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We present a new method for the numerical solution of the@fthger equation using cylindrical/polar coordinatestegns. For cylindri-
cal coordinates systems, after use of a split-operatorodettich separates thedirection propagation and ti{e, y) plane propagation, we
approximate the wave function in eagh, y) section by a Fourier serie3 { ¢, (p)e"™?) which offers an exponential convergence in the
direction and is naturally applicable for polar coordirsasgstem. The coefficients.{ (p)) are then calculated by Finite Difference Method
(FDM) in the p direction. We adopt the Crank-Nicholson method for the terappropagation. The final linear system consists of a set of
independent one-dimensiona) (inear systems and the matrix for every one-dimensionalli systems is sparse, so the whole linear system
may be very efficiently solved. The most important advantzéghe new method is that it is unitary at all steps and is dilly convergent
every where even near tlpe= 0 origin, in contrast to most other numerical method basedytindrical/polar coordinates systems which are
not unitary and introduce a numerical singularitypat 0. We also speculate on its generalization to the generalafatimension> 3 and
the necessary computation power.

Nous présentons une nouvelles méthode de solution gigakion de Schrodinger en coordonnées cylindriques daies. En coor-
données cylindriques, aprés I'utilisation d’'une opéoa qui sépare les propagations dans la directioat dans le plan, nous appliquons une
approximation de la fonction d’onde dans chaque secfieyy) par une série de FourierY_ cm (p)e'™?) qui offre 'avantage d’une con-
vergence exponentielle dans la directigoret qui s’applique naturellement en coordonnées sphesglies coefficients.( (p)) sont ensuite
calculés par la méthode des différences finies dans kctionp. Nous adoptons la méthode de Crank-Nicholson pour la grapan tem-
porelle. Le systeme linéaire final est un ensemble demsyest linéaires unidimensionnels (gret la matrice associée est creuse, donc le tout
peut étre résolue de maniere efficace. Le principal aageide la méthode est qu’elle est unitaire a chaque étapermerge analytiquement
partout, méme pres de l'origing (= 0), contrairement a la plupart des autres méthodes nugurs basées sur les coordonnées cylindriques
ou sphériques, qui ne sont pas unitaires et qui introduisee singularité numérique A= 0. Nous discutons de sa généralisation possible

au cas de dimension 3 et de la puissance de calcul requise.

1 Introduction

Because of efficiency, in many cases we use cylindrical
coordinates for the numerical solution of the 3-D Time De-
pendent Schrodinger Equation, TDSE, for molecules ex-
posed parallel to a intense laser pul$g; [1-4], H; [5].
Generally, we use the split-operator method or the ADI
method which separate the propagation in the different di-
rections. This process reduces a lot of computing time and
is very precise [6]. After splitting, we must propagate the
wave function in each section plane in the polar coordinate.
Polar coordinates have also been used in 2-D simulations of
molecular alignment [3]. But in the polar coordinate sys-
tem, one encounters often the (unitarity,precision) pFobl
in thep direction when one uses Finite Difference Methods
(FDM) and the difficulty of very expensive algorithms in
CPU-time when one uses a development based on special
functions such as Bessel function [1].

Because of its simplicity,the FDM is the most used in the
p direction [1-4]. In order to avoid the boundary condition
problem — there is no natural physical boundary condi-
tion atp = 0, one usually adopts the following nonlinear
(stretching) transformation:
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The equation is restricted in thedirection after the use
of the split-operator or ADI method in the polar coordinate
(p, »). Two problems (unitarity,convergence) occur as:
First:, when we discretize the differential operators in (3)
with standart central difference schemes we find imme-
diately the problem of unitarity: ifp/5 is not constant,
the resulting propagation matrix will not be symetrical, so
the final discrete propagator is not unitary. This is just
what occurs with transformations like= 5%/ (Kono and
Kawata): 1/T" = 2/[3+/p| shows that the coefficients of
the second order derivative (kinetic energy) change very
quickly near the origin so the propagation matrix is far from
being symetrical negi = 0.

Second:there is a problem of convergence which is very
little discussed. It is well known that the convergence of



the FDM is based on the relation :
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where the coefficient of the remaining term (integration)
must be limited to obtain convergence. Now, after the
transformation above we haye= p — zZ( p) = /oy (p),

p =3 = P(p) = /3/2p0(5°?) Whenw( ) is an
analytical functlon we can make the development:
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The two preceding equations show directly that with trans-
formed wave function the integration term in (5) will not be
finite (bounded) nea¥ = 0 for general cases. We also con-
clude that ifc;, = 0 for all & odd, equation (7) gives an an-
alytical function so the equality (5) upon which the FDM’s
convergence is based is satisfied. This means that when
¥ (p) is an even functionie v (p) = ¥ (—p)) the transfor-
mationp = 5*/2 will offer a convergent numerical scheme
which is the special case of 24, ¢) section non-passing
by protons for 3-DH; exposed to a linearly polarize laser
pulse which is parallel to the axis of the molecule [4] .

It is worth to note that when the wave function is in-
dependent oy (eg. — molecule and laser parallel), some
previous numerical methods (TaoZuo) have continued the
function to thep < 0 area by symmetry thus avoiding the
boundary condition problem at = 0. Even without the
preceding singular transformation, the original differan
operator6 > + 12 is not in self-adjoint form, so the dis-
crete propagator Is still non-unitary. Another weakness of
this method of propagation is that it is not available for
wave functions which are dependent ¢ras is the case
for the one-electrorfl;” in a perpendicular laser field or
for the two-electrongi, exposed to a general laser pulse.

The consequence of the above two problems is that the
non-unitarity may make the numerical method unstable

and the non-analytic behaviour of the transformed wave-
function near the origin make the method very poor in pre-
cision. For the continuation te < 0 method (TaoZuo), we
have found that: fofZ, parallel to a linear laser pulse, af-
ter preparation of the initial condition by an imaginaryém
step method, and coming back to real time with zero laser
intensity, the population diminishes to 95% because of the
non-unitarity of the discretized operator.

To overcome the preceding difficulties of FDM in the
direction, our idea is to first write the oper:’:1t§+L + ; a_p in
self-adjoint form —pa—pa which help us to obtain a uni-
tary discrete operator (for deta|l see next section). Bidav
the problem of boundary conditions@at= 0, we propagate
the wave function in the whole plane without separafing
and¢ so we do not use the above wave function transfor-
mations which cause problems of convergence.

We must emphasise that the separatiorn+ caa—; +
C;a—p)(l +c 2a¢2) =1+ 0(5{122 + a@; ) + 02(8—2 +
Cap /p)(a¢2 /p?) results that the error term (3rd term of this
equality) is very difficult to be limited in numerical simu-
lation and this is just the error term appearing in the split-
operator method which separajeand¢ direction propa-
gation. We will demonstrate the advantage of our choice
to propagate the wave function in the whole plane without
separating andq.

2 The numerical method

As explained in the preceding section, after using the
splitting method in 3-D which separates the z-coordinate,
the main numerical difficulty comes from the free propa-
gation of the wave function in the remaining 2-D plane in
polar coordinatesp, ¢).

For details for the splitting method we refer to [6], and
we concentrate here on studing the approximation of the
free propagation equation in 2-D:
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We adopt the Crank-Nicholson method for the temporal
approximation of (8):

2+ 22|V F(p 6 tis)
= {1 aidedp o ©

For the spatial approximation of (9), we use the truncated
Fourier series,

F(pv ¢7 tl)
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where{c,(p)} is the unknown set of functions gn The
preceding formula shows that for fixed {c/,(p)}.) = is
just the discrete Fourier coefficientsBfp, ¢, t;) as a func-
tion of ¢. So we have:
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For a regular functionF’, we can demonstrate that
cnz0(p = 0) should be zero by developping the function

in the series:
9) = aiay’.
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At p = 0, only theag ¢ term of the series contributes to the
integration in (11), but fon # 0 we have[ ag0e?d¢ =

0. It should be noted that thg,+o(p = 0) = 0 condition
insures also that the function in the series (10) is well de-
fined at the origin 4 = 0). To study the coefficient(p),

we first rewrite it from (11) as:
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Forj + k even, the integraj"(f’r 2/y*de will be zero be-
cause of the anti-symmetry. So we have :
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More precisely, for regular functiof, we have:
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for N/2<2n < N —1,
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This permits us to use higher order finite difference
schemes as accurate as necessary.

Now using (10) in (9), we get:
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So we get the following set of ODE’s fef;"! (p)
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for0 <n < N.

We adopt the following second order FDM to approxi-
matec, (p) of (18) at a set of grid points —{p,,,,m > 0}
with pg = 0:
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whereh is the uniform spatial step. We need to fix the
boundary condition here:

1. atp = pmaz, We use the zero Dirichlet condition as
usual;

2. atp=0=po:
for c,0, we have demonstrated in the preceding sec-
tion thatc,,.o(p = 0) = 0;
for ¢g, we have no explicit boundary condition, but
we can use
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which can easily be shown by using (14).

Finally, it is not difficult to show that the resulting prop-
agation matrix isalways symetriavith respect to the dis-

creteL, scalar product< F, G >= ’”’1 Flp=0)G*(p=

0) 42 n—0..N-1,m=1..M NhF(pm,ngn) *(Pm, #n). The
important consequence is that the propagator will be al-

ways unitary.



3 Numerical results

First, we have implemented four numerical methods to
compare their convergence and unitarity when applied to
the 2-D Schrodinger equation in polar coordinates:

1. The splitting method with FFT in xy — Cartesian co-
ordinate (denoted SPLIT-xFFT-yFFT);

2. The splitting method with FFT i and FD inp — po-
lar coordinate (denoted SPLPBF-¢FFT-1) where
the wave function is transformed by (2) with= p.

In this transformation, the first derivative is elimi-
nated but a new singular potentia)47? = 1/4p>
is added (equation (3));

3. The splitting method with FFT i and FD inp — po-
lar coordinate (denoted SPLPBF-¢pFFT-2) where
the wave function is transformed by (2) with =
p°/2. In this transformation, in adition to the sin-
gular potential added, the transformed wavefunction
becomes a singular function at origin;

4. The present method without splitting @and¢ (de-
noted GLOBALpDF-¢FFT).

3.1 Unitarity of the 3 methods in polar coordinate

In order to test the unitarity, we have initialized the wave
function withe(k * h, ¢) = (k* h) * (=1)F % (1 + €' +
¢'9*N/2) which is very singular but every unitary discrete
propagator should conserve it's norm. The discrete prop-
agators are obtained with the three methods in polar co-
ordinates forH; ™ in 2-D and a laser pulse of intensity
I = 10"W/em? and\ = 800nm. In Fig 1, we com-
pare the evolution of the total population without absorber
near boundaries for all three methods: SPphOF-¢FFT-
1,SPLITpDF-¢pFFT-2,GLOBAL-pDF-¢FFT. We can't dis-
tinguish the curves for SPLIPDF-¢FFT-1 and GLOBAL-
pDF-¢FFT, but we see a clear fluctuation for the result of
SPLIT-oDF-¢FFT-2 which demonstrates the non-unitarity
of this method of transformation.

3.2 Problem of numerical sigularity

To illustrate the precision of the three different meth-
ods in polar coordinates, we have solved numerically the
2-D Schrodinger equation falf;™* exposed to a linearly
polarized (in x axis direction) laser field: intensify =
10*W/cm?, wavelengthA = 800nm. The 3 protons’
position are shown in Fig 2 witlR = 6, § = 60° and
a = 0°. It's well known that the convergence on the phase
of the wave function is much more difficult to obtain than
it's absolute value [6] .

Here, the converged solution has been obtained by
SPLIT-xFFT-yFFT and we show the numerical results for
the 3 methods in polar coordinates for the real (R) and
imaginary (Im) parts in Fig 4 fot = 1 and5 cycles. We see
that the two methods of nonlinear transformatipn=£ p
andp = 5°/2) have introduced numerical sigularities at the
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Figure 1. Evolution of the total population for 3 methods in polar
coordinates

Figure 2. The protons’ position fof7; *

origin. In contrast, the present method does not introduce
any numerical singularity g¢ = 0 and gives very good
convergence. It's to be noted that all three methods in po-
lar coordinates have used the same number of discretization
points in each directiorp(¢). As illustration, we show also

the population contour far= 5 cycles in Fig 5 for all four
methods which confirm again that the SPLADF-¢FFT-1
method has not yet converged to the exact solution. The
SPLIT-oDF-¢FFT-2 method performs well away from the
singularity.

3.3 New numerical results with circularly polarized
laser field

Finally, we show some numerical results fg = with
different configurations exposed to a circularly polarized
laser field: intensityl = 2 x 10'4W/cm?, wavelength
A = 800nm. We have calculated the ionization for differ-
ent combination oR andd: (R, ) = (440.25xk, j*7.5°)
for0 < k < 24etl < j < 24. In Fig 3, we show the
contour of the ionized population as function(d@?, 9) at
t = 10 cycles. In Fig 6, we show the population contour
for some special configuration &it= 10 cycles where the
ionization is maximum.



4 Conclusion

We have developped a new numerical method for the nu-
merical solution of the Time-Dependent Schrodinger Equa-
tion in polar (2-D) / cylindrical (3-D) coordinates. Our

numerical results have demonstrated the advantage of the
present method compared to other methods in these coor-

dinates: unitarity of the discrete propagator, and no numer
ical singularity. This method will be extended to solve the
problem of two electron interaction iy~ with a laser field

in 2-D: we first map the processors on a 2-D Cartesian grid,
then the data will be distributed through the 2-D grid along
the (p1, p2) direction; with this distribution the FFT trans-
formation will be local in each processor and the solution of
the 1-D discrete linear system obtained with splittin metho
in (p1, p2) or the 2-D discrete system without splitting will
be worked out in parallel. Later, this method can be easily
extended toH; with nuclearR variable — leading to a 5
variable(R, p1, 01, p2,02) problem.
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