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Abstract

We consider the optimal boundary control of aeroacoustic noise governed by the two-dimensional
unsteady compressible Euler equations. The control is the time and space varying wall-normal
velocity on a subset of an otherwise solid wall. The objective functional to be minimized is a
measure of acoustic amplitude. Optimal transpiration boundary control of aeroacoustic noise in-
troduces challenges beyond those encountered in direct aeroacoustic simulations or in many other
optimization problems governed by compressible Euler equations. One nontrivial issue that arises
in our optimal control problem is the formulation and implementation of transpiration boundary
conditions. Since we allow suction and blowing on the boundary, portions of the boundary may
change from inflow to outflow, or vice versa, and different numbers of boundary conditions must
be imposed at inflow versus outflow boundaries. Another important issue is the derivation of ad-
joint equations which are required to compute the gradient of the objective function with respect
to the control. Among other things, this is influenced by the choice of boundary conditions for the
compressible Euler equations. This paper describes our approaches to meet these challenges and
presents results for three model problems. These problems are designed to validate our transpira-
tion boundary conditions and their implementation, study the accuracy of gradient computations,
and assess the performance of the computed controls.
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x = [z1, 2] position vector
v = [v, 1] velocity vector
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q conserved variablgp, pvy, pvo, pE]|"

u primitive variablegp, vy, vy, T]"
(to, ty) time period of interest
ug initial condition att,
| convective flux inz; direction
A, Jacobian oF? w.r.tu
Q spatial domain
Qobs observation region
X Qs indicator function
r boundary of
I'. subset ofi” with control actuation
J objective function
Jobs observation term
Jreg regularization term
Q; positive weighting parameters
B vector of BC'’s
g transpiration control ofr,
Gad set of admissible controls
p density
temperature
P pressure
Pa steady mean-flow pressure
c speed of sound
S entropy
h enthalpy
H stagnation enthalpy
v ratio of specific heats
M Mach number
E total energy per unit mass
w vorticity
A adjoint variables
A adjoint variables associated with BC’s
Al adjoint variables associated with IC’s
v adjoint characteristic variables
n adjoint momentuni,, As|”
n unit outward normal

CoLLIS, GHAYOUR, & HEINKENSCHLOSS 2 0F 39



S unit tangential vector
R radius of curvature
0y Kronecker delta

Introduction

The goals of this paper are the description of issues arising in the computation of optimal
transpiration boundary controls for the minimization of aeroacoustic noise, the introduction of our
approaches to deal with these issues, and the presentation of numerical results that support the
effectiveness of our approach.

The control objective for aeroacoustic applications usually targets acoustic waves that are typ-
ically several orders of magnitude smaller than flow quantities associated with the energetically
dominant dynamics. Like the direct simulation of aeroacoustic phenomena, optimal control of
aeroacoustics requires proper resolution of small amplitude acoustic fluctuations. However, opti-
mal control imposes additional demands. First, optimal control of aeroacoustic noise requires that
dynamic control actuations are properly translated into small amplitude acoustic fluctuations. This
can add significant challenges to the simulation. Secondly, to apply gradient based optimization al-
gorithms for the computation of an optimal control, one needs to compute sensitivity information.
In our case, where controls are temporally and spatially distributed, this is accomplished using the
adjoint equation approach. The implementation of the adjoint equation needs to accurately relate
undesired small amplitude acoustic fluctuations to modifications of the control that can reduce
them.

Acoustic waves are non-dissipative and non-dispersive; their resolution requires high-order
accurate numerical schemes with minimal dissipation and dispersion error. In our state computa-
tions, spatial derivative operators are discretized with sixth-order central finite-differences and a
fourth-order accurate explicit Runge—Kutta scheme is used to advance the solution in time. We use
sponge regions near the far field boundaries to allow acoustic waves and spurious numerical waves
to leave the domain without significant reflections. A nonstandard and nontrivial task that arises
in our optimal control problem is the formulation and implementation of transpiration boundary
conditions. Since we allow suction and blowing on the boundary, portions of the boundary are al-
lowed to change dynamically from inflow to outflow, or vice versa. Different numbers of boundary
conditions have to be imposed depending on whether a boundary portion is an inflow or an out-
flow boundary. Specifically, for subsonic suction only one physical boundary condition is required
while three physical boundary conditions are needed for subsonic blowing. Our choice of bound-
ary conditions as well as their implementation in the context of our high-order finite-difference
based code is discussed below. Our implementation of the boundary conditions borrows heavily
from Sesterhenh.
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Since the number of control variables in our problem is large, we apply a gradient based algo-
rithm for the computation of an optimal control. The gradient of the objective function with respect
to the control is computed using the adjoint equation approach. The general framework underlying
our approach in this paper is the same as that used in our previou$ $amk it is similar to
many adjoint equation based optimization procedures used for optimization of unsteady problems,
although it carefully addresses some subtle but important issues that are sometimes overlooked in
other works. In our prior workon the optimal boundary control of unsteady, two-dimensional
viscous compressible flows, we used the discretize-then-optimize approach for gradient computa-
tion. In this approach the state equation and objective function are first discretized and the adjoint
calculus is applied to the discrete problem, possibly aided by automatic differentiation. While
this method generates exact gradient information for the discretized problem, it does so without
providing direct physical and mathematical insight into the adjoint partial differential equations
(PDEs), especially their boundary conditions, associated with the continuous problem. The latter
are important to assess the well-posedness of the optimal control problem and the quality of the
computed discretized control as an approximation to the true optimal control. Accurate state dis-
cretizations are not sufficient to ensure an accurate discretization of the optimal control problem.
For the latter it is also necessary to adequately resolve the adjoint partial differential equations.
Gradient computations using the optimize-then-discretize approach, in which one first determines
the adjoint partial differential equations and their boundary conditions and then discretizes these, in
combination with the aforementioned discretize-then-optimize approach can provide some insight
into the issues of well-posedness and approximation quality. We present comparisons of gradient
information computed using our optimize-then-discretize approach with finite difference gradient
information, which corresponds to discretize-then-optimize approach.

In order to test our approach, three optimal control problems are solved and discussed in this
paper. The first test problem shows that the computed optimal controls can produce well-resolved
planar acoustic waves of very small amplitude to minimize the observed sound amplitudes by
means of wave-cancellation. In the second test problem, the optimal control targets the no-
penetration solid wall boundary condition which amplifies the noise amplitude by reflecting the
incident waves back into the observation region. The computed optimal control lets the incident
acoustic waves pass through the wall, mimicking a non-reflecting boundary condition. The third
and last test problem compares the non-reflecting behavior of the optimal transpiration control
against two widely used nonreflecting farfield boundary conditions.
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Problem Formulation
State equations

The vectoru = (p, vy, 5, T)7 denotes the primitive variables andu) = (p, pv1, pva, pE)"
denotes the conserved variables. Here; andT" are the density, the velocity componentin
direction, and the temperature, respectively. The pregsaral total energy per unit magsare
given by

T T
P L VTV, (1)

Tk BECELCE
whereM is the reference Mach numberjs the velocity vector, and is the ratio of specific heats.
The convective flux in the; direction is

p:

PU;

Fi(u) — pdi1 + purv; )

Plig + pU2v;
(p+ pE)v;

whered;; is the Kronecker symbol.

The spatial domain occupied by the fluidisc I??, the portion of the solid boundary on which
control is exercised i§., and(ty, ;) is the time period of interest. By = (ny,ny)” we denote
the unit outward normal to the bounddryof 2. In our model problem8& = {x € R? : z, > 0},
l.={xeR?: 25=0, a <z <b}andn = (0,—1)7. The Euler equations can be written in
conservative form as

q(u); + > F'(u),, =0 in (Lo, t7) x Q, (3a)

with boundary conditions
B(u,Vu,g)=0 on(tg, ty) x T, (3b)
and initial conditions
u(ty, x) = up(x) in Q. (3¢)
The functiong in the boundary conditions (3b) is the transpiration boundary coptrel v'n

which is to be determined on the controlled boundaryPositiveg denotes suction while negative
g corresponds to injecting fluid into the domdmMm The precise form of the boundary conditions
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(3b) will be specified in the following section.

Wall boundary conditions

Transpiration boundary contrgl takes place in the near field region where nonlinearities,
unsteadiness, and spatial gradients are often significant. Not surprisingly, implementation of a
boundary treatment that can accommodate this control mechanism is not an easy task. Moreover,
the hyperbolic nature of the Euler equations (and its discretization) often leads to the propagation
of nonphysical error waves associated with inappropriately imposed and/or implemented bound-
ary conditions. This can ultimately contaminate the solution everywhere in the domain. This
difficulty is particularly acute for high-order central difference discretizations when mated with
explicit time-advancement schemes since the discrete dispersion relation permits highly oscilla-
tory numerical error waves that can propagate faster than the physical waves of the system often
leading to restrictive time-step constraints.

The implementation of slip-wall boundary conditions (zero normal velocity) for aeroacoustic
computations has received attention, most notably the ghost cell method of Tam arfdabdng
Kurbatski and Tani. But, implementation of transpiration type boundary conditions for inviscid
compressible flows has received relatively less attention. We view the transpiration boundary con-
dition as an inflow/outflow boundary condition where the number of physical boundary conditions
is dictated by the characteristic speeds associated with the unit outward noriflaése speeds
arev’n (with a multiplicity corresponding to the space dimension) aha + ¢ wherev andc
are the local velocity and sound-speed, respectively. When one of these characteristic speeds is
negative, the associated characteristic quantity propagates from outside the boundary towards the
interior of the domain and a physical boundary condition must be imposed. On the other hand,
a positive speed indicates flow of information from the inner domain towards the boundary ne-
cessitating the imposition of a numerical boundary condition. Therefore, one physical and three
numerical boundary conditions must be imposed for subsonic suction and three physical and one
numerical boundary conditions are needed for subsonic blowing. Hence, for an impermeable wall
or suction,v’n > 0, and the physical boundary condition

vin—g=0 4)
must be satisfied. However, when fluid is injected into the domain, not only must the wall normal
velocity be specified, but, as suggested by the characteristic speeds normal to the boundary, two
other flow quantities must be imposed. The appropriate selection of the additional flow quantities
that should be constrained can impact both the implementation as well as the accuracy of the final
method. Based on extensive experimentation, we have selected entropy and vorticity as the addi-
tional flow quantities that are specified in our transpiration boundary condition. This was motivated
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by the well-known fact that entropy and vorticity information propagates along the incoming char-
acteristics and, as shown below, we were able to implement these boundary conditions within our
high-order finite difference discretization in such a way that high-accuracy and numerical stability
were retained. In summary, fo' n < 0 the boundary conditions

T/ (1)
vin =g, ln( ) = So,  OpyU1 — Oz, V2 = Wy (5)
p
are imposed. In this study, we require the injected fluid to be isentropic and irrotational by setting
wo = So = 0. Injection of rotational fluid will be explored in future work.
We may combine (4) and (5) into

vin—g
B(u, Vu.g) = | (n(*5—) = ) minfg,01* | =0.
(amvl — arva — a)o> min{g, 0}2

Although we have used these boundary conditions successfully in several optimal control appli-
cations, mathematical well-posedness of the compressible Euler equations with these boundary
conditions has not been established and success of these boundary conditions may be dependent
on their implementation, which is discussed below.

Optimal control problem

In this paper, we solve
min J(g) (6)

gegad

where the objective function is defined as

J(g) = obs _'_Jreg( ) (7a)
Jobs(9) = / / ao(p — pa)*dx dt (7b)
Jreg(g) = 2 7 2 2 Vg)? Ag)?)dl' d 7
regl9) = 3 Oélgt + ang” + a3(Vg)” + as(Ag) t. (7c)
tO c

In (7) ay, ..., ay are positive weighting parameters. The first term is the square of the acoustic
amplitude integrated over the observation regigg, and time horizort,, t;| wherep, is the
ambient or the steady mean—flow pressure distribution. The fegty) is a regularization term

that enforces certain smoothness requirements on the controls. See Ref. 6 and Ref. 2 for more
details. The seg,, of admissible controls enforces the conditigrig, x) = Vg(t,x) = 0 for

t € (to,ty) andx € 0I'. as well asy(ty, x) = 0, x € I'.. The first two conditions ensure that the
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control goes smoothly to zero at the endpoints of the controlled boundary, &€,.aT he third
condition enforces compatibility between the initial velocity field and boundary data.

Adjoint equations

We use a gradient—based optimization procedure to solve the optimal control problem. The gra-
dient is computed with the adjoint method. This approach is widely used and the Refs. 2, 3,7-13
represent a small sample of the work on adjoint methods for the optimization of unsteady flows
and Refs. 14-18 are few of the many papers discussing adjoint equations for the optimization of
steady Euler equations, mostly in the context of optimal design. However, our work here differs in
two aspects from the cited literature. First the governing flow equations, especially the boundary
conditions are different. Therefore our adjoint PDEs, in particular, our adjoint boundary conditions
are different. Secondly, to gain more insight into the mathematical formulation of our problem, we
use the optimize-then-discretize approach. This means that we derive the adjoint equations on the
PDE level and then discretize our adjoint PDESs to obtain gradient information for the optimization
algorithms. The gradient information obtained from this procedure is different than the one ob-
tained by applying the adjoint equation procedure to the discretized version of the optimal control
problem (3), (6). While the two outlined procedures do result in different gradient information, one
expects or at least hopes that the error between the gradients computed by both approaches goes
to zero if the discretization is refined. Of course, for this to happen the optimal control problem
and the adjoint PDEs must be formulated properly and the discretization of the optimal control
problem as well as of the adjoint PDEs must be suitable for the optimal control context. For our
problem and even much simpler optimal problems these are non-trivial issues. Using the optimize-
then-discretize approach and the gradient checks, reported on in the section ‘Numerical Results,
indicate that our approach is sensible.

In this paper we focus on the aspects of the adjoint equation method that are different in our
case from the approaches in the literature. The adjoint equations including boundary conditions are
summarized below. Details on their derivation as well as the computation of the objective function
gradient may be found in the appendix. Our discretization of the optimal control problem as well
as the adjoint equations is discussed in the next section.

The adjoint variables\ = (1, A\, A3, \4)T to the flow equations (3a) satisfy the differential
equation

M7+ Y AN, =, (8)

whereM = q,(u) andA’ = F/ (u). The source tern in (8) is obtained by differentiating the
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right hand side in (7b) with respect to the primitive variables and is given by

T
— Dy 0

r= aop p 0 XQObs’ (9)
p

whereyq,,. is the indicator function, i.exq,,.(x) = 1 for x € Qs andyq,,.(x) = 0 otherwise.
The final time condition for the adjoint variables is given by

)\(tf,X) =0. (10)

In the appendix, the adjoint boundary conditions are written in a compact form in terms of the
adjoint characteristic variables. In the following, however, the adjoint boundary conditions are
stated in terms of the adjoint variablasfor sake of completeness. We also define the adjoint
momentum ag: = (A2, \3)”. For suction § = vI'n > 0) we obtain the three boundary conditions

T
g (M v+ %M) = 0, (11a)
p'n + le = 0, (11b)

/y J—
g (,u,Ts +vTs )\4) = 0. (11c)

The solid surface is a special case of suction with 0 and it can be seen from (11) that only one
boundary condition
pw'n=0 (12)

is required. For blowing( = v'n < 0), we obtain two boundary conditions

g (uTs +v's /\4) = 0, (13a)
M? T

R L ()\1 T HA4) ~ 0. (13b)
v—1 T 2

Looking at the characteristics of the adjoint equation (8), one would expect only one boundary
condition in the casg = vin < 0. A full analysis of these adjoint boundary conditions is

in progress. However, it should be noted that the derived boundary conditions for suction and
blowing are compatible ag— 0.
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Implementation

In this section, we focus on the discretization scheme and the implementation of the transpira-
tion boundary condition for the state equations.

Discretization

Numerical simulation of aeroacoustic phenomena demands high numerical accuracy (i.e. low
dissipation and dispersion) to accurately resolve convective flow-features over a wide range of
space/time scales and amplitudes. To meet this need, most prior approaches have utilized high-
order accurate finite difference methods such as compact scieamelsthe dispersion relation
preserving method®. Our study focuses on the application of optimal control to aeroacous-
tic problems and for this purpose, we have initially chosen to use the sixth-order central finite-
difference method with explicit high-wavenumber damping and simple boundary treatments. This
combination posses excellent dispersion relation preserving properties (see e.q., Ref. 21) while its
simplicity allows us to explore the issues involved in applying optimal control theory to aeroacous-
tic flows while avoiding complications that may arise due to more complex discretizations.

With this background, our Euler flow solver is based on a conservative extension of the explicit
finite-difference method described in Ref. 21. The Euler equations are formulated in a generalized
coordinate system where the physical domain is mapped to a computational space; a unit square
divided into an equally spaced grid system. This transformation allows clustering of grid points
in regions of high gradients, simplifies the implementation of the boundary conditions, and al-
lows the code to be used for moderately complex geometries. While the code supports optimized
finite-differences with up to seven point stencils, for this study spatial derivatives are approximated
using standard sixth-order accurate central differences in the interior with third-order biased and
one-sided differences used at boundaries that are designed to enhance stability when used with
explicit time advancement methotfsTo suppress the growth of high-wavenumber error modes, a
fourth-order artificial dissipation term is added to the right hand side of the discretized equations.
This dissipation term is computed using fourth-order accurate finite-differences and the dissipa-
tion parameter is chosen to damp out the error modes while avoiding excessive dissipation in the
resolved scales as established through numerical experimentation. Spongé téamsused in
the vicinity of the farfield boundary with a one—dimensional Riemann invariant treatment at the
farfield boundary?

Implementation of boundary conditions

As discussed earlier, the state boundary conditions (4) and (5) do not provide enough informa-
tion to populatea on the boundary. For subsonic suction the physical boundary condition (4) has
to be augmented by three numerical boundary conditions and for subsonic blowing one numerical
boundary condition is needed in addition to the three physical boundary conditions (5). Analogous
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considerations apply to the adjoint PDE. However, since the adjoint PDEs are solved backward
in time, characteristics that are outgoing for the state equation are incoming for the adjoint equa-
tions and vice versa. The following describes our implementation of state and adjoint boundary
conditions.

Implementation of wall transpiration boundary conditions

Most wall boundary-condition treatments in the literature focus on solid walls and the numeri-
cal implementation of the no-penetration boundary condition. In the course of our study, we tried
to modify several existing boundary-condition treatments to accommodate wall-normal suction
and blowing. First, we tried the common treatment of solving the continuity equation for density
on the boundary, imposing the normal velocity actuation, and extrapolation of the remaining state
variables from the inner domain. This treatment produces considerable numerical noise that cor-
rupts the dilatation and vorticity fields and severely reduces the allowable time-step for a stable
solution. Next, we tried the one-dimensional characteristic-based approaches of Théfrigson,
Poinsot and Lelé® and Giles2’ We could not successfully modify any of these methods to actuate
a time and space varying suction and blowing control without eventual blow-up of the simulation.

We eventually arrived at an implementation with acceptable accuracy and stability properties
that is based on the approach originally formulated by J. Sesteridrmexpresses the inviscid
part of the equations as a decomposition into several plane waves aligned with the numerical grid
in an attempt to merge finite differencing with schemes based on compatibility equations such as
Moretti's A\-scheme? In this approach, transport equations are written for pressure, normal and
tangential velocities in terms of the ‘pseudo’ acoustic wave amplitudes. These ‘pseudo’ waves
may not have any physical significance in two or three dimensional flows but in one dimension
coincide with the temporal change of acoustic wave amplitudes closely related with the Riemann
invariants of homentropic flows. Also, the introduction of these pseudo—waves allows a more direct
and natural implementation of wall boundary conditions as opposed to the locally one-dimensional
inviscid approximation of Poinsot and Lei&We use Sesterhenn’s decomposition only on the wall
boundary to implement the transpiration boundary conditions (4) and (5). In the following, body
coordinates — n are used, wherea denotes the outward normal direction to the boundary and
s = (s1,52)T = (—ng,ny)T is the unit tangential vector. We define the following ‘pseudo—waves’
in the tangential and normal directions:

X = (st + c) <iﬁsp + 8SVTS) , (14a)
pc

X = (an + c) <i(9np + 6ann) , (14b)
pC

wherec denotes the speed of sound. Transport equations for the velocity components and pressure
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can be recast in terms of these pseudo-waves as

ovin= —1(Xf-X;)—v'sOsv'n— (VTS)2 /R, (15a)
ovis= —3(XF—X;)—vnd,v's+v'svin/R, (15b)
op= —-5(XF+X;+XI+X)+pc*vin/R, (15c)

whereR denotes the radius of curvature. At boundary poiits,are determined from the bound-

ary data available at the current time. However, indtdirection, the Mach numbév,, = vi'n/c
determines where th¥,, pseudo—waves originate. For example, when the flow is locally subsonic,
X, enters the domain from outside whil leaves the domain, as seen in Fig. 1. Waves which
enter the domain are specified so that the imposed physical boundary conditions are satisfied. As
mentioned earlier, one physical boundary conditiohin = ¢, must be imposed on the boundary

for subsonic suction. The unknown pseudo—wayeis determined from (15a),

X, =X +2(0g9+v'sdsg+ (v's)*/R). (16)

The time derivative of pressure can now be computed by substituting fofrom (16) in (15c).
The energy equation can be written in terms of entropy as

S +vIs 0,5 +vin 0,5 =0, a7

whered,, S is computed from the interior domain using a one-sided finite-difference stencil allow-
ing us to compute the time derivative of entropy from (17). Similarly},if”s is computed by

a one-sided finite-difference stencil, the time derivative 6§ can also be computed from (15b).
Now, we haved,v’s, 9,vI'n, 9,p, andd,S at our disposal and can easily compute the temporal
derivative of any other flow quantity. For instance, to comggijte one can use the Gibbs equation

dh =TdS + dp (18)
P
in conjunction with the equation of state (1) to write the density time derivative in terms of entropy
and pressure.
For subsonic blowing, however, three physical boundary conditions must be impdsee;
—g, S = 0andw = 0 whereS andw denote entropy and vorticity, respectively. Again, the
unknown pseudo-wave is determined from (16) and the pressure time derivative is subsequently
computed from (15c¢). The time derivative of density is found by enforcing zero rate of change in
entropy in (18)
0 = 0w (19)
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\orticity w is given by

VTS

w=—0vin+ o,v’'s — " (20)
whered,vin = d,g is a known quantity. The boundary condition= 0 is enforced ‘weakly’ by
substitutingd, v’'s = 9,vIn + vI's/R in the right hand side of (15b).

Implementation of adjoint boundary conditions

Our treatment of the adjoint boundary conditions differs from that of the state boundary condi-
tions described above. Although we could have applied a boundary treatment similar to that used
for the state, our adjoint boundary condition implementation is instead based on simple extrapola-
tion of appropriate adjoint characteristic quantities similar to that described for the Euler equations
in Ref. 29. This simple implementation has been sufficient for all of the adjoint computations pre-
sented here. We point out, that the optimize-then-discretize framework allows us to use different
implementations in the state and adjoint discretizations and we have made use of that flexibility
here.

There exist nonsingular matricBs L and a diagonal matriA with entriesv’n, v'n, v/ n+c,

vIn — ¢ such that
S A" =L TAPT

(for details see the appendix). Because the adjoint equations are solved backward in time, a neg-
ative eigenvaluer’n, vI'n =+ c indicates flow of information from the inner domain towards the
boundary. In order to populate the adjoint vector on the boundary, numerical boundary conditions
are needed to complement the derived adjoint boundary conditions. In this work, we simply extrap-
olate the components & = (U, U, U5, ¥,)” = P7 X that correspond to negative propagation
speeds in the direction normal to the boundary.

For subsonic suction, a third order extrapolationdaf from the inner domain provides the
numerical boundary condition that complements the adjoint boundary conditions (11) (or their
equivalent expression (33)—(35) in terms of the characteristic adjoint variables).

For subsonic blowing, we extrapolate and¥, while ¥,, U5 are determined from the adjoint
boundary conditions (13), more precisely their equivalent expression (35), (39) in terms of the
characteristic adjoint variables derived in the appendix.

Farfield sponge treatment for the state and adjoint equations

We use sponges at the farfield boundaries to prevent outgoing acoustic and numerical waves
from being reflected in the domain. A sponge is applied by adding a source term of the form
—0(x)(q—q) to the Euler equations in the sponge region. The functian is a strictly increasing
function which is only nonzero in the sponge and varies from zero at the inner edge to a large value
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at the outer edge. The state solution is forced to approach the prescribed irettie sponge
region. The adjoint of the sponge can be easily seen to be of thefforyivi” A which is added to
the right hand side of (8). This sponge term forces the adjoint varialdeeffectively vanish in
the sponge region.

Numerical Results
In our model problem& = {x € R? : 2, >0}, T.={x€R?: ,=0, a <z <b}and
n=(0,—-1)T.

Testcase 1

In this section we present optimal control results for the test problem depicted in Fig. 2. In
the following, the source peridfi, and the wave length are used for nondimensionalization. A
time harmonic line source is located at a distafte- 5 from a solid wall. The computational
domain isQ2 = [—3.5,3.5] x [0, 7] with periodic boundary conditions in the horizontal direction
and a sponge-type non-reflecting far-field boundary condition applied at the top boundary. The
control objective is (7) with observation regiéh,, = [—2,2] x [1/2,3/2] (the rectangular box
shown in each of the contour plots of Figs. 3, 5(b)) and time interval is fgom 30 to t; = 50.

As the pressure fluctuations are usually very small, the weighi the control objective (7) is
chosen to be large relative to the other weights. Weagse= 10%, oy = 1073, ap, = 1077,

as = ay = 1073, The selection of weights is an important engineering design question. When
solving optimal control problems for specific applications, a more systematic way to determine
their influence on the controlled flow is desirable. However, for the test cases presented here, we
have selected the weights based on our experience in Ref. 2 as well as experimentation in the
context of the present test problems.

Wall-normal transpiration constitutes the boundary control, defined[ev&B] x [t,, ¢;]. The
time interval is comprised af00 uniform time-steps of sizé\t = 0.025 and the spatial mesh
(141 x 141) has uniform spacing oAz; = Az, = 0.05. As the line source is harmonic and
the effect of nonlinearities away from the source region is negligible, the flow field exhibits a
limit-cycle behavior with periodl,, ast — oo. The initial timet, is chosen large enough for
this limit—cycle pattern to be effectively established in the domain. Figure 3(a) shows contours
of pressure fluctuations about the ambient presgurep,, for the uncontrolled flow within one
period of oscillation.

The analytical solution for the infinite dimensional no-control problem can be easily found by
superimposing an image line sourcexat= —H. The second component of velocity,, and
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pressurep, can be written as

vy = 4w, sin (2mzy) cos(2m(H — t + i)), (21a)
p = A4pmcos (2mzy) cos(2m(H —t)). (21b)

In (21), the velocity and pressure amplitude of the harmonic line source are denotgedanyg
pm, respectively. Equation (21a) satisfies the inviscid wall boundary conditian at 0 at all
times and further examination of (21b) shows thattfer H/c+ (2n+1)/4,n =0,1,2,3, ..., the
pressure fluctuation vanishes everywhere in the domain. This behavior is seen in the second and
fourth plots of Fig. 3(a).

For this test case the value of the objective function (7) at the initial itggate0 (no control)
is J(go) = Jons(go) = 1.2 x 1073, After 15 nonlinear conjugate gradient iteratidritte computed
controlg,; reduces the observation term in the objective functioht(g;5) = 6.6 x 10~* which
is aboutd5% of its initial value. Because of our choice of weights we obtain that/,.,(g15) ~
10719 15 (g15), i-€., the value/(g;5) of the objective function (7) can be equated with(g:5).
The same is also true for the other test cases. The acoustic pressure contours for the controlled
run are shown in Fig. 3(b). In order to analyze the behavior of the computed control, the time
history of the control at;; = 0,+1/4 is plotted in Fig. 4. Figure 4(a) depicts the time history
of control atx; = 0. It can be seen that the control has no difficulty in picking up the source
frequency and the control oscillates with an approximately constant amplitude for most of the time
window (y,t). Close to the final time, the control loses the harmonic behavior and becomes
approximately constant. Figure 4(b) shows the time history of control at three locations on the
wall, x; = 0,+1/4, separated by a quarter wave length. This plot demonstrates that the control at
these three locations are exactly in phase. Further checks reveal that the control indeed is constant
across the control region and is only a function of time. Because the lower edge of the observation
region is located at a distan¢¢2 above the wall, it takes abouf2 time units for the effect of the
boundary actuation to be felt in the observation region — explaining the behavior of the control
near the final time shown in Fig. 5(a). Fram= 49.5 onward, the control cannot affect the
observation term and, hence, it tries to minimize the contribution of the regularization term. The
contribution of the spatial derivatives, andg,,., to (7) is zero and the contribution of the time
regularization term|¢;||3 is approximatelyin® ~ 39.5 times larger than the regularization term
|9||% for a simple harmonic oscillation. Therefore, the main focus of the optimal control in the time
period(39.5,ty) is to initially reduceg,, which is clearly achieved by creating a plateau near the
final timet;. To understand the effect of the computed control, one can subtract the uncontrolled
pressure field from the optimal control pressure field as shown in Fig. 5(b). As the amplitude
of flow quantities are small, the nonlinear terms in the governing equations are negligible and
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the contour plot of Fig. 5(b) isolates the effect of boundary actuation. It is clearly seen that the
boundary control creates a nearly planar wave to counter the wave system of (21) in the observation
region. A perfect cancellation is not possible because the wave produced by the control cannot
cancel the wave system of (21) at all times. The optimal control targets instants of time at which
the observation region has high amplitude waves (the first and third snapshots of Fig. 3(a) and tries
to reduce these waves by producing the wave shown in Fig. 5(b). The control slightly disturbs the
approximately silent instants observed in the second and fourth plots of Fig. 3(b).

Test case 2

In this test case, we control the scattered and refracted wave pattern arising from the interaction
of a monopole sound source with an inviscid vortex. Again, all flow quantities are nondimension-
alized with source period, and acoustic wavelength. The monopole sound source, modeled
as a source term in the energy equation, is locatéd, &) and interacts with an inviscid vort&x
of circulation27 /5 (counter-clockwise) and radiug2 located at0, 3.5). The computational do-
main, control objective, and the spatial and temporal discretizations are identical to that of test
case 1. Sponge-type nonreflecting far-field boundary conditions are now used on the left, right and
top boundaries. The distance between the vortex and the solid wall is large enough to comfort-
ably ignore the effect of the image vortex in the optimization time interval. Hence, the vortex is
considered to be stationary and the mean flow pressure distribution to be steady. The time interval
is comprised o600 uniform time-steps of sizé&\t = 0.025 from timet¢, = 30 to timet; = 45.

Again, the initial time is larger than the time required for the limit-cycle pattern to be effectively
established in the domain.

After 20 optimization iterations the control objective is reduced frégm(go) = 0.49 to
Jobs(g20) = 0.34. The acoustic pressure contours for the no control and optimal control simu-
lations are shown in Fig. 6(a)-(b) respectively. In the no control simulation, the scattered wave
behind the vortex is mostly observed in the right half of the observation region, which is due to
the counter-clockwise circulation of the vortex, and the left half is relatively silent. The solid wall
intensifies the incident waves and forces the waves to move horizontally.

However, focusing on the observation region of the optimal control run reveals that the main
difference between the two runs is the slanted contours of the optimal control simulation. In or-
der to understand the control mechanism, another simulation is performed where the solid wall
is replaced with a nonreflecting boundary condition based on Riemann extrapolation. Figure 6(c)
shows four snapshots of the acoustic pressure field at the same instants in time using the Reimann
boundary treatment. The pressure contours in the observation region for this run are very simi-
lar to that of the optimal control run, both slanting at an angle to the horizon unlike the almost
flat contours of the uncontrolled run. This suggests that the optimal control attempts to mimic
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an absorbing boundary. The computed optimal control makes the wall nearly transparent to the
incident waves, thereby preventing them from reflecting and intensifying the sound measured in
the observation region.

In the no-control run, the refracted/reflected wave pattern seen in the middle of the observa-
tion region is approximately horizontal. But, the wave system produced by the boundary actua-
tion (Fig. 7(b)) and the wave pattern observed in the center of the optimal control plots (Fig. 6)
slant in opposite directions. The production of the slanted wave of Fig. 7(b) by the boundary
actuation is further validated by Fig. 7(a) where the time history of control at three positions,
r1 = —0.25,0,0.25, separated by a quarter acoustic wavelength, is plotted. The phase difference
in control actuation at these three locations allows for the production of waves with slanted fronts.
It is interesting to note that the control amplitude is smaller,at= —0.25 than the other two
locations. This shows that the optimal control avoids disturbing the relatively silent left half of the
observation region while attenuating the noisy right half of this region.

Test case 3

In test case 2, we argued that the computed transpiration boundary actuation effectively ren-
dered the controlled surface transparent to incident waves. Test case 3 allows us to quantify how
closely a transpiration wall is capable of mimicking a nonreflecting boundary condition. The com-
putational domain i$2 = [—12,12] x [0, 14] with periodic boundary conditions enforced in the
horizontal direction and a sponge nonreflecting boundary treatment in the vicinity of the top bound-
ary. The control objective is identical in form to that of the previous test cases and is defined over
Qops = [—5,5] x [5,9] and time horizorj2, 9] comprised of 175 uniform time-stepst = 0.04.

The spatial mestR41 x 141) has uniform spacing\z; = Az, = 0.1 in both directions and tran-
spiration control is allowed over the entire bottom boundary. The initial condition is a Gaussian
acoustic pulse of amplitude= 10~3 with standard deviation = (.25, centered at mean height

x5 = 8 above the wall,

U1 207
U 2
e
(22)
P — DPa = — PaCaV2,
. D= Da
p a CZ .

In (22), the subscriptd’” denotes the ambient condition assumed to be a uniform quiescent flow
wherep, = T, = 1 and¢, = 2. The acoustic pulse propagates at the ambient speed of sound
¢, = 2 towards the wall and af,, the beginning of the optimization horizon, it is located at
x9 = 4. For the no control simulation, the pulse reflects off the solid wall, passes thfaugh
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and reaches, = 10 at the final timef;. We usery = 105, oy = 1073, ap = 1074, a3 = oy =

1073, Optimization starts at the no-control configuration witty) = Jops(g0) = 9.19 x 1071,

IV J(g90)|l¢ = 3430 and is terminated after 133 nonlinear conjugate gradient iterafipr(g:33) =

3.98 x 1075, |[VJ(g133)|l¢ = 2.59. The norm,||g||g, which is specified in Ref 2, is related to

S Jo g*+ g2 +|Vg[*+|Ag|?dTdt, and is not the Euclidean norm. Four snapshots of the acoustic
pressure contours of the no control and optimally controlled flow are shown in Fig 8. We note that
while the uncontrolled flow is one-dimensional, the controlled flow is two-dimensional due to the
finite sized control region on the bottom wall.

Fig. 8(a) shows that the observation region is quiet except for the time interval that the reflection
off the solid wall passes through it. Therefore, the optimal control actuation cannot decrease the
objective function unless it eliminates the reflection from the wall and makes the controlled wall
transparent to the incident acoustic pulse. This behavior is evident in Figure 8(b) where the control
actuation has allowed the central portion of the acoustic pulse betwéen| to pass through the
wall without noticeable reflection.

In order to access the performance of the optimal control transpiration BC in producing an
essentially nonreflecting boundary condition, we remove the lower wall and enforce the well
known nonreflecting treatments: 1) Riemann extrapolation and 2) sponge. Then, we compute
Jobs = 3 ftzf fgobs ao(p — pa)?dx dt, oy = 105, for each case to estimate the amount of reflections
produced by each boundary treatment. For the optimal transpiration boundary control we find
Jobs & 4 x 107°, Riemann extrapolation boundary conditions gikg, ~ 6.4 x 1075, and sponge
boundary conditions lead th,,; ~ 1. x 10-%. We note that the Riemann condition performs some-
what worse than the sponge since Riemann treatments are well known to reflect the non-smooth,
numerical error waves. The amount of reflections in the observation region for the controlled wall
is less than the Riemann treatment while it is considerably higher than the sponge treatment. As
the transpiration and Riemann boundary condition implementations are both based on the flow
characteristics, the Riemann BC is a reasonable reference against which the performance of the
transpiration BC can be measured. The fact that the optimal control boundary performs slight bet-
ter that the Reimann BC is likely due to the numerical error associated with extrapolation in the
Reimann BC. Figure 9 compares the amplitudes of the reflected waves by plotting the time history
of pressure fluctuations in the center of the observation region. The maximum sound amplitude for
the optimal control simulation is slightly less than half of the peak reflection amplitude due to the
Riemann treatment, while the peak reflection amplitude of the sponge treatment is about an order
of magnitude smaller than the other two.
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Gradient accuracy

As we have mentioned earlier, we use the optimize-then-discretize approach to compute gra-
dient information, i.e., we first derive adjoint equations and the objective function gradient on the
PDE level and then discretize the resulting expressions. We denote the regdit/by));, to
indicate that discretization is performed after differentiation. The resulting derivative approxima-
tion differs from gradien¥ (.J,(¢)) obtained by first discretizing the optimal control problem and
then computing the gradient of the resulting finite dimensional objective fungtign. If adjoint
computations are performed correctly and if discretizations of state equation, objective function
and adjoint equations are chosen properly, one would expect¥h&ly)), — V(Jx(g)) — 0 as
the discretization level is refined. Moreover, the rate with whi¢V .J(g)), — V(Jn(g)) goes to
zero should be related to the approximation properties of the underlying discretization schemes.
That, in fact, the convergend®’.J(g)), — V(Jn(9)) — 0 ash — 0 is obtained is not at all
straightforward. Even for optimal control problems far less complex than the one considered here,
Refs. 31, 32 offer some sobering results.

The results in this section provide evidence that in our treattéritg)), — V(J,(g)) — 0 as
the discretization levél is refined. Since we do not have access to the gradient of the discretized
objective function/,(¢), we choose an arbitrary unit directiop in the space of admissible con-
trols and comparé(V.J(g))n, dg)g With a finite difference approximation ofV(.J.(g)),dg)g-

Here (g1, g2)¢ is a weighted Euclidian norm corresponding|te ||g, which is specified in de-

tail in Ref. 2. To select a suitable finite difference step sjage evaluate the discretized objective
function at+e 6g and+2¢ g and compare the second order approximaltig + € 0g) — J,(g —

e 0g)]/(2¢) with a fourth order finite difference approximation. The finite difference stepesize

is varied until these two approximations agree to a relative error of lesslthan(for test case

(3)). For example, for test case (3) using4d x 141 grid andg = 0, the computed second order
approximation to(V(J,(g)), dg)g is —535.1712 and the computed fourth order approximation is
—535.1714. The corresponding directional derivative computed using the optimize-then-discretize
approach ig(VJ(g))n, 0g)g = —535.1872.

Figure 10 shows the results of grid convergence studies using grids ranging in sizetfrom
141 to 961 x 561. For our computations, the solution at the finest discretizad®inx 561 is
assumed to be the reference solution and is denoted by subscript ‘. In Fig. 10, three relative
error measures have been plotted against the number of mesh/§gjntghereN,,, is the number
of grid points inz; direction and the number of grid points in the direction is(7/12)(V,, —

1) + 1, chosen to give the same grid spacing in both directions. In Fig/ t@notes the value of

the objective function (7a)DA refers to the approximate directional derivativ® J(g))x, 0g)g
obtained by discretizing the adjoint equations (optimize-then-discretize), and ‘DFD’ denote the
fourth order finite difference approximation to the directional derivatwéJ,(g)), dg)g obtained
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by differentiating the discretized objective function.

Both axes of Fig. 10 have a logarithmic scale and the slope of each line measures the order of
convergence as discretization is further refined. The observed rate of convergence for the objec-
tive function J is approximatelys.5, while the relative errors between the directional derivative
approximations converge with an observed rate of approximate§ince we use a finite differ-
ence scheme that is sixth order accurate in the interior and third order accurate near the boundary,
since we apply a fourth order time stepping scheme, and since we employ sponge and Riemann
extrapolation at the far field, it is difficult to conjecture what theoretical convergence rates should
be obtained. However, our observed convergence rates for the various quantities are sensible. In
particular, the comparison between the derivative informati®/(g)), dg)g obtained from our
optimize-then-discretize approach and the finite difference approximation to the directional deriva-
tive (V(J,(g)), 0g)¢ of the discretize-then-optimize approach support our procedure.

Conclusions

This work focuses on several important issues encountered in the optimal boundary control of
aeroacoustic flows governed by high-order central finite difference discretizations of the unsteady
Euler equations. These issues include: proper resolution of fluctuating flow quantities, nonreflect-
ing farfield boundary treatments, and solid wall modeling. The importance of these issues is well
known for computational aeroacoustics but they are also critically important when optimal control
is applied to aeroacoustic flows. In addition, optimal transpiration boundary control of aeroacous-
tics also requires the formulation and implementation of accurate nearfield boundary conditions on
the controlled segment of the boundary. It is argued, based on the characteristic wave propagation
speeds normal to the controlled boundary, that subsonic suction requires one physical boundary
condition while blowing requires three physical boundary conditions. Our implementation of the
transpiration boundary condition is based on a decomposition of the inviscid fluxes into several
planar pseudo-waves aligned with the boundary tangent and boundary normal direction using a
technique originally introduced by Sesterhérifhe transpiration boundary condition is applied to
three optimal control test problems. A continuous adjoint gradient-based method is used to solve
the optimization problems and the adjoint equation, its end time condition, and boundary condi-
tions are stated and discussed. Despite the difference in the number of derived adjoint boundary
conditions for suction, blowing, and solid walls; the adjoint boundary conditions are compatible
as the control tends to zero. The first test problem demonstrates that the transpiration control
actuation is capable of producing well-resolved acoustic waves that reduce the observed sound
amplitude by means of wave-cancellation. In the second test problem, the transpiration boundary
condition mimics a nonreflecting boundary condition on the controlled surface in order to elimi-
nate the intensifying effect of reflections off the solid wall. The final test problem demonstrates that

CoLLIS, GHAYOUR, & HEINKENSCHLOSS 200F 39



optimal transpiration control is capable of creating a non-reflecting surface that rivals the widely
used Riemann non-reflecting farfield treatment. The success of this approach has enabled us to in-
vestigate the feasibility of optimal transpiration control for reducing the impulsive noise associated
with the Blade Vortex Interaction (BVI) phenomenon in Ref. 33.

Appendix A: Adjoint Equations and Gradient of the Objective Function
Derivation of the adjoint equations

We associate adjoint variables

A , A

Ao Al A\

A= XN = XN, A= :
3 0

with the Euler equation (3a), its boundary conditions (3b) and initial conditions (3c), respectively.
The Lagrangian corresponding to (3a)—(3c) and (7) is

L(u, g, A\, A% A = / /AT +ZFZ dxdt

(23)
+/ /()\b)TB(u, Vu,g)dxdt+/()\0)T(u— ug)dx.
to I I
The derivativeD .J(g) of the objective function (7) applied g is given by
DJ(9)g' =DyL(u, g, A, X, A%)g’
ly
= / / (oqgtg,i +azgg +azVgVyg' + oz4AgAg’> dxdt (24)
to c

ty
+ / /()\b)TBg(u, Vu, g)¢'dxdt,
to I

whereX, A’ A\’ are the solution of the adjoint equatioPg L (u, g, A, \>, \°)u’ = 0 for all v/, i.e.

[ s [ o (omo Soan.)
+/tof/r()‘b>T (B“u/+ZB‘*%“@i> + /Q W)"A°=0 wu'.

In (25) r is defined by (9). Integration by parts in (25) and varying over all functigrisads to

(25)
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the equations

M+ Y AT = (to, t7) x (26a)

A=0 {t;} x Q, (26b)

A? — (M7 A) |y, =0 {to} x Q, (26¢)

> nmBL A"=0 (to,ts) x T, (26d)
J

STnATAT+BIN -0, sBL A =0 (to,t;) x T, (26€)
{ J

where, as befores = (s1,s2)7 = (—ng,n1)? is the unit tangential vector. For additional details
on the derivation of (26a)—(26e) see Ref 3.

Equation (26a) gives the adjoint partial differential equation (PDENo{26b) specifies the
final time condition for the adjoint PDE and (26d), (26e) determine the boundary conditiaks for
The equations (26d) and (26e) also determine the relation between the adjoint vaXiahkba®.
Recall that\’ is needed for the computation of the derivative (24) of the objective functional. In
fact, since

(A")"By(u, Vu,g) = =], (27)

A% and )\ are not needed. In the following we derive the adjoint boundary conditions teter-

mined by (26d) and (26€) as well as the relation betweand)} specified by the same equations.
Equations (11)—(13) state the adjoint boundary conditions in terms of the adjoint var\ables

For the derivation of these conditions and for their implementation it is convenient to introduce

the characteristic adjoint variablds, which will be defined below. B]M = 0q/0u we denote

the Jacobian of the conservative variables with respect to the primitive variables. We recall that

A’ = JF"/0u. HenceA® = 0F'/dq M. It is well known (see, e.g§16.5.2 in Ref. 29) that

> n (ai) = PAP !,
, dq

)

whereA is a diagonal matrix with diagonal entrie$n, vi'n, vin + ¢, vin — ¢, and

1 0 o o
p_ vy P o (v1 +cnq) (v —cmy) (28)
Vg —pny 2 (v2 + cny) 2 (v2 — cny)

"TT" p(ving —veny) £(H 4+ cvin) £(H —cvin)
Herec = +/vp/p denotes the speed of sound aHd= %VTV + ¢?/(v — 1) is the stagnation
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enthalpy. With

I

L 0o o0 =2

ER VT
p—pm—| ) Y (29)
5oomom
we obtain
. OF N\ "
> AT =M > n (a—q) = MY PAP T =L TAPT. (30)
This identity together with the definition
¥ =P (31)

of the characteristic adjoint variables will be used to rewrite (26e). Refs. 15, 34-36 have also
used adjoint characteristic variables in the formulation and implementation of adjoint boundary
conditions.

Adjoint wall boundary conditions

Because the number of imposed boundary conditions and the imposed quantities themselves
depend on the sign of the normal velocity control, we discuss suction and blowing boundary con-
ditions separately.

Suction ¢'n = g > 0)
The suction boundary condition operator and its derivatives are given by

U1 + Naty — g 0 ny ny O
B(u,Vu,g) = 0 ; Bu=10 0 0 0], By, =0.
0 0O 0 0 0

Using (30) and (31) the equations (26e) are given by

a=1 < < T

v 0 W p viny, 0

0 Ny N1 —My viny, N ny )\l{ _o (32)
0 —n; ng —ne (vIn + c¢)is M

= 0 5 % (vIn — ¢)iy 0

Multiplying the first equation in (32) by and subtracting from the resdilt times the fourth

equation leads to
(vin)y, = 0. (33)
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The fourth equation of (32) and (33) give the second adjoint boundary condition
(vIn+e)ps + (vin —e)py = 0. (34)

If we multiply the second and third components of (32)kyand —n, respectively, and add the
results, we obtain

(vIn)y, = 0. (35)

Equations (33)—(35) are the adjoint boundary conditions (11) stated earlier.
If we multiply the second component of (32) hy and the third component by, and add the
results, we obtain

M= —c)y — (vin+ c)is. (36)
The adjoint variable\} is the only component ak” needed for the computation of the objective
function derivative (see (24), (27)).
Solid surface{’n = g = 0)
On a uncontrolled solid surface equations (33) and (35) are identically satisfied and only (34)
needs to be imposed.
Blowing v'n = g < 0)

In the casev’n = ¢ < 0, the boundary condition operator and its derivatives are given by

nvr + Navy — g
B(u,Vu, g) = (S —So)g” ;
(axzvl - axva)QQ

and
0 ny no 0 0 0 0 0
_ | =4 g* _
Bu=|(5-0 0 75|, Bu,={0 0 0 0],
0 0 0 0 0 d259° —01;9° 0

whered,; denotes the Kronecker symbol. Equation (26d) implies

A; = 0. (37)
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Equations (37), (30), and (31) can be used to write equation (26e) as

—9” )b
=1 5 < =< viniy, p 2
v w oo )
0 ny ng —my viny, A 0 (38)
0 —ny ng —ng (vIn + )iy na b
- c c T
G FAL VA

Notice that the second and third components in (38) are identical to the second and third compo-
nents in (32). Hence we obtain (35) and (36).
Another boundary condition fak is obtained from (38). We can eliminaté from the first
and fourth components of (38) by multiplying these components &yd (v — 1)7" respectively,
and adding the results to obtain

(vin 4 e)ps + (vin —e)py = 0. (39)

In summary, there are two boundary conditions that need to be imposgéd wamely, (39) and

(35). These boundary conditions are equivalentto (13). As in the previous case, the adjoint variable
A\’ needed for the computation of the objective function derivative (see (24), (27)) is obtained
from (36). It is interesting to note that the vorticity boundary condition of the state only leads to
the condition (37). Because it involves only derivatives of the primitive variables, this boundary
condition does not enter (38). A consequence of this is the appearance of the additional boundary
condition (35).

Gradient computation

Given )8, the gradient of the objective function can now be computed from (24). Details may
be found in Ref. 2.
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List of Figure Captions

Figure 1: Pseudo-waves at a subsonic boundary point.
Figure 2: A schematic diagram of test case 1

Figure 3: Contours of p — p, at four equally spaced instants spanning one period of oscilla-
tion 7,,. (6 equally spaced contour levels betweeft7.0 x 10°)

Figure 4: Time history of control, g.
a): x=0.
b): = =0,+1/4.

Figure 5: Effect of control for case 1.
a): Control g near the final time ¢
B): Doptimal — Pnocontrol At time ¢ = 40.5. (20 evenly spaced contours betweef3.5 x 107°)

Figure 6: Contours of p — p, at four equally spaced instants spanning one period of motion
T,. (6 contour levels betweent1.75 x 107%)

Figure 7: Effect of control for case 2.
a): Time history of control g at x; = 0,+1/4
D): Poptimal — Procontrol @t time 40.75 (20 contours betweent9.0 x 107°)

Figure 8: Contours of p—p, atinstantst = 2, 4, 8, 9 for no control (left) and optimal control
(right). (41 contour levels betweerB.12 x 1076 and 4.74 x 10~%)

Figure 9: Time history of pressure fluctuations at(0, 7) for case 3.

Figure 10: Mesh refinement study for test case 3.
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(a) No control (b) Optimal control
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