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ABSTRACT

Motivation: Computing the similarity between two ordered
trees has applications in RNA secondary structure compar-
ison, genetics and chemical structure analysis. Alignment of
tree is one of the proposed measures. Similar to pair-wise
seguence comparison, there is often disagreement about how
to weight matches, mismatches, indels and gaps when we
compare two trees. For sequence comparison, the paramet-
ric sequence alignment tools have been developed. The users
are allowed to see explicitly and completely the effect of para-
meter choices on the optimal sequence alignments. A similar
tool for aligning two ordered trees is required in practice.
Results: We develop a parametric tool for aligning two ordered
trees that allow users to see the effect of parameter choices
on the optimal alignment of trees. Our contributions include:
(1) develop a parametric tool for aligning two ordered trees;
(2) design an efficient algorithm for aligning two ordered trees
with gap penalties that runs in O(nzdegz) time, where n is the
number of nodes in the trees and deg is the degree of the trees;
and (3) reduce the space of the algorithm from O(n%deg) to
O(nlogn - deg?).

Availability: The software is available at http://www.cs.cityu.
edu.hk/"lwang/software/ParaTree

Contact: lwang@cs.cityu.edu.hk

1 INTRODUCTION

Computing the similarity between two ordered trees has
applications in RNA secondary structure comparison, genet-
ics and chemica structure analysis (Le et al., 1989ab;
Shapiro, 1988; Shapiro and Zhang, 1990; Shih, 1991;
Takahashi et al., 1987). An RNA secondary structure can
be decomposed into components of five types: stem (S);
hairpin (H), bulge (B), interior loop (I), and multi-branch
loop (M). The secondary structure can be represented as
an ordered tree in which each node is labeled by a let-
ter S, H, B, I or M and the left to right order among
siblings is significant (Jiang et al., 1995). Comparison of
RNA secondary structure trees has applicationsinidentifying

*To whom correspondence should be addressed.

conserved structural motifsin an RNA folding process (Le et
al., 1989a,b) and constructing taxonomy trees (Shapiro and
Zhang, 1990).

Many measures have been proposed for the similarity of
two trees, e.g. tree edit distance, constrained edit distance and
alignment of trees(Zhang and Shasha, 1989; Jiang et al ., 1995;
Zhang, 1996). Other related measures can be found in (Jiang
et al., 2002; Ma et al., 2002; Wang et al., 1999). Alignment
of treesis a straightforward extension of sequence alignment
that was proved to be different from tree edit distance (Jiang
et al., 1995).

Now, we give the definition for alignment of trees. Insert-
ing a node u into T means that for some node v (could be
aleaf) in T, we make u the parent of the consecutive sub-
sequence of the children of v (if any) and then v the parent
of u. We aso alow to directly add/insert a node as a child
of aleaf in the tree. Given two trees 71 and 7>, an align-
ment of the two trees can be obtained by first inserting nodes
labeled with spaces into 71 and T» such that the two result-
ing trees 7] and T, have the same structure (i.e. they are
identical if labels are ignored) and then overlaying 7, and
T,. A score is defined for each pair of labels. The value of
an aignment is the total score of all the opposing labels in
the alignment. The problem here isto find an alignment with
the optimal value. Herein this paper, we use similarity meas-
ure and thus we look for an alignment with the maximum
value.

Similar to pair-wise sequence comparison, there is often
disagreement about how to weight matches, mismatches,
indels and gaps when comparing two trees. The study of
setting parameters for sequence alignment started long time
ago. For example, Kruskal and Sankoff investigated the
setting of weights for gaps, substitutions and other opera-
tions for RNA sequences (Kruskal and Sankoff, 1983, pp.
290-293). Parametric alignment attempts to avoid the prob-
lem of choosing fixed parameter settings by computing the
optimal alignment as a function of variable parameters for
weights and penalties. The goal is to partition the parameter
space into regions such that in each region one alignment is
optimal. For sequence comparison, the parametric sequence
alignment tools have been developed (Gusfield et al., 1994,
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Gusfield and Stelling, 1996; Vingron and Waterman, 1994;
Waterman et al., 1992; Zimmer and Lengauer, 1997). It
allows the users to see explicitly and completely the effect
of parameter choices on the optimal sequence alignments.
We developed a parametric tool for aligning two trees. Our
contributionsinclude: (1) develop aparametric tool for align-
ing two ordered trees that allows the users to see explicitly
the effect of parameter choices on the optimal alignment;
(2) design an efficient algorithm for aligning two ordered
trees with gap penalties that runs in O(n2deg?) time and
(3) reduce the space of the algorithm from O(n?deg) to
O(nlogn - deg?).

2 ALGORITHMS FOR PARAMETRIC
ALIGNMENT OF TREES

The goal hereisto partition the parameter space into regions
such that in each region one alignment is optimal. Thus para-
metric alignment alows one to see explicitly the effect of
parameter choices on the optimal alignment. For comparison
of trees, there is no standard character-specific scoring mat-
rix. Thus, we often assume that all the matches have a unique
score and all mismatches have another score.

2.1 Parametric alignment of treeswithout
gap penalties

For any alignment A of two ordered trees, let mr 4, ms 4, id 4
denote the number of matches, mismatches and indels con-
tained in A, respectively. Thevalue of Ais

vala,B,y) =a xmta— B xmsa—y xida, (1)

wherew, 8 and y are parametersthat can be modified to adjust
the relative contributions of matches, mismatches and indels.
Oncethethree parameters have fixed val ues, then the problem
is to find an alignment of the ordered trees maximizing the
objective function: o x mr4 — B x ms4 — y x id 4. Without
loss of generality, we will fix one of the three parameters
and vary the other two. In our program, g and y are variable
parameters and « is fixed.
In (Gusfield et al., 1994), it was shown that

LEMMA 1. For sequence alignment, the parameter space
is decomposed into convex polygons such that any alignment
that is optimal for some 8, y point intheinterior of a polygon
P isoptimal for all pointsin P and nowhere else.

Sincethe proof of Lemmalisonly related to equality (1), the
lemma also holds for alignment of two ordered trees. For the
same reason, from Gusfield et al. (1994), we also know that
the number of convex polygonsis bounded by O(n%/3), where
n denotes the number of nodesin the tree of smaller size.

(4B) (c0) (e.0) ()

Fig. 1. Anexampleof an alignment of two ordered trees containing
one gap. A represents a space.

2.2 Parametric alignment of treeswith
gap penalties

Thesetting of the gap penalty isanimportant i ssuein sequence
comparison. By including aterm in the objective function that
reflectsthe gapsin thealignment, one can have someinfluence
on the distribution of spacesin an alignment. Similarly, gap
penaltiesof treealignment should be considered, too. A gapin
treealignment isaninsertion of asubtreethat can beviewed as
aseries of nodeinsertionsforming the subtree. Aslong asthe
inserted node has a parent that is also inserted, gap penalties
will not be charged to the node. Figure 1 gives an example
which contains one gap.

For any alignment A of two ordered trees, let gp4
denote the number of gaps contained in A. The vaue of
Ais

vala, B,y) = axmtg—Bxmssg—y xida—5xgpa, (2

where § denotes gap penalty. Similar to sequence alignment,
we select o and B as fixed parameters and treat y and § as
variable parameters. In our software, « can be set to 1 and
the user is allowed to set different values of 8. From Gusfield
et al. (1994), we know that the parameter space is decom-
posed into convex polygons such that any alignment that is
optimal for some y,é point in the interior of a polygon P
is optimal for all pointsin P and nowhere else. Again, the
reason isthat the argumentsin Gusfield et al. (1994) are only
related to (2). Moreover, for the same reason, Gusfield et al.
(1994) implies that when gap penalties are considered for
aignment of trees, the number of convex polygonsisbounded
by O(n - m), where n and m denote the sizes of the two
trees.

2.3 Thealgorithm for computing a polygonal
decomposition

Gusfield and Stelling (1996) gave an efficient algorithm for
computing a polygonal decomposition. Since the algorithm
is only related to equalities (1) and (2), we can directly use
the algorithms for alignment of trees. The time complex-
ity of the agorithm is O(R - P), where R is the number
of polygons, P is the time required for optimally aligning
two trees. For the case without gap penalties, Jiang et al.
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(1995) gave an algorithm for aligning trees. Their algorithm
requires that the score scheme satisfies triangle inequality. A
slight modification of the algorithm works for arbitrary score
scheme. The running time is still O(|Ty| - |T2| - (deg(T1) +
deg(7»))?), where |T| represents the size of tree 7 and
deg(T) represents the degree of 7. The algorithm can be
viewed as a degeneration of Algorithm 1 given in the next
section.

3 THE ALGORITHM FOR ALIGNMENT OF
TREES WITH GAP PENALTIES

We present an algorithm for computing the alignment value
between two ordered treeswith gaps. Let 6 be the empty tree,
and A aspace. Let g be the score of gap penalties, and id the
scoreof indel. u(a, b) denotesthe scoreof the opposing | etters
a and b. The nodesin an ordered tree of size n are numbered
from 1 to n according to the postorder, where the left siblings
areordered beforetheright siblings. Given an ordered |abeled
tree T, the subtree of T rooted at node i is T'[i]. Again, the
number of nodesin atree T isdenoted as |T'|.

Consider two trees Ty and 7> to compare. The label of
node i in tree Ty isl1[i] and the label of node j in tree T
isl>2[j]. The parent of nodei in T is denoted as P1(i) and
the parent of node j in 7% is denoted as P»(j). Suppose that
the degrees of node i and node j are m; and n;, respect-
ively. Denote the children of i asiy,...,i,, and children of
J 8 j1,...,jn;- Leti beanodeintree T and iy, iz, ..., i;
be al the left siblings of i;,1 in T. The total number of
nodesin all those substrees T'[i1], T'[i2], . . ., T[i;]isdenoted
as p(T'[ij4+1]).

For any s,t,1 < s < t < my;, let Fi[is,i,] repres
ent the forest consisting of subtrees T1[is], ..., Tu[i,]. For
convenience, Fi[i1,inm,] iS @lso denoted as Fi[i]. Note that
Fili] # Fi[i,i]. We use u and v to indicate the numbers
between 1and n;.

Let A(T1[i], T2[j]) be the subtree in an optimal alignment
corresponding to the alignment of subtrees T1[i] and T»[;].
Three cases arise: (1) the parent of theroot of A(T1[i], T2[j])
is(I1[P1(i)], o[ P2(j)]): wedenotethe cost of A(T1[i], T2[j])
asD(T1[i], T2[j1); (2) the parent of theroot of A(T1[i], T2[j])
is (I1[P1(i)],1): we denote the cost of A(Ty[i], T»[j]) as
E1(T1[i], T>[j1); (3) the parent of the root of A(T1[i], T>[j])
is (A, I2[P2(7)]): we denote the cost of A(T1[i], T2[j]) as
Ex(Tli], T2l D).

Similarly, D(Filis,i;], F2[ju, ju]) denotes the cost of
an optimal alignment corresponding to the two forests
Filis,i;1 and Fo[jy, j»1 with parent labeled with (I1[i1, o[ j1).
E1(F1lis, i/, F2[ju, ju1) denotesthe cost of an optimal align-
ment corresponding to thetwo forests F1[is, i,] and Fa[ j,, ju]
with parent labeled with (11[i],1). E2(Filis,is1, Falju, jul)
denotesthe cost of an optimal alignment corresponding to the
two forests F1[iy, i;] and F>[j,, j,] with parent labeled with

A 20 D.

The following lemmas give the recurrence equations.

LEMMA 2.
D(T1[i], T2[j D

w(lalil, l2[j]) + D(F1lil, F2[j])

—g —INlill x id — g — |T2[jll x id

—g — |Tli]| x id
+ MaX1<r<m A E1(Talir], T2LjD) + | T1lir ]| x id)}

—g — |T2lj1| x id + maxXi<,<u, { E2(T1li], T2Ljr ]
+IT2lj 1l x id)}

—g — |Th[i]| x id — g —id
+ MaXi<,<m, 1<t<r{E2(F1lir, i1, F2[j1)
+(p(T1lir]) — p(Talit)) + | T1lir 1) x id}

—g—|T2ljll x id — g —id
+MaXa<,<n; 1<i<r { E1(F1li], F2lji, jr])
+(p(T2lj: D) — p(T2lji]) + | T2l 1) x id}.

max

LEMMA 3.
E1(T[i], T2[ D)

wlalil, 2ljD + D(F1lil, F2li])
=Tl x id — g — |T2[j]l x id
—|T1[i]| x id
+ MaX1<r <m, {E1(T1lir ], T2[j]) + |T1lir ]| x id}
—g —|T2lj]l x id
+maxa<, <n, {E2(T1li], T2Ljr D + | T2l 1| x id}
—|Tuli]| x id — g — id
+ MaX1<r<m,; 1<t<r{E2[F1li1, ir], F2lj])
+(p(Nliy]) — p(T1litD) + | T1lir 1) x id}
—g — |T2ljll x id — g —id
+ maxlfrfnj,l§l<r{E1(Fl[i]v FZ[jla ]r])
+(p(T2ljr D) — p(T2LiD + |T20j-11) x id}.

= max

LEMMA 4.
Ex(T1[i], T2[j])

walil, l2[j]) + D(Filil, F2[j])
—g — |T1lill x id — |T2[j]] x id
—g — |Nli]| x id
+ maxa<, <m {E1(T1lir], T2Lj 1) + |Talir 1] x id}
—|T2ljll x id
+ MaX1<r<n; {E2(T1li], T2Ljr D) + | T2Lji ]l % id}
—g — |Th[i]| x id — g — id
+ MaX1<r<m, 1<i<r{ E2[F1li1, i ], F2lj])
+(p(Nli;]) — p(Talit]) + | Talir 1) x id}
—|T2[jll x id — g —id
+ MaX1<,<n;,1<i<r {E1(F1li], F2lji, jr])
+(p(T2ljr D) — p(T2LiiD) + |T2L)11) x id}.

= Mmax
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LEMMA 5.
D(Filis,ir], F2lju,s juD

—g — |T1lif]| x id + D(F1lis,i;—1), Fal jus jul)
—g — |20 jv]l x id + D(Filis,i;], Folju, jo-1])
D(Fulis,i;—1l, Falju,s ju—1]) + D(T1li;], To[ ju D)

=maX | —g — id + MaXg<i< {D(F1lis,ix—1], F2lju, ju-1])
+E2(Fulik, ir], F2lju]}
—g —id + maXy<k<o{D(F1lis,i;-1], F2[ju,s jx—1])
+E1(Fl[it]1 FZ[jki ]U])}
LEMMA 6.

El(Fl[isw it]: FZ[jua Jv])

_|T1[it]| x id + El(Fl[iSu it—l]y FZ[jua ]v])

—g — | T2Lju]l x id + Ev(F1lis, i1, Falju, juo—1D)
E1(Falis,ii—1], F2lju, jo-1]) + E1(T1lic], T2l ju])

=maX § —g — id + MaXg<k < {E1(F1lis, ik—1], F2lju, jo-1])
+E>(F1lik, ir], Folju]D}
—id + maxu§k<v{El(Fl[is- it—l]: FZ[juy jk—l])
LEMMA 7.

Ex(Falis,ir), F2ljus Ju))

—g — |Tuli/]l x id + E2(Filis,i;—1], Falju, ju])

—|T2lju]l x id + E2(F1lis,i;], F2lju, ju-1])

Ea(Filis,ir-1], Falju, jv—11) + E2(Talic], T2[ju])

—id + maX; <k < {E2(F1lis,ik—1], F2lju, ju-1])
+E2(Filig, i), F2lju])}

—g —id + MaXy <k <o{E2(F1lis,ir-1], F2lju, jk—1])
+E1(F1lic], Foljk, juD}-

The lemmas used to set initia values are listed in
Appendix A. The proof of Lemmas 2 and 5 are listed in
Appendix A. The proofs of other lemmas are similar.

Thestructure of thealgorithmissimilar tothat in Jiang et al.
(1995). For completeness, we give the outline here.

For each pair of subtrees Ty[i] and T»[j], we have to
compute E1(Filil, Falju, jv]) and E2(Filil, F2lju, ju]) for
dll < u < v < nj, and Ei(Filis,i], F2[j]) and
Ex(Filis, i), F2[j]) fordl 1 <s <t < m;.

For each fixed s and u, whereeither s = 1oru = 1,1 <
s <m;and1 < u < nj, procedure procl, proc2 and proc3
compute {El(Fl[is:ip]:FZ[thvjq])|s =p=mju =9 =
niy (E2(Filis,ipl, F2ljus jgDIs < p < mj,u < q < nj}
and D(Fi[i], F2[j]), respectively.
proclisgivenin Figure 2.

The structures of proc2 and proc3 are identical to that of
procl except the formulas. See Figures 3 and 4.

= max

Similar to the algorithm in Jiang et al. (1995), we give
Algorithm 1 in Figure 5.

The time complexity of the above algorithm is O(| Ty || T3] -
(deg(T1) + deg(7>))?) that is the same as that in Jiang et al.
(1995) for aignment of trees without gap penalties. The
analysisisaso similar and is omitted here.

3.1 Space complexity

Now, let us consider the space complexity of Algorithm 1. It
is easy to see that we only have to estimate the total number
of Ev(Filis, i1, F2[ju, ju1)S Note that in the computational
process, either iy or j, isthefirst child of its parent. There-
fore, thetotal number of E1(F1[iy,i;], F2lju, ju])SWehaveto
compute is at most

1] T2 1| T2
DD i ny+ mfonpy =Y mi-nj- (i +n))
i=1j=1 i=1j=1
|| |T5|
<O (deg(T1) +deg(T2)) - Y Y “m; - n;
i=1j=1

|11 T2
=0 ((deg(Tl) +deg(T) - Y mi- Yy n j)

i=1 j=1
= O(|T1| - |T2| - (deg(Ty1) + deg(T2))). (3

Thereforethe space complexity of Algorithm 1isO(| 71| | T2|-
(deg(T1) + deg(72))).

4 REDUCING THE SPACE

In practice, the spacerequired for Algorithm 1 isabottleneck.
In this section, we propose a method to modify Algorithm 1
so that the space required is just O(deg(T1) - log(|Ty|) - | T2 -
(deg(T1) + deg(73))). To our knowledge, this is the first
algorithm for comparison of trees that has a non-trivial low
space complexity.

The basic idea is straightforward. In order to compute the
value of an optimal aignment, some computed values are
no longer useful after they were used. We simply release the
spaces that are no longer useful.

Herewe carefully give amorerestricted order for the nodes
in T1. Consider anode v in 7y. Let vy, v, . . ., v, bethechil-
dren of v in Ty. |T,,| be the number of nodes in the subtree
T,,. The computational order of the children of v isbased on
the decreasing of |Ty, [, |Ty,l, .- .. |Ty, |, i.e., the v; with the
biggest |7;,| is handled first. Then nodesin 77 are ordered in
the postorder based on the computational order among sib-
lings. Let u and v be siblingsin T;. If u is ordered before v
then al nodesin Ty[u] are ordered before any node in Ty[v].
Figure 6 gives an example of the new order.

By using such a new order, the straightforward idea, i.e.
rel ease the space whenever it is no longer useful, will give an
algorithm with much less space. The modified algorithm is
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Input: Fl[is:imi} and FQ[J‘u:jnJ}'

1. E(F [7:5,7:571},FQ[,7U,_7‘117|D =0
2. for p:= s to m,

id;
3. for ¢:= u to n;

td — g;
4. for p:= stom,

for ¢:= u to n;

Procl

Output{ By (F[is, ip), Falju. Jo])|s < p < myu < g <mny}.

Ei(Filis ip, Folgu, ju—1]) == Fa(Filis. tp—1]. Falju. ju—1]) — [Taltp]]

Fi(Filissis—1)s Faldus 3ql) = Fi(Filts;gs-1]; Faldus Jg1]) — | T2liqll x

Compute Fy(Filis, iy, Fa[ju: 3¢]) as in Lemma 6.

Fig. 2. Procl.
Proc2
Tnput: Fifig, im,] and Foldi, jin, -
Output{ Fo(F[is. ip]. Folu. 9|8 < p <myu < g < ny}.
Lo B(Filis, ds—1): Folju: fu—1]) — 0
2. for pi— s tom,
Fa( Rt dpl, Folju: ju—11) o= Ba(Filie by Folju, Ju—1 ) — [Th[8]] x
id — g
3. for g==wuton;
Fa(Filis. ds—1]; Falju, dql) := Fa(Filis.ds—1], Falgus do—1 1) — [T2l5]| %
id;
4. for p:= s tom;
for ¢:— u to n;
Compute Fo(F[ig. 2], Folju. 74)) as in Lemma 7.
Fig. 3. Proc2.
Proc3
Tnput: F[i] and Fy[4].
OutputD(F[i], Fa[]).
1. D(Fi[ir.dol. Falgi. jo] = O;
2. for p:=1to m;
D(Fi[a1, 45, g1, go]) = D(F1[ir,tp1], Folgi, dol) — [T [ip]| x 4d — g
3. for g=1 ton,
D(F\liy g Folgi. 3¢ ) == D(Fi[ir.d0l. Folgr, dg—11) — [ Tolg]] x id — g¢;
4. for p:=1tom;
for ¢:=1 to n;
Compute D(F\[i1,4,]. F5[j1.4q]) as in Lemma 5.
Fig. 4. Proc3.

called Algorithm 2 which is amost identical to Algorithm 1
except that (1) the order that variable i usesin Step 4 is the
new order; and (2) after Step 5, the space that are no longer
useful is released. When procl and proc2 are called, we till
use the old order, i.e. the order among siblings are from left
toright. (When procl and proc2 are called, al the necessary
information related to all the children of node: in Ty or node j
in T> has been computed. Thus, we can still use the old order
that is required by the lemmas in Section 3.)

Now, we give the analysis of the space complexity of
Algorithm 2. Consider node i in Ti. Let i1,i2,..., iy
be the children of i in T;. To compute the values
of D(T1li], T2[j]), E1(T1li], T2[j]) and E(T1[i], T2[j]) on
nodei in Ty, according to Lemmas 2—4, we need to know the
valuesof D(F1[i], F2[j1), E1(T1lir], T2[j1), E2(Tali], T2Lj, D),
Eo(Filiy,ir], F2lj1) E1(Fulil, Folji, jr]). Ideally, we just
keep the values on all the m; children of i. However, when
computing the values on the parent of i, we need the values
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[

Input: Two ordered trees T and Ts.

OutputAn optimal alignment of the two trees.
1.
2.

Algorithm 1

D(0.0) :— 0; E1(6,0) :— 0; Ex(6,0) :— 0;
for i:= 1 to |TY]
Tnitialize D(Ty[i], ),
Fo(T[1].0), and Fy(F\[i],0).
for i:— 1 to |Ty|
Initialize D(@TQM) D(@FQM) EI(HTQP.D El(é) FQ[7D EQ(@TQM)
and EQ(@, F‘QM)
for i:— 1 to |TY]
for j:— 1 to |Ty|

for s:— 1 to m;

D(FE.0)  Fi(T[L0),  Fi(F[i],0)

Call procl on Fi[ig, iy,,] and F|j):
Call proc2 on F[is, iy,] and F[j);
for u:= 1 to n;
Call procl on Fi[i] and Fy[ju; jn,l;
Call proc2 on Fi[i] and Fy[fu, jn,];
Call proc3 on Fi[i] and Fsj]
compute Fy(Ti[i], To[f]) as in Lemma 3.
compute Eo(Ti[i), To[f]) as in Lemma 4.

compute D(Ti[i], Ts]]) as in Lemma 2.

Fig. 5. Algorithm 1.

Fig. 6. Anexample of the new order.

on the siblings of i that have not been computed. Thus, after
obtaining the values on node i, we have to compute the val-
ues on the siblings of i before i’s parent can be handled. The
computation of values on i’s sibling, say, u, must start from
the bottom of 77 since we have not computed any value on
any nodein Ty[u]. Therefore, in general, we have to store the
values on all the dark nodes as shown in Figure 7 before we
can compute the information about .

Herewe have apath (call it crucial path) from node: to the
bottom of 77, and the set of dark nodes contains the children
of the nodes on the crucial path. For each dark nodes k, we
have to store the values of D(Ty[k], T2[j1), E1(Tilk], T2[j]),
Ea(T1lk], T2lj]), D(Filk], F2ljs, i), Ea(Falk], Faljs, jiDs
and Eo(Filk], F2lJs, ji1)- For each grey node k in the cru-
cia path, we have to store the values of D (F1[ky, k], F2[j]),
E1(Filkg, ki1, F2[j1) and Ea(Filks, ki1, F2[j]) for any pair
of children k; and k; of node k and any j in T>.

i=j1

Fig. 7. The nodes required to be stored in order to compute the
information of nodei in Ty.

Note that k is a grey node, not a dark node. For any
dark node v, D(F1[vs,v/], F2[j]), E1(Filvs,v], F2[j]) and
E>(F1[vs, vi], F2[j]), where vy and v; are children of v, are
no longer useful and thus not kept any more. Let 1 be anode
in the crucia path and v adark sibling of «. The values on v
were computed before node u is handled. By the definition of
the new order,

[Ta[ull < |Ta[v]]. 4

Based on (4), it is easy to prove that

LEMMA 8. In Algorithm 2, the number of grey nodesin the
crucial path isat most log|Ty]|.
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Therefore, we have:

THEOREM 9. Algorithm 2 needs at most O(deg(Ty) -
log(|T1]) - |T2| - (deg(T1) + deg(T>)) space.

PROOF. Itisenoughtoconsider thenumber of E1(F1[is, ],
F>[ju, ju])s we have to store. Recall that either i or
Ju is the leftmost child of its parent. The number of
E1(F1lis,i;), F2lju, jv])s that i is the leftmost child of its
parent is at most

|T5]
(deg(T1)-log|T1|- Y " n% < (deg(T1)-10g(|T1))- | T2|-deg(T2).
j=1

Thenumber of Eq(F1lis, i1, F2[ju, jo])Sthat j, istheleftmost
child of its parent is at most

k k
Y mb - |To| < deg(Th) - T2l - Y m,
=1 =1
< |T>| - deg(T1)? - log | Tx], (5)
where j1, jo,..., jrx are the nodes on the crucia path in

Figure 7. Note that, (5) is not tight since we only have
to keep E1(Filis, i), Folju, jv])S, where j, is the leftmost
child of its parent, for the lowest grey node in the crucial
path at any time in the computation. Thus, the total number
of E1(Filis,ir], F2lju, ju)s is O(deg(T1) - log(|T1]) - |T2| -
(deg(T1) + deg(T2)).

The space used in Algorithm 2 is much less than that in
Algorithm 1. Let X be the space required in Algorithm 1
and Y the space required in Algorithm 2. From (4), |T1| >
dj|Talj2ll = dj, - dj,|Taljsll = Tf_,d;,, where d, is the
number of dark children of node j;. Thus,

{ > Hf:ldjz
—_— k .
Y Zl:l djl

5 IMPLEMENTATION

ParaTree is a Java Applet compiled with JDK 1.1.4. Internet
Explorer6.0 or Netscape?.0 should be used to browse it.

Therearetwo versions depending on whether gap penalty is
considered. (1) No gap penalty: in this case, the default value
for match is set to be 1. The user has to provide ranges for
mismatch and indel as well as the two ordered trees. (2) Gap
penalty: the default values for match and indel are set to be
1 and 0.5, respectively. Users can reset the values for match
and indel. The ranges of mismatch and gap penalty must be
provided, too.

Weimplement the algorithm for aligning two ordered trees
with gap penalty described in Section 3. We also use the
technique described in Section 4 to reduce the space. Here
space complexity iscrucia sincedifferent versionsof Internet

Explorer and Netscape have different limitations of space
and some old computers do not have enough memory. The
algorithm for aligning two ordered trees without gap penalty
is just a degenerated case. Again, we use the technique in
Section 4 to reduce the space.

After starting ParaTree, windowswill pop up to direct users
to input trees and set parameters.

ParaTree generates a graphical output of the fina poly-
gonal decomposition. If you click on a point in the polygonal
decomposition, ParaTree can compute and output an optimal
alignment based on the setting of this point. Note that the
technique in Section 4 for reducing space does not keep all
the information required for backtracking to build an optimal
alignment. Thus, we do backtracking one step at a time to
compute an optimal alignment for fixed parameters. There-
fore, the running time required for producing aignments is
O(IT1|? - |T2| - (deg(T1) + deg(T2))?).

6 CONCLUSIONS

We have developed aparametric tool for aligning two ordered
trees. The most difficult part is to reduce the space com-
plexity. We designed an algorithm that dramatically reduces
the space required so that the software can be run on an
ordinary PC. The algorithm with reduced space can only
compute the optimal value of an optima alignment. It can-
not give the alignment. To give an optima alignment with
low space complexity, we use a haive algorithm that requires
O(|T1|? - |T2| - (deg(T1) + deg(T2))?) time. A challenging
problem is to design an algorithm to keep both low space
complexity and time complexity.
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APPENDIX A
We can use the following lemmas to set initial values.

LEmMA 10.

D(0,0) =0; D(Filil,0) = Z D(Tlik],6);
k=1
D(T1[i],0) = E1(F1li],0) — g —id;

D, F2lj) =) _ DO, T2l ji]);
k=1

D0, T2[j]) = E200, F2[j]) — g — id.
LEMMA 11.

E1(0,0) =0; Eai(Filil,0) = Z Eq(T1lix], 0);
k=1
E1(T1[i],0) = E1(F1[i],0) — id,;

E1(6, Falj]) = ) E1(6, T2Ljk));
k=1

E1(0,T2[j]) = E2(0, F2[j]) —id — g.

(A.2)

LEMMA 12.

E2(0,0) =0, Ea(Fu[il,0) = ) Ea(Tulix],0);
k=1
Ep(T1li1,0) = Ex(Filil,0) — id — g;
E2(60, Falj]) = ) E2(0, ToLjx));
k=1

E2(0,T2[j]) = E2(0, F2[j]) —id.

(A2)

APPENDIX B

PROOF OF LEMMA 2. Consider an optimal alignment (tree) .4
of Ty[i] and T»[j]. Theroot of A must be labeled with either
(I4[i1,12[j D), (11[i], A) or (A, I2[j]) since the aignment must
keep the parent and children relationships.

Case 1. The label is (I1[i],12[j]). In this case, Fi[i]
and F>[j] are digned. Therefore D(Ti[i], T2[j]) =
1(1lil, l2[j1) + D(Falil, Fal j)).

Case 2: The labdl is (11[i],A). In this case, T»[j] must be
aligned with a subforest of T»[i]. Supposed that the subforest
is of size k, which means that this subforest has k subtrees.
There are three subcases:

Case 2.1: k = 0. T»[j] is aligned with a empty tree, then
T1[i] must be aligned with an empty tree too.

D(Nlil, T2[j]) = —g — |Talill x id — g — |T2lj]| x id
Case2.2: k = 1. T,[j] isaigned with a subtree of Ty[i]

D(T1li], T2[j) = —g — |Tali]] x id
+lg)§>r<n {E1(Tali)], T2lj D)

+ | Talir]l x id)}

Case2.3: k > 2. T»[j] isaligned with two or more subtrees
of Ty[i]. T2[j] must be aligned with a space. Then asubforest
of T1[i] is aligned with the whole subforest Fo[j].

D(T1[i], T2[j]) = —g — ITalil| x id — g —id

+ max {Eo(Falig,ir], F2lj])

1<r<m; 1<l<r

+ (p(T1liy]) — p(Tali]) + ITali 1) x id}

Case 3: Thelabel is (A,l2[j]). Similar to Case 2.

PROOFOFLEMMA 5. Consider anoptimal alignment (forest)
A of Filig,i,] and Fa[jy, j»]. Again, the root of the right-
most tree in A is labeled with either (I1[i;],l2[j, 1), (1li;], 1)
or (A,I2[j,]) since the alignment must keep the parent and
children relationships as well as the left to right order among
siblings.
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Case 1. The labe is (11[i;],12[j,]). In this case,
the rightmost tree must be an optimal alignment of
Tli;] and Tz[jy]. Therefore D(Filis,it], Folju, ju]) =
D(Filis,it—1l, F2lju, ju—1D) +D(T1[it], T2l ju D-

Case 2: The labdl is (I1[i;],A). In this case, there exists a
k,0 < k < (v—u+ 1), such that Fi[i;] is aligned with a
subforest of Fo[j,—r+1, ju], then there are three subcases.

Case 21: k = 0, i.e. Foljy—rt+1l = 6. There
fore, D(Filis, i1, Folju, jol) = D(Filis,i;—1l, F2lju, ju]) +
D(T1[i;],0).

Case2.2: k = 1,i.e. Fo[jy—i+1] = To[j,]. Thisisthe same
asin Case 1.
Case 2.3: k = 2. Thisisthe most general case.

D(Filis,ic1, Folju, ju)
=—g—id+ MTgv{D(Fl[imitfl]. Foljus jk—11)

+ E1(Filiz], F2ljk, juD}-

Case 3: Thelabel is (A, 12[},]). Similar to Case 2.
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