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kenAbstra
t. In this paper we dis
uss advantages of using invarian
es of the operator forthe implementation of a dis
rete algorithm. It turns out that in the 
ase of rotationalinvarian
e polar grids play an important role. Sin
e we need 
artesian 
oordinatesfor the visualisation an interpolation from polar to 
artesian 
oordinates has to bedone. We give an error estimate for this transformation. With the help of the errorestimate we derive some strategy for the 
hoi
e of the polar grid points. This strategyis 
ompared with two other strategies in several examples. An appli
ation to theinversion of the Radon Transform is in
luded. This generalizes and improves theheuristi
 approa
h presented in [1, 2℄.1. Introdu
tionIn many appli
ations of imaging the measurement geometries have spe
ial invarian
es.For example in 
omputer tomography one often deals with equidistant anglemeasurements. Another expample is 2d ultrasoni
 tomography where 
ir
ular dete
torsare used. However these spe
ial invarian
es are rarely taken into a

ount when are
onstru
tion algorithm is developed although they 
an make the problem 
learer orlead to a faster re
onstru
tion method.In this paper we take a 
loser look on problems whi
h have 
ertain invarian
es andexamine what the 
onditions are for the heredity of these invarian
es for the dis
retealgorithm. We noti
e that we have to be 
areful with the 
hoi
e of the dis
rete grid andthe di
retisation of the operator.It turns out that polar grids play an important role espe
ially for rotation invariantproblems. In that 
ase we �rst 
arry out all 
omputations in polar 
oordinates and theninterpolate on a 
artesian grid for visualisation. To manage the �rst step we have to
hoose a dis
rete grid in the polar 
oordinate system. A very elementary 
hoi
e is anequidistant di
retisation in radius r and angle �, see �gure 1. As we 
an immediatelyguess the point density at the origin is too high.We derive error estimates and distribute the interpolation points in su
h a way, thatthe interpolation error is equalized over the whole domain.
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Figure 1. Equidistant polar grid2. Using Invarian
es of OperatorsLet 
1, 
2 be two domains and X(
1), Y (
2) be Hilbert spa
es. Further on we taketwo bije
tive transformations D1 : 
1 ! 
1 and D2 : 
2 ! 
2.We study operator equations Af = g for linear operators between X and Y . LetT1 : X ! X with T1f(x) = f(D1x), T2 : Y ! Y with T2g(y) = g(D2y) and ~T : Y ! Ybe three operators. We assume the invarian
es of the operator A with respe
t to T1, T2,~T in the following wayAT1 = T2A and ~TA = AT �1 :If T1 is self-adjoint or unitary then trivially we have ~T = T �2 .In the 
ase of a not 
ontinuously invertible operator A we have to use a regularisation forthe solution of the equation Af = g. A very 
exible method is the so 
alled approximateinverse, see [4, 5, 6℄, that is we 
al
ulate for a given molli�er e
 the minimum-normsolution  
 of the equationAA� 
 = Ae
:Now the regularised solution of the equation Af = g is given by f
(x) = h 
(x; �); giY .As the invarian
es are also valid for the adjoint operatorT �1A� = A�T �2we are able to save the invarian
es for the re
onstru
tion method with an appropriate
hoi
e of the molli�er e
 . In the following we use a spe
ial 
onvention: If an operatoris applied to a fun
tion of two variables it only a
ts on the se
ond variable, e.g.T1f(x; y) = f(x;D1y).Theorem 2.1 Let e
 2 X � X and e
(D1x; w) = T �1 e
(x; w) for all x; w 2 
1 thenholds T1f
(x) = h 
(x; �); T2giY :
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es for the Implementation 3Proof: First we show that  
(D1x; y) = T �2 
(x; y) for all x 2 
1 and y 2 
2. We
al
ulate AA� 
(D1x; w) = Ae
(D1x; w)= AT �1 e
(x; w)= ~TAe
(x; w)= ~TAA� 
(x; w)= AT �1A� 
(x; w)= AA�T �2 
(x; w):As  
 and T �2 
 are minimum-norm solutions we obtain 
(D1x; y) = T �2  
(x; y) for all x 2 X and y 2 Y .Finally we haveT1f
(x) = h 
(D1x; �); giY= hT �2 
(x; �); giY= h 
(x; �); T2giY : 2Similar results to theorem 2.1 but with sligthly di�erent requirements 
an be found in[5℄ and [9℄. Now that we have a regularisation method with spe
ial invarian
es we turnto the numeri
al implementation. So we de�ne G as the set of grid points of 
1 and Das the grid points of 
2. We substitute the equation f
(x) = h 
(x; �); giY for all x 2 
1by a dis
rete versionf
(~x) =X~y2D 
(~x; ~y)g(~y) for all ~x 2 Gwith 
(~x; ~y) being a 
ertain weight fun
tion arsing from the kernel  
 .Theorem 2.2 If the following 
onditions are ful�lled(i) D1G � G(ii) D2D � D(iii) 
(~x; ~y) = 
(D1~x;D2~y) for all ~x 2 G and ~y 2 Dthen holds f
(D1~x) =X~y2D 
(~x; ~y)g(D2~y) for all ~x 2 G:Proof: We have for all ~x 2 Gf
(D1~x) = X~y2D 
(D1~x; ~y)g(~y)= X~y2D 
(~x;D�12 ~y)g(~y)
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es for the Implementation 4= X~y2D�12 D 
(~x; ~y)g(D2~y)= X~y2D 
(~x; ~y)g(D2~y): 2The 
onsequen
e of this theorem is: If we know the weight fun
tion 
 for one grid point~x0 then we already have determined the weight fun
tion for all points ~x = Dn1 ~x0 withn 2 Z, be
ausef
(Dn1 ~x0) =X~y2D 
(~x0; ~y)g(Dn2 ~y):This means a lot of 
omputation time 
an be saved in the numeri
al evaluation.Example 1 Let 
1 = 
2 = R andAf(y) = ZR k(x� y)f(x)dx:Obviously this operator is translation invariant. So we haveg(Say) = ZR k(x� y)f(Sax)dxwith Sax = x� a. If we take a translation invariant molli�er e
(x; y) = e
(x� y) thenthe invarian
e is saved for the regularisation method, too. Now we de�ne the mesh gridby G = D = fx = jh : j 2 Zg with stepsize h and use the transformation D1 = D2 = Sh.The numeri
al version of the approximate inverse isf
(~x) =X~y2D  
(~x� ~y)g(~y)In this setting the theorem 2.2 
an be applied and we have to 
ompute the weight fun
tionfor only one point ~x0.Example 2 Let 
1 = 
2 = B1(0) be the unit dis
 andAf(x) = ZB1(0) k(hx; yi)f(y)dy:This operation is rotation invariant. We haveg(R�x) = ZB1(0) k(hx; yi)f(R�y)dywith R� being the rotation around the origin with angle �. For this reason we take thepolar meshgrids G = D = fx = rj(
os'k; sin'k) : rj = (j � 1)=(Nr � 1) with j 2f1; ::; Nrg and 'k = 2�(k � 1)=N' with k 2 f1; ::; N'gg with the two di
retisationnumbers Nr 2 N, N' 2 N and the transformation D1 = D2 = R2�=N' . If we take arotation invariant molli�er, e
(x; y) = e
(kx� yk) the theorem 2.2 
an be applied againand we see that the weight fun
tion has to be evaluated for all radii rj = (j�1)=(Nr�1).This means that the weight fun
tion has to be 
omputed for (Nr + 1) points in order toobtain it for all points.
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es (translation and rotation) are met very often in appli
ations.While translation invarian
es suggest a 
artesian grid, rotation invarian
es leads to polargrids. Dealing with polar grids 
an be a little tri
ky be
ause a naive dis
retisation, see�gure 1, generates too many points around the origin. We take a 
loser look at thisproblem in the next se
tion.3. Interpolation from Polar to Cartesian Grid and Error EstimateNow we 
on
entrate on problems with rotation invarian
es. Considering our idea fromthe previous se
tion we are led to use a polar meshgrid. But in order to visualize thefun
tion we need it in 
artesian 
oordinates. So interpolation is ne
essary. Be
ause wewant to derive a fast method we take an interpolation s
heme whi
h only needs few
omputations namely bilinear interpolation. Let the fun
tion f be known at the fourpoints P1 = (r; �), P2 = (r + hr; �), P3 = (r; � + h�) and P4 = (r + hr; � + h�) withr; hr 2 R+ [ f0g and �; h� 2 [0; 2�). We de�ne the domain
 = f(~r; ~�) : r � ~r � r + hr and � � ~� � � + h�g:Let I be the interpolation operator, su
h that If(~r; ~�) is the interlopation of f at thepoint (~r; ~�) 2 
, then we haveIf(~r; ~�) = (1� �2) ((1� �1)f(r; �) + �1f(r; � + h�)) +�2 ((1� �1)f(r + hr; �) + �1f(r + hr; � + h�))with �1 = ~���h� and �2 = ~r�rhr . In order to derive an error estimate we treat the derivativesof f in 
artesian 
oordinates.Theorem 3.1 Let f 2 C2(
) withmaxx 2 
i 2 f1; 2g ���� �f�xi (x)���� � ~M and maxx 2 
i; j 2 f1; 2g ���� �2f�xi�xj (x)���� �Mthen we have for all points (~r; ~�) 2 
 the inequalityjIf(~r; ~�)� f(~r; ~�)j � 14h2rM + 14h2� � ~M(r + hr) +M(r + hr)2� :Proof: For the bilinear interpolation we obtainjIf(~r; ~�)� f(~r; ~�)j � 18 �h2r maxx2
 �����2f�r2 (x)���� + h2�maxx2
 �����2f��2 (x)����� :In order to transform the derivatives to 
artesian 
oordinates we need�x1�r = 
os � ; �x1�� = � sin � r�x2�r = sin � ; �x2�� = 
os � r:Inserting leads to�����2f�r2 ���� � (
os �)2 �����2f�x21 ����+ 2j sin � 
os �j ���� �2f�x1�x2 ����+ (sin �)2 �����2f�x22 ����� 2M
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es for the Implementation 6and �����2f��2 ���� � j 
os �j r ���� �f�x1 ����+ (sin �)2r2 �����2f�x21 ����+ 2j 
os � sin �j r2 ���� �2f�x1�x2 ���� +j sin �j r ���� �f�x2 ����+ (
os �)2r2 �����2f�x22 ����� 2 ~Mr + 2Mr2:Altogether we obtainjIf(~r; ~�)� f(~r; ~�)j � 14h2rM + 14h2� � ~M(r + hr) +M(r + hr)2� : 24. Algorithms and Numeri
al Tests with Polar GridsIn this se
tion we give three 
hoi
es for the polar grid. First we take an equidistant gridin radius and angle to dis
retise the unit dis
.Method 1 (Equidistant) Let Nr and N� be two �xed numbers. The grid points aregiven by (rj; �k) = ((j � 1)hr; (k � 1)h�)with hr = 1=(Nr � 1), h� = 2�=N� and j 2 f1; ::; Nrg, k 2 f1; ::; N�g.In our se
ond method we apply the theorem of the previous se
tion. Be
ause the �rstpart of the error estimate in theorem 3.1 does not depend on radius and angle we takea �xed stepsize hr. However the se
ond part of the error estimate does depend on theradius r. So we take a stepsize h� whi
h is dependent on the radius r. Be
ause the term~Mr dominates Mr2 for small values of r we 
hoose h�(r) � 1=pr for small r . On theother hand we sele
t h�(r) � 1=r for large r. To 
onne
t these two domains we 
hoose
 su
h that Mr2 < ~Mr holds for all r 2 [0; 
).In the following we use the de�nitionbx
 := maxfj 2 Z : j � xg:Method 2 (Variable Angle) Let Nr and 
 be two �xed numbers. The grid points aregiven by (rj; �k) = ((j � 1)hr; (k � 1)h�(rj))with hr = 1=(Nr � 1), j 2 f1; ::; Nrg and h�(rj) = 2�=N�(rj), k 2 f1; ::; N�(rj)g. Herewe 
hoose N�(rj) = 8<: jp
2�prjhr k for rj < 
jp
2�p
hr + 2�(rj�
)hr k else:
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Figure 2. Variable Angle (left) and Variable Radius (right)In our last approa
h we argue heuristi
ally. In 
ontrast to the previous method we wantto �x the dis
retisation number for the angle. Our main idea is now that all annulusemerging of the radius dis
retisation have the same surfa
e area. Con
erning this weend up with a radius distribution rj � pj � 1.Method 3 (Variable Radius) Let Nr and N� be two �xed numbers. The grid pointsare given by (rj; �k) = �r j � 1Nr � 1 ; (k � 1)h��with h� = 2�=N� and j 2 f1; ::; Nrg, k 2 f1; ::; N�g.Now that we have three strategies we want to test them in some numeri
al examples.To this end we take ellipses whi
h we put at di�erent positions. The ellipses are givenby Ellipse A semi axis a=0.4, b=0.2
enter (0; 0)rotation angle 0Ellipse B semi axis a=0.4, b=0.2
enter (0:5; 0)rotation angle �=3Ellipse C semi axis a=0.4, b=0.2
enter (0:35;�0:4)rotation angle �=4In our test we start with the evaluation of these ellipses at the grid points of thethree methods. Then we use bilinear interpolation for the visualisation in 
artesian
oordinates. For the tests we take:method 1: Nr = 28; N� = 168method 2: Nr = 39; 
 = 0:1method 3: Nr = 28; N� = 168.
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1Figure 3. Pi
tures of Ellipse ATop left: Original; Top right: Equidistant Di
retisationBottom left: Variable Angle; Bottom right: Variable Radius
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1Figure 4. Pi
tures of Ellipse BTop left: Original; Top right: Equidistant Di
retisationBottom left: Variable Angle; Bottom right: Variable RadiusThe re
onstru
tions 
an be seen in �gures 3-5. We noti
e that method 1 and method 3produ
e a frazzeled border. On the other hand method 2 generates a relativly smoothborder. This observation is strengthened by the error plot of �gure 6 where we variedthe total number of dis
retisation points.
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1Figure 5. Pi
tures of Ellipse CTop left: Original; Top right: Equidistant Di
retisationBottom left: Variable Angle; Bottom right: Variable Radius
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Figure 6. Error of the di�erent methods plotted against total number of dis
retisationpointsEquidistant: pointed line; Variable Angle: solid line; Variable Radius: dashed lineFirst plot: Ellipse A; se
ond: Ellipse B; third: Ellipse C5. Appli
ation to the Inversion of the Radon TransformIn this se
tion we apply our ideas to the inverison of the 2d Radon Transform. TheRadon Transform is de�ned byR : L2(R2) ! L2(S1 � R)f 7! Rf : S1 � R ! R(!; s) 7! Rf(!; s) = RR f(s! + t!?)dt
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es for the Implementation 10It has two important invarian
es, see [3, 7, 8℄. The �rst one is a translation invarian
eT a1R = RT a2with T a1 g(!; s) = g(!; s� ha; !i), a 2 R2 and T a2 f(x) = f(x � a), a 2 R2 . The se
ondis a rotation invarian
eT �3 R = RT �4with T �3 g(!; s) = g(R�!; s), T �4 f(x) = f(R�x) and R� being a rotation around theorigin with angle �.The measurement geometry for the dete
tor, that means the di
retisation of g(!; s), is�xed in appli
ations by the s
anning setup and looks mostly like this: Given the stepsizeh and the number of dire
tions pD = f(!; s) : ! = (
os('k); sin('k)) with'k = 2�(k � 1)=p; k 2 f1; ::; pg and s = mh with m 2 Zg:Now we want to examine whether the translation invarian
e 
an be saved for a numeri
alalgorithm. Refering to theorem 2.2 we need T a1D � D that is (!; ha; !i) 2 D for all! = (
os('k); sin('k)) with 'k = 2�(k � 1)=p and k 2 f1; ::; pg.Lemma 5.1 Let a 6= 0 and p > 2, if (!; ha; !i) 2 D for all ! = !('k) =(
os('k); sin('k)) with 'k = 2�(k � 1)=p and k 2 f1; ::; pg then holds
os('k) 2 Q for all k 2 f1; ::; pg:Proof: Let a = r(
os �; sin �). Be
ause of the assumption (!k; ha; !i) 2 D for all!k = (
os('k); sin('k)) with k 2 f1; ::; pg, we haveha; !ki = r 
os(� � 'k) = hmk for 
ertain numbers mk 2 Z.Now we assume that 
os � 6= 0. If this 
ondition does not hold we rotate the 
oordinatesystem with an angle 2�=p and now we assured that 
os � 6= 0, be
ause p > 2.It follows r 
os(� � 'k)r 
os � = mkm0 :Simple 
al
ulation provides
os(� � 'k)
os � = 
os'k + tan � sin'k:In 
ombination with the fa
t that (!('k); s) 2 D impli
ates (!(�'k); s) 2 D we obtain
os('k) 2 Q for all k 2 f1; ::; pg: 2As a result of this lemma the translation invarian
e 
annot be utilized in a simple waybe
ause almost every measurement setup 
ontradi
ts to: 
os'k 2 Q for all k 2 f1; ::; pg.However it is possible in simple 
ases like p = 3; 4; 6.Now we turn to the rotation invarian
e. For a given stepsize h we 
hoose the grid
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os'k; sin'k) : rj = (j � 1)h with j 2 N and 'k = 2�(k � 1)=p with k 2f1; ::; pgg and the operators D1 = D2 = R2�=p. Obviously the �rst and the se
ond
ondition of theorem 2.2 are ful�lled. To 
he
k the last 
ondition of theorem 2.2 wetake a look at the �ltered ba
kproje
tion whi
h is the standard inversion method forthe Radon Transform. With the help of a sele
ted �lter  one 
al
ulatesf(x) = ZS1 ZR  (hx; !i � s) g(!; s)dsd!:The dis
retized version is implemented in two steps. First the inner integration is doneby B(!n; sm) =Xl2Z  (sm � sl)g(!n; sl) with sm = mh and m; l 2 ZIn the se
ond step the outer integration is performed. This operation is 
alledba
kproje
tion.f(~x) = 2�p pXn=1 B(!n; h~x; !ni):Be
ause the s
alar produ
t h~x; !ni does hardly ever hit a measurement point sm aninterpolation has to be done.f(~x) = 2�p pXn=1 Xm2ZI(h!n; ~xi; sm)B(!n; sm)with I being a weight fun
tion for the interpolation. So we obtain 
(~x; (!n; sm)) =I(h!n; ~xi; sm). Hen
e the last 
ondition of theorem 2.2 is ful�lled too.The idea of using the rotation invarian
e in a numeri
al algorithm was �rst engaged byBu
k, Maisl, Reiter [1, 2℄. They developed an algorithm for 3d 
omputerized tomogra-phy whi
h was mu
h faster than all other re
onstru
tion methods.To see the advantages in detail we take a 
loser look on the 2d 
ase. Here we use thespe
ial parameters:N number of re
onstru
tion points ~xp number of proje
tions !n = (
os'n; sin'n) and 'n = 2�(n�1)p2q + 1 Number of dete
tor elementsh stepsize in s with sm = mh and m 2 f�q; ::; qgR� Rotation around the origin with angle �Be
ause the invarian
e e�e
ts only the ba
kproje
tion we 
on
entrate on this step. The
lassi
al ba
kproje
tion looks like this (see [3℄, [7℄):
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es for the Implementation 12Algorithm 5.2 (Ba
kproje
tion)Evaluate for every re
onstru
tion point ~xf(~x) = 2�p pXn=1((1� �(n))g(!n; sk(n)) + �(n)g(!n; sk(n)+1))with s(n) = h~x; !nik(n) = �s(n)h ��(n) = s(n)h � k(n)The fast version is now:Algorithm 5.3 (Fast Version)(i) Pre
omputation� Evaluate for all re
onstru
tion points ~x and only one proje
tion !1s(~x) = h~x; !1ik(~x) = �s(~x)h ��(~x) = s(~x)h � k(~x)(ii) Main part� 
al
ulate f(~x) = 2�p pXn=1 ��1� �(R�'n ~x)� g �!n; sk(R�'n ~x)�+ �(R�'n ~x)g �!n; sk(R�'n ~x)+1��(iii) Post
omputation� perform interpolation on 
artesian gridWe see that the 
omplexity of the 
lassi
al ba
kproje
tion (only multipli
ation 
ounted)is 6pN and of the fast version 2pN . This means using the invarian
es results in analgorithm that is 3 times faster. Taking into a

ount that the ba
kprojetion 
onsumesmore than 80% of the whole re
onstru
tion algorithm in 
omputerized tomography wehave now an algorithm that is more than twi
e as fast.This issue 
an be stated numeri
ally. In our test we use a modi�ed Shepp-Logan phan-tom in parallel geometry. We sele
t the parametersN = 5122 number of re
onstru
tion points ~xp = 128 number of proje
tions !n = (
os'n; sin'n) and 'n = 2�(n�1)p2q + 1 = 513 number of dete
tor elementsh = 1=256 stepsize in s on the dete
tor with sm = mh m 2 f�q; ::; qg
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Figure 7. Re
onstru
tions with Standard FBPLeft: total re
onstru
tion ; Top right: magni�
ation of the lower part ; Bottom right:magni�
ation of the 
enter

Figure 8. Re
onstru
tions with Improved FBPLeft: total re
onstru
tion ; Top right: magni�
ation of the lower part ; Bottom right:magni�
ation of the 
enterFirst we perform the re
onstru
tion with the standard �ltered ba
kproje
tion (FBP).After that we repla
e the ba
kproje
tion by the fast ba
kproje
tion on an equidistantpolar grid with Nr = 256 and N� = 768 (total number of points: 196608). With anordinary desktop p
 we get the following 
omputation times.Filtering Ba
kproje
tion Interpolation TotalStandard FBP 3.82 s 81.33 s 0.00 s 85.15 sImproved FBP 3.76 s 29.65 s 0.41 s 33.83 sWe noti
e that the improved FBP needs approximatly 40% of the standard FBP.However the image of the improved re
onstru
tion algorithm see �gure 8 is not verygood espe
ially in the lower part of the phantom but in the above re
onstru
tion we didnot take into a

ount the results of se
tion 4. In se
tion 4 we noti
ed that method 2 is
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Figure 9. Re
onstru
tions with Se
ond Improved FBPLeft: total re
onstru
tion ; Top right: magni�
ation of the lower part ; Bottom right:magni�
ation of the 
entera good 
hoi
e for a polar grid. But to apply this te
hnique here we have to ensure thatthe dis
retisation number of the angle N�(rj) is a multiple of p or N�(rj) is a divisor ofp. So we have to modify method 2.Method 4 (Modi�ed Angle) Let Nr and N�(rj) be 
hosen like in method 2. Thegrid points are given by(rj; �k) = ((j � 1)hr; (k � 1)h�(rj))with hr = 1=(Nr � 1), j 2 f1; ::; Nrg and h�(rj) = 2�= ~N�(rj), k 2 f1; ::; ~N�(rj)g. Herewe de�ne ~N�(rj) su
h that ~N�(rj) is a multiple or divisor of p andj ~N�(rj)�N�(rj)j = minfjN�(rj)�mj : m is a multiple or divisor of pgTogether with this new method we 
reate a se
ond improved FBP. Now we takeNr = 248and 
 = 0:1 (total number of points: 196979). The 
omputation time has now slightlyin
reased but on the other hand the quality of the re
onstru
tion is mu
h better see�gure 9. Filtering Ba
kproje
tion Interpolation TotalSe
ond Improved FBP 3.80 s 34.62 s 0.40 s 38.82 s6. Con
lusionIn this paper we took a general look on problems whi
h have 
ertain invarian
es anddis
ussed whether these invarian
es 
an be used for a numeri
al implementation.We noti
ed that rotation invarian
e leads to polar grids whi
h are diÆ
ult to visualize.So we presented three 
hoi
es for polar grids. Our tests showed that method 2 whi
hwe derived from an error estimate is a good 
hoi
e.We applied this strategy to a ba
kproje
tion algorithm and drasti
ally improved
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omputation time. One has to keep in mind that this approa
h 
an only be donehaving equidistant angle measurements. The error emerging from the interpolation isvery small.The method of using invarian
es in tomography is not limited to the 2d parallelgeometrie as we did in this paper. It is also possible to use it in other geometrieslike fan or 3d-
one beam provided that the proje
tions are measured with equidistantangle.Referen
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