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badly shaped cells having and angle smaller than a threshold 
θ

min
. If a proposed new point encroaches on a boundary edge, 

that vertex is not inserted. Instead, the encroached boundary 
edge is bisected. This process is repeated until all cells are 
well shaped. GRUMMP controls the spatial variation of grid 
size using a length scale (L

s
), which specifies the intended 

grid size at each location in the domain. For this work, the 
grid size distribution is dictated by the need to resolve thin 
interfaces. The phase field variable Φ is constant (±1) in the 
bulk and varies steeply across the interface. A prescribed 
small grid size h

1
 is imposed on the interface by making L

s
 

depend on �’�I  on every node.
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where h∞ is the mesh size in the bulk, and the 
constant C controls the mesh size in the interfacial region: 

1 0
,sh L C c c

�I� 
�  � | � ˜being the capillarity width. Values of C 

between 0.5 and 1 were used to ensure a thickness of the 
interface to contain the order of 10 grid points. Furthermore, 
the mesh size can be set to different values for the two bulk 
fluids.

2.4.	 Model validation

In order to validate the model results, the residence 
time was also calculated based on the efficiency of the 
transitory reaction given by Ohguchi13 with the Equation 30 
and experimental data reported in the desilvering process 
during lead refining28.
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where E is the efficiency of the transitory reaction, A
pow

 is 
the particle surface area, k

e
 is the mass transfer coefficient, 

t
e
 is the residence time, L

eq
 is the equilibrium coefficient of 

silver concentration in the particle and V
pow

 is the particle 
volume. Rearranging terms and solving for the residence 
time, Equation 30 is represented as follows.
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The value of the efficiency of the transitory reaction is 
in the range from 0 to 1, when E = 1 indicates that the silver 
particle reacts totally with the molten lead in the residence 
time. The efficiency of the transitory reaction was considered 
as 0.2528. The equilibrium coefficient of silver concentration 
in the particle (L

eq
) was obtained with Equation 32.
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where (%Ag) is the silver particle concentration when it 
reaches the liquid surface, [%Ag]

eq
 is the silver content in 

thermodynamic equilibrium at the process temperature in 
the bath metal. For this case L

eq
 was considered in 230.4147 

at 480 °C28. The mass transfer coefficient29 was determined 
with Equation 33.
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where r is the radius of the particle (m), D is the diffusion 
coefficient (m2 s–1), pε is the specific mixing power 
(watt kg–1) and ν is the kinematic viscosity (m2 s–1). The 
specific mixing power11 is represented by Equation 34.
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where M is the mass of molten metal (kg), Q is the 
volumetric flow of conveying gas (m3 s–1), T is the bath 
temperature (K) and H is the bath depth (m). Substitution 
of Equations 33 and 34 into 31 gives the residence time. 
Table 2 shows the parameters considered in the residence 
time determination calculated with the Ohguchi model.

3.	 Results

3.1.	 Gas flow rate

The mathematical simulation was carried out to a flow 
rate injection of 3.3155, 6.6310 and 9.7887 m s–1, and it 
was validated with the results reported by Rodríguez28. The 
hydrodynamic results are shown in Figures 2, 3 and 4 for 
a flow rate injection of 3.3155, 6.6310 and 9.7887 m s–1, 
respectively for 0.01, 0.1, 0.2 and 0.3 s. The range of 
time studied in the simulation considers only the effect 
of the transitory reaction. Figures 2, 3 and 4 presents the 
flow pattern in the central vertical plane of a lance - kettle 
symmetrical system in two dimensions. The results of 
Figures 2 to 4 show the gas bubble formation according 
to the evolution of the volume fraction of nitrogen gas as 
time proceeds. The volume fraction of nitrogen gas was 
increased when time was increased and shows the interfacial 
layer formed between liquid lead and nitrogen gas which 
is represented by the phase field variable (Φ) in the Cahn-
Hilliard equation. The results show the velocity vectors 
and black flow lines that indicate the flow trajectory and 

Figure  1. Schematic diagram of the lance-kettle system and 
boundary conditions.
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Table 2. Experimental conditions and physical properties.

Kettle dimensions Diameter (m) 0.127

Height (m) 0.1

Lance dimensions Diameter (m) 0.00635

Length (m) 0.07

Density (Kg m–3) Lead 10588

Nitrogen27 (P
manometric

+P
atmospheric

)/RT

Viscosity (Pa s) Lead 0.00205

Nitrogen 0.0000352

Surface tension coefficient (N m–1) Lead 0.445

Nitrogen -

Gravity constant (m s–2) 9.81

Gas velocity (m s–1) 3.31, 6.63, 9.78

Figure 2. Flow pattern at flow rate injection of 3.3155 m s–1 to a) 0.01s, b) 0.1s, c) 0.2s and d) 0.3s.

direction of fluid velocity, as well as a vortex formation 
zone produced by a metal recirculation flow. This vortex 
formation was clearly observed located at the central part 
of the kettle, caused by the rotary motion of molten metal 
in contact with nitrogen gas. The vortex formation zone was 
increased when the rate injection was increased. A dead zone 
formation was observed also at the bottom of the kettle and 
it was increased to the lower rate injection.

3.2.	 Residence and mixing time

In order to determine the residence time, the partial 
differential equations were solved time dependent. The 
residence time indicates the time when the particles are in 

touch with the liquid metal and therefore represents the time 
when the transitory reaction is carried out. Figure 5 shows 
the residence time determination in 0.312, 0.280 and 0.262 
s for the injection rate of 3.3155, 6.6310 and 9.7887 m s–1, 
respectively. As can be observed, the residence time was 
decreased when the injection rate was increased. Figure 5 
also shows the trajectory of the particle, as can be observed; 
increasing the gas flow rate increased the injection velocity 
of the particle and the amount of potential energy dissipated, 
which contributes to a deeper penetration of the jet. Figure 6 
shows the residence time obtained with the Ohguchi model 
from experimental data and with simulation applying the 
phase field model. An absolute difference of 0.012, 0.001 
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Figure 3. Flow pattern at flow rate injection of 6.6310 m s–1 to a) 0.01s, b) 0.1s, c) 0.2s and d) 0.3s.

Figure 4. Flow pattern at flow rate injection of 9.7887 m s–1 to a) 0.01s, b) 0.1s, c) 0.2s and d) 0.3s.
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and 0.005 s was obtained for both models for the injection 
rate of 3.3155, 6.6310 and 9.7887 m s–1, respectively.

The mathematical simulation considered the injection of 
an inert tracer into the molten bath to determine its behavior 
dependent time. The results of these measurements were the 

F curves shown in Figure 7 for the injection rates considered. 
The mixing time was determined in 0.062, 0.064 and 0.066 s 
for the injection rate of 3.3155, 6.6310 and 9.7887 m s–1, 
respectively.

3.3.	 Operating parameters

3.3.1.	 Lance depth

The effect of the lance depth on the residence and 
mixing times for the gas flow rate 3.3155 m s–1 is observed 
in Figure 8. The lance depth was varied at 30, 50, 70 and 
90 % of the kettle height. The results show the velocity 
vectors and flow lines which indicate the flow trajectory and 
direction of fluid velocity. Figure 9 shows the results of the 
mixing and residence time for the three gas flow injections 
that have been analyzed.

3.3.2.	 Lance and kettle dimensions

The variation effect of lance and kettle dimensions on the 
residence and mixing times for the gas flow rate 3.3155 m s–1 
is observed in Figure 10. The lance and kettle measurements 
reported in Table  1 were affected by a scaling factor to 
increase and decrease their original dimensions by 50 %. 
Figure 10 shows the residence and mixing determination 
times for different lance (Figure 10a) and kettle (Figure 10b) 
sizes for a flow rate of 3.3155 m s–1.

Figure 6. Residence time  determination with the phase field and    
the Ohguchi models for different flow rates.

Figure 5. Residence time of 0.312, 0.28 and 0.262 s of the particles for a flow rate injection of a) 3.3155, b) 6.6310 and c) 9.7887 m s–1, 
respectively.
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the gas flow rate is increased, a continuous jet is promoted, 
inclusively, a swirl motion on the liquid surface is reached31. 
It was observed the formation of a gas channel during the 
gas injection instead of the formation of discrete bubbles 
under all of the simulated conditions. In this work, the effect 
of the change of pressure in the gas bubble formation was 
considered in the nitrogen density as is reported in Table 1.

4.2.	 Residence and mixing time

The residence time represents the time required for the 
particles leaving the lance tip until they reach the liquid 
surface supported with the conveying gas. If the residence 
time decreases, the particles will have less opportunity 
to react with the liquid bath decreasing the refining 
metal processes efficiency. Figure 5 shows that when the 
primary bubble is eliminated by their dissolution on the 
liquid surface, entrainment of the particle into the plume 
zone produced by the insoluble gas, resulted in their rapid 
convection to the upper surface of the bath, where they 
remained unless the recirculation flow was sufficient to pull 
them back into the bulk liquid. The vortex formation zone 
keeps the particle in circulation in the bath when the gas flow 
rate was increased, as is observed in Figures 5b and 5c. Due 
to the substantial density difference between the nitrogen gas 
and the molten lead, the buoyancy force will be dominant 

4.	 Discussion

4.1.	 Gas flow rate

Figures 2, 3 and 4 show that on exit from the lance, 
at the time of 0.01 s, the nitrogen jet expands rapidly and 
penetrates only a short distance into the molten lead before 
rising vertically, at the time of 0.1 s. At this time, the gas 
plume is almost symmetrical; however, for the times of 0.2 
and 0.3 s, the gas plume is not symmetrical, this behavior 
is due to the internal pressure of the bubble changes as the 
bubble rises to the surface, as was reported by Kelvin’s 
equation30. P

g
 = P

l
 + 2 σ

T
/r , where P

g
 is the pressure inside 

the gas bubble, P
l
 is the pressure in the liquid at the level of 

the bubble, σ
T
 is the surface tension and r is the radius of 

curvature. If the super-saturation pressure with respect to 
the transferred component exceeds P

g
, the bubble will grow 

until it reaches a size where the buoyancy forces exceed the 
surface tension forces and detachment occurs. It has been 
reported a transitional range based on Reynolds number30 
and modified Froude number31, where the bubbles form a 
continuous jet or discrete bubbles according with the gas 
flow rate. Generally, the inertial force of gas injected in 
from the top lance in the low gas flow rate is not strong, 
therefore there is a forming of discrete bubbles and when 

Figure 7. Mixing time of 0.062, 0.064 and 0.066 s determined with F- curves for a flow rate injection of a) 3.3155, b) 6.6310 and c) 
9.7887 m s–1, respectively.
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enough to assume that the initial velocity of the bubble will 
be close to final, leaving the particle on the liquid surface. 
Figure 6 shows the validation of the residence time obtained 
with Oguchi and phase field models. It must be stressed that 
the modelling results show ideal conditions of the particular 
lance-kettle system. Otherwise, Ohguchi’s model takes into 
account an efficiency related with experimental factors such 
as impurities (Ag, Sb, As, Cu, etc) contained in lead and the 
temperature control, which directly influences the viscosity 
of the molten metal and hence the hydrodynamic behavior. 
However, the differences between both results were 
considered acceptable for this simulation. The mixing time 
was obtained to have a better comprehension of the reactor 
efficiency and hence the process efficiency, considering 
that the mixing time is an indirect measure of the transfer 
of momentum from the gas to the liquid32. Figure 7 shows 
the mixing time determination, which represent the time 
required to attain a desired level of homogeneity in the 
bath, this means that in a given time, the concentration in 
the metal bath is constant.

4.3.	 Operating parameters

4.3.1.	 Lance depth

Figure 8 shows that when the lance depth was increased, 
the volume fraction of nitrogen was increased as well as the 
molten metal recirculation flow. A metal recirculation flow 
produced by a vortex formation zone was observed when the 

lance depth was 70 and 90 %, while a large dead zone was 
located at the bottom of the kettle to a lance depth of 30 and 
50%. Therefore, an increment in lance depth increased, the 
liquid recirculation velocity and the particle residence time, 
despite the ensuing increment of recirculation velocity due 
to the vortex formation. The results of the mixing time show 
an increase when lance depth was increased; however, an 
opposite behavior was observed for the gas flow rate of 
3.3155 and 6.631 m s–1 with a lance depth of 30% of the 
kettle height. This behavior is due to the faster dissipation 
of potential energy for the cases of lance depths of 30 and 
50%, which allows a lower penetration of the jet, as observed 
in Figures  8a and 8b. A similar behavior was observed 
when the gas flow rate was increased for the different lance 
heights in Figure 9.

4.3.2.	 Lance and kettle dimensions

The results in Figure 10 show that the residence and 
mixing time were decreased when the lance diameter was 
increased. Considering that the variation of an average 
bubble diameter depends on the gas flow and the orifice’s 
diameter, for this case, the gas flow remained constant 
and the orifice’s diameter was modified. Hence, a large 
area in the lance tip generates a bigger bubble formation. 
The circulation of gas in a bigger bubble results in the 
interface movement of the liquid and in a reduction of the 
drag force on the bubble. Therefore, the buoyancy force 
is increased, which allows the bubble to rise faster, and 

Figure 8. Residence time of 0.160, 0.174, 0.312 and 0.345 s of the particles for a flow rate injection of 3.3155 m s–1 at lance depth of 30, 
50, 70 and 90 % of the kettle height, respectively.
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Figure 10. Residence and mixing times for different lance and kettle sizes for a flow rate injection of 3.3155 m s–1.

Figure 9. Residence and mixing times for different lance depth and flow rate injection of a) 3.3155, b) 6.6310 and c) 9.7887 m s–1, respectively.
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to decrease the residence and mixing time. To transfer 
an adequate momentum and to stir the molten metal in a 
bigger kettle, an increment in the lance depth15 or gas flow 
injection is necessary. A bigger kettle shows an increase 
in the mixing and residence time for a constant flow rate. 
A better comprehension of the hydrodynamic behavior 
of molten metal–gas injection systems will be useful for 
further studies on the mass transfer of impurity removal 
on metal refining. The obtained results demonstrate that 
the injection rate of 3.3155 m s–1 and the increase of the 
lance height (deeper position) generate the higher residence 
and mixing time. This behavior is necessary to obtain an 
efficient disengagement of the particle from the carrier gas 
within molten lead. In addition, the kinetic behavior of the 
particle-metal interaction must be considered as well as 
operating parameters of the process in order to obtain the 
highest efficiency in the lead refining process.

5.	 Conclusions
A mathematical simulation of the operating parameters 

(lance height, lance and kettle dimensions) was carried out 
to establish the hydrodynamic behavior in the lance-kettle 
system for the lead refining process. The residence and 

mixing time were suitably simulated with the phase-field 
method and the Cahn Hilliard equation. The effect of 
gas flow rate, lance depth, and different kettle and lance 
dimensions were evaluated to obtain the residence and 
mixing time. The residence and mixing time were decreased 
when the injection rate and the lance diameter were 
increased. Therefore, the particle will have less opportunity 
to react with the liquid bath decreasing the refining metal 
processes efficiency. When the lance height and kettle 
dimensions were increased, the residence and mixing time 
were also increased. The mathematical modelling was 
validated with the determination of the residence time based 
on experimental data and Ohguchi’s model. The results 
obtained with both models were similar for the gas flow 
rate of 3.3155 m s–1. In order to reach the highest efficiency 
in lead refining, the residence and mixing time must be 
considered based on the operating parameters of the process.
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