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Quantified constraints over the reals appear in numerous contexts. Usu-
ally existential quantification occurs when some parameter can be chosen
by the user of a system, and univeral quantification when the exact value of
a parameter is either unknown, or when it occurs in infinitely many, similar
versions.

The following is a list of application areas and publications that con-
tain applications for solving quantified constraints over the reals. The list
is certainly not complete, but grows as the author encounters new items.
Contributions are very welcome!

Electrical Engineering/Electronics: [68, 64]
Stability: [55, 66, 56, 67, 38, 37]

Control: [1, 46, 45, 25, 44, 60, 7, 5, 33, 4, 17, 62, 65, 63], survey [24],
reachability [52, 53, 51, 6], embedded control systems [71], hybrid sys-
tems [28, 30, 32, 70, 64]

Computational Geometry/Motion Planning/Collision Detection:
[69, 44, 35, 73]

Constraint Databases: [50, 14, 61, 9, 2, 10, 29, 49]
Theorem Proving in Real Geometry: [22, 21]
Several Different: [23, 72, 57, 44|

Use of Predicate Language for Modeling Engineering Problems:
[26, 13]
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Other: Camera motion: [11], Constraint Logic Programming: [36], Me-
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chanical Engineering: [40, 39], Mathematics: [54] (from [47]), [15, 48],
Biology: [18, 32], Interpolation: [34], Scheduling [31], Automated The-
orem Proving [12, 42, 41], Optimization: [3], Termination of Rewrite
Systems [19, 20]
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2 Examples

A collection of examples from the above papers. I am thankful for any
contribution!

e Robust-1 [24]:

FORALL([pl, [[O, 111,
9+48 p+48 g+ 32pgq >0 /\
1+p+qg>0/\
-6 p-16 g+ 16 p"2 +16 "2+ 7 >0
);
Lal;
[[-2, 2]1;

Solution: [24]: 4g—1 < 0/\16¢+3 > 0/\dg—3 > 0, that is (—0.1875,0.25)
union (0.75, 00).

e Robust-2 [27, 58]:

FORALL([ql, 92, ww], [[0.8, 1.25], [0.8, 1.25], [0.0, inftyl],

-k2 - k1 q1 > 0 /\

- ql k1 - 50 >0 /\

2 k272 ww"2 + 4 k272 ww k1 g1 g2 + k272 k172 q172 9272 + 2 k272 ww q2°2 + 4 k2 1
400 k272 ww"2 + 800 k272 ww k1 q1 g2 + 400 k272 k1°2 q1°2 g2°2 + 400 k2°2 ww q2":
)

[k1, k2];

[[-200, 01, [0, 1011;

e Robust-3 [25]:

FORALL([ p1, p2 1, [ [0.8, 1.25], [0.8, 1.25]],
p2*(1+pixql) < 0 /\
FORALL([w1], [[0,10]], 99%w1~2 + p2°2 * (100%(1+plxq1)~2 - 1) > 0) /\
FORALL([w2], [[-infty,inftyl]l, (400-q1°2)*w2°2 + p2°2%(400*(1+pl*ql) ~2-q172) > (
);
[q1];
[ [-50, 101 1;

Solution [25]: —20 < ¢; < —1.375



e Robust-4 [58, §]

FORALL([p1, p2, p3, p4l, [[2.5, 3.5], [1.5, 2.5], [2.5, 3.5], [9.5, 10.5]],
P2 92 + p4 g4 > 0 /\
p4d + g4 + pl gl - p3 g3 >0 /\
Pl p3 g2 g4 - pl p3 g2 p4 - p2 ql p3 p4 - 2 pl p2 ql1 92 - pl g2 p4 g3 + p2 ql psd
Q3 - p3 >0
)3
[ql, 92, g3, q4];
[[19, 21], [22, 24], [9, 111, [4, 5]1];

e Robust-5 [44]

FORALL([z, T, wO, K], [[0.95, 1.05], [-1.05, -0.95], [0.95, 1.05], [0.95, 1.05]],
K c1 w0"2 < 0 /\
2z Two+1<0/\
(2zw0 + w02 T+ w02 T c3)*%(2 z T wO + 1) - w0O~2 (K*c2+1) < 0 /\
w0~ 2% (K*xc2 + 1)*(2*xTxz*w0 + 1)*(2xz*w0 + w0~ 2% (T + K*c3)) - Kkxcl*xw0 2% (2xT*z*w0
);
[ c1, c2, c31;
([ -10, 101, [-10, 10], [-10, 10]11;

e Robust-6 [43]

FORALL([p1, p2, p3], [[0.9, 1.1], [0.9, 1.1], [0.9, 1.1]],
(1 + c2*pl )*( (p2*p372 +p3) *(p2*p3 +1) - p2*(p372 +c2*pl*p372)) - (p2*p3 + 1)
(p2*p3 + 1)*(p2*p3 + 1) - p2*x( p3 + c2xpl*p3) > 0 /\
cl*pl*p372 > 0

);

[cl, c2];

(o, 11, [0, 111;

e Control-Stabilization-1 [1]
EXISTS([A, B, D, P1, P2, P3, P4, P5, P6, P7, P8, P9],

PL>0/\P2>0/\P3>0/\P4P5>0/\A>0/\BP6P7>0/\P8P9>0/\
P1 = A B"2 - D"2 /\

P2=-AB+A+D2-D-1/\

P3=AB-AD-2A+D3+4D"2+ 4D /\

P4 =AB-2A-BD2-4BD-4B+2D2+5D+ 2 /\
P5=AB3-AB2D-4AB2+2ABD+4AB+2BD3+5BD2+2BD -1
P6 =AB-2A-BD2-4BD-4B+2D°2+ 40D /\
P7=AB2-ABD-4AB+2AD+4A+2D"3+4D"2/\



P8
P9
)

AB-2A-BD2-4BD-4B+2D2+3D-2/\
AB3-AB2D-4AB2+2ABD+4AB+2BD3+3BD2-2BD +1I

Solution: True, witness: A=110, B=3/2, D=15

Biology-1 [18]

FORALL([c, t, r, h, d, v],
(x>0 /\ t>0 /\ c<1 /\ d>0 /\ v>0) ==
((d+1)(v+t+1) =rh (ct +d +1) ==> -(@+*1)(vd+v+td+t+d+1-hr

Solution [18]: True

Biology-2 [18]

FORALL([r2, pi],
(r2>1/2 ==
(4 (180 + 180 r272) = 75 (12+6 r2) /\
(8 + 24 p1 +20 r2 - 16 r272 pl + 198 r272 p1°2 + 95 pl r2 + 185 r2 pl172 - :

Solution [18]: True

Biology-3 [18]

FORALL([r1, r2, pil],
(r2>0 /\ r1>0 /\ r2>r1) ==
(C 4 (720 r172 + 180 r272)= 75 (24 r1 + 6 r2) /\
(-88 r1 r2°2 p172 + 56 rl r2"2 pl - 480 r1°2 p1°2 r2 - 335 rl pl r2 + 55
pl™2 + 480 r1"2 p1 r2 - 80 r172 + 128 r1°3 + 80 r1°2 pl - 20 r2"2 p1l - 20 r2 pil
r2°2 pl"2 - 256 r1”"3 pl + 128 r1°3 p1°2 + 32 r1 r272) pl = 0) ==> pl <= 0)

Solution [18]: True

Biology-4 [18]

FORALL([g2, pi1],
(r2>0 /\ r1>0 /\ r2>r1 /\ 0<g2 /\ g2 < 1/2) ==>
(C 4 (900 r172 (1-g2) + 900 r2°2 g2 ) =75 (30 r1 (1-g2) + 30 r2 g2) /\

(65 r272 g2 p172 + 20 r272 g2 pl + 20 r2 g2 r1 - 40 r2 g2 r1 pl + 20 r172
r172 g2 - 32 r1"3 + 32 r1°3 g2 + 75 rl1l pl r2 - 55 r2 g2 r1 p172 - 120 r172 pl rc
r1”2 pl r2 g2 + 120 r172 p172 r2 - 120 r1"2 p172 r2 g2 - 56 rl1 r2"2 g2 pl + 88 1
g2 pl™2 - 32 r1"3 p1”2 + 32 r1"3 p172 g2 - 20 r1”2 p1 + 20 r1"2 pl1 g2 + 64 r1°3
64 r1"3 pl g2 - 32 r1 r2°2 g2) pl = 0 ) ==> pl <= 0))
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Solution [18]: True
e Biology-5 [18]
FORALL([p1], (t > 0) ==> (( 2 (48 t +7) =7 (1 + 8 t) /\
-3472875 pl - 26162325 p1~2 + 10584000 t - 69325200 t pl - 327499200 t~2 pl - 57
t pl™2 - 4222108800 t~"2 p1~2 - 10163232000 t~3 pl1~2 + 1852200 = 0) ==> (pl <= 0)))
Solution [18]: True
e Biology-6 [18]
FORALL([p1], (+ >0 /N0 <c /\Nc<1)==>(((2(®0ct+7)=7¢ (1+81t)/\
139179600 t pl - 87318000 c t pl - 662256000 ¢ t72 pl + 357210000 t pl1~2 c + 57¢
t72 pl™2 c + 3472875 pl + 14817600 t + 26162325 p1~2 + 23250240000 c t°3 pl1~2 +
2925156300 t p172 + 857304000 t~2 pl - 390096000 t~2 pl~2 - 31752000 c t - 84369¢
p1~2 - 1852200 = 0) ==> (pl <= 0))
Solution [18]: True
e Biology-7 [18]
FORALL([p1], (t > 0 /\ 212 > 1) ==> (( 8 (1+12°2) (1+ 6 t) = (2 + r2) 5 (1 + 8 t.
-370440 - 1111320 pl + 8678880 r2"2 t pl - 926100 r2 + 25401600 r2"2 t~2 pl - 3¢
r2°2 t73 pl~2 + 1481760 pl1~2 + 29529360 t pl1~2 - 91551600 t pl r2 - 153071100 t p!
791985600 t~2 pl172 r2 - 202127940 r2°2 t pl1~2 - 1472385600 r272 t72 pl~2 - 592704(
740880 r2”"2 pl - 4398975 pl r2 - 7726320 t pl + 182347200 t~2 pl1~2 - 9168390 r272
85666425 r2 pl~2 + 8890560 r2”2 t + 1481760 r272 - 450878400 t~2 pl r2 - 925344000
r2 - 7408800 t r2 + 12700800 t~2 pl + 326592000 t~3 pl~2 = 0) ==> (pl <= 0)))
Solution [18]: True

e Control-1 [45], Example 2.2

EXISTS([ul, [[-0.5, 0.5]171,
-x1 +x2u=0/\-x2+ (1+x1"2) u + u"3 =0

Solution [45]:
X274 - x173 x272 - x1 x272 - x173 =0 /\ (x2 + 2 x1 <=0 \/ x2 -2 x1 >=0)

e Control-2 [45], Example 4.1
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FORALL([t], [[0, 1]]
EXISTS([u, 1], [[-1,1], (0, \inftyl],
-t +2=1/\-3t°2-2t"3)-t2+4u=1(6t-61t"2)))

Reachability-1 [51], Example 3.4

EXISTS([z], [[ 1, \infty 11,
x2 >= 3 /\
x1 z°2 = 4 /\
2x2-1) +2°2=62z

Solution: =y > 3A4x12222 — 421222 + 162122 + 212 — 15221+ 16 = 0

Reachability-2 [51], Example 3.5

EXISTS([a, z], [[ 0, 1], [ 1, \infty 1],
yl =2/3 a (-z74 + z) /\
y2 z°2 = 1/2 a (z°4 - 1)

)

EXISTS([z], [[ 1, \infty 11,
3yl (2°3+2z°2+z+ 1) +4y2 (z°5+2z74+2"3) =0
)

Solution: (y2 > 0Ay1+y2 <0)V (y2 <O0Ay1+y2 > 0)Vdya+3y; =0

Reachability-3 [51], Example 3.6

EXISTS([w, z], [[-2,2], [-2,2]],
wo2+z"2 = 1 /\
0 = (z72-w"2)-2/3 w /\
y2=-4zw-5/3z

);

[y2]1;

([0, 411;

Solution: y2 =

\/ —181//194-908 V2 = /181194908
92 ye= 9?2

Reachability-4 [51], Example 3.7
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EXISTS([w, z, al, [[-2,2], [-2,2], [0, \inftyl],
a>0 /\
w2+z"2 =1 /\
-3a=w ((4a~2-2) z+2-a"2) /\
3a = (a"2-2) (w"2-z"2+z)
)
1;
(1;
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