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been investigating a number of techniques for doing so. In this paper we givean overview of one of them, and give pointers to the literature for the readerinterested in further details.Our method, which we call the random worlds method, can be viewed as aparticular realization of the principle of insu�cient reason [Kri86] or the princi-ple of indi�erence [Key21]. This principle states that all possibilities should begiven equal probability, and was regarded as one of the basic principles of prob-ability theory by the earliest workers on probability theory, such as Bernoulliand Laplace [Hac75]. We use this idea to assign equal degrees of belief to allbasic \situations" consistent with the known facts. The question is, what is asituation?In many applications, including the one of most interest to us, it makes senseto consider �nite domains only. Assume, without loss of generality, that thedomain is f1; : : : ; Ng for some natural number N . Then, in the random-worldsmethod, we consider the situations of interest to be �rst-order models over thisdomain. Using the principle of indi�erence, we assume that all these models,or worlds, are equally likely. To assign a degree of belief to a sentence ' givena knowledge base KB , we simply consider the fraction of worlds satisfying KBthat also satisfy '. In many respects, what we are doing here can be viewed as aninstance of the general paradigm of Bayesian reasoning, in which one assumesa prior probability distribution over a space of possibilities and calculates aposterior distribution by conditioning on what is known. We take the probabilityspace to consist of all worlds with domain f1; : : : ; Ng, use a prior that assignsthem equal probability, and then condition on KB .One problem with the approach as stated so far is that, in general, we donot know the domain size N . Typically, however, N is known to be large. Wetherefore approximate the degree of belief for the true, but unknown, N , bycomputing the value of this degree of belief as N grows large. We note that thismethod is related to earlier work of [Joh32] and Carnap [Car50, Car52].We said earlier that we expect the knowledge base to contain statisticalinformation and default rules, as well as �rst-order facts. This suggests that thelanguage we intend to use is richer than �rst-order logic. This is indeed the case.We de�ne a statistical language L�, which is a variant of a language de-signed by Bacchus [Bac90]. L� augments standard �rst-order logic with a formof statistical quanti�er. For a formula  (x), the term jj (x)jjx is a proportionexpression. It will be interpreted as a rational number between 0 and 1 thatrepresents the proportion of domain elements satisfying  (x). We actually al-low an arbitrary set of variables in the subscript and in the formula  . Thus,for example, jjChild(x; y)jjx describes, for a �xed y, the proportion of domainelements that are children of y; jjChild(x; y)jjy describes, for a �xed x, the pro-portion of domain elements whose child is y; and jjChild(x; y)jjfx;yg describes theproportion of pairs of domain elements that are in the child relation. We alsoallow proportion expressions of the form jj (x)j�(x)jjx, which we call conditionalproportion expressions. Such an expression is intended to denote the proportionof domain elements satisfying  from among those elements satisfying �. Finally,



any rational number is also considered to be a proportion expression, and theset of proportion expressions is closed under addition and multiplication.One important di�erence between our syntax and that of [Bac90] is the use ofapproximate equality to compare proportion expressions. It is not hard to see thatexact comparisons are sometimes inappropriate. Consider a statement such as\90% of birds 
y". If this statement appears in a database, it is almost certainlythere as a summary of a large pool of data. It is clear that we do not mean that ex-actly 90% of all birds 
y. Among other things, this would imply that the numberof birds is a multiple of ten, which is surely not an intended implication.We there-fore use the approach described in [GHK92b, KH92], and compare proportionexpressions using (instead of = and �) one of an in�nite family of connectives �iand �i, for i = 1; 2; 3 : : : (\i-approximately equal" or \i-approximately less thanor equal"). For example, we can express the statement \90% of birds 
y" by theproportion formula jjFly(x)jBird(x)jjx �1 0:9. The intuition behind the seman-tics of approximate equality is that each comparison should be interpreted usingsome small tolerance factor to account for measurement error, sample variations,and so on. The appropriate tolerance will di�er for various pieces of information,so our logic allows di�erent subscripts on the \approximately equals" connec-tives. A formula such as jjFly(x)jBird(x)jjx �1 1 ^ jjFly(x)jBat(x)jjx �2 1 saysthat both jjFly(x)jBird(x)jjx and jjFly(x)jBat(x)jjx are approximately 1, butthe notion of \approximately" may be di�erent in each case.The use of approximate equality has another signi�cant advantage: it letsus express default information. We give a statement such as \Birds typically
y" a statistical interpretation, viewing it as saying \Almost all birds 
y". Ourformalism gives us a straightforward way to represent such a default, by writ-ing jjFly(x)jBird(x)jjx �i 1 for some i. (This interpretation is closely relatedto other approaches applying probabilistic semantics to nonmonotonic logic; seePearl [Pea89] for an overview. However, all these other approaches are essentiallypropositional in nature. While they use the statistical interpretation as a moti-vation for using probabilities, none make explicit use of statistical assertions.)We give semantics to these formulas with respect to a pair (W; � ), where Wis a world, or �rst-order model, with domain f1; : : : ; Ng for some N , and � isa tolerance vector of the form h�1; �2; : : :i, with �i > 0. Intuitively, we use � tointerpret approximate equality statements. Thus, (W; �) j= � �i �0 if the valuesof � and � 0 are within �i of each other. For further details of the semantics see[BGHK93b, BGHK93a].Given N and � , we de�ne #worlds�N (�) to be the number of worlds W overthe domain f1; : : : ; Ng such that (W; � ) j= �. Since we want to view each worldas equally likely, the degree of belief in ' given KB over worlds of size N given� becomes: PrwN;� ('jKB) = #worlds�N (' ^KB)#worlds�N (KB ) :If #worlds�N (KB) = 0, this degree of belief is not well-de�ned.As we said earlier, typically, we know neither N nor � exactly. All we knowis that N is \large" and that � is \small". Thus, we would like to take our



degree of belief in ' given KB to be lim�!0 limN!1 PrwN;� ('jKB).5 This def-inition, however, is not su�cient; the limit may not exist. We observed abovethat PrwN;� ('jKB) is not always well-de�ned. In particular, it may be the casethat for certain values of � , PrwN;� ('jKB) is not well-de�ned for arbitrarily largeN . To deal with this issue, we assume for the remainder of this paper that theKB is eventually consistent: for all su�ciently small � and su�ciently large N ,#worlds�N (KB) > 0. Among other things, eventual consistency implies that theKB is satis�able in �nite domains of arbitrarily large size. For example, a KBstating that \there are exactly 7 domain elements" is not eventually consistent.Even if KB is eventually consistent, the limit may not exist. For example, itmay be the case that PrwN;� ('jKB) oscillates between �+ �i and �� �i for somei as N gets large. In this case, for any particular � , the limit as N grows willnot exist. However, it seems as if the limit as � grows small \should", in thiscase, be �, since the oscillations about � go to 0. We avoid such problems byconsidering the lim sup and lim inf, rather than the limit.6 Thus we haveDe�nition1. Iflim�!0 lim infN!1 PrwN;� ('jKB) and lim�!0 lim supN!1 PrwN;� ('jKB )both exist and are equal, then the degree of belief in ' given KB , writtenPrw1('jKB), is de�ned as the common limit; otherwise Prw1('jKB) does notexist.We call this method of computing degrees of belief the random-worlds method.What do we gain from using the random worlds method? For one thing, manyof the properties that have been intuitively viewed as desirable when computingdegrees of belief and in doing default reasoning follow as theorems. We brie
ydescribe a few of these properties here; a more thorough discussion can be foundin [BGHK93b, BGHK93a].First, suppose that given a knowledge base KB , we believe an assertion ' withprobability 1. We can interpret this as saying that ' is a default conclusion fromKB . Suppose we write KB j� ' if Prw1('jKB ) = 1. Then j� is a nonmonotonicentailment relation. For example, it can be shown that if KB isjjFly(x)jBird(x)jjx �1 1 ^ Bird(Tweety);5 Notice that the order of the two limits over � and N is important. If the limit lim�!0appeared last, then we would gain nothing by using approximate equality, since theresult would be equivalent to treating approximate equality as exact equality.6 For any set S � IR, the in�mum of S, inf S, is the greatest lower bound of S.The lim inf of a sequence is the limit of the in�mums; that is, lim infN!1 aN =limN!1 inffaigi>N . The lim inf exists for any sequence bounded from below,even if the limit does not. The lim sup is de�ned analogously, using least upperbounds. Notice that if limN!1 aN exists, then limN!1 aN = lim infN!1 aN =lim supN!1 aN .



then KB j� Fly(Tweety). But if KB 0 isKB ^ jjFly(x)jPenguin(x)jjx �2 0 ^ Penguin(Tweety);then KB 0 j� :Fly(Tweety). Thus, if all we know is that birds typically 
y andthat Tweety is a bird, then we believe (with degree of belief 1) that Tweety 
ies.On the other hand, if we get the extra information that Tweety is a penguinand that penguins do not typically 
y, then we have degree of belief 1 thatTweety does not 
y. This example also shows how the random worlds methodprefers more speci�c information: the more speci�c information about penguinsautomatically overrides the information about birds.Although j� is nonmonotonic, it does satisfy a number of important prop-erties. For example, if KB j= ' then KB j� ', so we have degree of belief 1in all the logical consequences of the knowledge base. In fact, j� satis�es theproperties postulated by Kraus, Lehmann, and Magidor [KLM90, Leh89] to beappropriate for a nonmonotonic consequence relation.As we saw above, the random-worlds method can reason from statisticalinformation (which in the examples above express default rules) to conclusionsabout particular individuals. This is an important advantage of this framework.A number of basic criteria for this type of reasoning are generally agreed upon.The �rst, and least controversial, is basic direct inference, where we have a singlereference class in KB that is precisely the \right one". Formally, assume that (a)we are interested in the query '(c), (b) all we know about the individual c is  (c)and (c) we have statistics about the proportion of  's that satisfy '. Then directinference says that we should use this statistical information to generate a degreeof belief in '(c). For example, assume that all we know about Eric is that heexhibits jaundice and  represents the class of patients with jaundice. If we knowthat 80% of patients with jaundice exhibit hepatitis, then basic direct inferencewill dictate a degree of belief of 0:8 in Eric having hepatitis. We would, in fact,like this to hold regardless of other information we might have in the knowledgebase. For example, we may know the proportion of hepatitis among patients ingeneral, or that patients with jaundice and fever typically have hepatitis. Butif all we know about Eric is that he has jaundice, we would still like to use thestatistics for this class, regardless of this additional information.This intuition is formalized in the following theorem, which generalizes theprinciple to properties and classes dealing with more than one individual at atime. In the following let x = fx1; : : : ; xkg and c = fc1; : : : ; ckg be sets of distinctvariables and distinct constants, respectively.Theorem2. Let KB be a knowledge base of the form  (c) ^KB 0, and assumethat for all su�ciently small tolerance vectors � :KB [� ] j= jj'(x)j (x)jjx 2 [�; �]:If no constant in c appears in KB 0, in '(x), or in  (x), then Prw1('(c)jKB) 2[�; �].



We remark that the preference for more speci�c information alluded to abovefollows immediately from this theorem.Other results in this spirit are also proved in [BGHK93b, BGHK93a]. Forexample, it is shown that we can often ignore seemingly irrelevant information.In particular, even if we do not have exactly the \right" reference class, we canoften use the smallest reference class that is applicable. So if we know that Erichas brown hair as well as having jaundice, we will be able to disregard Eric'shair color. (Notice that knowing about Eric's hair color prevents us from usingTheorem 2, which is why we need to use results about irrelevance in this case.)Random worlds also deals well with situations where the statistical informa-tion from more than one reference class applies to a query. For example, in thewell-known Nixon Diamond problem [RC81], we have statistics for the occur-rence of paci�sts in the class of Republicans, and very di�erent statistics for theoccurrence of paci�sts within the class of Quakers. We are interested in assigninga degree of belief to Paci�st(Nixon), where we know that Nixon is both a Re-publican and a Quaker. We can show that random worlds essentially treats thetwo pieces of statistical information as independent pieces of evidence; in fact,the degree of belief resulting obtained by random worlds is essentially equivalentto combining evidence using Dempster's rule of combination [Sha76].We should point out that the random-worlds method does not give the un-controversially most intuitive answer in every example. Indeed, it is unlikelyany method could, since peoples' intuitions often disagree. For example, it canbe shown (using a maximum entropy computation as described below) that ifthe KB is 0 � kP (x)kx � 0:6, then Prw1(P (c)jKB) = :5. While one can givesome strong arguments to support this answer, it also seems that the value 0.3is at least as reasonable. One might also argue that an interval valued degreeof belief, [0; 0:6], is appropriate. We are currently investigating other methodsfor assigning degrees of belief, also based on the principle of indi�erence, thataddress these issues. (See [BGHK92] for some discussion.)Given all the nice properties of the random-worlds method, it is reasonableto ask how hard it is to compute degrees of belief. As is shown in [GHK92a], allquestions regarding degrees of belief are undecidable in general, even if the KB ispurely �rst-order (and so does not include any statistical information). However,if we assume that KB mentions only unary predicates and constants, then thesituation becomes much better. Indeed, as shown in [GHK92b], we can typicallycompute degrees of belief using a maximum entropy computation. Interestingly,it seems that all connection to maximumentropy is lost once our knowledge basecontains even a single binary predicate.While the restriction to unary predicates may seem severe, it is not so unrea-sonable in practice. The properties Penguin , Bird , Fly , symptoms, and diseasesare all unary. Indeed, a case can be made that all of statistics is mainly con-cerned with unary predicates over basic units such as individuals or households.Moreover, results such as Theorem 2 (which hold for the full language|the for-mulas involved can have predicates of arbitrary arity) give us reason to hopethat for many knowledge bases that arise in practice, even ones that go beyond
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