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tIn des
riptive de
ision and game theory, onespe
i�es a model of a situation fa
ed byagents and uses the model to predi
t or ex-plain their behavior. We present In
uen
eDiagram Networks, a language for des
riptivede
ision and game theory that is based ongraphi
al models. Our language relaxes theassumption traditionally used in e
onomi
sthat beliefs of agents are 
onsistent, i.e. 
on-ditioned on a 
ommon prior distribution. Inthe single-agent 
ase one 
an model situa-tions in whi
h the agent has an in
orre
tmodel of the way the world works, or in whi
ha modeler has un
ertainty about the agent'smodel. In the multi-agent 
ase, one 
anmodel agents' un
ertain beliefs about otheragents' de
ision-making models. We presentan algorithm that 
omputes the a
tions ofagents under the assumption that they arerational with respe
t to their own model, butnot ne
essarily with respe
t to the real world.Appli
ations of our language in
lude deter-mining the 
ost to an agent of using an in-
orre
t model, opponent modeling in games,and modeling bounded rationality.1 Introdu
tionIn re
ent years, de
ision theory and game theory havehad a profound impa
t on arti�
ial intelligen
e. Ona fundamental level, the de
ision-theoreti
 approa
hprovides a de�nition of what it means to build an intel-ligent agent, by equating intelligen
e with utility max-imization. Meanwhile, game theory has been adoptedby many as the basis for building multi-agent systems.More 
on
retely, a wide variety of representations andalgorithms have been developed to determine de
ision-theoreti
 and game-theoreti
 solutions to problems.

However, the fo
us in AI so far has been on the nor-mative aspe
t of de
ision and game theory, in whi
hthe optimal behavior of a rational agent is pres
ribed.AI also has a fundamental 
ontribution to make to thedes
riptive aspe
t of de
ision theory and game theory.At the same time, there are bene�ts to be gained forAI from studying these s
ien
es from the des
riptivepoint of view. Des
riptive de
ision theory and gametheory seek to model the de
ision-making pro
esses ofagents; thus they are thoroughly engaged in knowl-edge representation. AI's tradition of thinking aboutrepresentation allows us to provide languages for ele-gantly and pre
isely des
ribing models of agents andtheir de
ision-making pro
esses. A good language 
anallow a modeler to provide a 
lear and pre
ise modelof behavior that would otherwise have to be des
ribedvaguely or ina

urately.In this paper we present a language for des
riptivede
ision and game theory that is based on a novelgraphi
al model we 
all an In
uen
e Diagram Network(IDN). This language is ri
h enough to express un
er-tainty of agents not only over states of knowledge, asin traditional game theory, but also over models ofother agents. Underlying the language is a networkof in
uen
e diagrams (IDs) [14℄ and their multi-agentextensions [11℄.In 
lassi
al usage, an in
uen
e diagram plays a dualrole. It is both a model of the real-world situationfa
ed by an agent and the model the agent uses todetermine its optimal de
ision. Identi�
ation of thesetwo models makes sense from a normative point ofview, sin
e an agent 
an do no better than optimizeits de
isions relative to its own model of the world.However, if one wants to reason about the e�e
ts ofthese de
isions, it is important to 
onsider the possibil-ity that the agent's model is in
orre
t. One 
an then
onsider questions su
h as the value to the agent oflearning the 
orre
t model. Our language makes thisdistin
tion expli
it, by making the agent's de
ision-making model a 
entral part of the language. As a



result, one 
an model his un
ertainty as to the agent'sde
ision-making model. One may also analyze situ-ations where an agent is boundedly-rational, in thesense that it does not optimize all its de
isions simul-taneously.The idea of expli
itly representing an agent's de
ision-making models is powerful in the multi-agent 
ase.Here, our language is based on multi-agent in
uen
ediagrams, or MAIDs, an extension of IDs developedby Koller and Mil
h [11℄. MAIDs represent a situ-ation in whi
h multiple agents make de
isions, andthe utilities of agents are in
uen
ed by their own de-
isions and those of other agents. Our language al-lows ea
h agent's de
ision model, and agents' modelsof ea
h others' models, and so on, to be representedexpli
itly as MAIDs. By expli
itly modeling agents'models, our language 
an express fundamentally dif-ferent models than those allowed by MAIDs and other
lassi
al game-theoreti
 formalisms su
h as Bayesiangames [9℄. In those formalisms, agents are assumed tohave a 
ommon prior distribution over the informationre
eived by other agents and their utilities. In addi-tion, an assumption of 
ommon knowledge of rational-ity is invoked to justify a Nash equilibrium solution.Both assumptions are subje
t to 
riti
ism and hard tojustify a priori. Our framework allows both of theseassumptions to be dropped, but in a 
ontrolled man-ner, where violations of the assumptions are expli
itlymodeled. Indeed, on
e we allow agents to have modelsof ea
h other, there is no reason to assume that theyshould be 
onsistent with ea
h other. Nevertheless,we still assume that agents are rational with respe
t totheir models. This assumption allows us to 
omputethe predi
ted behavior of agents who hold models de-s
ribed in our language.We demonstrate the power of our language for de-s
riptive game theory using an example, showing how
oordination 
an be a
hieved in a battle-of-the-sexesgame [15℄ under a variety of assumptions about theplayers' models. The 
oordination problem is tradi-tionally swept under the rug in game theory, by invok-ing the magi
al 
on
ept of fo
al points [18℄. By de�ni-tion, these are \out-of-model" | no attempt is madeto explain how they work within the models them-selves. Our language 
an provide su
h an explanation,showing how the agents' beliefs about ea
h other leadto a 
oordination out
ome.2 Single-Agent CaseWe �rst 
on
entrate on des
ribing a single agent'smodel of the world. For this purpose, the build-ing blo
ks of our language are in
uen
e diagrams(IDs) [14℄. An ID 
onsists of a dire
ted graph with

three types of nodes: 
han
e nodes, drawn as 
ir
les,represent random variables; de
ision nodes, drawn asre
tangles, represent de
ision points; and value nodes,drawn as a diamonds, represent the agent's utilitywhi
h is to be maximized. There are two kinds ofedges in the graph. Edges leading to 
han
e and valuenodes represent probabilisti
 dependen
e, in the samemanner as edges in a BN. Edges leading into de
isionvariables represent information that is available to theagent at the time the de
ision is made. A standardassumption, known as perfe
t re
all or no forgetting,is that any information available to the agent for onede
ision is also available for future de
isions.Traditionally, we take a given ID as representing theagent's view of its de
ision problem, i.e., the agentuses the ID to de
ide what to do. However, we mightbe 
on
erned with des
ribing situations in whi
h theagent's view of the world is di�erent from our view asanalysts, or one in whi
h we have un
ertainty aboutthe agent's view. Consider the following s
enario:Waldo is about to leave his house, and needs to de-
ide whether or not to take an umbrella.
Umbrella

Wet

Forecast

Weather

Figure 1: real-world ID of umbrella s
enarioWaldo's obje
tive is to remain dry, but 
arrying anumbrella around is annoying. The ID in Figure 1 de-s
ribes Waldo's de
ision problem as we see it. Thereis a prior distribution over the weather, for whi
h thefore
ast is a noisy sensor. Waldo gets to observe thefore
ast, and de
ides whether or not to take an um-brella, whi
h, depending on the weather, in
uen
eshis �nal utility. Suppose now that Waldo's view of theworld is slightly di�erent from ours, in that Waldo ismore trusting of weather fore
asters, and uses a di�er-ent 
onditional probability table (CPT) for the fore-
ast node. Stru
turally, the ID representing Waldo'sview is the same as ours, but the values of the param-eters are di�erent. We would like to be able to answera query su
h as \What is the probability, a

ordingto our view of the world, that Waldo will get wet?"This requires reasoning with both Waldo's view andour view. We 
an determine Waldo's de
ision fun
-tion by maximizing his expe
ted utility relative to hisown model. We 
an then plug his de
ision fun
tioninto our model, and 
ompute our subje
tive belief in



the event that he will get wet. We 
an also ask, \Whatis the 
ost to Waldo of using his 
awed model?", by
omparing the utility he gets using his de
ision fun
-tion with the one he would get if he used the 
orre
tmodel to determine his de
isions.In the previous example, Waldo's model di�ered fromour own only in the 
onditional probabilities, but it 
andi�er in any aspe
t. For example, we might imaginethat Waldo does not believe the fore
ast to dependon the a
tual weather at all. We might imagine thatinstead, Waldo listens to the Dow Jones index, whi
hhe believes to be a barometer of the weather, in orderto de
ide whether to take an umbrella. We also mighthave un
ertainty as to whi
h model Waldo uses.We introdu
e the following language to allow for all ofthese possibilities:An In
uen
e Diagram Network (IDN) is a rootedDAG, in whi
h ea
h node is an ID. The root of theDAG is 
alled the top-level model and represents theworld from an analyst's point of view. Edges in theDAG are labeled fD; Pg, where D is a set of de
isionvariables belonging to an agent and P is a probabilitybetween 0 and 1. Intuitively, the meaning of an edgefD; Pg from U to V is that with probability P , thede
isions D in U are determined by the model V . Ifa de
ision d in U is not determined by any sub-model,we invoke the standard rationality assumption that Uitself is used to determine the de
ision for D.We pla
e the following restri
tions on IDNs:1. If fD; Pg is the edge from nodes U to V , and dis a de
ision in D, we require that d appear inboth U and V , and say that the de
ision d in U ismodeled by V . The point is that an edge from Uto V labeled by d indi
ates that model U is notused to make de
ision d, but V is used instead.We let MUd be the set of nodes by whi
h de
isiond in U is modeled.2. For any V 2MUd , the set of informational parentsof d in V must be a subset of the informationalparents of d in U . The reason for this restri
tionis that it is hard to make sense of an agent form-ing a de
ision rule on the basis of information itdoes not a
tually have. Moreover, it is hard to seehow su
h a de
ision rule would play in the a
tualworld, where the agent has to take a
tion with-out getting the information it expe
ted. Be
auseof this rule, we have to take 
are when model-ing the situation where Waldo listens to the DowJones index. We must provide this informationto Waldo in the top-level model, even though it isnot relevant to the weather.

3. For any two de
isions d1 and d2 in U , we requirethat MUd1 and MUd2 are either equal or disjoint. Ifthey are equal we say that d1 and d2 in U aremodeled together. We 
an write MUD for any setof de
isions D that are modeled together.4. Let MUD = V1; : : : ; Vn, and let the probabil-ity on the edge from U to V be PU;DV . ThenPV 2MUD PU;DV � 1. If the sum is stri
tly less than1, the remaining probability is allo
ated to the
ase that D is modeled in U after all. We letPU;DU denote 1 minus the sum.Solving an IDN means 
omputing a de
ision rule forevery de
ision in every ID in the network. This 
anbe done easily in a bottom-up fashion, from the leavesof the DAG to the root. The leaves are simply IDs,and 
an be solved using a standard ID algorithm su
has [17, 5℄. For an internal node U , on
e all of its 
hil-dren have been solved, de
ision rules are available forall of the nodes in U modeled by one of U 's des
en-dants.We then transform U into a new in
uen
e diagram.For any set of de
isions D that are modeled together,we introdu
e a new random variable Ref(D) to 
ap-ture our un
ertainty about where those de
isions aremade. The possible values of Ref(D) are U and everyV 2 MUD . Ref(D) has no parents, and the probabilityof any value W is PU;DW . For ea
h de
ision d 2 D, weintrodu
e a de
ision node dU , with the same informa-tional parents as d in U , and a 
han
e node dV for ea
hV 2MUD . The parents of dV are the same as its infor-mational parents in V , whi
h must exist by restri
tion2, while its CPT is the de
ision rule 
omputed for d inV . Finally we introdu
e a 
han
e node d, with parentsRef(D), dU and all the dV . Its CPT is a multiplexer,with the value of Ref(D) determining whi
h of the dWgets assigned to d. The 
hildren of d are the 
hildrenof the original de
ision d in the original U .On
e this pro
ess has been done for every set of de
i-sions, U has been transformed into an ID 
ontainingthe models for de
isions taken outside of U and in-
orporating the un
ertainty about whi
h models areused. It 
an then be solved like any other ID, to ob-tain de
ision rules for the de
isions that are made inU .As an example, let us revisit our umbrella s
enario andsuppose that an analyst has un
ertainty over whi
hmodel Waldo uses to de
ide whether to take an um-brella, when the top-level model, denoted Ir is given in�gure 1. With probability 0.7, we believe Waldo to usemodel If , where he observes the weather fore
ast, andwith probability 0.3, we believe Waldo to use modelIj and look at the Dow Jones index. These models
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(b) transformed top-level IDFigure 2: Umbrella s
enario revisitedmake up our IDN in �gure 2(a). After solving the leafmodels and transforming the ID at the root, we willend up with the ID depi
ted in �gure 2(b). We thensolve this ID, 
onverting it to a BN in whi
h we 
anperform to answer all of the queries mentioned above.On
e we have 
omputed a probability distribution overall of the models at the top-level of the IDN, we areable to answer a wide variety of queries. For exam-ple, we 
an �nd the probability of Waldo getting wetby \plugging in" the CPT for umbrella from Waldo'smodel into the top-level model and inferring from itthe probability P (wet = T ). Similarly, we 
an 
om-pute the 
ost to Waldo of using the wrong model by
omputing E[URWRW ℄�E[UwaldoRW ℄ where E[UARW ℄ is de-�ned as the expe
ted utility under the real-world ran-dom variables given the de
isions as in model A.Our language is ri
h enough to model boundedly ra-tional de
ision makers, i.e. agents that use heuristi
sto make some de
isions, or to split up 
omplex de
i-sion problems into separate de
isions. Consider thefollowing s
enario: Following a sharp loss in revenueof OilRon, a big oil 
orporation, an analyst is 
alled into assess de
ision-making poli
ies within the 
ompany.In an exploratory oil-drilling s
enario, OilRon 
an de-
ide to test the ground before de
iding whether or notto drill for oil. The test is a probabilisti
 indi
atorof whether or not drilling will be pro�table, but thetest itself is 
ostly. Ea
h of the de
isions is made by aseparate division of the 
ompany. Unfortunately, the
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Figure 3: OilRon s
enariodivisions, ni
knamed \the drillers" and \the testers",are not willing to 
ooperate with the analyst, leadingto un
ertainty over the de
ision-making pro
esses ofOilRon. The analyst believes that with probability0.2, OilRon is rational, in the sense that perfe
t re-
all is maintained and the testers make the test resultavailable to the drillers. However, with probability 0.8,the divisions behave \dysfun
tionally", meaning thatthey do not trust ea
h other and de
isions are opti-mized separately. The testers believe that the drillersare wild and re
kless, and will drill for oil no matterwhat the test results are; the drillers believe that thetesters are drones who will test anything and every-thing. The 
orresponding IDN for OilRon is shown in�gure 3. Both of the ID nodes Id and It are almostidenti
al to the real-world model; in Id, the de
isionnode test is a CPT, that is deterministi
ally set totrue, while in It, the de
ision node drill is a CPT, alsoset deterministi
ally to true.There is an additional intermediate Ir node in themodel. This node is needed be
ause the dysfun
tion-ality of the two divisions is 
orrelated. With proba-bility 0.2, they are both rational, and with probability0.8, they are both dysfun
tional. Without the \dys-fun
tional" node, the de
isions for test and drill wouldhave been split up right away and their dysfun
tional-ity would not have been 
orrelated.It is interesting to note what happens when the dys-



fun
tional model is solved. It turns out that be
ausethe testers believe the drillers will always drill, theywill never test, be
ause their test 
an never 
hangethe drilling de
ision. On the other hand, the drillers'in
orre
t model will not be as damaging be
ause theywill always 
hoose the optimal de
ision given what-ever test results are available. Therefore, this analysisreveals that OilRon should spend its management im-provement e�orts on the testing department.One 
an regard the two divisions of OilRon as in-dependent agents. Indeed, in intera
tions betweenagents that o

ur in strategi
 situations, agents oftendo not dis
lose their private information and strate-gies are devised separately, as was the 
ase with thedivisions of OilRon. Our language is most useful whenwe 
onsider multiple agents who have models of ea
hother's de
ision-making pro
esses. We therefore ex-tend our language to des
ribe belief hierar
hies of mul-tiple agents.3 Multi-Agent CaseWe now extend our language to des
ribe multi-agentenvironments. To this end, we use MAIDs, an ex-tension of IDs to model multi-agent intera
tion [11℄.A MAID is similar to an ID, ex
ept that ea
h de
i-sion and value node is asso
iated with a parti
ularagent. MAIDs are representations of strategi
 situ-ations, where agents 
hoose the values of their de
i-sion nodes to maximize their own utilities, 
ognizantof the fa
t that other agents are making their de
i-sions to maximize their utilities. Koller and Mil
h in-trodu
ed methods for obtaining game-theoreti
 Nashequilibrium solutions for MAIDs.Adapting our formalism to the multi-agent 
ase andusing MAIDs requires minimal 
hanges: We let A bea set of agents, and we rede�ne an IDN to be a rootedDAG where ea
h node 
onsists of a MAID. Edges onthe graph are labeled by the set fa;D; Pgwhere a 2 A,D is a set of de
isions for agent a and P is a proba-bility between 0 and 1. The same restri
tions on thelanguage hold as before.The language is a
tually quite permissive about theway one agent models the de
isions of other agents.Suppose V is rea
hed from U by an edge labeledfa;D; Pg. Intuitively, this means that the model inU for how agent a makes de
isions D is given by V(with probability P ). Now, sin
e U 
ontains de
isionsfor other agents, so might V . The language pla
es nostipulations on how they are modeled. For example,agent a might \know" how a 
ertain de
ision is made,and model it as a 
han
e node. Or, agent a mightbelieve that another agent has more information avail-able to make its de
ision than it really has. Or, agent

a might imagine that some 
han
e nodes in U are a
-tually under the 
ontrol of another agent, and turnthem into de
ision nodes in V .In addition, it is straightforward to 
hange ourbottom-up solution algorithm to use MAID inferen
ealgorithms at ea
h step rather than standard ID algo-rithms. At ea
h level, we obtain a Nash equilibriumsolution for the behavior of ea
h of the players. We
an then implement that solution as a mixed strategyat the next level up.The only tri
ky issue involves situations with multipleequilibria. A given MAID may have many equilibria.This provides for many di�erent possible strategies atthe next level up, none of whi
h 
an be ruled out a-priori. In theory, the number of equilibria in an IDNmay be worse than exponential in the depth of theIDN. Therefore, enumerating all the equilibria will ingeneral be unfeasible, and an equilibrium-sele
tion 
ri-terion will need to be applied at ea
h level.From a modeling point of view, a leaf of an IDNdes
ribes a situation in whi
h agents have 
ommonknowledge of rationality with respe
t to the game de-s
ribed at that leaf. One 
an thus limit rationalityassumptions to parti
ular aspe
ts of a game. In the
ase that a leaf only involves a single de
ision-makingagent, it des
ribes a situation in whi
h that agentis playing a best response to its model of the oppo-nents, where the opponent is modeled by an automa-ton. Now, suppose that an internal node involves de-
isions by two agents, say agent a and agent b, andagent a's de
isions is modeled by another node, whi
hmay be a simpler game. In this 
ase, agent b is playinga best response to a more sophisti
ated model of theopponent, in whi
h the opponent is playing a parti
u-lar game rationally. Thus our language provides verysophisti
ated me
hanisms for des
ribing the boundedrationality of agents, and agents responding to otheragents' bounded rationality.We now demonstrate the power of our language byshowing how it 
an be used to explain phenomena thatare problemati
 in 
lassi
al game theory. The 
lassi
Battle of the Sexes (BoS) [15℄ game des
ribes a situa-tion in whi
h a husband and wife would like to 
oor-dinate their a
tivity on a parti
ular evening. The hus-band would prefer to go to the ballet, while the wifewould like to go to the football mat
h. They wouldboth rather spend the evening together than apart. Inmatrix form, the game isHB HFWB (1; 2) (0; 0)WF (0; 0) (2; 1)where the entry (1; 2) for a
tions (WB ; HB) means that



the wife gets 1 and the husband 2 when they go tothe ballet. This game has two Nash equilibria in purestrategies, where they both go to the ballet or bothgo to the football mat
h. It also has a mixed strategyNash equilibrium, but that is strongly dominated bythe pure equilibria.A puzzle about BoS and 
oordination games in generalis this: sin
e the game has multiple equilibria, howdo players 
oordinate on whi
h equilibrium to play?S
helling [18℄ introdu
ed the 
on
ept of fo
al pointsas external, out-of-game fa
tors that make the play-ers �xate on a parti
ular equilibrium. However, fo
alpoints are mysterious | there is no explanation withingame theory itself of how they work.One me
hanism that has been proposed for a
hieving
oordination in the BoS is for one of the players toannoun
e her intentions before the game. From thepsy
hologi
al point of view, it is understandable thatthis would 
reate a fo
al point at the equilibrium wherethe player 
arries out her stated intention. However,from the game-theoreti
 point of view, the explanationremains mysterious, be
ause the opposite fo
al point
ould just as easily have been 
reated.One 
an see this immediately by modeling the gamein extensive form. First, one of the players, say thewife, announ
es where she will go. Both players ob-serve this announ
ement. Then a BoS ensues. Thereis nothing binding in the wife's announ
ement, nordoes it have any dire
t impa
t on either player's util-ity. All out
omes are still possible, and from a purelygame-theoreti
 point of view, the announ
ement is ir-relevant. Yet somehow we have the intuition that itis not. We believe that our intuition is founded onmodels of the players' de
ision-making pro
esses.Using our language, we 
an des
ribe su
h modelsthat would explain how 
oordination 
omes about, foragents that are rational with respe
t to their models.One possible model is shown in Figure 3. The top-level node in the IDN is the \rational" node, whi
his a MAID depi
ting the extensive-form BoS gamedes
ribed above. Looking at this node alone, thereis no reason to expe
t 
oordination after the wife'sstatement. However, we have a model for the wife'sde
ision-making pro
ess, 
alled Iw. A

ording to thismodel, the wife believes that the husband will do what-ever she says, so the husband's de
ision Dh is turnedinto a 
han
e variable, that is determined by the wife'sstatement. Iw is a leaf node, so we 
an solve it to de-termine her best response to her automaton husband:be
ause her husband does whatever she says, so shouldshe in order to 
oordinate with him; furthermore, sheshould say \football mat
h" in order to maximize herutility.

Figure 4: Battle-of-the-sexes s
enario
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Thus far, we have only explained why the wife doeswhat she says, but not the husband. If the husbandis indeed the automaton the wife believes he is, thenof 
ourse he will do what she says. But we have amore sophisti
ated model of the husband. In fa
t, thehusband rationally believes he is playing a BoS. How-ever, his model of the wife's de
ision Dw is the sameas ours, des
ribed by node Iw. In other words, thehusband will not just do what the wife says, but hethinks the wife thinks he will! Unfortunately for him,this is enough to make him do what she says anyway.To see this, 
onsider that we have already determinedthat a

ording to Iw, the wife will do what she says.This means that in the husband's rational model, hewill substitute a behavior for the wife's de
ision whereshe does what she says. Sin
e he wants to 
oordinatewith her, he will therefore do what she says.This is only one possible model that leads to 
oordina-tion. In fa
t, any IDN in whi
h the internal nodes areall Ir, and the leaves are all Iw, will work, as we 
an seeby indu
tively 
omputing the players' strategies fromthe leaves upward. Thus any thought that the playershave that the husband will follow the wife is suÆ
ientto lead to 
oordination, no matter how distant.We are not 
laiming that one of these models isthe \true" explanation of how 
oordination happens.What we are 
laiming is that our language allows usto state and frame an explanation of this sort in a verypre
ise way.



4 Dis
ussion and Related WorkIn game theory, un
ertainty is traditionally handledby the Bayesian game framework, due to Harsanyi[9℄,in whi
h ea
h agent has a dis
rete type embodyingits private information. A Bayesian game in
ludes aset of players, a set of possible a
tions and a priorprobability distribution over the types of all players,deemed the obje
tive prior distribution. A player's un-
ertainty is 
aptured by a probability distribution overthe types of other players, given her own type. This
onditional probability distribution 
an be 
omputedfrom the obje
tive prior distribution using Bayes The-orem. Also, the utility of ea
h player is de�ned as afun
tion from the spa
e of types and type-
ontingentstrategies to the real line. If we assume that the ob-je
tive prior distribution is known to all players, andthat players' beliefs are 
onsistent in that they are all
omputed by 
onditioning on the 
ommon prior distri-bution, then standard te
hniques 
an be used to solvethe game, leading to a Bayesian equilibrium. Sin
ebeliefs are 
onsistent, we need only take into a

ountea
h player's beliefs about his opponents' distributionof types and type-
ontingent strategies when 
omput-ing the equilibrium.Our framework diverges from the Bayesian games for-malism in a number of fundamental ways. First, ourframework relaxes the assumption that players' be-liefs are 
onsistent. There is no a-priori reason thatthey should be, and we allow situations to be mod-eled in whi
h players have mutually in
ompatible be-liefs. However, when players beliefs are 
onsistent, amodel in our language 
an be redu
ed to a Bayesiangame, and the solution is a Bayesian equilibrium. Se
-ond, our model allows the models that agents haveof other agents models to be en
oded expli
itly, in away that 
annot be 
aptured in types. Third, typesen
ode, in a single variable, all of a player's privateknowledge about the state of the world and its utilityfun
tion. This is a \low bandwidth" representationof un
ertainty. All un
ertainty is 
aptured in a singlevariable, and un
ertainty about other agents' reason-ing pro
esses 
annot be expressed at all. In 
ontrast,our language provides an expressive representation ofun
ertainty, in
luding un
ertainty over agents' models.Fagin and Halpern o�er a formalization of reasoningabout probabilisti
 beliefs [10℄, in whi
h an agent 
anassign a probability P to his knowledge of a formula�. Fagin and Halpern provide a semanti
s for theirlanguage that is also appli
able to our IDN language,on
e the solution pro
ess has 
omputed de
ision fun
-tions for all the de
ision variables. More re
ently, thePEL model [12℄ was proposed as a representation ofagents' beliefs and de
ision-making pro
esses. This

model both reasons about beliefs and 
omputes op-timal strategies for a single agent. The PEL modelfollows the assumptions layed down by Harsanyi, inthat all agents use the same model, while di�eren
esin beliefs between agents are expressed by 
onditioningthe model on an agent's private observations. In theirwork introdu
ing MAIDs, Koller and Mil
h developedan algorithm for 
omputing an equilibrium strategyfor a MAID, while exploiting the lo
al independen
estru
ture of the model. However, this algorithm as-sumes that all agents know the real-world model, andit does not allow for dis
repan
y between agents' mod-els.In work by Suryadi and Gmytrasiewi
z [3℄, ea
h agentembodies the de
ision pro
ess of all other agents to-gether in a separate ID, where de
isions of other agentsare modeled as 
han
e variables and given a priorCPT. A neural network is then used for updatingCPTs of variables in an agent's model from obser-vations. In this model, the representation of agents'model is limited to a single in
uen
e diagram for ea
hagent. The approa
h 
an be viewed as a very spe
ial
ase of the one in this paper, together with an algo-rithm for agents to update the model parameters.Gmytrasiewi
z and Durfee [13℄ have developed aframework in whi
h the building blo
ks are trees,where the nodes 
onsist of payo� matri
es for a parti
-ular agent. Un
ertainty of agents is modeled throughpayo� matri
es that are di�erent, either in the num-bers or in stru
ture. Their language, like ours, is 
apa-ble of expressing agents' models of other agents' mod-els, and so on. However, the bandwidth for express-ing un
ertainty is even lower than for Bayesian games,sin
e the agents' do not even have types; all un
er-tainty must be 
aptured in the stru
ture of the payo�matrix and the utilities. Also, there is no 
apability toexpress un
ertainty over whi
h models agents use.Our language serves to 
omplement the two prevail-ing perspe
tives on bounded rationality. Ever sin
eSimon's 
hallenge to the notion of perfe
t rationalityas the foundation of e
onomi
 systems [8℄, the theoryof bounded rationality has grown in di�erent dire
-tions. From an e
onomi
 point of view, bounded ra-tionality di
tates a 
omplete deviation from the util-ity maximizing paradigm, in whi
h 
on
epts su
h as\optimization" and \obje
tive fun
tions" are repla
edwith \satis�
ing" and \heuristi
s" [7℄. These 
on
eptshave re
ently been formalized by Rubinstein [1℄. Froman AI point of view, an agent exhibits bounded ratio-nality if its program is a solution to the 
onstrainedoptimization problem brought about by limitations ofar
hite
ture or 
omputational resour
es [16℄.Our language is 
apable of modeling bounded rational-



ity in several ways. Agents may be bounded in theirknowledge of how the world works or of how otherplayers think. Situations in whi
h an agent uses aheuristi
 to make a de
ision 
an be modeled in ourlanguage by turning the de
ision variable into a 
han
evariable in the agent's model. Also, agents may sim-plify their de
ision making pro
esses by splitting mul-tiple de
isions into separate de
ision problems. Fi-nally, agents may model other agents as boundedlyrational, thereby be
oming boundedly rational them-selves.The work in this paper was inspired by the re
ent re-sear
h on opponent modeling in games, and in par-ti
ular by the RoShamBo (ro
k-paper-s
issors) 
om-petition [2℄. In the 
ompetition, programs 
om-peted against ea
h other in a series of 1000 games ofRoshambo. Nash equilibrium players 
ame in the mid-dle of the pa
k. The winner of the 
ompetition was aprogram 
alled Io
aine Powder [4℄, that did a beautifuljob of modeling its opponents on multiple levels. Io-
aine Powder 
onsidered that its opponent might playrandomly, a

ording to some heuristi
, or it might tryto learn a pattern used by Io
aine Powder, or it mightplay a strategy designed to 
ounter Io
aine Powderlearning its pattern, or several other possibilities. Thistype of reasoning 
an be 
aptured very ni
ely in ourlanguage, by giving Io
aine Powder a probability dis-tribution over the opponent's models, some of whi
hthemselves in
lude models of Io
aine Powder.Finally, there is a natural appli
ation of our languageto learning in games [6℄. Learning agents in gamesmaintain models of other agents. Usually, these mod-els are quite simple, as for example in �
titious play.IDNs provide a ri
h language for des
ribing the hy-pothesis spa
e of models that agents might have aboutother agents' play. They are ri
h enough to allowagents to reason about other agents learning aboutthem, while they learn about the other agents. Thenext step in this resear
h is to develop a learning al-gorithm so that agents 
an update their IDN modelsof other agents based on observed play.A
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