T be a non-empty well-founded tree with top-most point 0= .
Suppose that we have points xT and xs ( for s 2 T ) in the space X and a relation
b Mf x between points of qf �xT� such that for all s, t in T, writing { for {f and
M for Mf ,

(4.7.0) xT { xs;

(4.7.1) s a t �) xs { x t ;

(4.7.2) xs M xs;

(4.7.3) xT { c { b M xs �) c M xr for some r 2 T with r a s.

Then v�xT ; f � > %T �0=�.

Proof. Our lemmata show that in the above circumstances,

"s:2T �xs 2 A% T �s��xT ; f �n A% T �s��1�xT ; f ��:
In particular, taking s � 0= ,

A% T �0=��xT ; f � 6� A% T �0=��1�xT ; f �;
and so v�xT ; f � > %T �0=�, as required. . . . . . . . . . . . . . . . . . . . . . . . A (4.7)

In the present section of the paper we shall construct for particular well-
founded trees T of arbitrary countable rank points xs and xT in Baire space
satisfying the hypotheses of the above theorem, and shall ®nd that
v�xT ; s� � %T �0=� � 1: we shall then modify our examples to obtain in each
space points zT with v�zT ; f � � %T �0=�. In the ®fth section, we shall construct
points in certain compact spaces to which the theorem applies, though the
corresponding modi®cation will prove troublesome. In the sixth section we shall
essay applications to certain ill-founded trees.

Examples of long delays in the Baire space

4.8 De®nition. Baire space, N, is fb j b: q! qg; topologically it is the
product of À0 copies of q, each with the discrete topology.
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4.9 De®nition. The shift function s: N!N is de®ned by s�b��n� � b�n� 1�
for b: q! q .

Some call s the backward shift: it does indeed lose information.

The construction below together with the remarks at the end of the section will
prove the following:

4.10 Theorem. Let N be Baire space qq, and s the shift operation. Then for
each countable ordinal z there is a point a 2N such that v�a; s� � z.

Our plan is as follows: to each s 2S we shall de®ne a point xs 2N; we shall
for the rest of this section write b M x to mean that b is a ®nite shift of x in the
sense that b � s n�x� for some n > 0 and x 2N; then for each well-founded
T Í S we shall de®ne a point xT so that the points xT and xs for s 2 T together
with the relations { �{s and M satisfy the hypotheses of Theorem 4.7.

4.11 De®nition. We write u f x to mean that the non-empty ®nite sequence
u occurs as a segment of the in®nite sequence x.

4.12 Lemma. If x { y and u f y then u occurs in®nitely often as a segment
of x.

4.13 De®nition. If u f y, de®ne the lag ,� y; u� to be the least k such that
"p:<,h�u� y�k � p� � u� p�: thus u is an initial segment of y if and only if the
lag is 0. For a 2N and n 2 q, we shall write ,� y; a; n� for ,� y; a W n� , which
will be de®ned only when a W n f y. If ,� y; a; n� is de®ned for each n, we shall
have ,� y; a; n�< ,� y; a; n� 1� for each n, and hence limn!1 ,� y; a; n� will
exist, but may be ®nite or in®nite.

4.14 Lemma. Suppose that each initial segment of a is a segment of z.

(i) If limn!1 ,�z; a; n� � 1, then z { a;

(ii) if limn!1 ,�z; a; n� � m < 1, then a � s m�z�.
The construction

De®ne

x0= � 0; 4; 8; . . .

so that x0= is de®nitely non-recurrent and attacks nothing.
Suppose now that for some s 2S, we have de®ned xs , and that t is an

immediate extension of s, so that t � s_hk i, where k is an odd prime exceeding
all those occurring in s. Write pt for the product of all the primes occurring in t,
so that pt is a square-free number of which k is a factor. For each natural number
n we write pt ; n for the number �pt�n�1 . We shall use the numbers pt ; 0; pt ; 1; . . . in
de®ning xt .

4.15 Lemma. For non-empty r1 and r2 in T, pr 1
divides pr 2

if and only
if r2 4 r1.

Our de®nition is this:

xt �df hpt ; 0i_�xs W nt ; 0�_hpt ; 1i_�xs W nt ; 1�_hpt ; 2i_�xs W nt ; 2�_ . . .
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where the positive integers nt ; i are chosen strictly increasing and such that the
predecessors of each occurrence of a power of pt in xt (after the ®rst) form a strictly
increasing sequence of even numbers: to enable that choice to be made we maintain
inductively the property that the xs have in®nitely many even numbers in their range.
To be more explicit, we might say that nt ; 0 is to be the least n with xs�n� � 0, and
nt ; i�1 is to be the least integer greater than nt ; i such that xs�nt ; i�1 ÿ 1� � 4�i� 1�:
this would make nt actually a function of s, independent of k, and would make
our construction of the points xs recursive.

4.16 Remark. By Lemma 4.12, for no s with b M xs can xs { b: hence the
dichotomy suggested in Lemma 4.14 will be exact in many cases.

4.17 Lemma. The only odd numbers occurring in xs are powers of pt for t a
non-empty initial segment of s (allowing t � s).

Proof by induction on the length of s. 0= has no non-empty initial segments,
and no odd numbers occur in x0= . The odd numbers occurring in xs _h k i are the
powers of ps _hk i and the odd numbers occurring in xs , which by the induction
hypothesis are the powers of ps 0 for 0= 6� s 0 < s . . . . . . . . . . . . . . . . . A (4.17)

4.18 Lemma. If y f xt where t � s_hk i 2S, and no power of pt occurs in y
then y f xs .

The above is evident from the de®nition of xt . These two lemmas immediately
yield, by a further induction on the length of s,

4.19 Lemma. Suppose that u f xr and that s is the longest initial segment t of
r such that a power of pt occurs in u. Then u f xs . In particular, a segment of xr

containing no odd numbers is a segment of x0= .

4.20 Lemma. Suppose that a is such that whenever u f a, then for some
r 2S, u f xr . Suppose s 2Snf0=g is such that a power of ps occurs in a, but
that for no t a s does pt occur in a. Then a is a ®nite shift of xs.

Proof. Let a�n� be the ®rst occurrence of a power of ps in a. Let u be an
initial segment of a of length greater than n. For some r, u f xr . Since a power
of ps occurs in u, and therefore in xr , we know by Lemma 4.17 that r 4 s. But
then Lemma 4.19 tells us that u f xs . Since a�n� has exactly one occurrence in
xs , limn!1 ,�xs ; a; n� will be ®nite and so a is a ®nite shift of xs . . . A (4.20)

4.21 Lemma. If t � s_hk i 2S, a 2N, and xt { a then either xs { a or a is
a ®nite shift of xs .

Proof. As each power of pt occurs only once in xt , they can have no
occurrence in a, by Lemma 4.12. Thus each initial segment, a W n, of a lies in
some interval of xt strictly between two successive occurrences of powers of pt ,
and therefore is a segment of xs . We may now apply Lemma 4.14. . . . A (4.21)

Note that all the lemmata so far in this paragraph would hold if we had taken x0=
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to be another member of <qf0; 4g, such as 41 or �04�1 , provided the de®nition
of the sequences nt ; i were altered suitably.

Now let T be a well-founded tree, with T Í S and T closed under shortening.
We have seen how to de®ne xs for s 2 T , and we wish to de®ne a point xT with
xT { xs for every s 2 T. The de®nition we give is perhaps not in the present
context the most natural, but it will permit us to extend our de®nitions to the case
of ill-founded trees whilst ensuring that xT is recursive in T .

List all members of S recursively as hs i j i 2 qi so that each occurs in®nitely
often, and then de®ne

xT � �xt 0
W nT ; 0�_h2i_�xt 1

W nT ; 1�_h6i_�xt 2
W nT ; 2�_h10i . . .

where the integers nT ; i are chosen strictly increasing, and such that the immediate
predecessors of the occurrences of numbers n� 2 (mod 4) are distinct positive
multiples of 4, and ti is the ®rst sj in sequence after previous tk's to be a member
of T: so, in effect, we always check to see whether sj 2 T , and if it is not, we do
nothing at that stage but proceed to the next.

Thus if T is recursive so is the point xT and the sequence hxs j s 2 T i.
The ®rst three numbered conditions of Theorem 4.7 are easily veri®ed: for

(4.7.1), note that xt _hk i { xt , and deduce inductively by Proposition 0.0(ii) that
r a s�) xr { xs . It remains to check (4.7.3).

4.22 Proposition. If xT { c { b M xs then c M xr for some r a s.

Proof. No n� 2 (mod 4) can occur in c by Lemma 4.12, taking u � hni. So
each initial segment of c is a segment of some xt . (If T were ®nite and non-
empty, we could then conclude quickly that for some ti each initial segment of c
is a segment of xti

, and then apply Lemmata 4.21 and 4.14.)
First suppose that no powers of any pt occur in c. Then every segment of c is a

segment of x0= . With our choice of x0= , that implies that c M x0= , but then by
Remark 4.16 it will be impossible to have c { b M x0= .

So powers of some pt occur in c: by the well-foundedness of T we may choose
a minimal r such that a power of pr occurs in c. We assert that u f c�) u f xr ,
and that r a s. To see that, let u be an initial segment of c; by lengthening u if
necessary, we may assume that a power of pr occurs in u. Moreover, if s 6� 0= ,
some power ps; q , say, of ps will occur in b since there are in®nitely many
occurrences of powers of ps in xs and b is a ®nite shift of xs ; then that power
ps; q will occur in®nitely often in c, since c { b. Thus by a further lengthening of
u we may assume that some power of ps occurs at least twice in u.

Now u f xt for some t. By Lemma 4.17, r and s will both be initial segments
of t. By the T-minimality of r, r 4 s. Hence we may apply Lemma 4.20 to
deduce that c M xr . But then we shall have r 6� s, since there are two distinct
occurrences of some ps; q in c, which could not happen if c M xs . . . . . A (4.22)

Re®nement at limit ordinals

We have just shown that there are points x in Baire space v�x; s� larger than any
given countable ordinal, h, say. Actually our choice of the point x0= was such that
for a countable well-founded tree T with %T �0=� � h, v�xT ; s� is exactly h� 1, and
the abode of xT is empty. To see that, note that by similar reasoning to the last
proof, we have, for any choice of x0= that makes our foregoing lemmata work.
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4.23 Proposition. If xT { a, then either a M xs for some uniquely determined
s or x0= { a.

With our present choice of x0= , the case x0= { a never holds, and hence each point a
attacked by xT is near to some xs with s 2 T ; further, by Proposition 4.22, if
xT { a M xs and xT { b M xt , then b { a and only if t a s. The calculation that

A% T �0=� � fs n�xT� j n 2 qg, A% T �0=��1 �1, and v�x0= � � %T �0=� � 1 is now immediate.
In Baire space N it is easy to ®nd points x for which qs�x� �N; for such

points, v�x; s� � 0.
Thus it only remains to show how to obtain points for which v�a; s� is a

prescribed countable limit ordinal l .
There are two possible methods: one is to take as starting point a point z0= so

that z0= { z0= ; for example we could take z0= � 41 or z0= � �04�1 . Some
adjustments to the argument will be necessary: one has already been mentioned;
the de®nition of the sequence nT ; i will need alteration, and in place of Theorem
4.7, we must use this variant:

4.24 Theorem. Let X be a complete separable metric space, let f : X! X
be continuous, and let T be a non-empty well-founded tree with top-most point 0= .
Suppose that we have points xT and xs ( for s 2 T ) in the space X and a relation
b Mf x between points of qf �xT� such that for all s, t in T, writing { for {f and
M for Mf ,

(4.24.0) xT { xs;

(4.24.1) s a t �) xs { xt ;

(4.24.2) xs M xs;

(4.24.3) for s 6� 0= , xT { c { b M xs �) c M xr for some r 2 T with r a s.

Then v�xT ; f �> %T �0=�.

With the choices of z0= suggested above, we shall have

xT { c�) c M xr for some r 2 T

as before, and hence, if we have taken z0= � 41, we shall have that for each T ,
v�zT ; f � � %T �0=�, and the abode of zT will be fz0=g; if instead we took
z0= � �04�1, the abode of zT would be f�04�1; �40�1g, but still v�zT ; f � � %T �0=�.

We leave the details of this suggestion to the reader, as a similar argument will
be given in full in the next section.

The other method would be to partition the set of odd primes into in®nitely
many in®nite pieces An , and to pick trees Tn of rank an with a topmost point
h pni, where the an's are an increasing sequence of ordinals with limit l , and the
tree Tn is formed of strictly increasing non-empty ®nite sequences from An with
®rst element always equal to pn � min An .

Pick different starting points z h pn i for each tree. We choose them to be strictly
increasing sequences of multiples of 4, no one multiple of 4 occurring in two
different points, so that each z h pn i attacks nothing.

Then we put our trees together, with all the top-most points h pn i immediately
under a global top-most point 0= , to form a global tree T . We shall not de®ne z0= in
this approach. As we have only countably many countable trees Tn under
consideration at any time, we may de®ne a point zT as before. We ensure that for
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s 2 Tn and t 2 Tm with n 6� m, zs 6{ z t , so that the vanishing of the reals attached
to the tree T under repeated action of { is simply the independent local
vanishing of the reals on each Tn . Hence each point z h pn i disappears at stage

an � 1, and global stability is reached at stage l . Here the abode Al �1 as we
chose our initial points so that : $ x z h pn i { x . . . . . . . . . . . . . . . . . A (4.10)

A non-wandering escapist

Birkhoff in Chapter VII, § 2 of his book [3] de®nes the notion of a non-
wandering point and forms a trans®nite descending sequence of closed sets, which
therefore terminates after countably many steps. We show that his concepts do not
coõÈncide with ours.

4.25 De®nition. We de®ne the Birkhoff operator B�X �, where X Í X, by

B�X � � X n
[
fU j U open & $n: > 0 f n �U �Ç U Ç X �1g:

Thus if X is closed, B�X � is a closed subset of X . Accordingly the trans®nite
sequence given by X0 � X, Xn�1 � B�X n�, Xl �

T
n< l Xn for limit l stops in

countable time at a closed set X1 , the set of non-wandering points, which may be
proved to equal the closure of the set of recurrent points.

We have remarked in 3.25 above that the abode is contained in that closure. Here
is an example in a compact space of an escaping point that is non-wandering.

We work in q4 with the shift function. Let

x � 0202202220 . . . ;

x1 � �021�1;
x2 � �020221�1;
x3 � �0202202221�1;

. . . . . .

a � � y1 W n1�_3_� y2 W n2�_3_ . . . ;

where the yi list the xj , each occurring in®nitely often, and the ni are chosen
strictly increasing and such that each segment is a whole number of cycles of the
relevant xi .

4.26 Lemma. (i) 02 k 0 f x, if and only if k < ,;

(ii) 02 j 1 f x, if and only if j � ,.

The proof is by inspection.. . . . . . . . . . . . . . . . . . . . . . . . . . . . A (4.26)

Plainly a { xk { xk for each k, and limk xk � x, and so x is a non-wandering
point. We show that there is no b with a { b { b { x .

4.27 Lemma. Suppose that a { b { b { x. Then

(i) there is no occurrence of 3 in b;

(ii) whenever u f b, u f xi for some i.
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Proof. Part (i) holds since occurrences of 3 in b are rendered impossible by
the spacing of its occurrences in a. Part (ii) then follows. . . . . . . . . . A (4.27)

Now 020 f x so for some non-empty ®nite sequence w, setting u � 020_w_020,
there is some i > 1 such that u f xi and u f b. 1 must occur in w, since 020
occurs at most once in any period of xi , so examining the predecessors of the
®rst occurrence of 1 in w we see that for some j > 1, 02 j 1 f 0_w. Since b { b
and 0_w f b, 02 j 1 must occur in®nitely often as a segment of b. Let k > j. 02 k 0
occurs as a segment of x and therefore in®nitely often as a segment of b.
Thus there are non-empty ®nite sequences r and s such that setting
t � 02 j1_r_02 k 0_s_02 j 1, we see that t f b. Suppose t f x, . Then parts (i) and
(ii) of Lemma 4.24 show that j � , and k < ,, contradicting k > j.

5. The compact case

5.0 Theorem. Let X be the compact space q 7, and s the shift function. For
each countable ordinal d there is a point a with v�a; s� � d.

It proves unexpectedly dif®cult to ®nd a point a in this compact space with
v�a; s� exactly a given countable limit ordinal: the argument sketched in the third
section of [11] is, as noticed by the referee, incomplete; and irreparably so, for as
we shall see, such an a must attack in®nitely many recurrent points, a condition
not met by the constructions of [11]. Hence in the ®rst part of the proof we must
work with an extra parameter ,.

5.1 De®nition. In this section we write b M x to mean that for some non-
negative m, n, f m�b� � f n�x�.

We ®x a positive integer ,. In this section 23 will mean a sequence of three 2's
and �452�1 the periodic in®nite sequence 455455455 . . . :

De®ne

y,
0= � �02,�1;

then y,
0= { y,

0= .
We use the same trees as before; for each strictly increasing sequence s of odd

prime numbers we shall de®ne ps as in the last section, and an in®nite sequence
y,

s in the space qf0; 1; 2; 4; 5g.
Perhaps our de®nition is best introduced by example:

y,
3 �df 1�45,�302,02, . . . 02,�45,�302,02, . . . 02,�45,�3 . . . ;

y,
3;5 �df 1�45,�3 ´ 51�45,�302, . . . 02,�45,�302, . . . 02,�45,�3 ´ 51�45,�302, . . . 02,

_�45,�302, . . . 02,�45,�3 ´ 51�45,�302, . . . 02,�45,�302, . . . 02,

_�45,�3 ´ 51�45,�302, . . . 02,�45,�302, . . . 02, . . . ;

y,
3;5;7 �df 1�45,�3 ´ 5 ´ 71�45,�3 ´ 51�45,�302, . . . 02,�45,�3 ´ 5 ´ 71�45,�3 ´ 51

_�45,�302, . . . 02,�45,�3 ´ 51�45,�302, . . . :
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Now for the formal de®nition. Let t � s_hk i. Suppose that we have de®ned
y,

s . De®ne

y,
t �df 1�45,�p t� y,

s W m,
t ;0��45,�p t� y,

s W m,
t ;1��45,�p t� y,

s W m,
t ;2� . . .

where the positive numbers m,
t ; i are chosen to be strictly increasing and such that

the last , entries of each ®nite sequence y,
s W m,

t ; i are all 2's.

5.2 Lemma. y,
s _hk i { y,

s ; hence r a s�) y,
r { y,

s .

5.3 De®nition. We de®ne the number x,
t for t 2S by recursion on the

length of t, thus:

x,
hk i �df �1� ,�k for k an odd prime;

x,
s _hk i �df �1� ,�ps _h k i � 1� x,

s :

Thus if t � h p0 ; p1; . . . ; pnÿ1i,
x,

t � �1� ,�pt � 1� �1� ,�pt W �nÿ1� � 1� . . .� �1� ,�p1 ´ p0 � 1� �1� ,�p0:

5.4 De®nition. By a h list i-segment of a ®nite or in®nite sequence we mean
a segment in which every digit occurring is among those in the list. A maximal
h list i-segment of a sequence will be called a h list i-interval of that sequence.

We will be chie¯y concerned with 145-segments and 02-segments. Note that a
45-segment is also a 145 segment.

5.5 Lemma. Let u be a 145-interval of y,
t . Then the length of u is 1� x,

t if u
is an initial segment of y,

t and is x,
t otherwise.

5.6 Corollary. y,
s 6{ y,

s .

5.7 Remark. Each y,
s divides into intervals of two kinds. There are 02-

intervals, in which the only digits occurring are 0 and 2; there are 145-intervals in
which the only digits occurring are 1, 4 and 5. Every 02-interval begins with a 0
and ends with a 2; the initial 145-interval of y,

s begins with a 1 and ends with a
5; every other 145-interval of y,

s begins with a 4 and ends with a 5. These facts
are readily checked by induction on the length of s.

5.8 Lemma. (45,�p t occurs in®nitely often as a segment of y,
t , and no longer

45-segment occurs at all.

5.9 Lemma. If u is a segment of y,
t of the form 1�45,�i 1�45,� j, or of the form

2�45,�i 1�45,� j, then i > j.

The proof is by induction on the length of t. . . . . . . . . . . . . . . . . . A (5.9)

5.10 Lemma. The ®rst occurrence of 4 in y,
t following a given occurrence of

2 is immediately preceded by a 2 .
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Proof. There are no 4's in y,
0= , so the assertion is vacuously true in this case.

Suppose t � s_hk i, and that the lemma is true for y,
s . Each occurrence of 2 in y,

t

is in a segment u of the form y,
s W m. If there is no 4 in u after the given

occurrence of 2, then the ®rst occurrence of 4 is the immediately succeeding ®rst
entry of �45,�p t , which is immediately preceded by a 2, by choice of m,

t ; i 's. If
there is a 4 in u after that 2, the induction hypothesis applies to tell us that its
predecessor is a 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.10)

5.11 Lemma. In y,
t , 2 is never immediately followed by 1.

The proof is by a similar but easier induction on the length of t. . . . A (5.11)

5.12 Lemma. In y,
t , 5 is never immediately followed by 2.

Hence we are led to scrutinise the occurrences of the following ®nite sequences
as segments of a and of y,

s , which again we shall introduce by example:

v3 �df 2�45,�30;

v3;5 �df 2�45,�3 ´ 51�45,�30;

v3;5;7 �df 2�45,�3 ´ 5 ´ 71�45,�3 ´ 51�45,�30:

More formally, de®ne inductively

v 0h k i �df �45,�k for k an odd prime,

v 0t �df �45,�p t 1_v 0s for t � s_hk i,
and then set

vs �df 2_v 0s
_0:

5.13 Remark. vt occurs in®nitely often as a segment of y,
t ; no two

occurrences overlap; the gap between successive occurrences increases strictly,
and so by Lemma 4.12 if vt occurs twice in a, y,

t 6{ a.

5.14 Lemma. Let u be an initial segment of y,
t of the form 1v0 where v is a

145-segment. Then v � v 0t .

Proof. Let w be the tail of u after discarding 1� �1� ,�pt � 1 terms. Let
t � s_k. If s � 0= , w is empty, as the ®rst term of y,

s will be 0; t � hk i, and
v � �45,�k � v 0t .

Suppose s a 0= . There is a zero in y,
s W m,

t ;0, so 1w is an initial segment of

y,
s W m,

t ;0 , and hence of y,
s . By induction, w � v 0s 0, and so v � v 0t . . . . . A (5.14)

5.15 Lemma. Let t a 0= , let u be a (non-initial ) segment of y,
t of the form

2v0 where v is a non-empty 145-segment. Then v � v 0s and u � vs for some s< t
with s 6� 0= .

Proof. It might be that the ®rst 2 of u is the last entry of some y,
s W m,

t ; i , when

v begins with �45,�p t and continues into the next initial segment of y,
s , but no
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further as that contains a 0; let w be the tail forming that initial segment. By
Lemma 5.14, w � 1v 0s 0 and so v � v 0t .

If not, that 2 is an earlier entry in some y,
s W m; then u must be a segment of y,

s

(since u contains no other 2 and the last entry of y,
s W m is a 2) so s 6� 0= and the

inductive hypothesis applies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.15)

5.16 Corollary. If vs occurs as a segment of y,
t then t 4 s.

5.17 Lemma. Let t � s_k. Let u f y,
t , let u start with a non-(4 or 5), contain

some 4's and 5's, and end with a non-(4 or 5). Suppose that �45,�p t has no
occurrence in u; then u f y,

s .

Proof. If u is not contained in one y,
s W m,

t ; i , it must in these circumstances
contain the whole of some �45,�p t . . . . . . . . . . . . . . . . . . . . . . . . . A (5.17)

5.18 Lemma. Let r be such that vr occurs in u f y,
t but no �45,�ps occurs in

u with s a r, and suppose that u starts with a non-(4 or 5) and ends with a
non-(4 or 5): then u f y,

r .

Proof. By Corollary 5.16 we must have t 4 r. Now iterate the
previous lemma. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.18)

5.19 Lemma. Let t 6� 0= . If the ®nite sequence u starts with a 2 and ends with
a 0, and if �45,�p t f u f y,

t , then vt f u.

Proof. Write t � s_hk i. Let u� be the ®rst occurrence of �45,�p t as a
segment of u. The lag ,� y,

t ; u� exceeds 0 since u begins with a 2. Hence, by
Lemma 5.10, the term of u immediately before the start of u� will be a 2, and we
may write u � u_

0 2_u�_v. Now v will be an initial segment of y,
s . If s � 0= , then

v starts with a 0, and 2_u�_0 is the desired occurrence of vt . If s 6� 0= , v will
start with a 1; it contains 0's, for it ends in 0; let m be least with v�m� � 0; then
v W m � 1_v 0s , by Lemma 5.14, and so vt � 2_�45,�p t _1_v 0s

_0 f u. . . . .A (5.19)

Now let T Ì S be a well-founded tree. As before we enumerate f y,
s j s 2 T g as

hz,
i j i < qi, with each y listed in®nitely often. We de®ne

y,
T �df 3_�z,

0 W mT ;,
0 �_3_�z,

1 W mT ;,
1 �_ . . .

where we choose the integers mT ;,
i to be strictly increasing, and such that each

segment z,
i W mT ;,

i ends with , 2's.
The ®rst three of the numbered hypotheses of Theorem 4.24 are easily checked;

we must prove that (4.24.3) holds. We begin by investigating the consequences
of y,

T { a.

5.20 Remark. If T is in®nite,

f�45,�1; 1�45,�1; 31�45,�1; �02,�1; 45,�02,�1g Í qf � y,
T�:

5.21 Lemma. If y,
T { a then 3 occurs at most once in a. Furthermore, each

occurrence of 0 in a is immediately followed by , 2's, each occurrence of 4 in a is
immediately followed by , 5's, and 12, 2,�1 and 5,�1 have no occurrence in a.
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Proof. The ®rst statement holds by Lemma 4.12 since the intervals at which 3
occurs in y,

T are ever increasing. The remaining statements are inherited from the
corresponding statements about the y,

s 's, which can be proved by induction on the
length of s.

5.22 Lemma. If y,
T { a and no 3 occurs in a then every segment of a is a

segment of some y,
t .

5.23 Lemma. If y,
T { a and a contains only ®nitely many 2's then a M �45,�1.

Proof. a will have ®nitely many 0's, since each 0 is immediately followed by
a 2. Then a ®nite shift will bring us to an a 0 composed only of 1's, 4's and 5's.

But as 12 is never found, a 0 would end either in �45,�1, which is possible, or else
in a sequence 1�45,�h 1�45,�i 1�45,� j . . . where, by Lemma 5.9, h > i > j . . . ;
which is impossible. Indeed our numbers x,

t give a bound for the length of such
an interval. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.23)

5.24 Lemma. If y,
T { a and a consists solely of 0's and 2's, then a is in the

orbit of y,
0= .

Proof. As every 0 is immediately followed by 2,, and 2,�1 does not occur,

a � 2, 0_y,
0= for some , 0 with 0 < , 0 < ,. . . . . . . . . . . . . . . . . . . . . A (5.24)

5.25 Lemma. If y,
T { a and a has only ®nitely many 4's, a M y,

0= .

Proof. a will have only ®nitely many 1's since each 1 is followed by a 4, and
only ®nitely many 5's, since each 5, is preceded by a 4, so after a ®nite shift, we
may assume that a consists solely of 0's and 2's. The result now follows from
the previous lemma, bearing in mind the meaning given to M in this section.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.25)

5.26 Lemma. Suppose that y,
T { a and that a has no 3's, in®nitely many 2's

and in®nitely many 4's.

(i) a will contain in®nitely many 0's and in®nitely many segments of the form
vt with t 6� 0= .

(ii) Suppose further that a�0� � 2 and that r is T-minimal such that vr f a:
then a M y,

r or y,
r { a.

(iii) There is a non-empty t 2 T with a M y,
t .

Proof of (i). Starting at an arbitrary term of a, go to the next 2 and then to the
end of its 02-interval (which will be ®nite, as another 4 must occur sometime).
That digit will be a 2. A 145-interval now starts (with a 4). Continue till it ends,
which it will as another 2 must occur eventually. The next digit will be a 0. We
have now found a segment of the form 2v0 with v a 145-segment, the whole will
be a segment of some y,

t , and we may apply Lemma 5.15 to establish part (i).

Proof of (ii). Let u be any initial segment of a containing an occurrence of vr

and ending with 0. We assert that u f y,
r . We know that u f y,

t for some t, where
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by Lemma 5.16, t 4 r. By Lemma 5.19, the hypotheses of Lemma 5.18 hold, and

so we indeed have u f y,
r . Now Lemma 4.14 tells us that either y,

r { a or a M y,
r .

Proof of (iii). By part (ii) we may shift our original a to an a1 which starts
with a 2, and thus ®nd an r1 T-minimal with vr1

f a1; Remark 5.13 tells us that
if vr1

has two occurrences in a1, then y,
r1

{ a1 is impossible, and so we have
a1 M y,

r1
, and hence a M y,

r1
, as desired. If vr1

has only one occurrence in a1, shift
to a2 where it has no occurrence. a2 will have in®nitely many 2's and in®nitely
many 4's, so we may ®nd r2 T-minimal with vr 2

f a2. The argument above
shows that r1 a r2: hence there are only ®nitely many possibilities for r2 . If vr 2

has only 1 occurrence in a2, repeat this last step. Within ®nitely many steps we
®nd either that a M y,

0= which is impossible as y,
0= contains no 4's, or that we have

reached a t 6� 0= for which vt has at least two occurrences in (some shift of ) a and
that a M y,

t . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.26)

Putting our lemmata together, we see that we have proved the following.

5.27 Proposition. If y,
T { a then either a M �45,�1 or a M y,

t for some t 2 T.

Proof. Each such a must have either in®nitely many 2's or in®nitely many 4's,
and possibly both. The ®rst alternative holds if a has only ®nitely many 2's;
a M y,

0= if a has only ®nitely many 4's; and a M y,
t with t 6� 0= if a has both

in®nitely many 2's and in®nitely many 4's. . . . . . . . . . . . . . . . . . . . A (5.27)

5.28 Remark. As y,
0= is periodic, the only points it attacks are the ®nitely

many points in its orbit, and each of those attack it.

Now we are in a position to verify (4.24.3).

5.29 Proposition. Suppose that s 6� 0= and that y,
T { c { b M y,

s . Then c M y,
r

for some r a s.

Proof. c will contain at most one 3 as the 3's in y,
T are at ever widening

intervals. Apply a shift to remove that 3. Hence no segment of c can cross the

divide between different segments of y,
T of the form y,

t W m, and so each segment
of c will be a segment of some y,

t with t 2 T .
Chose r T-minimal such that vr occurs at least twice as a segment of c: the

argument of Lemma 5.26 shows how to do that. Then we shall ®nd as before that
c M y,

r . Corollary 5.16 shows that r 4 s, as vs occurs in®nitely often in y,
s and

therefore at least twice in any b M y,
s . But then since c { b, the spacing of the

occurrences of vs in c precludes the possibility of c M y,
s . Thus r a s as required.

A (5.29)

5.30 Proposition. If y,
T { c { b M y,

0= , then either c has only ®nitely many

4's and is near y,
0= , or c has in®nitely many 4's and is near some y,

t with t 6� 0= .

Proof. c must have in®nitely many 2's, as y0= does. If it has only ®nitely many
4's, then by Lemma 5.25, c M y0= ; if c has in®nitely many 4's, then (possibly after
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a ®nite shift to remove at most one occurrence of 3) Lemma 5.26 applies to show
that for some t a 0= , c M yt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.30)

We may now compute v� yT ; s�, which by Theorem 4.24 is at least h �df %T�0=�.
From Proposition 5.27,

y,
T { a�) a M �45,�1 or $ t:2T a M y,

t :

�45,�1 is periodic so abides and attacks nothing save its own orbit. Anything

near to it will have gone at time 1, because there is nothing to sustain it: each y,
t

has a bound on the length of 45-intervals. Anything near to some y,
t with t 6� 0=

will vanish before time h. The things near to y,
0= but not in its orbit go at moment

h, as their support has disappeared; the points in the orbit of y,
0= are all

periodic, and therefore abide; thus stability comes at time h� 1. Hence we have
proved the following:

5.31 Proposition. For each , and T, v� y,
T ; s� � %T�0=� � 1.

5.32 Remark. In [11], we started from y0= � 0202202220 . . . ; which does not
attack itself. Then there are no c, b, with yT { c { b M y1 and c M y1, so all the
clauses of Theorem 4.7 hold, and thus v� yT ; s� > rT�0=�. However, not only does
y0= attack the ®xed point 21 but also what we shall call ghosts of that ®xed point,
namely points such as 021 and 2021. These ghosts cause a further delay; with T ,
h as above, y0= will escape at time h, the ghosts of 21 will go one moment later,
at time h� 1, and stability will be reached at time h� 2.

In the case of Baire space, the problem of ghosts did not arise, as we had in®nitely
many symbols at our disposal and could make much cleaner de®nitions. Before
completing our proof of Theorem 5.0, we illustrate the problem caused by ghosts
when trying to score a limit ordinal in a compact space: in all the examples so
far, xT attacks only ®nitely many recurrent points, and we shall see that the score
of such points in a compact space cannot be a countable limit ordinal.

Ghosts and limits

First a general point:

5.33 Proposition. If for given X, f and a, there are only ®nitely many points
r with a {f r {f r, then each such r is periodic.

Proof. From the remark that x { y�) �x { f � y� & f �x�{ y�, we know that

r { r �) f �r�{ f �r�. Hence there are k < , with f k�r� � f ,�r�, and so f k�r� is
periodic. But by the same remark, f k�r�{ r, which is impossible unless r is in
the ®nite orbit of f k�r� and is thus itself periodic. . . . . . . . . . . . . . . A (5.33)

In a compact space, to each point a there is by Theorem 3.2 at least one
recurrent point r with a { r. In the present space with the shift function, there
will also be non-recurrent points near to r which are also attacked by a.

5.34 Lemma. Let S be a ®nite set of symbols, and consider the space qS with
the shift function s. Suppose that x is not periodic, and that x { r where r is
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periodic. Then there are a symbol j and a periodic point s (in the orbit of r) such
that j_s is not periodic and either x { j_s or j_s is a ®nite shift of x.

Proof. Let u be the shortest ®nite sequence such that r � u1. Let p � ,h�u�.
Suppose no ®nite shift of x equals r. Then for each k with x�k� � r�0�, there will
be an m > k such that x�m� 1� 6� r�m� 1ÿ k�: let ,�k� be the least such.

Similarly we may consider an occurrence of some u j as a segment of x,
starting above some ,�k�, and now try to extend it backwards. That is, suppose the
occurrence starts at x�m�. Ask if x�mÿ 1�_u j f r: if yes, go on to x�mÿ 2� . . . :

Thus we may consider maximal segments of x that are segments of r and are of
length at least p. There may be some overlap; for example suppose r � �322422�1,
and suppose x starts 3224223223224222; then two such segments are 322422322
and 22322422, overlapping by two places. But the overlap cannot be as much as a
whole period.

Since each uk f x, we may choose an in®nite sequence ui of such maximal
segments of x with ,h�ui�> �i� 1�p, non-overlapping; indeed with a gap of at
least 2p between the end of one and the beginning of the next.

For each such sequence ui , let ,i be the lag ,�ui ; r� as de®ned in De®nition
4.13. By periodicity, that lag will be less than p, and so by discarding various
ui's if necessary, we may suppose that there is an integer , 2 �0; p� with

each ,�ui ; r� � ,.
Examine the symbol ji immediately preceding the occurrence of ui as a

segment of x. That symbol is a member of the ®nite set S: therefore some
symbol, call it j, must be that preceding symbol for in®nitely many i. Discard all

uj for jj 6� j. Now take j � j and s � s ,�r�. Then x { j_s.

If some ®nite shift of x equals r, let k be minimal such that s k�x� is in the orbit
of r, and take s � s k�x�. Then s is periodic; k 6� 0 as x is not periodic, so take
j � x�k ÿ 1�. Then j_s � s kÿ1�x�. . . . . . . . . . . . . . . . . . . . . . . . . A (5.34)

The function b used below is that de®ned in 0.4.

5.35 Proposition. Let S be a ®nite set of symbols, and suppose that in the
space q S with the shift function, a attacks only ®nitely many recurrent points.
Then for all non-recurrent x, if a { x then there is a non-periodic point of the
form j_s with s periodic such that b�j_s; a; s�> b�x; a; s�.

Proof. Let r be a periodic point attacked by x, and take j, s as in the lemma.
Write y � j_s. As y is non-periodic, it is in the escape set, since the only points
attacked by a periodic point are those in its orbit, so in our context a non-periodic
point cannot be attacked by a recurrent point.

If x { y, then actually b� y; a; s� > b�x; a; s�. If y is a ®nite shift of x, then
whenever z { x , z { y, so b� y; a; s�> b�x; a; s�. . . . . . . . . . . . . . . A (5.35)

5.36 Theorem. Let S be a ®nite set of symbols, and let a be a point of the
space qS , and s the shift function acting on that space. Suppose that v�a; s�> l ,
where l is a countable limit ordinal. Suppose further that only ®nitely many
recurrent points are attacked by a. Then v�a; s� > l .
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Proof. Were a periodic, v�a; s� � 0; so we know that a is not periodic. By
Theorem 3.2, we know that a will attack recurrent points, and by Proposition 5.33
we know that each recurrent point attacked by a is periodic. Let ln be a strictly
increasing sequence of ordinals with supremum l and xn a sequence of points in
E�a; s� with b�xn ; a; s� � ln. As we are in a compact space, we know that each
xn attacks some recurrent (and therefore, in our context, periodic) point. By the
last proposition, we may ®nd a recurrent point sn and a symbol jn such that
zn �df j_

n sn is not periodic and b�zn ; a; s�> b�xn; a; s�.
By assumption there are only ®nitely many symbols and only ®nitely many

possible recurrent points, so for some symbol j, some recurrent point s and
in®nitely many n, zn � j_s and j_s is not periodic.

For each such n, b�j_s; a; s�> ln , and therefore b�j_s; a; s�> l ; and hence
v�a; s� > l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.36)

So to score exactly a countable limit ordinal, we must have in®nitely many
recurrent points, and we shall get those from our earlier construction by varying ,.

Attacking in®nitely many periodic points

5.37. We take a new symbol 6. Let l be a countable limit ordinal, and we take a
strictly increasing sequence ln �1 < n < q� of ordinals with limit l . We take a tree
Tn with rTn

�0=� � ln and (taking , � n for the n th tree), the point yn �df yn
Tn

with

v� yn ; s� � ln � 1, starting from yn
0= � �02n�1. We now list each yn in®nitely often

in the list z i , and for a strictly increasing sequence pi of positive integers set

z � 6_�z0 W p0�_6_�z1 W p1�_6_ . . . :

We assert that v�z ; s� � l .

Proof. Suppose that z { a. At most one 6 can occur in a in view of the
spacing of 6's in z ; so by making a ®nite shift if necessary, we may suppose that
there are no 6's in a. Then each segment u of a is a segment of some yn, with n
possibly dependent on u.

By inspection, the recurrent points attacked by z are these:

51; 21; and for n > 1; �45n�1 and �02n�1; and points in their orbits.

5.38. Let us ®rst check a for lengths of 5-intervals. In a given yn, 5n�1 has no
occurrence. Immediately after a 5-interval there is either a single 1 followed by a
new but shorter 45-interval, so after ®nite time (computable from the function x)
that option is no longer available; or, which must happen eventually, a 0
signalling the start of a 02-interval.

Hence we see three possibilities for a:

(5.38.0) there are only ®nitely many 5's in a;

(5.38.1) there are in®nitely many 5's, but each 5-interval is ®nite;

(5.38.2) there is an in®nite 5-interval, so a M 51.

5.39. Now a check for 2-intervals. In any given ym , 2m�1 has no occurrence.
A 2-interval is followed either by a 0 and another 2-interval or by a 4, signalling
the start of a 45-interval. However, the 02-intervals are of unbounded length.

290 a. r . d. mathias



Again we see three possibilities for a:

(5.39.0) there are only ®nitely many 2's in a;

(5.39.1) there are in®nitely many 2's, but each 2-interval is ®nite;

(5.39.2) a M 21.

Thus prima facie there are nine combinations to be discussed, but (5.38.2)
implies (5.39.0), (5.39.2) implies (5.38.0), and the conjunction ((5.38.0) and
(5.39.0)) cannot happen, for there are no 6's in a; some digit must occur in®nitely
often; each 3 is followed by a 1, each 1 by a 4, and each 4 by a 5; and each 0 is
followed by a 2.

So of the nine cases, we can deal easily with six:

(5.38.0) and (5.39.0): impossible;

(5.38.0) and (5.39.2): a M 21;

(5.38.1) and (5.39.2): impossible;

(5.38.2) and (5.39.0): a M 51;

(5.38.2) and (5.39.1): impossible;

(5.38.2) and (5.39.2): impossible.

5.40. If (5.38.1) holds, there must be a ®xed n such that 5, occurs in®nitely
often as a 5-interval of a if and only if , � n, for a segment u of a containing
two 5-intervals ending before the end of u cannot be a segment of one ym unless
the intervals are of the same length.

Similarly if (5.39.1) holds, there must be a ®xed m such that 2, occurs
in®nitely often as a 2-interval of a if and only if , � m. Further, if both (5.38.1)
and (5.39.1) hold, the ®xed n and ®xed m must be equal.

Hence if either (5.38.1) or (5.39.1) holds, there is a ®xed n such that each
segment of a is a segment of yn : by Lemma 4.14, either a M yn , or yn { a . We
already know, by Proposition 5.27, that if yn � yn

Tn
{ a, then either a M yn

s for

some s 2 T , or a M �45n�1 .
With these remarks in mind, we may complete our classi®cation as follows:

(5.38.0) and (5.39.1): $n a M �02n�1 � yn
0= ;

(5.38.1) and (5.39.0): $n a M �45n�1;

(5.38.1) and (5.39.1): $n a M yn or a M yn
s , for some s 6� 0= .

We now have a list of all points attacked by z, and proceed to compute their
moment of disappearance:

those near yn or near some yn
s with s 6� 0= go before time ln;

those near �02n�1 go at time ln;

those near �45,�1 go at time 2;

those near 51 go at time 1;

and those near 21 go at time 1.

Hence v�z ; s� � l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (5.0)
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6. Recursive ill-founded trees

In § 4 we gave a method of placing points at the nodes of a well-founded
subtree of S which permits the construction of a point a with v�a; f � equalling
the rank of that tree, which might be any pre-assigned countable ordinal. But the
method of assignment of points was independent of the tree under consideration,
and in particular did not rely on the trees being well-founded; and in the present
section we apply it to ill-founded trees and obtain this result:

6.0 Theorem. There is a recursive point a in Baire space N such that
v�a; s� � qCK

1 , the ®rst non-recursive ordinal.

Our proof is inspired by the Lorenzen±Kreisel analysis ([8], and see also its
review [17] by Moschovakis) of the Cantor±Bendixson theorem.

Our starting point is the existence of a recursive linear ordering which is not a
well-ordering but which has no descending chains which are hyperarithmetic in
the sense of Kleene. Such linear orderings were studied by Harrison in his
Stanford thesis of 1966 (published as [5]; see also the review [16]) where they are
termed pseudo-well-orderings. They have the property that their maximal initial

well-founded segment is of length exactly qCK
1 .

6.1 Remark. The reader who is willing to take on trust the existence of
pseudo-well-orderings as just described will not need great familiarity with the
concept of hyperarithmetic (or HYP for short) to follow the arguments of this
section. It may aid the reader's intuition to be told that the HYP sets are those
constructible in the sense of GoÈdel at a recursive stage in the generation of the
constructible hierarchy. They form a natural model of the weak system of set
theory known as KP, for Kripke±Platek.

Fuller information on these concepts will be found in the books [1, 9, 18, 19],
the paper [2], and the preprint [12] and its published version [13].

From a pseudo-well-ordering we may, as discussed in 4.3, build a recursive tree
T Í S which will be ill-founded, but will have for each recursive ordinal h a
node s 2 T such that the tree below s, ft 2 T j t 4 sg will be well-founded, so that
a rank function is de®nable on this portion of the tree and we shall have
rT �s� � h. We shall call such a node s a well-founded node of rank h. No well-
founded node of T will have rank greater than or equal to qCK

1 , from the way T
is constructed from a pseudo-well-ordering.

Exactly as in § 4 we ascribe points xs to each node s of T , starting from
x0= � 048 . . . ; and de®ne a `global' point xT . The effective nature of our
de®nitions ensures that this point will be recursive, and from the arguments of
§ 4 we know that if s is a well-founded node of rank a recursive ordinal h,
v�xs ; s� � h� 1, and hence that v�xT ; s�> qCK

1 .
To complete the proof of the theorem, therefore, we must examine the behaviour

of our construction below ill-founded nodes s. Corresponding to descending chains
in the pseudo-well-ordering will be in®nite paths through the tree T .

Points at the end of paths

We consider the shift function s acting on Baire space, as in § 4. We have a
tree T Í S which is closed under shortening and we have de®ned points xs for
s 2 T , and a point xT .
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6.2. First, suppose that we have an in®nite path p through T .
Set ai � xp W i . Then by construction ai�1 { ai ; as in the proof of Theorem 3.15

we may ®nd integers mi such that if we set yi � f mi�ai�, the sequence � yi� will
be convergent to a point we shall call xp. There is likely to be freedom in our
choice of integers mi , so that we do not know that xp is uniquely determined by
the path p. However, by Remark 3.19, qf �xp� is uniquely determined, and we
know that for each i,

xT { xp { xp { xp W i

and that for any point z ,

if "i xT { z { xp W i then "i z { yi and hence z { xp :

6.3 Proposition. We may adjust our choices of the various integers employed
so that xp is always recursive in p.

The proof is by inspection of the proofs of Theorem 3.15 and Proposition 3.18.
A (6.3)

6.4 Proposition. If xT { b then either there is a uniquely determined in®nite
path p through T such that xT { xp { xp { b , or there is an s 2 T with b M xs .

Proof. Suppose that xT { b. Any odd number that occurs in b is of the form
pt ; n . Suppose that b�i� � pt ; n and b� j� � ps;m are odd numbers occurring in b;
then, taking k > maxfi; jg, and applying Lemma 4.17 to a v 2 T with b W k f xv , we
see that both s and t must be initial segments of v. Hence the t 's such that a power of
pt occurs in b de®ne a path through T which may be empty, or ®nite, or in®nite.

If that path is empty, or, in other words, if no odd number occurs in b, then
b M x0= , by Lemma 4.19 and the fact that no number occurs twice in x0= . If that
path is non-empty but ®nite, then there is a longest s such that some power of ps

occurs, and then, by Lemma 4.20, b M xs . If the path is in®nite, let us call it pb.
Then xpb

{ b, since given k there is an , such that b W k f xp W , , and xp { xp W , .

A (6.4)

6.5 Remark. Thus, in this context, if b de®nes pb, xp <Turing pb <Turing b.

The above proposition, coupled with some facts about hyperarithmetic sets, is
enough for the proof of Theorem 6.0. We pause to prove a re®nement.

6.6 Proposition. Given any subtree T of S closed under shortening, the
numbers nt ; k ( for t 2 T ) may be chosen so that whenever xT { b and b de®nes
an in®nite path pb through T, b { xs for each s 2 pb, and therefore b { xpb

and,
since xpb

{ b , b is recurrent.

Proof. We ensure that whenever t � s_hk i , the integers nt ; , are chosen so
that for each s 0 < s, xs 0 W ,h�t �f xs W nt ; , , that the numbers xs�nt ; , ÿ 1�
immediately preceding each power of pt in xt should form a strictly increasing
sequence of multiples of 4, and that xs�nt ; ,� will always be a power of ps .

If we have done that, then we may show that for s 2 pb , b { xs . For let N be
given, and pick t of length at least max�N; ,h�s� � 1� for which some power of
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pt equals b�a�, where a > N. Let c be the least integer exceeding a such that b�c�
is a power of pu for some u with u a t. Let b be the largest number less than c
for which b�b� is a power of pt , so that a < b < c. Let s � t W �,h�t� ÿ 1�. Then
b W c� 1 f xw say, and so the segment b W �b� 1; c� equals xs W nt ;m for some m,
and hence xs W N is a segment of b W �b� 1; c� and thus is a segment of b starting
after stage N. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A (6.6)

6.7 Remark. Generally, by Theorem 3.15,

A�xT ; s� � fb j $g xT { g { g { bg:
In our context, for given b not near or attacked by any xs, the recurrent g � xpb

that attacks b is recursive in b. This gives us an easy way of showing that
v�xT ; s� is countable.

Let A be the set of nodes s such that the tree below s is ill-founded. A is of
course a countable set of ®nite sequences, and therefore codable by a single real,
a. Thus we have

A�xT ; s� � fb j $s:2A b M xsgÈ fb j $g <Turing b xT { g { g { bg
which is arithmetical in a. Thus A�xT ; s� is Borel and the ordinal v�xT ; s� countable.

Proof of our main result

Now suppose xT { b. If b M xs where s 2 T , b will be HYP, indeed recursive,
as each xs is recursive. Given our choice of x0= , there will be no points attacked
by some xs that are not near some xt with shorter t . If the tree below s is ill-
founded, b will abide; otherwise, if the tree below s is well-founded, then b will
escape, and the ordinal at which it escapes will be recursive.

So the only case remaining to be discussed is when b de®nes an in®nite
path pb through the tree: in this case, since pb is recursive in b, and, by choice
of T , pb cannot be HYP, b cannot be HYP. By § 4, xpb

{ b: since xpb
is

recurrent, b 2 A1.
So every point that escapes does so at a recursive ordinal, yielding

v�xT ; s�< qCK
1 . Hence v�xT ; s� � qCK

1 . . . . . . . . . . . . . . . . . . . . . . . A (6.0)

6.8 Remark. If we make the more re®ned choice of nt ; i 's sketched in
Proposition 6.6, we shall have the following exact picture of qs�xT�: the points
that escape are those near to, that is, are ®nite shifts of, the xs with s in the well-
founded part of the tree. All such points are recursive. The points that abide are
those near to xs with s in the ill-founded partÐthose points again, individually,
are recursiveÐand the recurrent points, which are exactly the points equivalent to,
in the sense that they attack and are attacked by, the points xp placed at the end
of each in®nite path p. All recurrent points are non-HYP. There are no minimal
points, and all recurrent points are maximal.

6.9 Remark. Note that in these examples, if g M xs where s is in the ill-
founded part of the tree, there is a sequence of points attacking g, with each point
of the sequence being recursive, but the sequence itself not even hyperarithmetic.

6.10 Remark. In [12] and [13] it is shown that recurrent points must exist for
any iteration with recursive data which does not stabilise at a recursive ordinal.
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7. Two complete S1
1 sets and a strange subspace

7.0. The uniformity of our construction shows that in Baire space the S1
1 set

P �df fa 2N j $r a {s r {s rg
is a complete S1

1 set, that is, that every S1
1 subset of N is reducible to it by a

continuous function.
We shall use the familiar fact (Theorem 4A.3 on page 193 of [15]) that to

any P1
1 set Q Í N there is a continuous map p: N! LORD such that

"a�a 2 Q() p�a� 2WORD�, where LORD is the set of those b 2N that code
linear orderings and WORD Í LORD is the set of those that indeed code
well-orderings. It then suf®ces to reduce WORD to N n P by a recursive function.

But our construction yields that: we have seen how to associate to each
countable linear ordering a tree of ®nite descending sequences in that linear
ordering, which may be copied to a subset T of S, and from there to build a
point xT recursive in T . The procedure works whether the trees are well-founded
or not, and is recursive in the starting datum of a linear ordering.

If the linear ordering is a well-ordering, the tree is well-founded and the abode
is empty, so that no recurrent points are attacked by xT . If the linear ordering has
a descending chain, the tree has in®nite paths, which generate recurrent points
attacked by xT .

7.1. P is the set of points whose abode under s is non-empty. In a compact
space no abode is empty, so to obtain a complete analytic set we must modify the
de®nition. In the space Z �df

q 7, de®ne four sets:

Q �df fx 2Z j the abode of x under s is infiniteg;

F �df f�02�1; �20�1; �45�1; �54�1g;

A �df fx 2Z j A�x; s� Í Fg;

B �df fx 2Z j A�x; s� is uncountableg:
Then Q has these three properties: it is S1

1, it contains B and it is disjoint from
A. We shall see that any such set is a complete S1

1 set.
Proposition 3.18, on which § 6 rests, holds for all Polish spaces and continuous

functions. Hence the remarks of § 6 can be adapted to the present compact space
Z, and they, together with the discussion of § 5 show that there is a recursive way
of assigning to every a 2 LORD a tree T�a� Í S and a point y1

T �a� in Z the
abode of which will, if a 2WORD, be contained in F. If a 62WORD, then there
will be 2À0 in®nite paths through the associated treeÐthink of a perfect set of
pairwise almost disjoint subsets of a given descending sequence in the linear
ordering. Distinct paths yield distinct recurrent points yp attacked by y1

T �a�; hence
A� y1

T�a�; s� will be uncountable. Our association a 7! y1
T �a� de®nes a continuous

map sending WORD to A and LORD n WORD to B. Hence any S1
1 set containing

B and disjoint from A will be complete. Such is the set Q; and such are the other
examples mentioned in § 0. If we consider y0

T �a� instead of y1
T �a�, we can sharpen

F to a set of size two, and contain our example in the space q4.
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7.2. Consider now the set R �Z n Q , which we have just seen to be a
complete P1

1 set in the compact Polish space Z � q 7; therefore not a Gd subset
of Z; therefore not itself a Polish space. From our discussion of ghosts and
limits, we see that this space has the following curious combination of properties:
it is closed under s; if x is in it and x { y then y is in it; so that our general
iteration question makes sense restricted to this space; no point scores q1, as the
abode is always ®nite and therefore Borel; every countable successor ordinal is
the score of some point in the space R, as is the ordinal 0; but no countable limit
ordinal is the score of any point in the space R.

One might wonder whether there are yet stranger subspaces in which the set of
possible scores is an arbitrary prescribed subset of q1.

7.3 Remark. Given f , a and b with a {f b, the argument of § 2 shows how to
embed the tree T a

b � f � in a countable tree S a
b � f �. The argument of §§ 4, 5 and 6

shows how to embed a given countable tree in a tree of the form T a
b �s�.

Combining the two suggests a reduction of some kind of {f to {s .

8. Some open problems

It would be natural to ask whether 7 symbols can be reduced to 2 in my
discussion of compact spaces under shift; in recent work Christian DelhommeÂ has
shown how to accomplish that.

The present paper leaves open this question:

8.0 Problem. Can there be X, f and a with v�a; f � � q1?

A negative answer would follow from the following conjecture:

8.1 Conjecture. In all cases v�a; f � is at most the least ordinal not recursive
in a and (a code of) f .

A discussion and related open problems with a recursion-theoretic ¯avour may
be found in [12] and [13].

8.2 Remark. An example is given in 7.4 of [13] of a point a such that
A1�a; s� is not closed. That may be combined with the techniques of § 4 to yield
for any countable successor ordinal n a point a n with An�an ; s� not closed: given a
countable ordinal h, let T be a countable well-founded tree with %T �0=� � h,
and build xT starting from x0= � a as above; with care, we shall have
v�xT ; s� � h� 1� v�a; s�, Ah�xT ; s� � fagÈ qs�a� and Ah�1�xT ; s� � A1�a; s�.

8.3 Problem. Is there an example where A1 is strictly S1
1?

8.4 Problem. In [13] a set is constructed of points in Baire space, all
recurrent under s, which is strictly linearly ordered by the relation {s in the
order type of the real line with every rational point doubled. TodorcÆevicÂ asks
if such a set can be found with order type that of the real line with every
point doubled.
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If every abiding point is recurrent, the abode will be a Gd set. The abode is also
Gd in every example constructed in this paper.

8.5 Problem. Is A�a; f � always a Gd set?

The next problem is inspired by an attempt to generalise the situation described
in Remark 6.8.

8.6 Problem. Given a and f , call a point d of A�a; f � bad if it is not
attacked by a recurrent point hyperarithmetic in d. Is the set of bad
points countable? Equivalently, since that set is analytic, is every bad point
hyperarithmetic in a and f ?

Positive answers to either 8.5 or 8.6 would imply a negative answer to
Question 8.0.

The last two questions arise out of an attempt to use analytic determinacy to
answer the ®rst. Consider Baire space with the shift function. We know that the
set P is a complete S1

1 set. Suppose there is a point a which scores q1 under
shift. Then its abode A is an analytic but not Borel set, so if we assume analytic
determinacy, it too is a complete S1

1 set and there is a Borel isomorphism
w: N$N which takes A to P and N n A to N n P. Thus for each d,

$r a { r { r { d() $j w�d�{ j { j;

and so the function w reverses the { relation.

8.7 Problem. Prove that that is impossible.

Finally here are two attempts to de®ne a game that will answer the main
question: ®x a as above with non-Borel abode. If the second player has a winning
strategy in either of the two following games, we shall have a contradiction. In
both games player I builds d and player II builds «, and player I loses unless
$ra { r { r { d 6{ d; then

Game 1: player II wins if a { « { « { d;

Game 2: player II wins if there is a r hyperarithmetic in « with a { r { r { d.

8.8 Problem. Prove, assuming projective determinacy, that the second player
has a winning strategy in Game 2.
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