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Abstract. Event-clock automata is a determinizable subclass of timed
automata, where the clock valuations are determined by the input instead
of by the transition relation. In this note, we propose event-clock visibly
pushdown automata (ECVPAs) as a proper extension of event-clock au-
tomata. The class of ECVPAs is sufficiently expressive to model real-time
pushdown systems, and to specify common non-regular context-free real-
time requirements. We show that ECVPAs are closed under boolean op-
erations, and thus the language-inclusion problem is decidable for ECV-
PAs. Using these properties together with the automata-theoretic ap-
proach, we prove that the model checking problem over ECVPA models
against ECVPA specifications is Exptime-complete.
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1 Introduction

One of the most successful techniques for automatic verification of reactive sys-
tems has been model checking. In this verification technique, one checks the
correctness of a system with respect to a desired behavior by checking whether a
mathematical model of the system satisfies a formal specification of this behavior
(see [7] for an overview). Traditionally, model checking is applied to finite-state
systems. Recently, model checking has been extended to infinite-state sequential
systems. These are systems in which each state carries a finite, but unbounded,
amount of information, e.g., a pushdown stack. Pushdown automata (PDAs) nat-
urally model the control flow of sequential programs with nested and recursive
procedure calls. Therefore, PDAs are the adequate model to deal with program
analysis, and model checking questions can be formulated as decision problems
for PDAs. While many analysis problems, such as identifying dead code and ac-
cesses to uninitialized variables, can be captured as regular requirements, many
others require inspections of the stack or matching of calls and returns are non-
regular context-free [10]. Although the general problem of checking context-free
properties of PDAs is undecidable [10], weaker models have been proposed to
verify different kinds of non-regular properties. One of the most promising ap-
proaches is that of visibly pushdown automata (VPAs) [3]. These are PDAs in
which stack operations (i.e., whether to push, pop, or no stack operation) are



completely determined by the input alphabet. Such a restriction on the use of
stack leads VPAs to enjoy all desirable closure properties and decision problems,
though retaining an expressiveness that is adequate to formulate program anal-
ysis questions. Therefore, checking context-free properties of pushdown models
is decidable as long as the calls and returns are made visible. This visibility
seems quite natural while writing requirements about pre/post conditions or for
inter-procedural flow properties. In particular, requirements that can be verified
in this manner include all regular properties, and non-regular properties such as:
partial correctness (if P holds when a procedure is invoked, then if the procedure
returns, P ′ holds upon return), total correctness (if P holds when a procedure is
invoked, then the procedure must return and P ′ must hold at the return state),
local properties, access control, and stack limits.

Timed automata were introduced by Alur and Dill in [1], and have become
a standard modeling formalism for real-time systems. A timed automaton is a
finite automaton augmenting with a finite set of real-valued variables modeling
clocks. Constraints on the clock variables are used to restrict the behaviors of an
automaton. A timed automaton, then, accepts timed words in which each symbol
is paired with a real-valued time stamp. The theory of timed automata allows
the solution of certain verification problems for real-time systems with finite
control [1, 9]. However, the general verification problem (i.e., language inclusion)
is undecidable for timed automata [1, 11]1. This is because, unlike the untimed
case, timed automata are not determinizable. Hence, one must then work either
with deterministic specifications or with a restricted class of timed automata
which has the required closure properties. The event-clock automata (ECAs),
proposed by Alur, Fix, and Henzinger in [2], is a subclass of timed automata
which permit non-determinism (which is useful from a modeling point of view),
and are closed under boolean operations, including complementation. The key
feature of these automata is that they have a pair of implicit clocks associated
with each action. The clocks record the time elapsed since the last occurrence
of the associated action, as well as the time that will elapse before the next
occurrence. As a result, common real-time regular requirements like bounded
response time can be naturally modeled using these automata.

In hard real-time programming, one faces the challenge that the execution
of a program must satisfy given timing constraints. Timed automata form a
good framework to specify regular real-time properties [1, 9]. Unfortunately, some
common non-regular context-free real-time properties such as “if P holds when a
procedure is invoked, then the procedure must return within 5 time units and P ′

must hold at the return state” cannot be captured by any VPA [3] or any timed
automaton [1]. Such kinds of properties can be captured by pushdown timed
automata (PTAs) [5]. However, the general verification problem (i.e., language
inclusion) for PTAs is undecidable.

In this paper, we introduce event-clock visibly pushdown automata (ECV-
PAs) as an extension of event-clock automata. The class of ECVPAs is suffi-
1 Recently, Ouaknine and Worrell have showed that the inclusion problem L(A) ⊆

L(B) becomes decidable when B has at most one clock [11].



ciently expressive to model real-time pushdown systems, and to specify common
non-regular context-free real-time properties. To study the closure properties
of ECVPAs, we first clarify that the essential restriction behind the notion of
event clocks is deterministic clock-valuation. Clock valuation is deterministic if
the value of each clock is not affected by the choice among nondeterministic
transitions. This enables us to make a homomorphism from ECVPAs to VPAs.
Thus, ECVPAs are closed under union, intersection, and complementation. As
a result, the language inclusion problem for ECVPAs is decidable. Using these
good closure properties together with the automata-theoretic approach, we prove
that the model checking problem of event-clock visibly pushdown automata is
Exptime-complete.

The remainder of this paper is organized as follows. Section 2 recalls the
standard notions of timed automata and briefly explains why timed automata
are not determinizable. Section 3 recalls the definition and properties of event-
clock automata. Section 4 defines event-clock visibly pushdown automata. Sec-
tion 5 shows that the class of ECVPAs is closed under union, intersection, and
complementation. Thus, the language inclusion problem for ECVPAs is Exp-
time-complete. This section also describes how to model and verify real-time
context-free properties for real-time recursive programs using ECVPAs. In Sec-
tion 6, we consider ECVPAs with Büchi acceptance condition. We demonstrate
that Büchi ECVPAs are closed under union, intersection and complementation.
In Section 7, we discuss related work. Section 8 concludes the paper with some
possible future directions.

2 Timed Words and Timed Automata

Let N denote the set of natural numbers {0, 1, ...}, let R+ and Q+ denote the set
of non-negative real numbers and non-negative rational numbers, respectively.
As usual, the set of all finite words over a finite input alphabet Σ will be denoted
by Σ∗.

A timed word w̄ over an alphabet Σ is a finite sequence (a0, t0)(a1, t1) · · · (an, tn)
of symbols ai ∈ Σ that are paired with nonnegative real numbers ti ∈ R+ such
that the sequence t̄ = t0t1 · · · tn of time-stamps is nondecreasing (i.e., ti ≤ ti+1

for all 0 ≤ i < n). Without loss of generality, it may be assumed that t0 = 0.
Sometimes, we denote the timed word w̄ by the pair (ā, t̄), where ā ∈ Σ∗ is an
untimed word over Σ. The set of all finite timed words over Σ is denoted by
TΣ∗. A timed language over the alphabet Σ is a subset of TΣ∗.

In the following, we recall the standard notion of a timed automaton [1]. Let
X = {x1, ..., xn} be a finite set of clock variables. Define the set Φ(X) of clock
constraints over X by the grammar:

ϕ ::= > | x ./ c | ¬ϕ | ϕ1 ∧ ϕ2,
where c ∈ Q+, x ∈ X, and ./ ∈ {<,≤,≥, >}.

Definition 1 (Timed Automaton). A timed automaton over input alphabet
Σ is a tuple A = (Q, q0, X,∆, F ), where Q is a finite set of locations, q0 ∈ Q is



an initial location, F ⊆ Q is a set of final locations, X is a finite set of clocks,
and ∆ ⊆ Q×Σ×Φ(X)× 2X ×Q is a finite set of edges. An edge (q, a, ϕ,Re, q′)
allows a-labelled transition from q to q′, provided the precondition ϕ on clocks
is satisfied. Afterwards, the clocks in Re are reset to 0, while all other clocks
remain unchanged.

A clock valuation of A is a vector ν = (υ1, ..., υn), where υi ∈ R+ gives the
value of clock xi. If t ∈ R+, we let ν + t be the clock valuation whose i-th
component is υi + t. A state of A is a pair (q, ν), where q ∈ Q is a location and ν

is a clock valuation. A transition of A is defined by (q, ν) d−→ a−→ (q′, ν′), iff there
is an edge (q, a, ϕ,Re, q′) such that (ν + d) satisfies ϕ, υ′i = 0 for all xi ∈ Re and
υ′i = (υi + d) for all xi /∈ Re.

Let w̄ = (ā, t̄) be a timed word and write di = ti+1 − ti for the time delay
between the i-th and (i+1)-th actions. Define a run of A on w̄ to be a sequence of
discrete transitions: (q0, ν0)

d0−→ a0−→ (q1, ν1)
d1−→ a1−→ (q2, ν2) Ã · · · Ã (qn−1, νn−1)

dn−→ an−−→ (qn, νn), where q0 is the initial location and ν0 maps every clock to 0. A
run is accepting if it ends in a final location. The timed language of A, denoted
TL(A), is the set of all timed words over which A has an accepting run.

For a given timed word w̄, assume that there are two runs of A over w̄:

– ρ1 = (q0, ν0)
d0−→ a0−→ (q1, ν1) Ã · · · Ã (qn−1, νn−1)

dn−→ an−−→ (qn, νn).

– ρ2 = (q0, ν0)
d0−→ a0−→ (q′1, ν

′
1) Ã · · · Ã (q′n−1, ν

′
n−1)

dn−→ an−−→ (q′n, ν′n).

Due to clock-reset conditions on transitions, the clock valuations at each step
of two runs may be different, i.e., there exists i such that νi 6= ν′i. In this case,
we say that the clock valuations of ρ1 and ρ2 are not deterministic. In other
words, the clock valuations is not deterministic if the value of each clock is
affected by the choice among nondeterministic transitions. Due to this property
of nondeterministic clock valuations, timed automata are neither determinizable
nor closed under complementation.

Theorem 1 ( [1]). Timed automata are closed under union and intersection,
but not closed under complementation. Thus, the language inclusion problem for
timed automata is undecidable.

3 Event-clock Automata: Deterministic Clock-valuations

As mentioned earlier, on reading the same word, the clock valuations of a timed
automaton along different runs may be not deterministic. This leads timed au-
tomata to be not determinizable. To overcome this difficulty, one has to consider
some restrictions on the set of clocks. In [2], Alur et al. proposed the notion of
event-clock automata in which the clock valuations is determined only by the
input word, i.e., deterministic clock valuations. Thus, on reading the same input
word, the clock valuations of ECAs along different runs are deterministic.



An event-clock automaton over an alphabet Σ uses two implicit clocks xa

and ya for each a ∈ Σ. Along a timed word, the clock xa measures the time since
the last occurrence of symbol a, and ya measures the time to the next occurrence
of symbol a. xa and ya are named event-recording and event-predicting clocks
for event a, respectively. Let CΣ = {xa | a ∈ Σ} ∪ {ya | a ∈ Σ} be the set of
event-recording and event-predicting clocks. Let ⊥ denotes the undefined value.
Let R+

⊥ = R+ ∪ {⊥} and Q+
⊥ = Q+ ∪ {⊥}.

Definition 2 (Deterministic clock valuation). For each timed word w̄ =
(a0, t0)(a1, t1) · · · (an, tn). A clock valuation over w̄ is a function νw̄

j : CΣ → R+
⊥

which specifies the values of the clocks in CΣ at position j in w̄.

νw̄
j (xa) =

{
tj − ti If ∃i < j : ai = a, and ∀k : i < k < j ⇒ ak 6= a

⊥ otherwise

νw̄
j (ya) =

{
ti − tj If ∃i > j : ai = a, and ∀k : j < k < i ⇒ ak 6= a

⊥ otherwise

xa

ya

1 2 3

1

0

2

3

⊥

⊥

ν0
ϖ

ν1
ϖ

ν2
ϖ

Fig. 1. values of xa and ya for w̄

Figure 1, for example, shows the values of νw̄
j for the clocks xa and ya for

the timed word w̄ = (a, 2)(a, 3)(a, 6)(b, 7)(b, 10).

Remark 1. The event-recording clock xa behaves exactly like an automaton clock
that is reset every time the automaton encounters the input symbol a. The value
of xa, therefore, is determined by the input word, not by the automaton. The
event-predicting clock ya can be viewed as an automaton clock that is reset,
every time the automaton encounters the input symbol a, to a nondeterministic
negative starting value, and checked for 0 at the subsequent occurrence of a.



Definition 3 (Event-clock Automaton). An event-clock automaton (ECA)
is a tuple A = 〈Σ, Q,Q0, F,E〉 where Q is finite set of locations, Q0 ⊆ S is a set
initial locations, F ⊆ Q is a set of final locations, and E ⊆ Q×Σ ×Φ(CΣ)×Q
is a finite set of edges. An edge (q, a, ϕ, q′) allows a-labeled transition from q to
q′, provided the clock constraint ϕ ∈ CΣ is satisfied.

The clock constraints of ECAs compare clock values to rational constants or
to the special value ⊥. The clock constraints over CΣ are interpreted with respect
to the clock-valuation function ν from CΣ to R+

⊥: the atom ⊥≤⊥ evaluates to
true, and all other comparisons that involve ⊥ (e.g., ⊥≥ 3) evaluate to false. For
the clock-valuation ν and a clock constraint ϕ, we write ν |= ϕ to denote that ν
satisfies the constraint ϕ.

A run of the event-clock automaton A over the timed input word w̄ is a finite
sequence: q0

e1−→ q1
e2−→ q2 · · · en−1−−−→ qn

en−→ qn+1 of locations qi ∈ Q and edges
ei = (qi, ai, ϕi, qi+1) ∈ E such that q0 ∈ Q0 and for all 0 ≤ i ≤ n, νw̄

i |= ϕi. A
run is accepting iff it ends in a final control location, i.e., qn+1 ∈ F . The timed
language TL(A) defined by the event-clock automaton A consists of all timed
words w̄ such that A has an accepting run over w̄. The next theorem summarizes
the main results about event-clock automata.

Theorem 2 ( [2]). The class of ECAs is closed under all boolean operations,
and the language-inclusion problem for ECAs is Pspace-complete.

4 Event-Clock Visibly Pushdown Automata

In this section, we extend event-clock automata to event-clock visibly pushdown
automata to model real-time pushdown systems. For simplicity, to this end, let
us fix a pushdown alphabet Σ = Σc ∪Σr ∪Σi that comprises three disjoint finite
alphabets - Σc is a finite set of calls, Σr is a finite set of returns, and Σi is a
finite set of internal actions. By abuse of notation ⊥ also denotes the undefined
value, and the bottom-of-stack of an event-clock visibly pushdown automaton
(see definition below).

Definition 4 (Event-clock visibly pushdown automaton). An event-clock
visibly pushdown automaton (ECVPA) on finite timed words over Σ is a tuple
M = 〈Q,Σ, CΣ , Q0, Γ, δ,Qf 〉, where Q is a finite set of locations, Q0 ⊆ Q is a
finite set of initial locations, CΣ is a set of event clocks associated with Σ, Γ is
a finite stack alphabet that contains a special symbol ⊥, Qf ⊆ Q is a set of final
locations, and δ = δc ∪ δr ∪ δi is the transition relation,

– δc ⊆ Q×Σc × Φ(CΣ)×Q× (Γ\{⊥}) is a push-transition relation,
– δr ⊆ Q×Σr × Φ(CΣ)× Γ ×Q is a return-transition relation, and
– δi ⊆ Q×Σi × Φ(CΣ)×Q is an internal-transition relation.

Before defining configurations and runs of M , let us briefly explain the in-
tuition behind the transition rules of M . We call (q, a, ϕ, q′, γ) ∈ δc a push-
transition, where on reading a when the clock valuation satisfies ϕ the symbol γ



is pushed onto the stack and the control location changes to q′; (q, a, ϕ, γ, q′) ∈ δr

a pop-transition, where on reading a when the clock valuation satisfies ϕ, γ is
popped from the stack leading to the control location q′; and (q, a, ϕ, q′) ∈ δi

an internal transition, where its control location, on reading a when the clock
valuation satisfies ϕ, changes from q to q′ with no stack operation.

A stack content is a nonempty finite sequence over (Γ \ {⊥}) ending in the
bottom-of-stack symbol ⊥, let us denote the set of all stacks as St = (Γ \ {⊥
})∗. ⊥. A configuration of an ECVPA M is a pair (q, σ) where q ∈ Q, and σ
is the stack content. For a timed word w̄ = (a0, t0)(a1, t1) · · · (ak, tk), a run of
M on w̄ is a sequence of configurations ρ = (q0, σ0) · · · (qk+1, σk+1), where each
qi ∈ Q, σi ∈ St, q0 ∈ Q0, σ0 =⊥, and for every 1 ≤ i ≤ k the following condition
holds:

– Internal: If ai is an internal symbol, then (qi, ai, ϕi, qi+1) ∈ δi, νw̄
i |= ϕi,

and σi+1 = σi.
– Push: If ai is a call symbol, then for some γ ∈ Γ , (qi, ai, ϕi, qi+1, γ) ∈ δc,

νw̄
i |= ϕi, and δi+1 = γ.δi.

– Pop: If ai is a return symbol, then for some γ ∈ Γ , (qi, ai, ϕi, γ, qi+1) ∈ δr,
νw̄

i |= ϕi, and either γ ∈ Γ and σi = γ.σi+1, or γ = σi = σi+1 =⊥.

A run is accepting if it ends in a final location. A timed word w̄ is accepting if
there is an accepting run of M on w̄. The language accepted by an ECVPA M ,
denoted TL(M), is the set of all accepting timed words w̄. A language of finite
timed words L is an event-clock visibly pushdown language (ECVPL) if there is
an ECVPA M such that L = TL(M).

q
0

q
1

q
2

a /

a /    , xa < 2

b /   ,  x
a
 < 2 c /   , x

b
 < 4
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b
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q
3

⊥γ

γ γ

γ

Fig. 2. Event-clock visibly pushdown automaton M

Example 1. The ECVPA M over Σ = 〈{a}, {b, c}, ∅〉 of Figure 2 uses two event-
recording clocks, xa and xb. The alphabet Σ we use for M is partitioned in
Σc = {a}, Σr = {b, c}, and Σi = ∅.
– Push: (q0, a,>, q1, γ), (q1, a, xa < 2, q1, γ)
– Pop: (q1, b, xa < 2, γ, q2), (q2, b, 2 < xb < 3, γ, q2), (q2, c, xb < 4,⊥, q3)

The automaton M accepts timed input words of the form (ᾱ, t̄) with ᾱ =
anbnc for some integer n ≥ 0. All edges that are not labeled by clock constraints
have, by default, the trivial clock constraint true. The clock constraint xa < 2 that



is associated with the loop from q1 to itself ensures that each a occurs within 2
time units of the preceding a. The clock constraint xa < 2 that is associated with
the edge from q1 to q2 ensures that b occurs within 2 time units of the preceding
b. A similar mechanism for checking the value of xb while reading b ensures that
the time difference between each b and the subsequent b is always greater than
2 and less than 3. Thus, the timed language L(M) defined by M consists of all
timed words (ᾱ, t̄) such that for all 1 ≤ i < n, we have ti+1 ≤ ti + 2, and for all
n + 1 ≤ j ≤ 2n, we have tj + 2 < tj+1 < tj + 3. However, TL(M1) cannot be
accepted by any timed automaton.

Pushdown timed automata (PTAs) were considered in [5] for modeling real-
time context-free processes. A PTA is a timed automaton augmented with a
pushdown stack. The emptiness problem for PTAs is decidable. Unfortunately,
PTAs are not closed under intersection and complementation, and language in-
clusion problem for PTAs is undecidable. The next theorem addresses the rela-
tionships between classes of ECAs, TAs, ECVPAs, and PTAs.

Theorem 3. The following assertions hold:
1) ECAs ( ECV PAs; 2) ECV PAs * TAs;
3) TAs * ECV PAs; 4) ECV PAs ( PTAs.

Definition 5. An ECVPA M = 〈Q,Σ, CΣ , Q0, Γ, δ, F 〉, is deterministic iff all
the following conditions hold.

– M has at most one initial location, i.e., |Q0| ≤ 1, and
– For every a ∈ Σi: If (q, a, ϕ1, q1) ∈ δi and (q, a, ϕ2, q2) ∈ δi, then ϕ1 ∧ ϕ2 is

mutually exclusive, i.e., ν 2 ϕ1 ∧ ϕ2 for all clock-valuation ν.
– For every a ∈ Σc: If (q, a, ϕ1, q1, γ1) ∈ δc and (q, a, ϕ2, q2, γ2) ∈ δc, then

ϕ1 ∧ ϕ2 is mutually exclusive, i.e., ν 2 ϕ1 ∧ ϕ2 for all clock-valuation ν.
– For a ∈ Σr, γ ∈ Γ : If (q, a, ϕ1, γ, q1) ∈ δr and (q, a, ϕ2, γ, q2) ∈ δr, then

ϕ1 ∧ ϕ2 is mutually exclusive, i.e., ν 2 ϕ1 ∧ ϕ2 for all clock-valuation ν.

The determinism condition ensures that, at each step during a computation,
the choice of the next transition is uniquely determined by the current location
of the automaton, the input word, and by the current position of the automaton
along the input word.

5 Closure properties and Decision problems

This section demonstrates the good closure properties and tractable decision
problems for ECVPAs. Our key is to prove that ECVPAs are determinizable. To
do so, we establish a homomorphism from ECVPAs to VPAs.

For a given ECVPA M , let B = {r0, r1, ..., rk} be the set of constants ap-
pearing in the clock constraints of M . Without loss of generality, let us as-
sume that 0 ≤ r0 < r1 < · · · < rk. We define Intv = {[⊥,⊥], [0, 0], (0, r0))} ∪
{[ri, ri], (ri, ri+1) | 0 ≤ i < n} ∪ {[rk, rk], (rk,∞)}. An interval pushdown al-
phabet based on Σ is the set Λ = Λi ∪ Λc ∪ Λr = Σ × Intv|CΣ |, where Λi =



Σi × Intv|CΣ | is the subset of internals, Λc = Σc × Intv|CΣ | is the subset of
calls, and Λr = Σr × Intv|CΣ | is the subset of returns. It is easy to see that
|Λ| = |Σ| × |Intv|2|Σ| = |Σ| × (2rk + 2)2|Σ|.

Elements of an interval pushdown alphabet Λ are thus of the form (a, g) with
a ∈ Σ and g : CΣ → Intv. The component g is called guard and is meant to
present the constraint:

∧
x∈CΣ

x ∈ g(x). Let λ = (a1, g1) · · · (an, gn) ∈ Λ∗. Then
λ induces in a natural way a set of timed words, denoted tw(λ), as follows. Let
w̄ = (b1, t1) · · · (bn, tn) ∈ TΣ∗. Then w̄ ∈ tw(λ) iff for each i, bi = ai and for
each x ∈ CΣ , νw̄

i (x) ∈ gi(x). The map tw is extended to work on subsets of Λ∗

in the natural way. For each L̄ ⊆ Λ∗, we define tw(L̄) =
⋃

λ∈L̄ tw(λ).

Lemma 1. Let λ, λ′ ∈ Λ∗, if λ 6= λ′ then tw(λ) ∩ tw(λ′) = ∅.
Proof. Assume on the contrary that tw(λ) ∩ tw(λ′) 6= ∅. Let w̄ = (a1, t1) · · ·
(an, tn) ∈ tw(λ)∩ tw(λ′) then we see that λ(i) = (ai, gi) and λ′(i) = (ai, g

′
i) and

gi(z) ∩ g′i(z) 6= ∅ for all 1 ≤ i ≤ n, z ∈ CΣ . Since λ 6= λ′, gi(z) 6= g′i(z) for each
z ∈ CΣ . Thus, we obtain the property that gi(z) 6= g′i(z) and gi(z) ∩ g′i(z) 6= ∅
for all 1 ≤ i ≤ n, z ∈ CΣ . This contradict with the fact that there cannot exist
I, J ∈ Intv such that I 6= J and I ∩ J 6= ∅.

2

Definition 6 (Untimed Homomorphism). For a given ECVPA M = 〈Q,Σ,
CΣ , Q0, Γ, δ,Qf 〉, let Λ be the interval pushdown alphabet constructed as above.
We define a VPA ut(M) = 〈Q,Λ, Q0, Γ,∆, Qf 〉 over Λ as follows:

– Push: If (q, a, ϕ, q′, γ) ∈ δc then (q, (a, g), q′, γ) ∈ ∆c, where (a, g) ∈ Λ such
that ϕ =

∧
x∈CΣ

x ∈ g(x).
– Pop: If (q, a, ϕ, γ, q′) ∈ δr then (q, (a, g), γ, q′) ∈ ∆r, where (a, g) ∈ Λ such

that ϕ =
∧

x∈CΣ
x ∈ g(x).

– Internal: If (q, a, ϕ, q′) ∈ δi then (q, (a, g), q′) ∈ ∆i, where (a, g) ∈ Λ such
that ϕ =

∧
x∈CΣ

x ∈ g(x).

Lemma 2. Let M be an ECVPA then tw(L(ut(M))) = TL(M), and if M is
deterministic then ut(M) is also deterministic.

Definition 7 (Timed Homomorphism). For a given VPA N = 〈Q, Λ,Q0, Γ,
∆,Qf 〉 over interval pushdown alphabet Λ, we define an ECVPA ec(N) = 〈Q,Σ,
CΣ , Q0, Γ, δ,Qf 〉 as follows:

– Push: If (q, (a, g), q′, γ) ∈ ∆c then (q, a, ϕ, q′, γ) ∈ δc where the clock con-
straint ϕ =

∧
x∈CΣ

x ∈ g(x).
– Pop: If (q, (a, g), γ, q′) ∈ ∆r then (q, a, ϕ, γ, q′) ∈ δr where the clock con-

straint ϕ =
∧

x∈CΣ
x ∈ g(x).

– Internal: If (q, (a, g), q′) ∈ ∆i then (q, a, ϕ, q′) ∈ δi where the clock con-
straint ϕ =

∧
x∈CΣ

x ∈ g(x).

Lemma 3. TL(ec(N)) = tw(L(N)), and if N is deterministic then ec(N) is
also deterministic.



Theorem 4 (Determinization). For any nondeterministic ECVPA M , there
is a deterministic ECVPA Det(M) such that TL(Det(M)) = TL(M). Moreover,
if M has n states, we can construct Det(M) with O(2n2

) states and O(2n2 · |Σc| ·
(2r)|2Σ|) stack symbols, where r is the largest constant appearing in the clock
constraints of M . The set of clocks of Det(M) coincides with that of M .

Proof. Let M = 〈Q,Σ,CΣ , Q0, Γ, δ,Qf 〉 be a nondeterministic ECVPA. Assume
that B = {r0, r1, ..., rk} is the set of constants appearing in the clock constraints
of M . Let Intv be the set of interval defined as above. Without loss of generality,
we can assume that each clock constraint in each transition of M is of the
form

∧
x∈CΣ

(x ∈ Ix) where Ix ∈ Intv. We first construct a VPA ut(M) over
interval pushdown alphabet Λ using Definition 6. Second, determinize the VPA
ut(M) using determinization technique presented in [3]. We get an equivalent
deterministic VPA Det(ut(M)) with O(2n2

) locations and O(2n2 · |Λc|) stack
symbols. Finally, transform the VPA Det(ut(M)) into an ECVPA Det(M) =
ec(Det(ut(M))) using Definition 7. Based on Lemmas 1, 2, and 3, we obtain
TL(Det(M)) = TL(M) and Det(M) is deterministic. The number of locations
of Det(M) is O(2n2

) and the number of stack symbols is O(2n2 · |Σc| · (2rk)2|Σ|).
2

A direct determinization from nondeterministic ECVPAs to deterministic ECV-
PAs is discussed in Appendix D. The next theorem follows from Theorem 4 and
the visibility on input symbols.

Theorem 5 (Closure properties). The class of ECVPL of timed languages
is closed under union, intersection, and complementation.

Using Alur and Dill’s region technique [1], Bouajjani et al. [5] showed that the
emptiness problem for pushdown timed automata is decidable in O(n3·23mlogrm),
where n is the size the automaton, m is the size of input alphabet, and r is the
largest constant of clock constraints appearing in the automaton. Since each
ECVPA is a pushdown timed automaton (Theorem 3), the emptiness problem
for ECVPAs is decidable. Together with Theorem 5, we get

Theorem 6 (Language Inclusion). The language inclusion problem for ECV-
PLs is Exptime-complete.

Proof. Decidability and membership in Exptime for inclusion hold because,
given ECVPAs M1 and M2, we can take the complement of M2, take its inter-
section with M1 and check for the emptiness. For the hardness, as shown in [3],
the language inclusion problem for VPAs is Exptime-complete. Because a VPA
can be viewed as an ECVPA whose all transitions have the trivial clock con-
straint true, which evaluates to true for all clock-valuations. Thus, the language
inclusion problem for ECVPAs is Exptime-complete.

2

In the remaining part of this section, we briefly sketch how to model real-
time verification problems using ECVPAs. Suppose that we are given a program



P with procedures (or method) that can call one another. We choose a suitable
pushdown alphabet Σ = 〈Σc, Σr, Σi〉, assign a set of event-clocks corresponding
to Σ, and associate a symbol with every transition of P with the restriction that
calls are mapped to Σc, returns are mapped to Σr, and all other statements are
mapped to Σi. Then, P can be viewed as an ECVPA over pushdown alphabet Σ,
generated timed language TL(P ). The real-time specification is given as another
ECVPA S over the same alphabet, and the program is correct iff TL(P ) ⊆
TL(S). Requirements that can be checked in this approach include common
regular real-time properties specified by ECAs [2], and non-regular real-time
properties such as: partial real-time correctness (if p holds when a procedure
is invoked, then within d time units, if the procedure returns, q holds upon
return), total real-time correctness (if p holds when a procedure is invoked, then
the procedure must return within d time units and q must hold at the return
state), and local real-time properties (every request is followed by a response
within d time units). Moreover, Theorem 6 can be extended to verify whether a
program described as a visibly pushdown timed automaton (PTAs with visibility
on input alphabet) satisfies a specification given as an ECVPA.

6 Event-Clock Büchi Visibly Pushdown Automata

In this section, we consider extensions of the results of ECVPAs to ECVPAs with
Büchi acceptance condition. We show that event-clock Büchi visibly pushdown
automata are closed under union, intersection, and complementation.

An infinite timed word over an alphabet Σ is a member w̄ = (a0, t0)(a1, t1) · · ·
of (Σ × R+)ω such that ti < ti+1, for each i ∈ N . Let TΣω denote the set of
infinite timed words over Σ. Clock valuation for an infinite timed word w̄ is
defined using the natural extension of Definition 2 of clock valuation for finite
timed word.

Definition 8. A Büchi ECVPA over Σ is a tuple M = 〈Q,Σ,CΣ , Q0, Γ, δ,Qf 〉
whose components agree with those of a finite ECVPA given in Definition 4.

For any infinite timed word w̄ ∈ TΣw, a run over w̄ is an ω-sequence ρ =
(q0, σ0)(q1, σ1) · · · that is defined using the natural extension of the definition
of runs on finite timed words. To determine whether a run ρ is accepting, we
consider the set inf(ρ) ⊆ Q which is the set of all locations that occur in ρ
infinitely often. A run ρ is accepting if Qf is met infinitely often along the run,
i.e., inf(ρ) ∩Qf 6= ∅. An infinite timed word w̄ is accepted by M if there is an
accepting run of M on w̄. The set of all infinite timed words accepted by M
is called the the timed language of M , denoted TLω(M). A language of infinite
timed words L ⊆ LΣω is said to be an w-ECVPL if there is a Büchi ECVPA M
such that L = TLω(M). By using a similar technique as for ECVPAs, we can
establish a homomorphism from Büchi ECVPAs to Büchi VPAs. Since Büchi
VPAs are closed under all boolean operations, we obtain

Theorem 7 (Closure properties). The class of ω-ECVPLs is closed under
union, intersection, and complementation.



7 Related works

There is an extensive body of works on formal verification of non-regular proper-
ties recently. Especially, VPAs were introduced in [3] as a formal framework for
pushdown model checking non-regular properties. The synchronization of VPAs
have been generalized to synchronized pushdown automata by Caucal [6], and
to height-deterministic pushdown automata by Nowotka and Srba [13]. VPAs
with multiple stacks have been considered recently by La Torre, Madhusudan
and Parlato [15], who exploit the concept of visibility further to obtain a rich
pushdown-automata class that can even model multi-thread programs and ex-
press properties beyond the class of context-free languages. At the same time,
their automata are closed under boolean operations, come up with a decidable
emptiness and inclusion problem. These results require a restricted version of
VPAs with multiple stacks whose behavior can be split up into a fixed number
of phases. In a recent report [4], Bollig considered 2-stack VPAs in their unre-
stricted form and showed that 2-stack VPAs are expressively equivalent to the
existential fragment of monadic second order logic.

Pushdown systems were used to model the state space of sequential programs
with nested procedure calls. When modeling recursive sequential programs via
pushdown systems, it is necessary to abstract local variables (which have to be
stored on the stack) with an infinite range to finite range, in order to obtain
a finite pushdown alphabet. This abstraction may lead to spurious counterex-
ample. In [12], Kuske and Lohrey introduced pushdown systems over infinite
stack alphabets. Such a pushdown system can directly model programs with
nested procedure calls, where procedures use variables with an infinite domain.
They also showed that the FOREG-theory of the configuration graph C(S) of
a pushdown systems over an infinite stack is decidable. FOREG is the exten-
sion of first-order logic which allows to define new binary predicates by regular
expressions over the binary predicates of a base structure.

8 Conclusion

In this paper, we have presented ECVPAs as a subclass of pushdown timed
automata. We have shown that the class of ECVPAs enjoys good closure prop-
erties and desirable decision problems. Our work has been inspired by VPAs [3]
and ECAs [2]. From the automata-theoretic point of view, ECVPAs can be seen
as a proper extension of both VPAs and ECAs. From the formal verification
point of view, the class of ECVPAs is sufficiently expressive to model real-time
pushdown systems, and to specify common non-regular context-free real-time
requirements. With such advantages, we believe that the class of ECVPAs is an
adequate framework for model checking common context-free real-time proper-
ties of real-time programs with recursive procedure calls.

Several future directions are interesting. First, we plan to study a logical char-
acterization of ECVPAs. We expect that such a logic is more expressive than
EventClockLTL logic [9]. Second, state complexity of finite automata has been



intensively studied, and has important practical implications in finite-automata
applications (see [14], e.g,). We believe that a study of state complexity of VPAs
(ECVPAs) is an interesting issue. Third, weighted automata and weighted logics
have been extensively studied by Droste et al. (see [8], e.g,), and have used to
modeling quantitative systems. It would be interesting to incorporate weights to
ECVPAs for modeling quantitative real-time pushdown systems.
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A Proof of Theorem 3

Proof. Obviously, (1) holds. Recall the ECVPA M in Example 1, the timed lan-
guage of M cannot be accepted by any timed automata. This proves ECV PAs *



TAs, (2) holds. To prove (3), consider the timed automaton A in Figure 3, which
uses a single clock x to accept timed words over the unary alphabet {a}. The
timed language L(A) consists of all timed words of the form (ak, t), for k ≥ 2,
such that tj − ti = 1 for some 0 ≤ i < j < k. However, this timed language
cannot be accepted by any ECVPA. Hence TAs * ECV PAs. Finally, as shown
in [2], an event-clock automaton can be transformed into a timed automaton.
By using a similar technique, one can transform an ECVPA into a pushdown
timed automaton. This indicates that ECV PAs ( PTAs, (4) holds.

q
0

q
1

x := 0
q

2

aa a

aa

x = 1

Fig. 3. Timed automaton A

2

B Proof of Lemma 2

Proof. First, we prove TL(M) ⊆ tw(L(ut(M)). Let w̄ = (a1, t1)(a2, t2) · · · (an, tn)
∈ TL(M). There is an accepting run ρ = (q0, σ0)(q1, σ1) · · · (qn, σn) of M on w̄,
where qn ∈ Qf . By Definition 6, we see that ρ is also a run of ut(M) on λ =
(a1, g1) · · · (an, gn). Namely, λ ∈ L(ut(M)). Because w̄ ∈ tw(λ), so TL(M) ⊆
tw(L(ut(M)) (1). Conversely, for each λ′ = (b1, g

′
1)(b2, g

′
2) · · · (bn, g′n) ∈ L(ut(M)),

it is easy to verify that w̄′ ∈ TL(M) for all w̄′ ∈ tw(λ′). This indicates that
tw(L(ut(M)) ⊆ TL(M) (2). From (1) and (2), we have TL(M) = tw(L(ut(M)).

2

C Proof of Lemma 3

Proof. First, we prove that tw(L(N) ⊆ TL(ec(N)). For each λ = (a1, g1)(a2, g2)
· · · (an, gn) ∈ L(N), if ρ = (q0, σ0)(q1, σ1) · · · (qn, σn) is a run of N on λ then ρ
is also a run of ec(N) on w̄ for all w̄ ∈ tw(λ). Namely, tw(L(N) ⊆ TL(ec(N))
(1). Conversely, let w̄ = (a1, t1)(a2, t2) · · · (an, tn) ∈ TL(ec(N)). There is an
accepting run ρ = (q0, σ0)(q1, σ1) · · · (qn, σn) of M on w̄, where qn ∈ Qf . By
Definition 7, we can find an untimed word λ = (a1, g1) · · · (an, gn) ∈ Λ∗ such
that w̄ ∈ tw(λ) and ρ is also a run of N on λ. Thus, TL(ec(N) ⊆ tw(L(N)) (2).
The lemma follows from (1) and (2). 2



D Another Proof of Theorem 4

Proof. This proof 2 uses the same basic technique as for determinizing VPAs [3].
The construction has two components: a set of summary edges S, that keeps track
of what state transitions are possible from a push transition to the corresponding
pop transition, and a set of path edges R, that keep track of all possible location
reached from initial locations. In our real-time case, we have to consider clock
constraints. Thus, we associate each transition of the target automaton with a
suitable clock constraint.

Let M = 〈Q,Σ, CΣ , Q0, Γ, δ, F 〉. We first sketch the scenario by the follow-
ing example. Let w̄ = w̄1ā1w̄2ā2w̄3 be a timed word, where in w̄1 every call
is matched by a return, where there may be unmatched returns; w̄2 and w̄3

are timed words in which all calls and returns are matched; and ā1 = (a, t),
ā2 = (a2, t

′), where a1 and a2 are calls (that do not have matching returns
in w̄). Then after reading w̄, the ECVPA we construct will have as its stack
(S2, R2, a2)(S1, R1, a1) ⊥, and its control location will be (S,R). Here, the set
S2 is the summary for w̄2, i.e., S2 = {(q, q′) | ∃q0 ∈ Q0 : (q0, σ0)

w̄1ā1−−−→ (q, σ) w̄2−−→
(q′, σ′)}. Similarly, S1 is the summary for w̄1 and S is the summary for w̄3. The
set R1 is the set of locations reachable by M from any initial location on w̄1, R2

is the set of locations reachable from any initial location on w̄1ā1w̄2, and R is
the set of locations reached by M after reading w̄.

When reading the next symbol b̄ = (b, t′′), there are there cases: b is (1) a
call, (2) a return, (3) internal. If b is a call, we push (S, R, b), update R using
all possible transitions on b̄ to get R′, and go to the new location (IdQ, R′),
where IdQ = {(q, q) | q ∈ Q} is the initialization of the summary. If b is a
matching return of a2, we pop (S2, R2, a2) and update S2 and R2 using the
current summary S along with a push-transition on a2 and a corresponding
pop-transition on b̄. If b is an internal action, we update S′ and R′ by subset
construction using all possible transitions on b̄ (no stack operations).

We now formally define the ECVPA Det(M) = 〈Q′, Σ,CΣ , Q′
0, Γ

′, δ′, F ′〉
as follows: Q′ = 2Q×Q × 2Q, Q′0 = {(IdQ, Q0)} where IdQ = {(q, q)|q ∈ Q},
F ′ = {(S,R)|R ∩ F 6= ∅}, Γ ′ is the set of tuples (S, R, a) where S ⊆ Q × Q,
R ⊆ Q and a ∈ Σc. The transition relation δ′ = δ′c ∪ δ′r ∪ δ′i is given by:
– Internal: For each (S, R) ∈ Q′ and an internal symbol a ∈ Σi, let E ⊆ δi be

the set of all internal transitions of M whose source locations are in R and
whose input symbol is a. Then, for every non-empty subset E′ ⊆ E, there is
an internal transition ((S,R), a, χE′

E , (S′, R′)) ∈ δ′i, where χE′
E

3, and (S′, R′)
satisfies the following conditions:{

S′ = {(q, q′)|∃q′′ ∈ Q : (q, q′′) ∈ S, (q′′, a, ϕ, q′) ∈ E′}
R′ = {q′|∃q ∈ R : (q, a, ϕ, q′) ∈ E′}

2 This proof gives a direct determinization of ECVPA, by this way, the determinized

automaton has O(2n2
) locations and O(2n2 · |Σc|) stack symbols.

3 In the whole of this proof, we denote χE′
E is the conjunction of all clock constraints

of transitions in E′ and all negated clock constraints of transitions in (E \ E′).



– Push: For each (S, R) ∈ Q′ and a call symbol a ∈ Σc, let E ⊆ δc be the
set of all call transitions of M whose source locations are in R and whose
input symbol is a. Then, for every non-empty subset E′ ⊆ E, there is a
call transition ((S,R), a, χE′

E , (IdQ, R′), (S, R, a)) ∈ δ′c where R′ satisfies the
following conditions:

R′ =
{
q′

∣∣∃q ∈ R, γ ∈ Γ \ {⊥} : (q, a, ϕ, q′, γ) ∈ E′}

– Pop: For each (S, R) ∈ Q′ and a return symbol a ∈ Σr, let E ⊆ δr be the
set of all return transitions of M whose source locations are in R and whose
input symbol is a. Then, for every non-empty subset E′ ⊆ E, there is a
return transition from (S,R) to (S′′,K ′′) with the input a such that:
• if the stack is empty : ((S, R), a, χE′

E ,⊥, (S′′, R′′)) ∈ δ′r where
{

S′′ = {(q, q′) | ∃q′′ ∈ Q : (q, q′′) ∈ S, (q′′, a, ϕ,⊥, q′) ∈ E′}
R′′ = {q′ | ∃q ∈ R : (q, a, ϕ,⊥, q′) ∈ E′}

• otherwise: ((S, R), a, χE′
E , (S′, R′, a′), (S′′, R′′)) ∈ δ′r, where





S′′ = {(q, q′) | ∃q3 : (q, q3) ∈ S′, (q3, q
′) ∈ Update}

R′′ = {q′ | ∃q ∈ R′ : (q, q′) ∈ Update}
Update =

{
(q, q′)

∣∣∣∣
∃q1, q2 ∈ Q, γ ∈ Γ : (q, a′, ϕ1, q1, γ) ∈ δc,
(q1, q2) ∈ S, (q2, a, ϕ2, γ, q′) ∈ E′

}

2


