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iiiAbstractThis Thesis deals with nonlinear and stochastic dynamics in systems which canbe described by nonlinear Schr�odinger models. Basically three di�erent modelsare investigated. The �rst is the continuum nonlinear Schr�odinger model in oneand two dimensions generalized by a tunable degree of nonlinearity. Variousperturbations such as 
uctuating forces, localized impurities, and dissipationare considered. The second kind of model is the discrete nonlinear Schr�odingermodel, which also is investigated in one and two dimensions. External pertur-bations similar to the continuum case are also considered in the discrete model.Finally, nonlinear Schr�odinger continuum and discrete models with nonlocaldispersion are investigated.In the introductory chapter the physical situation of energy transport onmolecular aggregates in which the results applies is discussed in detail. Thischapter also introduces the nonlinear Schr�odinger model in one and two di-mensions, discussing the soliton solutions in one dimension and the collapsephenomenon in two dimensions. Also various analytical methods are described.Then a derivation of the nonlinear Schr�odinger equation is given, based on aDavydov like system described by a tight-binding Hamiltonian and a harmoniclattice coupled by a deformation-type potential. This derivation results in atwo-dimensional nonlinear Schr�odinger model, and considering the harmoniclattice to be in thermal contact with a heat bath we show that the nonlinearSchr�odinger equation must be augmented by a multiplicative noise term. The re-sulting stochastic model is investigated in the continuum limit and the behaviorof the coherent excitations under the in
uence of the noise is studied. Similarly,we study the 
uctuation e�ects on the two-dimensional collapse phenomenon.We �nd numerically and analytically that the collapse can be delayed and ul-timatively arrested by the 
uctuations. Allowing the system to reach thermalequilibrium we further augment the model by a nonlinear damping term and�nd that this prohibits collapse in the strict mathematical sense. However acollapse like behavior still persists in the presence of the nonlinear damping.Apart from the absence of the collapse in the strict mathematical sense we �ndthat the nonlinear damping term has rather weak in
uence on the interplaybetween 
uctuations and self-focusing. The study of the continuum model isconcluded by an investigation of the dynamics of localized states in the vicinityof an impurity.Studying the discrete nonlinear Schr�odinger model, we �rst analyze the in-



ivtrinsically localized excitations supported by this model in one dimension. Thisanalysis is accomplished using analytical methods developed for nonlinear maps.It is demonstrated how the nonanalyticity of the map through homoclinic andheteroclinic connections permits the existence of localized states on the lattice.The pinning e�ect of the discrete lattice is also investigated, constructing aMelnikov function describing qualitatively the di�erence between on-site andinter-site states.Since the intrinsically localized excitations are rather robust we further studythe implications of 
uctuations and nonlinear damping in this discrete model.The 
uctuations are found always to destroy the localized states.Existence and dynamics of the intrinsically localized excitations in the two-dimensional discrete model are also studied. It is found that in two dimensions abistability phenomenon of the localized states appears. The bistability expressesitself by allowing localized states of various width to have equal norms. We �ndin the two-dimensional discrete model that the interplay of the collapse e�ectand the discrete pinning allows dynamical creation of a spatially distributed setof localized states from a broad initial excitation.The last kind of models studied in the Thesis is nonlinear Schr�odinger modelswith nonlocal dispersive interaction. First a continuum model with an expo-nential dependence of dispersive interaction is studied. This model shows incontrast to the ordinary continuum nonlinear Schr�odinger models that the non-locality imposes an upper bound on the norm of a possible localized excitation.The model is also shown to support a cusp soliton. A similar discrete nonlocalmodel is discussed. This model has an algebraic dependence of the dispersive in-teraction. There exists no upper limit of the norm in the discrete model, but thepossibility of a bistability phenomenon similar to that of the two-dimensionalmodel is shown to occur.Finally, we show that a two-dimensional Kronig-Penney model describing forexample propagation of electromagnetic waves in photonic bandgap materialscan be reduced to a one-dimensional nonlocal nonlinear Schr�odinger model,which is similar to the nonlocal models considered previously.



vDansk resum�eN�rv�rende afhandling omhandler ikke-line�r og stokastisk dynamik af syste-mer, som kan modelleres ved hj�lp af den ikke-line�re Schr�odingerligning. Treforskellige modeller studeres. Den f�rste er kontinuumsversionen af den ikke-line�re Schr�odingermodel i henholdsvis �en og to dimensioner. Modellen er ge-neraliseret s�aledes, at muligheden for en regulerbar grad af ikke-linearitet ermedtaget. Forskellige perturbationer s�asom 
uktuerende eksterne kr�fter, lo-kaliserede urenheder og dissipation er betragtede. Den anden form for model,som er betragtet i afhandlingen, er den diskrete ikke-line�re Schr�odingermo-del i �en s�avel som i to dimensioner. Ogs�a i den diskrete version er e�ekter afde ovenfor n�vnte eksterne perturbationer betragtede. Endelig studeres somden tredie art model kontinuumsversioner og diskrete versioner af ikke-line�reSchr�odingermodeller med ikke-lokale dispersive led.Indledningsvis beskrives fysiske situationer, hvor de opn�aede resultater �nderanvendelse. Endvidere introduceres den ikke-line�re Schr�odingerligning ved endiskussion af solitonl�sningerne af den �endimensionale version og kollapsf�no-menet i den todimensionale version. Kapitlet beskriver ogs�a forskellige analyti-ske metoder, som anvendes i forbindelse med den ikke-line�re Schr�odingerlig-ning.Udledningen af den ikke-line�re Schr�odingerligning, som den forekommer iafhandlingen, er baseret p�a et system som ligner Davydovsystemet. Dette sy-stem er beskrevet ved en tight-binding Hamiltonfunktion og ved et harmoniskgitter, hvor tight-binding systemet og gitteret er koblet sammen via et deforma-tionspotentiale. Idet vi betragter det harmoniske gitter som v�rende i termiskkontakt med et varmereservoir, vises det, at den ikke-line�re Schr�odingerlig-ning skal modi�ceres med et multiplikativt st�jled. Den resulterende stokastiskemodel unders�ges i kontinuumsgr�nsen, hvor udviklingen af koh�rente excita-tioner under st�jp�avirkningen analyseres. Ligeledes er st�jp�avirkningen af dettodimensionale kollaps studeret. Vi �nder ved analytiske og numeriske metoder,at kollapset bliver forsinket og ultimativt oph�rer med at eksistere som f�lge afst�jen. Det vises, at modellen yderligere m�a modi�ceres med et ikke-line�rttabsled, hvis systemet skal kunne opn�a termisk ligev�gt. Det ikke-line�re tabs-led medf�rer, at kollapset i matematisk stringent forstand ikke l�ngere kanforekomme i modellen, hvorimod den modi�cerede model opretholder mulighe-den for en kollapslignede e�ekt. Bortset fra at kollaps ikke eksisterer i stringentmatematisk forstand, viser det sig, at det ikke-line�re tabsled ikke har nogen



viafg�rende betydning for samspillet mellem 
uktuationerne og selvfokuserings-e�ekten. Studiet af kontinuumsmodellen afsluttes med en unders�gelse af dendynamik, som udvises af lokaliserede excitationer, n�ar de be�nder sig i umid-delbar n�rhed af en urenhed.Hvad ang�ar den diskrete ikke-line�re Schr�odingermodel, unders�ger vi ind-ledningsvis de intrinsisk lokaliserede excitationer, som denne model underst�tteri �en dimension. Denne unders�gelse udf�res ved anvendelse af analytiske meto-der, som er udviklet til brug ved analyse af ikke-lin�re afbildninger. Vi de-monstrerer, hvordan den ikke analytiske afbildning svarende til den diskreteikke-line�re Schr�odingermodel gennem homokline og heterokline forbindelsermuligg�r eksistensen af lokaliserede excitationer p�a det diskrete gitter. Desu-den konstrueres en Melnikovfunktion til kvantitativ beskrivelse af den diskretepinning-e�ekt, som st�rkt lokaliserede excitationer uds�ttes for p�a gitteret.Eftersom de intrinsisk lokaliserede excitationer synes at v�re us�dvanligtrobuste, unders�ger vi, hvordan disse p�avirkes af et ikke-line�rt tab kombineretmed 
uktuationer. Det viser sig, at 
uktuationerne altid destruerer de lokalise-rede excitationer.Endvidere studeres eksistensen og dynamikken af intrinsisk lokaliserede ex-citationer i den todimensionale diskrete model. Vi �nder, at der i denne modelforekommer et bistabilitetsf�nomen af de lokaliserede l�sninger. Dette bistabi-litetsf�nomen giver sig til kende ved at tillade to forskellige l�sninger at haveden sammen norm. Desuden giver den todimensionale diskrete model ved atkombinere kollapse�ekten og pinning-e�ekten mulighed for dynamisk at skabeet antal rumligt distribuerede lokaliserede excitationer ud fra en delokaliseretexcitation.Endeligt studeres ikke-line�re Schr�odingermodeller med ikke-lokale disper-sive e�ekter. F�rst studeres en kontinuumsmodel, hvor den dispersive kob-ling afh�nger eksponentielt af koblingsafstanden. Denne model viser i kontrasttil almindelige kontinuums ikke-line�re Schr�odingermodeller, at der pga. ikke-lokaliteten er en �vre gr�nse for normen af de lokaliserede excitationer. En lig-nende diskret model, hvor den ikke-lokale kobling afh�nger algebraisk af kob-lingsafstanden, er ogs�a diskuteret. I dette diskrete tilf�lde er der ingen �vregr�nse for normen, men der optr�der et bistabilitetsf�nomen �kvivalent tildet, der forekommer i den diskrete todimensionale model.Til sidst vises det, hvordan en todimensional Kronig-Penney-model, sombl.a. beskriver udbredelsen af elektromagnetiske b�lger i dielektriske supergitre,kan reduceres til en �endimensional ikke-lokal model.
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1Chapter 1Introduction1.1 Overview and strategyThe present Thesis is a collection of work illuminating di�erent aspects of themost generic and universal simple nonlinear model: The nonlinear Schr�odingerequation.The physical subject which formed the foundation of the thesis work is de-scribed in the following section (section 1.2) while an introduction to the math-ematics of the nonlinear Schr�odinger equation will be the subject of the �nalsection (section 1.3) of this introduction. Section 1.3 shall also introduce theanalytical methods which are essential for the remaining part of the Thesis.The work divides naturally into three parts. The �rst part presented inchapter 2 (Paper I-Paper VII) deals with the continuum nonlinear Schr�odingerequation as a model of molecular aggregates. This part studies the coherence ofan excitation in the presence of noise and it also studies the collapse phenomenonin the presence of noise.Chapter 3 (Paper VIII-Paper X) presents the second part of the Thesis,which deals with one and two-dimensional discrete nonlinear Schr�odinger equa-tions. The existence and stability properties of localized excitations in thesemodels are studied. This part also studies the behavior of localized excitationsin the one-dimensional discrete nonlinear Schr�odinger equation in the presenceof noise and nonlinear damping.The review part of the Thesis ends with chapter 4 (Paper XI-Paper XIII)which deals with continuum and discrete nonlinear Schr�odinger equations withnonlocal dispersive interaction. The existence and stability properties of local-ized excitations in the presence of nonlocal dispersive interactions are studied.Finally, chapter 5-17 contains the 13 articles in their full extent.The spirit in which the Thesis is written is that of a review paper, which �rstpresents in short form the physical context and the basic knowledge required.Then it proceeds to give a concentrated description of the new work of the



2 CHAPTER 1. INTRODUCTION13 articles forming the core of the Thesis. The material of the 13 articles ispresented in review form in the chapters 2-4. Review form implies that onlythe main results are commented on and they are given almost without detailsof analytics and numerics. This is meant to give a continuous and coherentpresentation of the results. E�ort has been made to relate the results to eachother and to show the logic and reason of the next step in the investigation.Apart from the results, background knowledge and extensive reference to theresults of other researchers has been provided in proper relations. Therefore allthe main points of the thesis work can be found in the �rst four chapters while allthe many details must be sought in the speci�c article. Making this possible thisoverview shall conclude by de�ning the names of the articles directly containedin the Thesis. The names Paper I-Paper XIII will below each be connected toan article and all the way through the Thesis this name will be applied whenreferring to one of these article, in contrast to the articles cited in the referencelist which will be referred to by a number in square brackets.The outlined strategy presents however the technical di�culty that the no-tation changes slightly from article to article. In the three following chaptersone certain notation is chosen and is maintained throughout these chapters, andwhenever a new notation or quantity is introduced an appropriate explanationis given. The notation of the next three chapters may however occasionally con-
ict with the notation of the articles. In particular Paper IV has a con
ictingnotation.1.1.1 List of papersPaper I [1]: O. Bang, P. L. Christiansen, F. If, K. �. Rasmussen, and Yu. B.Gaididei, "Temperature e�ects in a nonlinear model of monolayer Scheibeaggregates", Phys. Rev. E 49, 4627 (1994).Paper II [2]: O. Bang, P. L. Christiansen, F. If, K. �. Rasmussen, and Yu. B.Gaididei, "White noise in the two-dimensional nonlinear Schr�odinger equa-tion", Applicable Analysis, 57, 3 (1995).Paper III [3]: K. �. Rasmussen, Yu. B. Gaididei, O. Bang, and P. L. Chris-tiansen, "The In
uence of Noise on the Critical Collapse in the NonlinearSchr�odinger equation", Phys. Lett. A, 204, 121 (1995).Paper IV [4]: P. L. Christiansen, K. �. Rasmussen, O. Bang, and Yu. B.Gaididei, "The temperature-dependent collapse regime in a nonlinear dy-namical model of Scheibe aggregates", Physica D 87, 321 (1995).Paper V [5]: P. L. Christiansen, Yu. B. Gaididei, M. Johansson, K. �.Rasmussen, and I. I. Yakimenko, "Collapse of solitary excitations in thenonlinear Schr�odinger equation with nonlinear damping and white noise"Phys. Rev. E 54, 924 (1996).



1.1 OVERVIEW AND STRATEGY 3Paper VI [6]: Yu. B. Gaididei, K. �. Rasmussen, P.L. Christiansen, "Nonlin-ear excitations in two-dimensional molecular structures with impurities",Phys. Rev. E 52, 2951 (1995).Paper VII [7]: Yu. B. Gaididei, K. �. Rasmussen, P. L. Christiansen,"Dipole-like nonlinear excitations in an inhomogeneous two-dimensionalsystem", Phys. Lett. A 203, 175 (1995).Paper VIII [8]: D. Hennig, K. �. Rasmussen, H. Gabriel and A. B�ulow,"Solitonlike solutions of the generalized discrete nonlinear Schr�odingerequation", Phys. Rev. E 54, 5788 (1996).Paper IX [9]: P. L. Christiansen, Yu. B. Gaididei, M. Johansson, and K. �.Rasmussen, "Breatherlike excitations in discrete lattices with noise andnonlinear damping", Phys. Rev. B 55, 5759 (1997).Paper X [10]: P. L. Christiansen, K. �. Rasmussen, Yu. B. Gaididei, V. K.Mezentsev, and J. Juul Rasmussen. "Dynamics in discrete two-dimensionalnonlinear Schr�odinger equations in the presence of point defects" Phys.Rev. B 54, 900 (1996).Paper XI [11]: Yu. B. Gaididei, P. L. Christiansen, S. F. Mingaleev, and K. �.Rasmussen, "E�ect of nonlocal dispersion on self-interacting excitations"Phys. Lett. A 222, 152 (1996).Paper XII [12]: Yu. B. Gaididei, P. L. Christiansen, S. F. Mingaleev, andK. �. Rasmussen, "E�ects of Nonlocal Dispersive Interactions on Self-Trapping Excitations", Phys. Rev. E 55, 6141 (1997).Paper XIII [13]: Yu. B. Gaididei, P. L. Christiansen, K. �. Rasmussenand M. Johansson, "Two-dimensional e�ects in nonlinear Kronig-Penneymodels", Phys. Rev. B 55, R13365, (1997).



4 CHAPTER 1. INTRODUCTION1.2 Physical contextAlthough the concrete physics of the Thesis is modelling the energy transfer inScheibe aggregates the model which will appear (the derivation is described inSec. 2.2) is a very general and generic model which turns the obtained resultsinto results of general interest in a variety of physical contexts. A review of al-ternative physical systems where the results may �nd applications will thereforebe given in here.Before discussing speci�c physical contexts we shall in general terms describethe generic nature of the nonlinear Schr�odinger (NLS) equation.The NLS equation in the form2ikc!0 �@ @t + !0 @ @z �+r2? + !00kc!0 @2 @z2 + 2k2cn(j j2) = 0; (1.1)describes the propagation of the scalar envelope  (x; y; z; t) of the �eld ~E =Re[~e (x; y; z; t) exp i(kcz �!0t)] of an almost monochromatic wave in a weaklynonlinear dispersive medium.The equation (1.1) can be obtained by a multiple scale expansion of thehigh-frequency carrier wave equation permitting description of the slowly vary-ing envelope of the beam. This implies that !0 = @!=@kjkc and !00 = @2!=@k2jkcis the group velocity and the dispersion coe�cient (group velocity dispersion)along the propagation axis z, respectively. The di�raction of the wave in thetransverse plane (x; y) perpendicular to the propagation axis is represented byr2? = @2x+@2y . The nonlinearity n(j j2) arises from the response of the mediumto the wave amplitude. Assuming the response to be instantaneous it can sim-ply be approximated by a �rst order Taylor expansion in powers of the beamintensity, n(j j2) / j j2.An equivalent way to obtain Eq.(1.1) is by formally taking the Fouriertransform in space and time of the expansion of the nonlinear dispersion law! = !(k; n(j j2)). The expansion must be in the components of the wave num-ber k centered around the carrier wave number kc of the unperturbed incidentwave (!0 = !(kc)) and in the variations of the refractive index n(j j2) of thenonlinear medium.In this manner Eq.(1.1) arises in various branches of physics concerned withthe description of a high-frequency carrier wave slowly modulated.One of the earliest applications of this sort was in nonlinear optics, whichis still one of the branches of nonlinear science most accessible to experimentsand theoretical analysis. Within nonlinear optics, Eq.(1.1) describes the in
u-ence imposed on the wave envelope by the refractive index n of the medium.Commonly the refractive index depends on the wave intensity via the so-calledKerr e�ect: n = n0 + n2j j2. As given in Ref. [28] the nonlinear term sim-ply becomes 2k2cn2=n0j j2 in this case. In the context of nonlinear optics,the variable t often refers to the longitudinal distance along the beam prop-agation axis, whereas the z occuring in the space derivatives corresponds tothe retarded time ~t = t � z=!0. This means that the variables t and z are



1.2 PHYSICAL CONTEXT 5interchanged in the context of nonlinear optics. Thus, the term @2 =@z2 inEq.(1.1) represents temporal dispersion in nonlinear optics. The e�ect is oftentermed group velocity dispersion because of the coe�cient !00kc=!0. Dependingon the dispersive properties of the medium this coe�cient can either be positivein the case of anomalous dispersive medium or negative in the case of normaldispersive medium. That the behavior of a beam crucially depends on whetherthe medium has normal or anomalous dispersion has been veri�ed theoretically[29, 30] as well as experimentally [31]; normal dispersion causes �lamentation ofthe beam while anomalous dispersion leads to self contraction and ultimativelycollapse. In some cases, as for example when the temporal width of the beamis large, the temporal dispersion can be neglected causing the beam dynamics,at least initially, to be determined by a two-dimensional NLS equation.At present a technologically important application of the NLS equationwithin optics is the description of optical pulse propagation along optical �bers.In this context the relevant NLS equation is one-dimensional and the derivationis similar to the above sketched. This application and the potential advantagesof the soliton solution was �rst noted 1973 by Hasegawa and Tappert [32]. Thepurpose of applying the soliton property in optical communication was at thattime apparently the possibility of letting the nonlinearity counter balance theinvalidating pulse spreading e�ects caused by the dispersion. However, due tothe development of the dispersion shifted �bers the soliton e�ect has become anappropriate way of dealing with the inevitable nonlinear e�ects. In any case theapplication of the NLS equation in optical communication remains one of its pri-mary applications and a lot of research e�ort has been invested in investigatingthis �eld. A recent exposition of the development of the optical communicationapplication is given by Hasegawa and Kodama [33]. Since �rst order nonlineare�ects are intrinsically absent in optical �bers due to the inversion symmetryof SiO2 and since the �bers are nearly completely transparent the speci�c ex-ample of pulse propagation on optical �bers probably is the one example wherethe NLS equation provides the most accurate description. In spite of this, thedescription can be improved by including terms which account for higher ordere�ects as third order dispersion  ttt, self-steepening (j j2 )t and self-frequencyshift via stimulated Raman scattering (j j2)t [34]. Note that the terms aregiven in the framework of optics and not in the notation used in Eq.(1.1). Aug-mented by such terms the NLS equation shows some rather interesting features,and in some special cases exact soliton solutions can still be found [35{37].Also discrete versions of the NLS equation �nd application in nonlinear op-tics. For weakly coupled optical waveguides, coupled mode theory yields [38,39] that the envelope  n of the �eld in guide n obeysi@z n + ( n+1 � 2 n +  n�1) + �00@tt n + 2j nj2 n = 0; (1.2)where the term @tt n as described above is due to the group velocity disper-sion and the coe�cient �00 can have both signs or be neglected depending onthe actual situation. This description can quite naturally be extended to in-clude two-dimensional �ber arrays just by extending the discrete derivative in



6 CHAPTER 1. INTRODUCTIONEq.(1.2) to two dimensions. Since these equations are two-dimensional (three-dimensional) NLS equations which simultaneously are continuum and discrete,quite interesting e�ects arise [40].Plasma physics is another branch of physics where the NLS equation ap-peared very early. It was �rst derived in this context from hydrodynamicalequations using the so-called reductive perturbation method [41, 42]. The de-scription of the coupling of a light wave into electron plasma waves by density
uctuations is also accomplished by a NLS equation in the form (1.1). It ispossible for an excited plasma wave to beat with the imposed light wave creat-ing variations in the electric �eld intensity. This gradient in the �eld intensityproduces a force (the pondermotive force), which acts back on the plasma cre-ating ion density 
uctuations. Clearly this is a nonlinear e�ect and the factthat the pondermotive force is proportional to the �eld intensity leads to thecubic nonlinearity in the description. The �nal application in plasma physics wemention here is that the NLS equation can emerge from the Zakharov equations[43]. These equations describe the slowly varying Langmuir electric �eld ampli-tude coupled to the low frequency 
uctuations of the electron density. In thelimit where the ion inertia is neglected the Zakharov equations reduce to a NLSequation governing the envelope of the high frequency �eld. Naturally the NLSequation usually only yields idealized and approximative analysis, and thereforea variety of perturbations has to be considered to improve the description (see[44] e.g.).The traditional application of discrete NLS models is in condensed matterphysics, and we shall here give a brief explanation of how it appears and whatit describes in this branch of physics.The tight-binding approach is a traditional way [45] of calculating energybands and electron wave functions for bands arising from weakly overlappingatomic orbitals in periodic solids. The tight-binding model is a one-electronmodel neglecting electron-electron interaction, and disregarding the couplingbetween orbitals belonging to di�erent bands. Assuming further that each atomcontributes only with one orbital, the tight-binding Hamiltonian can in secondquantized form be written asH =Xn Vnaynan +Xn;m Jn;maynam (1.3)describing a periodic crystal with the on-site potential Vm and the hopping inte-gral Jn;m. In Eq.(1.3) n and m are lattice site indices and ayn (an) is the creation(annihilation) operator for an orbital centered around site n. A moving electroncan be described by j	i whose time evolution is governed by the Hamiltonian(1.3) through the standard Schr�odinger equationi�hdj	 >dt = Hj	 > : (1.4)Expanding j	i =Pm  mjmi and multiplying the resulting equation by a Wan-



1.2 PHYSICAL CONTEXT 7nier localized state hmj, one obtainsi�hd mdt =Xn Jn;m n + Vm m; (1.5)for the amplitudes  m. In the presence of vibrations, Vm (and in principlealso Jn;m) depends on the vibrational coordinates um. A simple and reasonableassumption is that Vm depends linearly on um. Considering only optical phononsit is reasonable that the lattice in absence of the interactions are harmonicoscillators, oscillating with the frequency !. This makes it natural that um inthe presence of interactions obeysd2umdt2 + !2um = const. � j mj2: (1.6)Hence, the equilibrium position of the oscillator is changed by an amount pro-portional to the occupation probability at the respective site.Now assuming the vibrations of the lattice to be faster than the time scaleof the electron evolution, such that the vibrations are slaved by the probabil-ities, it is permissible to ignore the time derivatives in Eq.(1.6). This leavesthe vibrational coordinate proportional to the occupation probability, and thediscrete NLS equation is obtained for the occupation probabilityi�h _ m =Xn Jn;m n + 
j mj2 m; (1.7)where 
 is a constant speci�ed by the coupling between the lattice and theelectron. The same result could have been reached starting from a Hamiltoniandescribing the particle, the vibrating lattice, and the interaction. The essentialsteps, originally given by Holstein [46], being to neglect the kinetic energy termsand expanding the wave function in Wannier states as above.The discussion of the appearance of the discrete NLS equation in condensedmatter physics given above is of course not very precise but it hopefully con-veys the essential physical content. A more thorough derivation including themicroscopic subtleties can be found e.g. in [47]. A nice account of the many ap-plications the discrete NLS equation has in condensed matter physics has beengiven by Kenkre [48].The Davydov model of energy transport on �-helix proteins is also an exam-ple which under assumptions similar to those of Holstein [46] reduces to a NLSequation. This model is quite similar to the model which is discussed in Sec.2.2of this Thesis so we shall postpone the discussion to that section, and here onlymention that many details on Davydov's theory of proteins and its relation tothe NLS equation can be found in [49{52].More exotically the NLS equation occurs in dynamics of quasi one-dimensionalferromagnets with easy-axis anisotropy [53] and applications related to nonidealBose gas with attraction [54].The discussion of this section on the various applications of the NLS equationshould make it clear that it is an extremely general and generic model which



8 CHAPTER 1. INTRODUCTIONhas applications in very many branches of modern physics. Thus, althoughthe results reviewed in this Thesis as a rule refer to the physical example ofthe molecular aggregates given in Sec.1.2.1, they certainly pertain to a largenumber of alternative physical problems and using the results in these situationsis merely a matter of changing terminology and notation.1.2.1 Scheibe aggregatesScheibe aggregates [55] are a special kind of ordered molecular systems, whichexperimentally exhibits highly e�cient energy transfer which possibly can beexplained through nonlinear dynamical e�ects inherent to the system.Scheibe aggregates are found in nature, where they function as energy fun-nels for sunlight to be used in photochemical processes [56], but they may alsobe produced arti�cially in the laboratory by the Langmuir-Blodgett technique[57]. In this way Langmuir-Blodgett Scheibe aggregates may be used to studythe important process of photosynthesis, and may also be used technologicallyto identify the combination of molecules resulting in the most e�cient energytransfer.Scheibe aggregate formation of monolayer Langmuir-Blodgett �lms may beobtained by mixing dye molecules with inert molecules in the molar ratio 1:1 [58].The aggregated structure of such a �lm is sketched in Fig.1.1 (right), showinghow the chains of the inert molecular �ller (in this case octadecane) occupiesthe holes left by the hydrophobic chains of the dye (in this case oxacyanine).This compact packing structure results in a large intermolecular binding energy[58]. In �lms where the molecular structure is less ordered and compact, theScheibe band, which gives this kind of Langmuir-Blodgett �lm its special andinteresting properties, will not arise (e.g. mixing ratios dye:�ller other than 1:1).The absorption and 
uorescence bands of the chromophores in the Scheibeaggregates are mainly determined by the �-electron portion between the nitro-gen atoms. Due to these strong narrow coinciding absorption and 
uorescencebands the Langmuir-Blodgett Scheibe aggregates, have unique energy transferproperties. Furthermore, Langmuir-Blodgett �lms are particularly suited forstudies of energy transfer, since the positions and orientations of the moleculesare �xed, and by appropriate planning of the assembly procedure the architec-ture of the aggregates can be varied systematically.Con�rmation of highly e�cient energy transfer over unusually large dis-tances in Langmuir-Blodgett Scheibe aggregates was �rst obtained by M�obiusand Kuhn in 1979 [59]. The monolayer Langmuir-Blodgett Scheibe aggregatestudied by M�obius and Kuhn consists of an oxacyanine dye (donors) doped witha thiacyanine dye (acceptors) with a donor:acceptor ratio as high as 104. Theterminology acceptor and donors arise from the fact that the acceptor moleculeshave a slightly lower excitation energy than the donors, allowing energy transferfrom donor molecules to acceptor molecules. Sterically, the thiacyanine accep-tor molecules are very similar to oxacyanine donor molecules, and it is thereforeassumed simply to substitute a donor molecule in the brickstone work lattice,in which the donors are arranged. The brickstone work model of the aggregate



1.2 PHYSICAL CONTEXT 9
Figure 1.1: Left: Absorption and 
uorescence spectra of a monolayer LB Scheibeaggregate of an oxacyanine dye mixed with octadecane, acting as inert molecular"�ller". Molar mixing ratio 1:1, T=300K. Taken from Ref. [58]. Right: (a)Aggregated structure of the �lm, where octadecane chains occupies the holesleft by the oxacyanine dye molecules, resulting in a closest packing structure.(b) Representation of oxacyanine molecules. (c) Representation of octadecanechains.is depicted in Fig. 1.2, where also the excitation and movement of the so-calledcoherent exciton domain is sketched. Coherent exciton or simply exciton is thename usually applied for the localized wave function describing the excitation ofthe �-electrons in the aggregate. M�obius and Kuhn found the e�ciency of en-ergy transfer to be proportional to the temperature in the range 20K-300K [59].In Langmuir-Blodgett �lms with less ordered and compact molecular structuresthan the Scheibe aggregates, the energy transfer is less e�cient, and no temper-ature dependence is observed in the range 20K-300K [59]. In later studies theenergy transfer was found to be up to ten times more e�cient when donors andacceptors are situated in the same layer, than if situated in adjacent layers [60].Therefore we shall concentrate our interest on monolayer Langmuir-BlodgettScheibe aggregates. They seem to have the best energy transfer properties andmay model the processes of energy harvesting and transfer in photosynthesis.Furthermore, limiting ourselves to monolayers reduces the dimension of the rel-evant model from three dimensions to two dimensions. The main experimentsof M�obius and Kuhn on such �lms are presented in References [59, 60].Theoretically, M�obius and Kuhn found that a coherent exciton model couldexplain their experimental results [59, 60]. In their model it is assumed that onexcitation of the aggregate a coherent exciton, extending over a certain numberof molecules, is created. Since the decay rate associated with a single donormolecule is constant, this results in a radiative decay rate of the exciton whichis proportional to its domain size. Experimentally the radiative decay rate ofthe exciton was found to be inversely proportional to the temperature implying



10 CHAPTER 1. INTRODUCTION
Figure 1.2: Brickstone work model of a monolayer LB Scheibe aggregate, whereeach brick represents a cyanine dye molecule. The excitation of a coherentexciton extending over 9 molecules, and moving over the aggregate towards anacceptor molecule, is sketched.that the domain size of the coherent exciton is also inversely proportional tothe temperature [59, 60]. The exciton then moves across the aggregate withits domain size remaining constant. Occasionally it will reach the vicinity of anacceptor molecule, with a certain probability of transferring its energy dependingon its domain size. This explains the measured temperature dependence of theenergy transfer e�ciency.It is important to note that the coherent exciton model suggested by M�obiusand Kuhn displays mean behavior. It does not state anything about the dy-namics. On the average the exciton, which has a certain domain size, musttravel with a certain velocity (higher than the speed of sound in the aggregate),since it is supposed to reach an acceptor molecule during its life time. It seemslikely that, e.g., the domain size will be a decreasing function of time, due todestruction of coherence through thermal 
uctuations.In summary, the main experimental results of M�obius and Kuhn on cyanineScheibe aggregates are that on illumination of the �lm1) a coherent exciton extending over a domain of molecules is excited,2) the domain size is inversely proportional to temperature,3) the exciton stays coherent during its life time,4) the exciton life time is proportional to temperature,5) the e�ciency of energy transfer from donor to acceptor molecules,is inversely proportional to temperature.The temperature-dependent radiative decay rate of excitons in pseudoisocya-nine Scheibe aggregates both in solutions, and in monolayer Langmuir-Blodgett�lms has been studied by Dorn and M�uller [61]. They veri�ed that the 
uores-



1.2 PHYSICAL CONTEXT 11cence life time was an increasing function of temperature, indicating a progres-sive destruction of cooperativity (decreasing domain size of M�obius and Kuhn'scoherent exciton). Similar conclusions were drawn by De Boer and Wiersmafrom studies of pseudoisocyanine bromide Scheibe aggregates [62], by Itoh etal., who studied the 
uorescence life time of excitons in CuCl microcrystals [63],and by Feldman et al. [64], who studied the same e�ect in GaAlAs quantumwells. Thus the experimental results of M�obius and Kuhn seem well supported.Langmuir-Blodgett �lms and molecular architecture have many technolog-ical applications in electronics (dielectric layers in semiconductors, capacitors,etc.), and especially optoelectronics (photoresistors, photodiodes, photomem-ory, gratings, 2nd harmonic generation, etc.). They may also serve as modelsystems for fundamental investigations of exciton processes as well as of struc-ture and function in two-dimensional and three-dimensional molecular systemsin general. For a broader overview, interested readers are referred to, e.g., thereview articles by Blinov [65] and by Tredgold [66].While in the past much work on Scheibe aggregates was aimed at under-standing the spectroscopy, the focus has recently changed towards comprehend-ing their dynamical properties. Thus Mukamel and co-workers [67, 68] haveestablished the existence of a temperature dependent coherence size of the ex-citon from numerical calculations in one-dimensional, provided that the excitondephasing time scale is much shorter than the 
uorescence life time, and thatthe exciton-phonon coupling is weak. When the coupling is strong, purely inco-herent motion is observed, with an e�ective coherence size of only one molecule,independent of temperature.The conclusion that the experimental results may only be reproduced if theexciton-phonon coupling is weak was also reached by Bartnik et al., who studieda purely quantum mechanical model of Scheibe aggregates [69{72]. Incorporat-ing an acceptor molecule among the donor molecules, the acceptor was found toact as an energy trap, provided the parameter values satisfy certain constraints.Furthermore, it is proposed that both coherent and incoherent (di�usive) exci-ton motion may participate in the energy transfer, initially being coherent, buteventually becoming incoherent.Huth et al. [73] �rst proposed a nonlinear model of Scheibe aggregates, wherethe coherent domain observed experimentally is assumed to arise from nonlineardynamical e�ects in the aggregate. The model is based on the cubic nonlinearSchr�odinger (NLS) equation allowing energy transfer to occur through solitarywaves. Initially formulated in one dimension the model was later supposed tobe applicable also in two dimensions, with the initial conditions becoming ringwaves. In two dimensions the NLS equation is no longer integrable, and thusthe ring wave may collapse at the center. Christiansen and co-workers [74, 75]used this collapse of the ring waves in the nonlinear model to predict the excitonlife time at room temperature.The nonlinear model of Huth et al. requires a strong coupling between ex-citons and phonons. This contrasts the result obtained by Mukamel, Bartnik,and their collaborators, that the coupling must be weak. It is noted that thede�nition of weak and strong coupling is not yet clear in this connection. Fur-



12 CHAPTER 1. INTRODUCTIONthermore, the model does not take thermal e�ects into account. Thus, as forthe Davydov soliton in proteins [76], a natural question arises: For how longtime can solitary waves exist in Scheibe aggregates at a certain temperature?A model similar to that of Huth et al. is developed and investigated inthe �rst part of the Thesis (Paper I-Paper V). This model will include thermale�ects. The remaining part of the Thesis (chapters 3 and 4) continues to discussdi�erent aspects of the model, however the connection to the physical contextdescribed above is not direct.1.3 The Nonlinear Schr�odinger EquationAs is evident at this point the mathematical theme of this Thesis is nonlinearSchr�odinger equations in various forms and dimensions. Therefore it is appro-priate to give a short summary of the properties of this equation. This willbe the scope of this section, and it will be divided into a subsection on one-dimensional results where the unperturbed NLS equation is integrable, and asubsection on two-dimensional results where the integrability is lost and thecollapse phenomenon appears. The two subsections of this section shall alsointroduce the most relevant analytical methods which are to be applied in thethesis.1.3.1 Properties in one dimensionThe one-dimensional nonlinear Schr�odinger equationi t +  xx + j j2 = 0; (1.8)is in the sense of Calogero [77] completely S-integrable, which means that theevolution of any initial wave can be found analytically via the inverse scatteringtransform (IST).The IST was �rst introduced for the Korteweg-de Vries (KdV) equationin the paper by Gardner, Green, Kruskal and Miura [78]. The method wasfurther developed by Lax [79], Zakharov and Shabat [80], and Ablowitz et al.[81, 82]. Today the method is well developed for a number of nonlinear evolutionequations and detailed accounts are given by several authors [83{89]. The basicidea of the IST is to represent a nonlinear evolution equation for a function (x; t) in the form of the so-called Lax-pair [79] (L;A)Lt + [L;A] = 0; (1.9)where the linear operators L and A have coe�cients which depend on the func-tion  (x; t) and its derivatives. Thereby the evolution equation for  (x; t) ap-pears as the compatibility condition of the auxiliary linear equationsL	 = �	; (1.10)	t = A	; (1.11)



1.3 THE NONLINEAR SCHR�ODINGER EQUATION 13where � is a spectral parameter and the auxiliary function 	 is the so-calledJost function. The �rst step in applying the IST is to solve the direct scatteringproblem which involves determining the eigenfunctions of the spectral problem(1.10). Since the operator L depends on  (x; t), the scattering data of (1.10)will depend on this function. The scattering data will in general consist oftwo components S(�) and Sn de�ning the continuous and discrete spectrum,respectively. n is the index labeling the discrete eigenvalues. Via (1.11) thetemporal evolution of the scattering data generates the temporal evolution of (x; t). A crucial point here is that the evolution of the scattering data is trivialsince they generally obey equations of the form@S(�; t)@t = i
(�)S(�; t); (1.12)dSn(t)dt = 
n(�)Sn(t); (1.13)where the coe�cients 
(�) and 
n(�) may be zero. Solving the initial valueproblem of the evolution equation (Eq.(1.8) e.g.) one should �rst �nd the initialscattering data S(�; t = 0) and Sn(t = 0) corresponding to an initial condition (x; t = 0), i.e., solve the direct scattering problem, then �nd S(�; t) and Sn(t)(for any t > 0) form the evolution equations (1.12) and (1.13). Finally,  (x; t)should be reconstructed based on S(�; t) and Sn(t), i.e., the inverse scatteringproblem, must be solved. The discrete spectrum of the scattering data alwayscorresponds to solitons (the nonlinear part of the solution) while the continuousspectrum of the scattering data always corresponds to radiation (the linear partof the solution).For Eq.(1.8) the Lax pair (L;A) has matrix form and was �rst found byZakharov and Shabat [80]. Using these operators and the IST procedure de-scribed above the soliton solutions of Eq.(1.8) can be found. In particular theone soliton solutions are given as s(x; t) = p2� sech[�(x� �)] exp[�2i�x� i�] ; (1.14)where � = 4(�2 � �2)t+ �0; � = �4�t+ �0: (1.15)�0 and �0 are arbitrary constants; the amplitude � and velocity � are in generalde�ned by the initial data. The general expression for the N soliton solution isgiven by Satsuma and Yajima [90].Being S-integrable Eq.(1.8) additionally possesses an in�nite number of con-served quantities, of which we here shall show the three most fundamental.i) The norm N which has di�erent names in di�erent physical contexts,power in optics, number of particles in plasma physics and excitation num-ber in the Davydov theory, is de�ned asN = Z 1�1Ndx = Z 1�1 j j2dx: (1.16)



14 CHAPTER 1. INTRODUCTIONii) The Hamiltonian H, whose name stems from the fact that Eq.(1.8) isgiven as i t = @H@ � , is de�ned asH = Z 1�1Hdx = Z 1�1�j xj2 � 12 j j4�dx: (1.17)iii) Finally, the momentum P is given asP = Z 1�1 Pdx = i Z 1�1 ( x � �   �x) dx: (1.18)Since the quantities are conserved they ful�ll _N = _H = _P = 0 where the overdotdenotes the derivative with respect to time.Various physical systems (see [44] e.g.) are of the formi t +  xx + j j2 = �R[ ]: (1.19)where �R[ ] can be considered small. This suggest the usefulness of developingperturbational schemes. Since the unperturbed equation is completely inte-grable the most powerful perturbative technique is based on the IST. Perturba-tion theory based on the IST was introduced by Kaup [91] and independentlyby Karpmann and Maslov [92, 93], also Kaup and Newell [94] contributed im-portantly to the development of this method. In the framework of the IST thesolitonic and radiative (discrete and continuous spectra) parts separate natu-rally, suggesting an analogous separation in the presence of perturbations. Onepossible way of exploiting this is merely to take into account the evolutionEq.(1.13) for the scattering data forming the discrete spectrum leading to evo-lution equations for the solitonic parameters � and �. This approach is oftenreferred to as adiabatic perturbation theory. It is of course only an approximatetreatment but it can be shown [93] that the e�ects of the radiation emitted fromthe soliton appears only in the second order perturbation result, which providesus with the theoretical support for applying the adiabatic theory.An alternative adiabatic approach applicable for equations of the form (1.19)has been proposed by Bondeson, Lisak and Anderson [95] and is an extension ofthe averaged variational principle given by Whitham [96]. We will describe themethod as it appears in connection with Eq.(1.19) even though it is generallyapplicable for integrable systems with perturbations.The unperturbed evolution equation (1.8) can be derived from the Lagrangiandensity L L = 12 i ( � t �   �t )� j xj2 + 12 j j4 (1.20)such that Eq.(1.8) is given as�L� � = ddt @L@ �t + ddx @L@ �x � dLd � = 0: (1.21)



1.3 THE NONLINEAR SCHR�ODINGER EQUATION 15The assumption of adiabaticity implies that only the soliton parameters aregoing to be time dependent as a result of the perturbation, implying that thesolution can be expressed as  =  (x; t; pj(t)) where pj(t) are parameters char-acterizing the soliton. For non-Hamiltonian external perturbative forces, theEuler-Lagrange equations have to be modi�ed. This modi�cation can be ob-tained following Whitham [96] in using the action L = R Ldx instead of theLagrangian density. After a few simple manipulations it follows that the evolu-tion of the parameters pj is governed by@L@pj � ddt @L@ _pj = ��Z 1�1R@ �@pj dx+ c:c� (1.22)where c.c. denotes complex conjugated. If the perturbations are Hamiltonian,as will often be the case in the following, then the action L can be modi�edto Lmod which includes explicitly the perturbations. In such case the methodresults in the following equation for the parameters pj@Lmod@pj � ddt @Lmod@ _pj = 0: (1.23)In some cases the action can be modi�ed to account also for non-Hamiltonianperturbations, examples of this are given in [15] and [97]. A slightly modi�edversion of the described methods is to exploit the conserved quantities of theunperturbed system instead of the Lagrangian. Examples of this are given in[98] (KdV) and in [99] (NLS).The variational methods described above are often referred to as methodsof collective coordinates [15, 100] where the parameters pj are thought of asthe collective coordinates. As a method of analyzing nonlinear phenomena themethods of collective coordinates has proven to be very powerful and it has beenused by many authors in several contexts of nonlinear physics and mathematics[100{109] (the list of citations is not complete and not meant to be but meant toillustrate the variety of applications of the method). Also in the work presentedin this Thesis the method of collective coordinates or related methods are appliedvery frequently (see Paper II -Paper V, Paper IX andPaper XI - Paper XII).1.3.2 Properties in two dimensionsIn two spatial dimensions the NLS equationi t +  xx +  yy + j j2 = 0; (1.24)loses its integrability, which of course means that no inverse scattering transformexists for this equation and equivalently Eq.(1.24) possesses only a �nite num-ber of conserved quantities. However, the norm, Hamiltonian and the momen-tum which are trivial extensions into two dimensions of the quantities given inEqs.(1.16), (1.17) and (1.18) are still conserved under the evolution of Eq.(1.24).



16 CHAPTER 1. INTRODUCTIONIn spite of the non integrability "soliton" solutions or at least localized solutionsare possible. Assuming radially symmetric solutions of the form (r; t) = �R(� r) exp(i�2 t) (1.25)where � is a parameter (frequency) then the real valued pro�le R(r) must satisfyd2Rdr2 + 1r dRdr � R+ R3 = 0; R0(0) = 0; R(1) = 0: (1.26)The unique positive solution of this equation is monotonically decreasing. Itwas found numerically by Chiao, Garmire and Townes [110] and is often calledthe Townes soliton [111, 27]. The norm, NT , of the Townes soliton isNT = 2� Z 10 R2rdr ' 11:69: (1.27)Discussing the stability of the Townes soliton it is advantageous to consider aslightly more general equation than (1.24)i t +r2 + j j2� = 0 (1.28)where the Laplacian can take any dimension, d. The nonlinearity j j2� is agood approximation in several physical situations (see, e.g., [112{114]), and isalso convenient for numerical simulations (see [15] and Paper III). This kindof nonlinearity has also been used to obtain some quite surprising results indiscrete systems [115{117].We are interested in the stability of stationary spatially localized solutionsof the form  (r; t) = �1=� R(� r) exp(i�2 t): (1.29)The standard approach of the soliton theory is to analyze the linear stability ofthe stationary, spatially localized solutions. In this context stability is signify-ing that the localized solution during the evolution remains (neither dispersesnor collapses) localized even in the presence of small perturbations. For thegeneralized NLS equation (1.28) the soliton stability is determined by the wellknown Vakhitov-Kolokolov criterion [118, 119]. Thus, monotonically decreasingstationary solutions are stable wheneverdNd� > 0: (1.30)Sketching how the criterion arises we consider = [ s + (u+ iv) exp(
t)] exp(i�2t) (1.31)where  s(x; y) is the monotonically decreasing solution to Eq.(1.28) ( s(x; y) iswithout loss of generality assumed to be real) and (u(x; y)+ iv(x; y)) exp(
t) isa perturbation. Assuming u and v are small we have to �rst order
u = L+v; (1.32)
v = �L�u; (1.33)



1.3 THE NONLINEAR SCHR�ODINGER EQUATION 17where L� = �2 �r2 �  2�s ; and L+ = L� � 2� 2�s : (1.34)Eliminating v from Eqs.(1.32) and (1.33) we arrive at the eigenvalue problem�
2u = L+L�u: (1.35)Clearly, the stability is determined by the sign of the largest eigenvalue sat-isfying Eq.(1.35). Several authors [118, 119, 116] (Ref. [116] deals with theequivalent discrete problem) have shown that for the simple monotonically de-creasing solution the sign of the largest eigenvalue is the same as the sign of thequantity � = Z 1�1  sL�1�  sdxdy: (1.36)Di�erentiating Eq.(1.28) with respect to �2 it follows straightforwardly that s + L� @ s@�2 = 0; (1.37)and thus �@ s@�2 = L�1�  s: (1.38)Applying this in Eq.(1.36) we immediately obtain� = �12 @@�2 Z 1�1  2sdxdy = � 14� @N@� : (1.39)Stability is obtained when the largest eigenvalue is negative (� < 0) i.e. fordN=d� > 0 as claimed in Eq.(1.30). It should be noted that the derivation isonly sketched the details can be found in Ref. [119] e.g.Using the scaling properties of Eq.(1.28) we easily obtainN = � 2��d� Z R2(y)ddy; (1.40)where the integral is independent of the frequency �. According to the Vakhitov-Kolokolov criterion it therefore follows that the localized solutions are stable(unstable) when d� < 2 (d� > 2). In particular the soliton solutions of Eq.(1.8)(d = 1, and � = 1) are stable, while for the Townes soliton we have dNd� = 0.This suggests that the case d� = 2 is a critical case.The instability and marginal stability (see later) of the soliton for d� � 2manifest itself in the possibility of collapse. From the mathematical point ofview, collapse means that the solution of the initial value problem for somenonlinear evolution equations (the NLS equation in our case) exists only fora �nite time until some moment t = tc and can not be continued for t > tc.At the moment t = tc the solution abruptly loses its initial smoothness anda singularity appears. In the mathematical literature the development of asingularity in �nite time is mainly referred to as the blow-up of the solution.



18 CHAPTER 1. INTRODUCTIONSince the growth of amplitude is associated with a spatial contraction of thewave-packet, the phrase collapse is commonly used among physicists and shalltherefore be used in the following although a di�erent distinction between thephrases has been suggested previously [120]. Considering the quantityhr2i = 1N Z r2j j2dr (1.41)where r = (x1; x2; :::; xd) and r = qPdi=1 x2i , we can easily prove that collapseindeed is possible in Eq.(1.28). The evolution of hr2i can be shown [121] to begoverned by the equationN d2hr2idt2 = 4(2H � (d� � 2)Y ); (1.42)where H is the Hamiltonian corresponding to Eq.(1.28)H = X � Y = Z jr j2dr� 11 + � Z j j2(1+�)dr: (1.43)This equation is often called the virial theorem [121]. Goldman and Nicholson[122] �rst introduced this term due to the similarity with the virial theorem ofclassical mechanics. From Eq.(1.42) we can easily derive the following relationI = 4Ht2 + C1t+ C0+ 4(2� d�) Z t0 dt0 Z t00 dt00Y (t00) (1.44)where I = N hr2i andC1 = _It=0 = 4ImZ (r � r ) �dr; C0 = It=0: (1.45)For d� � 2 the last term in Eq.(1.44) is negative or zero. If the second degreepolynomial in t consisting of the three �rst terms has a real positive root tr,then there exists a tc, 0 � tc � tr for which limt!tc I = 0. Therefore su�cientconditions for collapse are for d� � 2H < 0 (1.46)or H = 0; and C1 < 0 (1.47)or H > 0; and C1 < �4pHC0: (1.48)The su�cient condition for collapse H < 0 was �rst found by Vlasov, Petr-ishchev and Talanov [123] and is therefore often [124, 125] referred to as theVPT criterion. Since N is conserved a su�cient condition for collapse is also



1.3 THE NONLINEAR SCHR�ODINGER EQUATION 19a su�cient condition for blow-up. On the other hand, collapse is a su�cientcondition for blow-up but not necessary. Thus blow-up may occur even if Iremains bounded. Denoting by Ns the norm of the simple soliton solution (ford = 2 and � = 2, Ns = NT ) Weinstein [126] has in the case (d� = 2) proven thefollowing relation �1�� NNs���X � H; (1.49)where X is de�ned in Eq.(1.43). Equation (1.49) excludes the opportunity ofH < 0 when N < Ns. Additionally we have for N < NspX +N �s H1� (N=Ns)� + N (1.50)which has been shown by Ginibre and Velo [127] to be su�cient to preventcollapse. It is therefore important to note that this means that in the criticalcase (d� = 2) collapse is only possible for excitations with N > Ns.It is now clear that for d� = 2 the soliton is located on the boundary separat-ing the collapse region from the non collapse region. Considering the followingperturbed soliton  = (1 + �) s (1.51)we obtain N ' Ns + 2�Ns; (1.52)H ' �2�X: (1.53)For �! 0+ this yields N > Ns, H < 0 and hence collapse, while �! 0� yieldsN < Ns, H > 0 implying no collapse. Hence, Eqs. (1.52) and (1.53) show themarginal stability of the soliton and in particular of the Townes soliton. Thisagrees with the discussion following Eq.(1.30). The discussion above shows thata reasonable terminology is to denote d� < 2 as the subcritical case, d� = 2 asthe critical case and d� > 2 the supercritical case.
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21Chapter 2Continuum models2.1 IntroductionHaving introduced the physical context and reviewed the essential propertiesof the NLS equation in one and two dimensions, the present chapter shall con-tinue to review the papers Paper I-Paper VII describing the development of themodel of the molecular aggregates. The developed model will include thermal
uctuation e�ects and as a result stochastic di�erential equations are studied.The e�ects of the 
uctuations on the coherence of the excitations will be inves-tigated analytically and numerically (Paper I and Paper II), and also the e�ectson the collapse phenomenon will be described (Paper III-Paper V). Finally thechapter will review the work of Paper VI and Paper VII on impurity e�ects inthe model.2.2 E�ects of 
uctuationsThe basic model equations are derived in Paper I and is closely related tothe Davydov model of energy transport in �-helix protein [76] except that thepresent model is two-dimensional. The derivation is in many ways similar tothe derivation given in Sec. 1.2 in connection with the discussion of the appli-cability of the NLS equation in condensed matter physics. The model is basedon a quantum mechanical energy operator consisting of three termsĤ = Ĥex + Ĥph + Ĥint: (2.1)The �rst term Ĥex =Xn E0B̂ynB̂n �Xn6=pXp JnpB̂ynB̂p (2.2)is the exciton energy operator. n and p count molecules on the aggregate,B̂yn (B̂n) is the creation (annihilation) operator of the exciton, while E0 and



22 CHAPTER 2. CONTINUUM MODELS�Jnp are the molecular site energy and the dipole-dipole interaction energy,respectively. The phonon energy, which is treated classically, is given byĤph = 12MXn [ _u2n + !20u2n]; (2.3)where M is the molecular mass and un(t) denotes the elastic degree of free-dom at site n. As is apparent from Eq.(2.3) the elastic degree of freedom isapproximated by Einstein oscillators, having the trivial optical dispersion re-lation !(k) = !0, !0 being a constant frequency. Finally, the exciton-phononinteraction is described by Ĥint = �Xn unB̂ynB̂n (2.4)where � is the exciton-phonon coupling parameter. Using standard techniques[128] Paper I describes how the model can be reduced to the following twoequations governing the exciton wave function �n and the elastic degree offreedom un, respectivelyi�h _�n +Xp6=n Jnp�p + �un�n = 0; (2.5)M �un +M!20un = �j�nj2: (2.6)A commonly chosen way [129{131] to model thermal 
uctuations is to augmentthe equations with a randomly 
uctuating term and a damping term turning theclassical equations into Langevin equations [132]. Since 
uctuation and dissipa-tion physically are two di�erent aspects of the same phenomenon the dampingand the 
uctuations have to be related quantitatively. The relation is obtainedby the 
uctuation-dissipation theorem [133] which relates the magnitude of thedamping to the auto-correlation function of the 
uctuating force. In Paper I theabove described approach to the problem is chosen and leads to the followingmodi�cation of Eq.(2.6)M �un +M� _un +M!20un = �j�nj2 + �n(t) (2.7)where the damping coe�cient � is related to the auto-correlation function ofthe 
uctuating force �n(t) ash�n(t)�n0(t0)i = 2M�kBT�(t � t0)�nn0 ; (2.8)in ful�lment of the 
uctuation-dissipation theorem [129]. In Eq.(2.8) kB isBoltzmann's constant and T is the absolute temperature. The 
uctuating force,the noise, is chosen to be �-correlated which is often called white noise becausethe spectrum (the Fourier transform of the auto-correlation function) is 
at andthere is an equal amount of power in each frequency component. The noise ischosen to be white mainly for mathematical convenience, and thus serve as a�rst approximation to physical 
uctuations which in general will have a nonzero



2.2 EFFECTS OF FLUCTUATIONS 23correlation time. Finally, the distribution of the random variable �n is assumedto be Gaussian in respect of the central limit theorem. This property also ensuresthat un will be continuous (see p. 83 of [129]) which is physically reasonable.From this point a series of simplifying approximations are made, the mostimportant being that the phonon system varies on a much faster time scale thanthe exciton system. Another important assumption is that � � 2!0, implyingthat the phonon system is strongly underdamped. These approximations leadto the governing equation for the exciton wave function, �i�h�t + l2J0r2�+ l2V j�j2� = �l2��; (2.9)where the continuum limit has been taken for convenience. This approximationwill be relaxed later in chapter 3 where the papers Paper VIII-Paper XI aredescribed. As seen Eq.(2.9) is a perturbed two-dimensional NLS equation. Theperturbation is �l2�� where � is a noise term which is no longer white noise. lis the lattice spacing, J0 the dipole-dipole interaction energy in the continuumlimit and V = �2=(M!20) is the modi�ed nonlinear coe�cient. This concludesthe derivation of the model equation which is to be studied in the remainingpart of this chapter.Paper I continues with a discussion of the appropriate model parameters anda discussion of how to approximate the now colored noise � such that it can behandled conveniently in numerical simulations. Considering the Townes (see theprevious section) soliton as the fundamental excitation of the two-dimensionalNLS equation, the e�ect of disorder (time independent noise) on the evolution ofthis excitation is studied numerically. As expected the disorder tends to scatterthe soliton. To quantify this scattering a coherence time tcoh is de�ned as thetime where the center amplitude of the excitation has decreased by a factor e.Figure 2.1 (Fig. 7 of Paper I) displays the main result of Paper I which is thecoherence time versus the temperature. The temperature dependence of thecoherence time is found to tcoh / T�0:24: (2.10)An obvious demand to the exiton is that it is coherent at least up to theexperimentally measured lifetime. On this background Paper I concludes atthis point that the model with the chosen approximation of the noise only isappropriate for temperatures below T � 3K. However, as seen in the followingthe conclusion changes when more realistic noise is considered.In Paper II the white noise approximation of the noise � is investigated. Theequation in normalized form is theni�t + �xx + �yy + j�j2� = �� (2.11)where the noise, �(x; y; t), is a Gaussian distributed random variable whichis �-correlated. Solving this equation numerically it is found, with the samede�nition of the coherence time, that the temperature dependence is
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Figure 2.1: Coherence time (solid curve) found by numerical solution of Eq.(2.9),Experimentally [60] found lifetime (dashed curve) versus temperature (see PaperI for details). tcoh ' 4:0T�0:40: (2.12)To gain some analytical understanding of this result a collective coordinateapproach is applied, where radial isotropy is assumed for analytical convenience.Thus the equation is i�t + 1r �r + �rr + j�j2� = �� (2.13)where r =px2 + y2 and the noise has the auto-correlation functionh�(r; t)�(r0; t0)i = Dr �(r � r0)�(t� t0); (2.14)where D is the noise variance which is proportional to the temperature T . Thecollective coordinate approach uses that Eq.(2.13) can be derived from the actionL = Z 10 f12Im(���t) + j�rj2 � 12 j�j4 + �(r; t)j�j2grdr; (2.15)



2.2 EFFECTS OF FLUCTUATIONS 25and the approach applies the trial function�(r; t) = A(t) sech( rB(t) ) exp �i�(t)r2 + i�(t)� ; (2.16)where the amplitude, A, width, B, and the phase functions, � and �, are thecollective coordinates. Proceeding along the lines described in Sec. 1.3.1 thefollowing equation governing the width B is obtainedB3 �B = �+ 4s3 Z 10 �1� rB tanh( rB )� sech2( rB )�(r; t)rdr; (2.17)where the constant, �, is de�ned as� = 4s3 �s1 � p1 � p1N4�s1� ; (2.18)and the coe�cients, sm, and pm, are given bysm = Z 10 xmsech2(x)dx; pm = Z 10 xmsech4(x)dx: (2.19)For � = 0 and � < 0 (N > NT ' 11:69, see de�nition of NT one page 16)Eq.(2.17) clearly describes a collapse process, and has previously been derivedfor that purpose [102, 134]. In the case � 6= 0 Eq.(2.17) is a stochastic di�erentialequation (Langevin equation), and the question of which interpretation of thestochastic integral to choose in the following arises.Two di�erent interpretations are commonly applied; the Ito interpretationand the Stratonovich interpretation . Dealing with a stochastic di�erential equa-tion it is usually possible formally to integrate it. However, this involves anintegration containing the stochastic variable and it is the de�nition of this in-tegral which provokes the question of interpretation. Sense can be given to sucha stochastic integral but the problem is that there is no unique way of de�n-ing it. The di�erence between the two de�nitions of the stochastic integral,connected with the names of Ito and Stratonovich is so profound that they ingeneral give di�erent results. Both integrals are de�ned, as in the case of a Rie-mann integral, by the limit of approximating sums. In contrast to the Riemannintegral the result will depend on the choice of the evaluation point in the par-tition of the integration interval. Therefore the di�erence between the Ito andStratonovich integrals resides in the choice of the evaluation point; Ito choosesthe left hand point in the partition, whereas Stratonovich chooses the middlepoint. This can be shown [135] to leave the Stratonovich approach with someinherent correlation in contrast to the Ito approach. In applications, an impor-tant di�erence is that the Ito interpretation implies a special calculus while theStratonovich interpretation implies standard calculus. The Ito interpretationis the most mathematically convenient due to the simple choice of evaluationpoint, for example most results of the Stratonovich interpretation are derived inthe framework of the Ito interpretation. Because of the inherent correlation the



26 CHAPTER 2. CONTINUUM MODELSStratonovich interpretation is probably the more appropriate when approximat-ing physical noise having nonzero correlation time with white noise (see [135]).A more thorough discussion of these two interpretations is given in [129, 135].In Paper II and also in the papers Paper III-Paper V and Paper IX theStratonovich interpretation is always applied. The reasons of this choice are theconvenience of having standard calculus and the fact that this approach is themore appropriate when approximating physical noise with nonzero correlationtime with white noise.Having made this choice it is a fairly simple matter [133] to write downthe governing equation for the probability density P (B; _B; t). The governingequation is in general called the Fokker-Planck equation and it here takes theform dPdt = � _BPB � �B3PB + 
B4P _B _B; (2.20)where 
 is proportional to D. Since it is a di�cult task to analyze the Fokker-Planck equation (2.20) we choose a di�erent approach. Instead of the stochasticequation Eq.(2.17) we can introduce a simpler stochastic equation which leads tothe same Fokker-Planck equation (2.20) and in this manner yields an equivalentdescription of the process. This equivalent stochastic equation is�B = �B3 + h(t)B2 ; (2.21)where the noise, h, is simply �-correlatedhh(t)i = 0; hh(t)h(t0)i = 2
�(t � t0): (2.22)We have now developed the tools to complete the analytical analysis of thenoise e�ects on the coherence time of the Townes soliton (denoted the groundstate soliton (GS) in Paper II); this soliton is characterized by yielding � = 0in Eq.(2.21). In Paper II a perturbation approach is used to solve Eq.(2.21) inthis simpli�ed case. The result ishB2(t)i ' B2(0) + 16D3s23B4(0) t3: (2.23)Clearly this leads to the resulttcoh / D�1=3 / T�1=3; (2.24)which is in good agreement with the numerical result summarized by Eq.(2.12).The numerical result Eq.(2.12) and the analytical result Eq.(2.24) are comparedin Fig.2.2 (Fig. 4 of Paper II).A similarmethod is used in Paper III to investigate the e�ects on the collapsecaused by the noise term. In this paper a slight generalization is made since thecollapse is investigated in the framework of the equationi�t +r2�+ j�j2��+ �(x; t)� = 0: (2.25)
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Figure 2.2: Coherence time as function of the noise variance, D, from the nu-merical solution of Eq.(2.13) (solid curve), and from Eq.(2.24) (dashed curve).~t is the normalized coherence time, ~t = tcoh(D)=tcoh(D = 1).Only the critical collapse (d� = 2) is investigated. Also in Paper III the col-lective coordinate approach is applied and the result is of course an equationof similar form as Eq.(2.17). Using similar arguments as in Paper II it can befound that the equivalent (i.e. having the same Fokker-Planck equation) butsimpler equation for the width B is�B = �B3 + h(t)B� ; (2.26)where the power � equals 52 and 2 in one and two dimensions, respectively. Incontrast to the Paper II where � = 0, Paper III investigates collapse implyingthat � < 0. Equation (2.26) is investigated numerically as well as analytically.The analytical methods are tightly related to the slaving principle of Haken[130, 131]. Intuitively the presence of the noise has the e�ect of at least slowingdown the collapse process since the noise previously has been seen to destroy thecoherence of an excitation. This intuition is con�rmed by the analytical as wellas the numerical results. Furthermore, it appears that the collapse process canbe arrested provided the noise is strong enough. The critical strength (varianceD) of the noise above which the collapse is arrested is shown to obeyD / j�j3=2 / N3�=2 (2.27)in both one and two dimensions. However, the magnitude of the critical variancedepends on the dimension, such that the critical variance is much larger in one



28 CHAPTER 2. CONTINUUM MODELSdimension that in two dimensions. The results are compared to direct numericalsimulations of Eq.(2.25) and the agreement is found to be good.
Figure 2.3: Critical variance versus normalized norm. Results (Solid line)obtained from direct numerical solution of Eq.(2.25). Analytical prediction(dashed line) and linear �t (chain dashed) Eq.(2.28).The results of the papers Paper I, Paper II and Paper III are summarized inthe physical context of Scheibe aggregates in Paper IV. The main results givenas Eq.(2.27) (more detailed in Eq.(25)) is in Paper IV approximated byD = �(� � 1) (2.28)where � ' 60 is a �tting parameter and � = N=Ns is the norm of the excitationnormalized to the norm Ns of the simple localized solution.The �t is shown in Fig.2.3 (Fig. 1 of Paper IV which is a modi�cation ofFig. 3 of Paper III) which also shows the relevant Eq.(2.27) result of PaperIII. This leads to a relation which de�nes in terms of the physical parametersthe temperature regions where collapse is possible. The separating curve in aV=J0-T plane is given by the relationVJ0 = Ns1� T=T0 ; (2.29)with T0 = 3��2Ns !0� �h!0kB : (2.30)In Fig.2.4 (Fig. 2 of Paper IV) V=J0, given by Eq.(2.29), is plotted versus
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Figure 2.4: V=J0 versus T=T0, Eq.(2.29), separating regions of collapse andincoherence.T=T0 showing the curve which separates three regions in the V=J0-T parameterplane:(i) Above the curve collapse takes place, and the collapse time of the initiallocalized distribution given in Paper III increases with temperature.(ii) For V=J0 > Ns at T = 0 we have collapse. However, at �nite temperature,below the curve, there is no collapse and the coherence time, measured asgiven by Eq.(2.24) decreases with temperature.(iii) For V=J0 < Ns, the initial distribution always disperses in agreement withthe discussion in Sec.1.3.2.The physical parameters for the monolayer oxacyanine Scheibe aggregateused in M�obius and Kuhn's experiments [59] and [60] are not well-known. How-ever, common values for the phonon frequency, !0, and the line width of theinfra-red absorption spectrum, �, are of the order 1012s�1 and 1011s�1, re-spectively. From Eq.(2.30) with � ' 60 and Ns = 11:7 follows T0 ' 1850K.According to Eq.(2.29) we would get collapse at room temperature, T = 300K,if V=J0 > 14. The order of magnitude of the static dipole-dipole interactionenergy is J0 ' 10�21J. The nonlinearity parameter V = �2=(M!20) depends



30 CHAPTER 2. CONTINUUM MODELSstrongly on the exciton-phonon coupling parameter, �, which is not known forthe Scheibe aggregate. Clearly, the nonlinear elastic properties of the Scheibeaggregate corresponds to an enhanced e�ective value of the coupling parameter.Taking e.g. � ' 0:3�10�9N we get V ' 7:5�10�20N and V=J0 ' 75, indicatingthat the initial state collapses. According to the results of Paper III the collapsetime then increases with temperature.The M�obius-Kuhn coherent exciton, excited by the incident photon, is mod-elled by the generalized version of the Townes soliton. If the initial data aresubjected to the dynamics of the two-dimensional nonlinear Schr�odinger equa-tion we conclude that a possible choice of parameters leads to collapse of theexcitation. By the collapse the localization is concentrated on fewer molecules.The intensity then becomes so high that the e�ect of loss mechanisms must beincluded. In our model the collapse time increases with temperature.It is noted that M�obius and Kuhn [60] deduce from their experimental ob-servations that the life time of the coherent exciton increases linearly with tem-perature and a connection between the collapse time and the life time seemstherefore to be a possible explanation of the measured behavior.2.3 E�ects of nonlinear dampingThe previous section sketched how the model Eqs.(2.5) and (2.6) of the coupledexciton-phonon system could be reduced to one equation (2.9) describing theexciton wave function. The reduced equation included a noise term but nota damping term and therefore the damping of the phonon system was merelyrepresented via the strength of the noise and not by an explicit damping term.This fact was an e�ect of the approximation applied in the reduction to a singleequation. The drawback of this approximation is therefore that it prevents theexciton system from reaching thermal equilibrium.This approximation is improved in Paper V such that the governing equationfor the exciton wave function readsi�h�t + J0l2r2�+ V l2j�j2�� V �!20 l2�(j�j2)t + l2�� = 0; (2.31)which in the more convenient dimensionless form becomesi�t +r2�+ j�j2�� ��(j�j2)t + �� = 0 (2.32)where the nonlinear damping parameter � is� = �J0=�h!20: (2.33)Equation (2.32) is a modi�ed NLS equation, which has the surprising prop-erty that is still conserves the norm given in Eq.(1.16). However, the ordinaryNLS Hamiltonian Eq.(1.17) will in general no longer be conserved. Instead we



2.3 EFFECTS OF NONLINEAR DAMPING 31�nd thatdHdt = Z Z �(x; y; t)(j�j2)t dx dy � � Z Z [(j�j2)t]2 dx dy: (2.34)Thus, the two terms provide energy input and energy dissipation to the excitonsystem, making an energy balance possible. Consequently, there is a possibilityfor the system to reach thermal equilibrium.Analyzing the e�ect of the nonlinear damping term ��(j�j2)t we again applya collective coordinate approach using a slightly generalized trial function�(r; t) = A(t)f(r=B(t)) exp[i�(t)r2]; (2.35)where A is the complex amplitude and f(r) is a suitable pro�le function (forexample sech(r)).This leads to the following equation for the width, B, of the excitationB3 �B = �� � _BB � 8�s3 Z 10 �1 + rB f 0(r=B)f(r=B) �� hf � rB�i2 �(r; t)r dr; (2.36)where � and s3 (for f(r) = sech(r)) is de�ned in connection with Eq.(2.17).The damping coe�cient � is proportional to N�. The precise value dependson f and the relation is given in Paper V. In analogy with the treatment ofthe underdamped case in Paper II and Paper III, we �nd that it is possibleto transform Eq.(2.36) into a simpler stochastic di�erential equation withoutchanging the Fokker-Planck equation for the system. This equation, whichtherefore yields an equivalent description of the process, has the form�B = �B3 � � _BB4 + h(t)B2 ; (2.37)where h is Gaussian white noise with the variance 2D. The variance 2D isproportional to the variance of the noise in Eq.(2.32), again the precise valuedepends on f and is given in Paper V.The �rst notable property of Eq.(2.37) is that even without the noise termh � 0 we �nd that collapse will not occur in a strict sense, since the solutionwill be de�ned for all t. Instead we �nd that B(t) will tend exponentially tozero for large t, B(t) � e�(j�j=�)t; t!1; (2.38)so that the process can be considered as a collapse process with an in�nitecollapse time. We coin the term pseudocollapse for this type of behavior. Illus-trating the di�erence between the damped and the undamped cases we show
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Figure 2.5: Width B as a function of time t in the absence of noise. Dashedline shows the analytical solution of Eq.(2.37) with � = 0 and for B(0) = j�j =1; _B(0) = 0; solid line shows the numerical solution of Eq.(2.37) with � = 0:1.Fig.2.5 (Fig. 1 of Paper V). From this �gure it can be seen that the initial stagesof the pseudocollapse resemble a pure collapse as long as the damping is small.We therefore de�ne the pseudocollapse time as the time where the asymptoticbehavior (2.38) sets in. The numerical simulations of Eq.(2.37) show that the(pseudo)collapse process still can be arrested by the noise in the presence of thenonlinear damping. Furthermore the presence of the nonlinear damping doesnot cause any signi�cant change in the critical noise variance Dcrit needed toarrest the (pseudo)collapse. This is true as long as j�j � �2 that is as longas the excitation norm is large (or the nonlinear damping small). Under thisconstraint the relation found in Paper IV (Eq.(2.27)) between critical varianceDcrit and the norm (j�j) is still valid and the critical variance is basically inde-pendent of the nonlinear damping �. When j�j � �2 does not hold we observe(see Fig. 3 of Paper V) that the critical variance Dcrit is an increasing functionof �.The averaged hB(t)i behavior of B(t) is shown in Fig.2.6 (Fig.4 of Paper V)for the parameter values B(0) = j�j = 1; � = 0:1, and several di�erent valuesof the noise variance. It can be seen that for D < Dcrit ' 0:15, the e�ect ofthe noise is to delay the pseudocollapse in terms of the ensemble average of thewidth, in agreement with the result of Paper IV for the undamped case. Weobserve for D > Dcrit a nonmonotonic behavior of hB(t)i.Finally, Paper V presents some indications that there exists at least anasymptotic balance between the energy input and the energy dissipation in the
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Figure 2.6: Ensemble average of the width hBi as a function of time t fordi�erent noise variances. From bottom to top we have D = 0, 0.05, 0.15, 0.5,1.5, and 12.5, respectively. In all cases B(0) = j�j = 1, and � = 0:1system. However, only indications and no proof of this statement is given. Itwould have been convenient to have some numerical results obtained directlyfrom the reduced system (2.32). The �rst step of accomplishing this is presentedin Paper IX, but here the investigations are carried out in the one-dimensionaldiscrete version of Eq.(2.32). Since the discreteness causes the appearance ofsome new phenomena we postpone the discussion of the results to chapter 4which is devoted to the discreteness e�ects.2.4 E�ects of impuritiesThe experimental investigations of the energy transport on the aggregates [59,60] were made by doping the aggregates with guest (acceptor) molecules whiche�ectively quenches the 
uorescence of the host molecules. This e�ective quenchwas accomplished even at a molar ratio host:acceptor 104. Clearly, these ac-ceptor molecules will act as impurities even when the acceptors are as scarceas mentioned above. It is therefore important to stress that although the non-linear model developed in Paper I-Paper V is intended as initial steps in theprocess of explaining energy transfer from host molecules to impurity (accep-tor) molecules, the model does not directly take impurity e�ects into account,but concentrates on the creation and dynamics of the exciton. However, thepresence of impurities can drastically in
uence the excitation dynamics as was



34 CHAPTER 2. CONTINUUM MODELSshown for the one-dimensional NLS equation in Refs. [44, 99, 136]. In Paper VIand Paper VII, which are going to be discussed below, the e�ects of the presenceof localized impurities in the two-dimensional case are investigated.Paper VI gives the derivation of the governing equation for the excitonwave function, when the exciton is moving in an aggregate doped with acceptormolecules having a larger (or smaller) excitation energy than the host molecules.The governing equation is shown to be a NLS equation with a localized potentiali�h�t + l2J0r2�+ l2V j�j2� = E(x; y)�; (2.39)where the notation is explained in connection with Eq.(2.9). E(x; y) determinesan energetic pro�le for an excitation in the vicinity of an impurity molecule. Asdiscussed in Paper VI this pro�le will be rather complicated in real systems.Since we want to consider some general features of excitation dynamics in thevicinity of an impurity we shall for the sake of simplicity assume that E(x; y) isan axially symmetric Gaussian functionE(r) = E0 exp��r2r20� ; (2.40)where E0 is the strength of the impurity and r0 is the radius. In dimensionlessvariables we thus have i�t +r2�+ j�j2� = U (r)�; (2.41)U (r) = � exp(�r2); (2.42)where the dimensionless parameter � = (E0r20)=(Jl2) characterizes the strengthof the impurity.In a large part of Paper VI we consider the excitation in the vicinity of animpurity center such that the approximation U (r) ' �(1 � r2) is permissible.Additionally we allow for generality the strength � = �(t) to be time dependent.After two independent transformations, where the �rst separates the internaland external dynamics of the excitation, while the second (called the Talanovtransformation or lens transformation [111, 137, 138]) allows a detailed investi-gation of the internal dynamics, the following equations for the center of massR = R r2j�(r)j2dr and the width B are obtained�R� 4�(t)R = 0; (2.43)� = 12B3 �B � �(t)B4: (2.44)where � is a constant playing the same role as the � in Eq.(2.17), even thoughit appears in a slightly di�erent manner in the present context (see Paper VIpage 2954 which is page 135 of the Thesis for details). It is seen that the



2.4 EFFECTS OF IMPURITIES 35equation (2.43) for the center of mass R is the equation for a linear time de-pendent oscillator. The equation (2.44) for the width belongs to the class ofso-called Ermarkov-Pinney equations [139, 140] (see also [141] pp 28 and refer-ences therein).As given by Pinney [140] the solution to Eq.(2.44) isB(t) = �u2(t) + 4�W 2 v2(t)�1=2 ; (2.45)where W = _uv � u _v = constant is the Wronskian and u, v are two linearlyindependent solutions of the linear equation�y � 4�(t)y = 0; (2.46)which coincides with Eq.(2.43) for the center of mass.
Figure 2.7: Comparison of the numerical solution to Eq.(2.42) (solid lines) andthe results of the analytical approach with �(t) given by Eq.(2.47) (dashed line)and Eq.(2.48) (dotted line), respectively.In Paper VI two di�erent choices of �(t) are investigated. First a constant ischosen �(t) = �
204 ; (2.47)which turns Eq.(2.43) into a simple harmonic oscillator which is easily solvedand which also makes it possible to write down the solution of Eq.(2.44) in exact



36 CHAPTER 2. CONTINUUM MODELSform. Secondly, Paper VI investigates the e�ects of�(t) = �
204 (1 + � cos
t); (2.48)which turns Eq.(2.43) into a Mathieu equation. The Mathieu equation is knownto show two kinds of asymptotic behavior. Depending on the parameters (
0; �)the solution of the Mathieu equation can be either bounded or unbounded astime tends to in�nity. The latter behavior is ascribed to the so-called parametricresonance e�ect. In the range of the �rst resonance j
 � 2
0j < 
0�=2 anapproximate solution is given in [142]. The solution also allows us to give thebehavior of the width B through Eq.(2.45). In Fig.2.7 (Fig. 1 of Paper VI) weshow examples of the time evolution of B for � chosen according to Eq.(2.47),and Eq.(2.48), and we also compare the results to direct numerical solution ofEq.(2.42). As is seen Eq.(2.44) describes the situation very well. Since theequation (2.43) is exact within the parabolic approximation of the impurity nocomparison to results of direct simulations is needed.

Figure 2.8: The real and imaginary parts of the dipole-like excitation at N =11:7 for � = 5:0 at t = 40.In the remaining part of Paper VI and in further detail in Paper VII we



2.5 CONCLUSION 37discuss the possibility of having dipole-like excitations in the two-dimensionalNLS equation. In [143] (also mentioned in [27]) a stationary solitary solutionwith a dipolar shape was shown to exist in the two-dimensional NLS equation.However, preliminary analyses seem to indicate that this excitation is at mostmarginally stable. In the presence of a Gaussian impurityEq.(2.40) the situationimproves such that a dipole-like excitation centered around the impurity existsand is stable. The excitation however performs small amplitude oscillationstransferring small amounts of energy across the impurity center. The dipole-like excitation is found numerically in Paper VI and Paper VII and is shown inFig.2.8 (Fig.6 of Paper VI and Fig.2 of Paper VII). Paper VI and Paper VIIalso analyze the creation and the oscillations of this excitation using collectivecoordinate approach. This approach will not be reviewed here since it is quiteelaborate. However, we will mention the main results of the approach. (1) Athreshold value of the impurity strength � is found. Below this threshold valuethe creation of a dipole-like excitation is impossible. (2) The frequency of theenergy transfer across the impurity center is found in terms of the impuritystrength � and the excitation width.2.5 ConclusionIn summary we have in this chapter shown how to derive the equations describ-ing the exciton and phonon dynamics on molecular aggregates, and we haveshown how these equations reduce to a two-dimensional NLS equation aug-mented by a noise term (Paper I). The analysis of this equation and the resultson how the noise determines the coherence time of a localized excitation (PaperII), and on how the noise a�ects the collapse process (Paper III and Paper IV)have been reviewed. It has been shown how to re�ne the model such that ther-mal equilibrium of the exciton system is possible (Paper V), and the changesof the above mentioned results have been summarized. Finally, we have shownhow to modify the NLS equation to account for impurities (acceptors) in themolecular aggregates (Paper VI) and we have shown how such impurities mod-ify the exciton dynamics (Paper VI) and how a Gaussian impurity can supportdipole-like excitations (Paper VI and Paper VII). Parts of the material reviewedin this chapter can also be found in the publications [16, 18{23] which displaydi�erent parts of the material from various points of view.
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39Chapter 3Discrete models3.1 IntroductionDiscrete nonlinear Schr�odinger systems are the topic of this chapter. We shall inthe �rst section brie
y describe some general and well known properties of thetwo most common discretizations of the continuum NLS equation. Additionallywe will brie
y discuss some analytical methods of treating these discrete prob-lems. After this general description of the discrete systems we will move on toreview the work contained in Paper VIII and Paper IX on the one-dimensionaldiscrete nonlinear Schr�odinger systems. Finally, the results of Paper X on thetwo-dimensional discrete NLS equation will be reviewed.3.2 Discrete nonlinear Schr�odinger equationsAs explained in Sec.1.3.1 the one-dimensional NLS equation provides one of thefew example of completely integrable nonlinear partial di�erential equations.Since most work in nonlinear wave propagation at some stage involves a nu-merical study, the issue of the discretization of the NLS equation was addressedearly by Ablowitz and Ladik [144]. These authors noticed that among a largenumber of possible discretizations of the continuum NLS equation the followingleads to an integrable discrete model. The integrable version of the discrete NLSequation, hereafter called the Ablowitz-Ladik or AL equation takes the formi _ n + (1 + �j nj2)( n�1 +  n+1) = 0; (3.1)where  n is a complex valued amplitude and � is the nonlinearity parameter.As the continuum NLS equation the AL equation possesses a discrete IST [144]and therefore it possesses an in�nite number of conserved quantities [80, 145].General solutions can be obtained on the in�nite line [145] and also on a periodic



40 CHAPTER 3. DISCRETE MODELSinterval [146]. The one soliton solution on the in�nite line is n = sinh �p� sech[�(n � ut)]e�i(!t��n); (3.2)! = �2 cos� cosh �; (3.3)u = ��1 sin� sinh �; (3.4)where � 2 [0;1) and � 2 [��; �). It is seen that the soliton (3.2) is a fairlystraightforward discrete version of the continuum one soliton solution. The im-portance of the AL equation is mainly mathematical even though a few specialphysical cases have been shown [147] to be described by an equation havingAL character. The properties of the AL discretization have also lead to thedevelopment of e�ective numerical schemes [148, 149] which have formed thecore of the numerical scheme used in most of the numerical work on continuumequations presented in this Thesis. Since Paper X, discussed later in this chap-ter, partly deals with impurities, it is worth to mention that the addition of theterm E(t)n n, such that the equation becomesi _ n + (1 + �j nj2)( n�1 +  n+1) + E(t)n n = 0; (3.5)where E(t) is an arbitrary function of time, preserves the integrability [150{153].This is similar to the equivalent continuum case which also is integrable [154].There is one more discrete version of the NLS equation that is integrable.This version has been introduced by Izergin and Korepin [155] and described inthe book by Faddeev and Takhtajan [156] (pp. 299-303). Although this versionis a very complicated system with no apparent applications it can been claimedto be the most important discrete NLS equation since it has the same r-matrixas the standard continuum NLS equation (see [156]).The following discrete and more obvious version of the NLS equation wasstudied later [157, 158]i _ n + ( n+1 +  n�1) + 
j nj2 n = 0: (3.6)This version, usually referred to as the discrete nonlinear Schr�odinger (DNLS)equation, has a number of interesting properties, but it is not integrable [159].Equation (3.6) is a special case of the equation usually referred to as the discreteself-trapping (DST) equation [160, 158]. The DST equation allows in contrastto the DNLS equation coupling between all oscillating sites, as in a typicalmolecule [161]. For an extensive list of references to work on the DST equationwe refer to [162].The AL equation and the DNLS equation are quite di�erent: The AL equa-tion, on one hand has, as already mentioned very interesting mathematical prop-erties, but not very clear physical signi�cance; the introduction of the DNLSequation, on the other hand, is primarily motivated physically. For example, anequation of this form did arise from the discussion in Sec.2.2 describing molecu-lar aggregates. The DNLS equations also seems to arise naturally in context ofenergy localization in condensed matter and biological systems as well as in the



3.2 DISCRETE NONLINEAR SCHR�ODINGER EQUATIONS 41modelling of optical devices [38, 158, 163{169]. Finally, it is worth mentioningthat the regular and irregular behavior of the DNLS system with a few degreesof freedom (usually less than four) has been thoroughly investigated [170].Aiming at being as general as possible in what follows we now introduce thecombined AL and DNLS (AL-DNLS) equationi _ n + ( n+1 +  n�1)(1 + �j nj2) + 
j nj2 n = 0: (3.7)This may seem as an obvious generalization to do but actually it was done onlyrecently and strangely enough �rst in the quantum case by Salerno [171] andlater it was reintroduced in the form of Eq.(3.7) by Cai, Bishop and Gr�nbech-Jensen [172]. However, Eq.(3.7) had previously been studied by Vakhnenko andGaididei [173] who treated the DNLS term 
j nj2 n as a perturbation to theintegrable AL equation and derived, via the IST, the evolution equations for thesoliton parameters. This result was recently rederived [174] and simultaneouslya Lagrangian formalism yielding the IST perturbation results was established.Developing such a formalism is a rather nontrivial task due to the deformedPoisson structure (see later this section). Equation (3.7) has also recently [147]been shown to model an electrical lattice.The two most important conserved quantities of Eq.(3.7) are the normN = ��1Xn ln(1 + �j nj2) (3.8)and the HamiltonianH = �Xn ( n �n+1 +  �n n+1)� 
�Xn j nj2 + 
�2 Xn ln(1 + �j nj2): (3.9)Equation (3.7) can be derived from the Hamiltonian (3.9) using the deformedPoisson bracketsf n;  �mg = i(1 + �j nj2)�n;m; f n;  mg = f �n;  �mg = 0; (3.10)and the equation of motion _ n = fH; ng: (3.11)Notice that in the AL limit (
 ! 0) as well as in the DNLS limit (� ! 0) theequation (3.7) can be obtained in this manner. In the latter limit the Poissonbrackets Eq.(3.10) become standard Poisson brackets and the norm Eq.(3.8)becomes the standard probability norm N =Pn j nj2.In continuation of the previous chapter we will mainly be interested in theoccurrence and properties of localized excitations in these discrete equations.Quite a lot of research has been devoted to this topic in quite a lot of di�erentphysical contexts and nonlinear models, a few examples are [175{183]. Theexcitations which are spatially localized and time periodic have also been givena variety of names. Takeno and co-workers have coined the term intrinsicallylocalized modes. These modes are localized modes similar to localized modes



42 CHAPTER 3. DISCRETE MODELSin disordered media (Anderson localization for example [184]) or in aperiodicmedia [185] but intrinsic because no disorder, aperiodicity or impurities areneeded for their existence. Interesting e�ects arise when disorder, aperiodicityor impurities and nonlinearity are present simultaneously [186{189, 17]. Theterm discrete breathers is another often used [190] term for these modes inanalogy with the name given to spatially localized and time periodic solutionsof certain nonlinear partial di�erential equations [89]. However it would bemore appropriate to reserve this term for the, presumably more fundamental,excitations which are spatially localized but quasiperiodic in time [191, 192].Recently it has been shown [193] that the intrinsically localized modes in theleading order are solitons in the narrow mathematical sense, which also makesthe name solitonlike excitations (see [189] and Paper VIII) appropriate.Hennig et al. [194] applied the substitution n(t) = �n exp(�i!t) (3.12)to transform Eq.(3.7) into�n+1 = �! + 
j�nj21 + �j�nj2 �n � �n�1 (3.13)which is a map determining the complex amplitude of the stationary stateEq.(3.12). This map is in Ref. [194] used to investigate several interestingaspects of the combined AL-DNLS equation; e.g. the regions in the param-eter space (�; 
; !) where the trajectories of Eq.(3.13) are regular and irregularrespectively. The authors also applied the concept of the anti integrable limit(or more appropriately anti continuous limit [183]) introduced by Aubry andAbramovici [195{197] investigating the existence of breathers (intrinsically lo-calized modes) in Eq.(3.7). The idea of applying Eq.(3.13) to investigate theintrinsically localized modes of Eq.(3.7) is continued in Paper VIII which willbe described in the next section.3.3 Solitonlike solutionsThis section shall review the results of Paper VIII, which deals with local-ized solutions or solitonlike solutions of the form Eq.(3.12) to the combinedAL-DNLS equation (3.7). We shall particularly be interested in solutions expo-nentially localized and distinguish two situations: (1) j�nj > j�n+1j for n > 0and j�nj < j�n+1j for n < 0 with limjnj!1 = 0 corresponding to a bright soli-tonlike solution and (2) j�nj < j�n+1j for n > 0 and j�nj > j�n+1j for n < 0with limjnj!1 = a > 0 resulting in a dark solitonlike solution (for a descriptionof dark solitons in the continuum NLS see [198] (IST) and [33] and referencestherein). It is easily shown that we without loss of generality can consider real-valued � only. This allows us of to cast Eq.(3.13) into a two-dimensional map



3.3 SOLITONLIKE SOLUTIONS 43M by identifying xn = �n and yn = �n�1M :8>><>>: xn+1 = �! + 
x2n1 + �x2n xn � ynyn+1 = xn : (3.14)This map can be shown to be a reversible area-preserving twist map [199].In order to investigate stationary localized solutions in the form of the bright(dark) soliton, respectively, it su�ces to study the �xed points (period-1 orbits)of the map M. The �xed points, for which x̂ = ŷ, of this map are clearlylocated at x̂0 = 0 ; x̂� = �r� ! + 2
 + 2� ; (3.15)where x̂� exists only if sign(! + 2) = �sign(
 + 2�). The stability of the �xedpoints is governed by their value for the corresponding residues [141, 200]� = 1=4 [2� Tr (DM(x̂))]: (3.16)The tangent map DM is determined byDM(x) = � !n �11 0 � ; (3.17)with !n = �! + (3
 � �!)x2n + 
�x4n(1 + �x2n)2 : (3.18)The residue corresponding to the �xed point at the origin is� = 14(! + 2) : (3.19)For ! values within the range of the linear band, i.e. j!j < 2, 0 < � < 1 holdsand the origin is a stable elliptic �xed point encircled by stable elliptic typemap orbits. For j!j > 2 (outside the range of the linear band) we distinguishthe following two cases:(i) ! < �2, 
 + 2� > 0:In this case the residue is negative (� < 0), and hence the origin loses sta-bility and is turned into an unstable hyperbolic point caused by a tangentbifurcation. This hyperbolic point is connected to itself by a homoclinicorbit created by the (invariant) unstable and stable manifold. As will beshown below the homoclinic orbit is manifested on the lattice chain as asolitonlike solution. For more information on homoclinic and heteroclinicconnections of hyperbolic points Ref. [199] can be consulted.The pair of points x̂� on the symmetry line x = y form stable elliptic�xed points.



44 CHAPTER 3. DISCRETE MODELS(ii) ! > 2, 
 + 2� < 0:The value for the residue at the origin has passed through the value of one,that is � > 1, connected with the onset of a period-doubling bifurcation,where the �xed point is converted into an unstable hyperbolic point withre
ection. The newly created period-2 orbits are located on the line x =�y.The homoclinic map orbit supports on the lattice chain a solitonlike so-lution which exists in the gap above the linear passing band and has al-ternating signs for adjacent amplitudes, i.e. sign(�n+1) = �sign(�n) as acharacteristic feature. This stationary localized structure has been calleda staggered soliton [150, 172]. Correspondingly the soliton solution of case(i) is called unstaggered soliton. Note that upon sign change 
 !�
 and! ! �! the map has the symmetry property of sign(�n+1) = �sign(�n)so that the unstaggered and staggered solitons replace each other.A third case of unstable �xed points can also be attributed to the occur-rence of a stationary localized structure on the nonlinear lattice, namely:(iii) j!j < 2 and 
 + 2� < 0:Since the frequency is in the linear band the origin is still a stable elliptic�xed point whereas the pair of �xed points x̂� on the line x = y representstwo unstable hyperbolic �xed points which are connected to each other viaa (pair of) heteroclinic orbits. This heteroclinic map orbit represents akink-like solution, also called a dark soliton. There exist staggered andunstaggered versions of this soliton, too.
 

Figure 3.1: The homoclinic orbits related to the staggered and unstaggeredbright solitons, respectively. Parameters: 
 = 5, � = 1, and ! = 2:25.
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Figure 3.2: The heteroclinic orbits related to the unstaggered dark soliton.Parameters: 
 = �3, � = 1, and ! = �1.Since the nature of the solitonlike solutions depends on the stability of the �xedpoints we summarize their bifurcation behavior. The stability properties of the�xed point (x̂0; ŷ0) isj!j < 2; elliptic point;! > 2; hyperbolic point with re
ection;! < �2; hyperbolic point : (3.20)From the stability analysis of the �xed point (x̂�; ŷ�) it can be seen that thedark soliton solution exist only for 
 < 0 and not for vanishing 
. In other wordsAL dark solitons are excluded whereas the bright solitons exist in both extremecases of (
 6= 0; � = 0) and (
 = 0; � 6= 0). In Fig. 3.1 (Fig. 2(a) of PaperVIII) we show the staggered and unstaggered bright solitons superimposed ona single map plane. The transversal intersections of the stable and unstablemanifolds of the hyperbolic point at the origin are invisible on the used scale.However, as we will see later we can prove the existence of these intersectionsanalytically. Figure 3.2 (Fig. 2(b) of Paper VIII) illustrates the heteroclinicstructure and here the chaotic layer connected with the heteroclinic connectionof the two hyperbolic points are clearly visible. Thus points belonging to thestable manifoldWs(p) approach the �xed point p under map iterationMn forn!1, likewise points on the unstable manifoldWu(p) reach the �xed point pfor n! �1. Thus going along the invariant manifolds of the hyperbolic �xedpoint localized stationary solutions can be created. However, searching for soli-tonlike solutions, one has to be aware that the DNLS system is nonintegrable; aproperty which usually prevents systems from having solitonlike solutions, since



46 CHAPTER 3. DISCRETE MODELSthese are associated with an integrable system. As already mentioned the in-tegrable AL equation possesses soliton solutions which are the discrete versionsof the solitons of the (integrable) continuum nonlinear Schr�odinger equation[144]. These discrete AL-solitons manifest in the integrable map as a perfectseparatrix with coinciding stable and unstable manifolds. Since the DNLS sys-tem is nonintegrable we know that the separatrix is destroyed in the sense thatthe stable and unstable manifolds no longer coincide but rather intersect eachother transversally in homoclinic points, creating complicated chaotic dynam-ics developing eventually Smale horseshoes [199]. Coste and Peyrard [201] aswell as Wan and Soukoulis [202] dealt with the linkage between the homoclinicorbit of the DNLS map and localized states of the lattice. Coste and Peyrarddraw the conclusion that 'perfect localization in a DNLS system is impossible'because of the residual stochasticity near the hyperbolic points. Instead of ex-hibiting a 'one-peak solution' as in an integrable system where a solution canapproach a hyperbolic point as arbitrarily close as is wanted, they claim thatin a nonintegrable system multi-peak solutions are expected to appear. Wanand Soukoulis came to the same conclusion regarding the DNLS system in thecontext of Holstein's polaron model.
 

Figure 3.3: The homoclinic tangle of the hyperbolic �xed point at the origin.The amplitudes resulting from the dynamical study are shown with diamonds.They appear at the transversal intersections of the invariant manifolds.In contrast to the propositions in [201, 202], there exist stable stationarylocalized solutions to the DNLS associated with homoclinic and heteroclinicorbits of the related map. This is the case even though there exist neighboringmap orbits which are strongly chaotic. The reason is that the localized statesrely on the structural stability of homoclinic (heteroclinic) orbits, such that



3.3 SOLITONLIKE SOLUTIONS 47their amplitudes are represented by a homoclinic (heteroclinic) orbit in thecorresponding map plane of M. A homoclinic point (�hn+1; �hn) � q is de�nedby q 2 Ws\Wu and q 6= p. Since q belongs both to the stable and the unstablemanifold of p it follows that Mn(q)! p as n!�1.In Fig.3.3 (Fig. 3(b) of Paper VIII) we show the homoclinic tangle, and thehomoclinic points are clearly recognized. Points below the symmetry line x = yare characterized by �n+1 < �n for n > 0, i.e. belong to Ws. Each homoclinicpoint is mapped into another one and after only a few map iterations rapidlyapproaches the map origin where �n ! 0.Correspondingly, the homoclinic points above the line x = y for which �n <�n+1 for n > 0 will be mapped into the map origin in course of the inverse map,i.e. belong to Wu re
ecting the translational invariance of the discrete latticeunder the operation n$�n.The knowledge about the homoclinic (heteroclinic) orbits can be used toinitiate (stationary) breathers for the time-dependent DNLS dynamics. In orderto invoke the homoclinic map orbit as an initial condition for the dynamics,a su�ciently accurate location of the orbit members (homoclinic intersectionpoints) is demanded. There are several analytical methods which meet thisdemand, and we use an approach recently developed by Tabacman [203]. Fora study of the soliton dynamics for the AL-DNLS Eq.(3.7) we use a lattice ofchain length N = 201. We implement the analytically computed homoclinicorbit �hn with n 2 [�N=2; N=2] as initial conditions Re[ n(t = 0)] = �n andIm[ n(t = 0)] = 0. The result for the breather is illustrated in Fig.3.4 (Fig.4(a) of Paper VIII). The (dynamical) breather intensities j n(t)j2 are inserted
 

Figure 3.4: Pro�le j n(t)j2 of the stationary bright solitonlike solution of theAL-DNLS Eq.(3.7)



48 CHAPTER 3. DISCRETE MODELSas diamonds on the map plane in Fig. 3.3 to show that they coincide with thehomoclinic orbit. From Fig. 3.3 it is now apparent that the shown solitonlikesolution is not the only one possible. The other possibility is to chose thehomoclinic orbit which has one of its members on the line x = y. This willresult in a solution which has its center between sites and is often called thePage mode [204]. Contrary to the Page mode the solution which is shown inFig.3.4 has its center on a site and is often called the Sievers-Takeno mode [175].The Page mode is usually dynamically unstable contrasting the Sievers-Takenomode [116].A tool to analyze the homoclinic tangle is the Melnikov function [199].Glasser et al. [205] extended the Melnikov analysis to two-dimensional discretemaps un+1 = F (un) + �G(un) of the plane. Thus, the map is assumed to con-sist of a completely integrable part F and a small nonintegrable perturbation�G with � � 1. Furthermore, the unperturbed system of � = 0 possesses anunstable equilibrium characterized by coinciding stable and unstable manifoldsforming a perfect unperturbed separatrix on which the solution is known ex-plicitly. Based on geometric arguments a Melnikov function was developed in[205] measuring the distance between the stable and unstable manifolds underthe action of the perturbation. For a perturbational treatment we consider thenonlinear term related with 
 as a small (nonintegrable) perturbation of theintegrable AL map (
 = 0, � 6= 0).The Melnikov function �0(0) can be found exactly in terms of Jacobi Ellipticfunctions. It is a rather complex expression (see Paper VIII) so here we willonly give an approximate expression�0(0) = ��
� A(!) cos(4K� t+ �) +O(k2) (3.21)where A(!) = 2K3k2!�2 scoth2 � + 26K29�2 sinh4 �; (3.22)tan � = 3� coth �4K : (3.23)K and E are the complete elliptic integral of the second kind and the associatedcomplete elliptic integral of the second kind, respectively. These integrals arerelated to � through E(k)=K(k) = �=� where cosh � = �!=2. The distancebetween successive zeros of the Melnikov function is given by�t = ��4K ' 12 ln �!2 +r!24 � 1! ; (3.24)telling us that the distance between two adjacent intersections of the stable andunstable manifold depends solely on the breather frequency !. The distancevanishes at the band edge of ! = �2 and grows logarithmically when ! rangesfurther down in the gap.



3.4 NOISE EFFECTS ON DISCRETE SOLITONLIKE EXCITATIONS 49Equation (3.21) shows that the separatrix splitting is proportional to theratio 
=(!�). The same ratio was found in [194] to bound the parameter re-gion where the map (3.14) shows regular motion. Finally, from Eq. (3.21)it is obtained that the distance between successive transversal intersections ofthe stable and unstable manifolds only depends on ! and not directly on thenonlinearity parameters 
 and �. The nonlinearity parameters appear only infront of the Melnikov function (3.21) as a factor regulating the degree of theseparatrix splitting. Apparently with higher nonintegrability parameter 
 thesplitting grows whereas the integrability parameter � acts in the opposite direc-tion, namely suppresses the splitting.Using Eq.(3.24) we calculate in Paper VIII the energetic di�erence betweenthe Sievers-Takeno mode and the Page mode. As suggested by other authors[206, 196] this is approximately the energy required for the excitation to movefrom one lattice site to the next. So the energetic di�erence is an estimate ofthe so-called Peierls-Nabarro barrier, which was �rst discussed in the theory ofdislocations in solid state systems [207]. The Peierls-Nabarro barrier re
ectsthe fact that the discreteness of the underlying lattice in solid state systemsbreaks the continuous translation invariance and generates a periodic potentialwhich a�etcs the dislocations. From the physical point of view, the amplitudeof the Peierls-Nabarro potential barrier may be viewed as the minimum barrierwhich must be overcome to translate the dislocation by one lattice period. Inthe present context we can clearly ascribe the Peierls-Nabarro barrier to thenonintegrality imposed on the system by the DNLS term. Estimates basedon IST perturbation theory of the Peierls-Nabarro barrier in the AL-DNLSequations has been given before [206, 174], however, this estimate is generallyquite poor [208]. An analysis of the combined e�ects of the �niteness of thelattice and the discreteness in the DNLS is given in [14].The method of using the homoclinic and heteroclinic intersections to designsolitonlike solutions, may be developed further, to construct for example "multihumped" solutions similar to the N soliton solutions of the continuum NLSequation, using the secondary intersections of the tangling homoclinic orbits.This could probably be done using some recently developed Melnikov methods[209] to obtain the secondary intersections.3.4 Noise e�ects on discrete solitonlike excita-tionsChapter 2 reviews the work on the models derived as reductions of the cou-pled exciton system, and particularly Sec.2.3 reviews the results obtained whenthe reduced equation (see Eq.(2.31)) includes a nonlinear damping term. Theequation (2.31) was a result of a continuum approximation. Since we now haveobtained some knowledge on discrete e�ects it is the purpose of the present sec-tion to review the result of the work (given in Paper IX) on the one-dimensional



50 CHAPTER 3. DISCRETE MODELSdiscrete version of Eq.(2.31)i _ n + J0( n+1 +  n�1) + 
j nj2 n � � n ddt [j nj2] + hn(t) n = 0 (3.25)where the last two terms describe nonlinear damping and multiplicative Gaus-sian white noise, respectively. The noise is assumed to have zero mean andvariance 2D, i.e.,hhn(t)i = 0; hhn(t)hn0(t0)i = 2D�(t � t0)�n;n0 : (3.26)For the discrete version Eq.(3.25) the norm conservation persists and a discreteanalogue of Eq.(2.34) also in the discrete version provides the possibility ofthermal equilibrium in the exciton system.Paper IX presents numerical simulations of the dynamics of Eq.(3.25). Inthe simulations the exciton wave function is always normalized to have the normN = Pn j nj = 1. This is done without loss of generality since results for anynorm N can be obtained by rescaling 
 ! 
N , � ! �N . Also without loss ofgenerality we have �xed the energy (or time) scale by using J0 = 1. The initialcondition used in all simulations is the single site excitation at site n0 n(0) = �n;n0 : (3.27)This choice of initial condition has, in the absence of noise and damping, pre-viously [210{212] been used to show that the DNLS equation exhibits a self-trapping transition when 
 = 
c ' 3:5. That is, for 
 > 
c the initial-siteprobability j n0j2 will always remain nonzero. Thus a breatherlike excitationexists. Since we here are interested in studying the e�ect of noise and dampingon the localized excitation we consider only nonlinearities 
 � 5, for which thetrapped excitation has a highly discrete breatherlike nature. Figure 3.5 (Fig.1 of Paper IX) illustrates how the presence of noise in Eq.(3.25) a�ects thebreather. As is seen the main e�ect of the noise is initially to cause a slow de-crease (which is almost linear with time) of the breather intensities. This slowdecrease continues until the initial-site probability has reached approximatelyhalf of its initial value. At this point the breather is rapidly destroyed. Thelong time behavior is then di�usive (i.e. j n0j2 decays in average as t�1=2), asin the linear system, 
 = 0.Judging from the systematic numerical investigations of Paper IX, the behav-ior seen in Fig.3.5 appears to be generic. The lifetime of the breather is always�nite, but increases when (a) the nonlinearity 
 is increased, (b) the nonlineardamping � is increased, or (c) the noise variance D is decreased. To quantifythese dependences the decay rate � de�ned as the mean value of (�d=dt)(j n0j2)is studied. As noted above the breather amplitude decrease linearly in time suchthat the lifetime tL is related to the decay rate as tL ' 1=(2�). The study of thedecay rate shows that for not too strong noise the decay rate � is proportionalto the noise variance D. If the noise is too strong the di�usive spreading setsin immediately never allowing existence of a breatherlike excitation. Fixing D
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Figure 3.5: Time evolution of an initially single-site localized excitation. Pa-rameter values are 
 = 10, � = 2 and D = 0:05:and � Paper IX also �nds the decay rate to be proportional to 
�2, while nosimple relation between the decay rate and the damping � is observed.Paper IX also treats Eq.(3.25) analytically applying a collective coordinatemethod. We shall here omit the the details of this approach which involves atransformation to action angle variables and a derivation of a Fokker-Planckequation [133] for these variables. Based on this Fokker-Planck equation theapproximate evolution of the initial-site probability is found tohj 0(t)j2i ' 8><>: 1� 2J20
2 � 6DJ20
2 t; 6�J2
 t� 1;1� 2J20
2 � D
� ; 6�J2
 t� 1: (3.28)We see that the collective-coordinate approach yields a qualitatively good agree-ment with the results of the numerical simulations as concerns the dependenceof the decay rate of the breather on nonlinearity and the noise intensity: Thecoe�cient 6DJ20=
2 for the linear term in the short time regime exhibits the pro-portionality to D=
2 that was observed numerically and the numerical prefactoris of the same order of magnitude. However, Eq.(3.28) predicts a stationarynonzero value of the initial-site intensity as t!1 when �>�D=
, while we haveseen above that j n0 j2 always decays to zero. The discrepancy is caused by thefact that the collective coordinate approach necessarily assumes conservation ofthe total norm of the breather. As is clear from Fig.3.5 there will in reality becreated some radiation through the action of the noise, causing the norm of thebreather to decay in with time.As an interesting example Paper IX shows that if the lattice is truncatedto consist of only two sites - a dimer - the stationary Fokker-Planck equation



52 CHAPTER 3. DISCRETE MODELScan be solved exactly. Thus the stationary distribution function for the dif-ference z = j 1j2 � j 2j2 in the occupation probability between the two sitescan be found analytically. From this function, which is given in Eq.(49) ofPaper IX, we observe that the shape of the stationary probability distributionchanges qualitatively when the parameters D and � are varied. In one region ofthe parameter space the probability distribution is unimodal, having one singlemaximum at z = 0 corresponding to equal population between sites. In otherregions the probability distribution is bimodal, having two equivalent maximacorresponding to an excess of population on either of the two sites and a localminimum at z = 0. Thus, changing the noise D a transition in the form of theprobability distribution can be accomplished; this is a so-called noise-inducedphase transition [135]. It is important to note that the state will not necessarilybe trapped around one of the probability maxima even if the distribution isbimodal, since the noise can force frequent transitions between the sites. So al-though the self-trapping transition and the above described transition coincidein the noise free limit (shown in Paper IX), they are very di�erent when noiseis present.3.5 Two-dimensional e�ectsIn chapter 2 we approximated the discrete two-dimensional NLS like equationswith the two-dimensional continuum equation, and previously in the presentchapter we have studied the localized excitations of discrete one-dimensionalNLS equations. To complete the picture we should study the localized excita-tions of discrete two-dimensional systems. This we will do in this section whichgives a review of Paper X.We simply study the two-dimensional version of the combined AL-DNLSequation Eq.(3.7)i _Um;n + !m;nUm;n � 4Um;n + 2 (1� �)Um;njUm;nj2+ (Um+1;n + Um�1;n + Um;n+1 + Um;n�1) (3.29)� �1 + �2 jUm;nj2� = 0;where the parameter � gives the relative strength of DNLS (� = 0) and AL(� = 1) types of nonlinearities, and !m;n describes an inhomogeneous frequencyshift at site n;m such that impurity e�ects can easily be studied. Equation (3.29)possesses conserved quantities which are simple generalizations of those given inEqs.(3.8) and (3.9). Also, Eq.(3.29) can be derived from the Hamiltonian usinga deformed Poisson bracket similar to Eq.(3.10). It is expected that althoughthe integrability is lost even for � = 1 this case should be "more" well behavedthan the case � = 0.In Paper X we study numerically the stationary statesUm;n = Fm;n exp(i!t) (3.30)



3.5 TWO-DIMENSIONAL EFFECTS 53of Eq.(3.29). In the one-dimensional DNLS equation (generalized to have nonlin-earity j nj2� ) Laedke, Spatschek and Turitsyn [115] proved that the Vakhitov-Kolokolov criterion [118] Eq.(1.30) for the linear stability of the stationary ex-citations also applies to the discrete case. The criterion has not been proved toapply also to the case of Eq.(3.29), but it has been conjectured to hold also inthis case by several authors [213, 214, 24]. For the pure DNLS case of Eq.(3.29)the validity of the Vakhitov-Kolokolov criterion has been proven in [214]. We
 

Figure 3.6: Norm N versus � for � = 1 (Ablowitz-Ladik case solid line), 0.5(dashed line), 0.2 (dot-dashed line), and 0 (DNLS, dotted line)plot in Fig. 3.6 (Fig. 1(a) of Paper X) the norm N versus the frequency � = p!for a particular grid size: 32 � 32, for di�erent values of �. The value of thelocal maximum of N increases with �. On the other hand, the range in param-eter � corresponding to the negative slope of the curve N (�) is narrowing withthe increasing of �. It means that in the case of Ablowitz-Ladik solitons theinstability region is smaller. In the limit of large �, @N=@� > 0 for all �; i.e.,the stability property of the "narrow" soliton solutions are independent of �.The positive slope of N (�) near � = 0 are boundary e�ects. Paper X showsthis by investigating larger grid sizes. In the limit of in�nite grids the in
uenceof the boundary conditions becomes negligible and it is re
ected in narrowingof the dip in the region of small � with increasing number of grid points. Thelevel of the 
at plateau between the dip and the local maximum near � �0:6 approaches in an in�nite lattice limit the asymptotic threshold value NTcorresponding to the continuum ground state soliton (the Townes soliton). Theconjecture is therefore that only the smaller and the larger values of � (for which@N=@� > 0) corresponds to stable solutions, i.e. bistability occurs. We haveobtained numerical support of that conjecture using the soliton solution as an



54 CHAPTER 3. DISCRETE MODELSinitial condition in simulations of the full dynamical equations (3.29).Localization (quasi-collapse) and pinning (by the Peierls-Nabarro potential,see page 49) are important properties in applications. Paper X investigates thedynamics of initially localized excitations numerically using the initial conditionU (m;n; t = 0) = A (m;n) exp (i�m(m�m) + i�n(n� n)) ; (3.31)A (m;n) = A0 exp ��m �mm0 �2 ��n� nn0 �2! : (3.32)where (m;n) is the initial position and (m0; n0) the widths in the m andn directions, respectively. �m and �n de�ne the initial velocities in the mand n directions, respectively. The investigations of the discrete localizationdynamics shows a much richer variety than in the continuum case where thereare merely two alternatives, collapse in �nite time or dispersive spreading. Thebehavior of nonmoving (�m = �n = 0) initial conditions is investigated in thehomogeneous case as well as in the presence of impurities at the center of theinitial excitation. Both the case !m;n = �! < 0 and the case !m;n = ! > 0are investigated. The general scenario is that the initially broad excitationscollapse to a much narrower excitation essentially occupying the �ve centralsites. However the excitation is periodically transferring energy between thecentral site and the four neighboring ones. The details of this transfer dependon !m;n. Since the excitation seems only to occupy the central �ve sites, anobvious analytical approximation is to only consider these �ve sites, which makesthe model solvable due to the symmetry properties. However the results of thisapproximation turn out to be quite poor. The scenario is even more spectacularwhen the the excitation is given an initial velocity �m = 0, �n 6= 0. An exampleof the evolution of a broad initial condition with a nonzero velocity is givenin Fig. 3.7. Initially the excitation is able to move because it is broad andcontinuum like and experiences only a small Peierls-Nabarro barrier. However,the excitation collapses to a much more narrow peak as in the non-moving case.As the width of the peak decreases, the Peierls-Nabarro barrier experienced bythis part of the excitations increase because of the discreteness of the lattice.Eventually the narrow peak is stopped, but the background which is still ratherbroad does not feel the Peierls-Nabarro barrier and therefore continues untila new peak is created. The number of peaks depends on the initial norm ofthe excitation, and the relation is discussed in detail in Paper X. The normof the quasi-collapsed peak is close to the norm of the Townes soliton becauseit is initiated by a continuum two-dimensional collapse. Because of variousasymmetries, the norm of the quasi-collapsed peak is only close to the normof the Townes soliton, and can vary slightly depending on the initial process.Paper X also describes this pinning e�ect in presence of inhomogeneities inthe lattices. In Ref. [24] the combined two-dimensional AL-DNLS equation isinvestigated in further detail.
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Figure 3.7: Evolution of the intensity of a moving solution in the homogeneousDNLS case. Initial condition Eq.(3.31), with A0 = 0:4, m0 = n0 = 8, �n = 0,�m = 0:1� and (m;n) = (�7; 0); t = 0, 12, and 48.



56 CHAPTER 3. DISCRETE MODELS3.6 ConclusionIn summary we have in the present chapter reviewed some of the properties ofdiscrete NLS equations. Properties of the integrable discretization AL and ofthe more standard discretization DNLS have been described.Reviewing Paper VIII, the relation between a discrete map and localizedexcitations of the combined AL-DNLS equations was described. The map wasanalyzed using traditional tools of nonlinear dynamics such as �xed point anal-ysis and Melnikov analysis. The map also allowed us to describe the di�erentparameter regions where bright (staggered or unstaggered) solitons and (stag-gered or unstaggered) dark solitons are possible. The Melnikov analysis allowedus to determine in a novel way the pinning energy of a discrete excitation.The continuum model (of Paper V) with nonlinear damping and noise wasstudied in a discrete version. We showed in the process of reviewing Paper IXthat the discrete breathers are always destroyed in the presence of the noiseand that the life time of the breather essentially is inversely proportional to thenoise variance and proportional to the square of the nonlinear coe�cient.Finally, the dynamics of localized excitations in the two-dimensional com-bined AL-DNLS equations was described reviewing Paper X. It was shown thatthe presence of the DNLS term expanded the window where the localized excita-tions where unstable. Furthermore, the propagation and the combined collapse-pinning e�ect was studied.Parts of the material reviewed in this chapter can also be found in thepublications [24{26] which display di�erent parts of the material from variouspoints of view.



57Chapter 4Nonlocal models4.1 IntroductionThis chapter will describe the extension of the already discussed continuum anddiscrete models to include long range interaction e�ects. First a short discussionof the possible physical origins of the long range interactions in various contextswill be given. Then we will move on to describe the e�ects of nonlocal dispersionin a continuumNLS equation, that will be a review of the work included in PaperXI. In the continuum model the nonlocal interaction will be assumed to dependexponentially on the distance. This assumption allow us to �nd the stationarysolutions analytically.After having discussed the results of the continuum system we will move onto describe the discrete systems as we are reviewing Paper XII. In the discretecase the nonlocal interaction will mainly be assumed to have a power law de-pendence on the distance; an assumption which is physically appropriate in thecase of molecular aggregates for example. Finally, the chapter will show how atwo-dimensional Kronig-Penney system can be described by a one-dimensionalnonlocal equation. This is the result of Paper XIII where also the stationarystates of the derived nonlocal equation are studied.4.2 Physical originIn the main body of the previous research on nonlinear systems in di�erentphysical contexts, the dispersive interaction was assumed to be short-rangedand therefore a nearest-neighbor approximation was used. Often the nearest-neighbor approximation has also been chosen because it can be easily treated,and su�ces as a �rst approximation. However, there exist physical situationsthat are not appropriately described in the framework of this approximation.Excitation transfer in molecular crystals [50] and vibron energy transport inbiopolymers [51] are due to transition dipole-dipole interaction with 1=r3 de-pendence on the distance, r. The DNA molecule contains charged groups, with



58 CHAPTER 4. NONLOCAL MODELSlong-range Coulomb interaction (1=r) between them. Systems where the dis-persion curves of two elementary excitations are close or intersect the resultingdispersion curve saturates, which in e�ect leads to long-range transfer. Sucha situation arises for excitons and photons in semiconductors and molecularcrystals as the so-called polariton e�ects [50].Nonlinear waves in a one-dimensional chain with Lennard-Jones (2n; n) in-teratomic potential were studied by Ishimori [215] who showed that the dy-namics is governed by the Benjamin-Ono equation in the case n = 2 or by theKorteweg-de Vries equation for n � 4. Solitons in implicit form were obtained[216] in a sine-Gordon system with long range interaction of the Kac-Baker type[217] and the dependence of the soliton width and energy on the radius of thelong range interaction was analyzed. A sine-Gordon equation with a nonlocalcharacter of the nonlinear term was postulated in [218] and novel soliton states,of topological charge zero, were found to exist at large interaction radius. Thee�ects of long-range harmonic interaction in a chain with short-range anhar-monicity was considered in [219], and it was demonstrated that the existence oftwo velocity dependent competing length scales leads to two types of solitonswith characteristically di�erent width and shapes for two velocity regions sep-arated by a gap. E�ects of long-range interactions of the Kac-Baker type werealso studied in static and dynamic nonlinear Klein-Gordon models [220].4.3 Continuum descriptionIn order to investigate the dynamics of self-interacting quasiparticles in one-dimensional systems with long-range dispersive interactions we consider in Pa-per XI the HamiltonianH = � Z 1�1�12 j (x; t)j4+ Z 1�1 J(x� y)( �(x; t) (y; t) � j (x; t)j2)dy� dx (4.1)and the corresponding LagrangianL = i2 Z 1�1 f �(x; t)@t (x; t)� c:c:gdx�H: (4.2)The double integral in Eq.(4.1) describes the excitation transfer in the system.The matrix element of transfer, J(x), is chosen to be of the Kac-Baker [217]form J(x) = J exp(��jxj); with � being the inverse radius of interaction, andJ its intensity. The equation of motion for the excitation wave function thenbecomes the nonlocal nonlinear Schr�odinger equationi t + Z 1�1 J(x� y) ( (y; t) �  (x; t)) dy + j j2 = 0: (4.3)



4.3 CONTINUUM DESCRIPTION 59The kernel J(x) in this integro-di�erential equation is the Green's functiongiven by the equation (@2x � �2)J(x) = �2J��(x). Consequently Eq.(4.3) maybe rewritten as i@t + 2J� @2x�2 � @2x + j j2 = 0: (4.4)The linear part of Eq.(4.4) corresponds to the dispersion law !(k) = 2J� k2�2+k2 .Under the assumption � ! 1, J ! 1, J��3 ! const. Eq.(4.4) reduces tothe NLS Eq.(1.8). However, if the width of the excitations and the radius ofinteraction, ��1, are of the same order, the nonlocal e�ects represented by thepseudo-di�erential operator in Eq.(4.4) become important.In rescaled form Eq.(4.4) becomesi@t�+ @2z1� @2z �+ j�j2� = 0; (4.5)and additionally Z 1�1 j�(z; t)j2dz = �22J N � N ; (4.6)where the norm N , like the HamiltonianH, is a conserved quantity. Stationarysolutions of Eq.(4.5) in the form�(z) = F (z; �) exp(i�2t) (4.7)can be obtained exactly since the resulting ordinary di�erential equation for Fcan be solved by quadrature. Therefore the norm N can also be expressed interms of the frequency �2. In Figure 4.1 we show N versus � and it shows incontrast to the ordinary NLS equation that the stationary solution exists onlyfor N � Nmax ' 1:128, or N � Nmax ' 2:255J��2. Therefore the nonlocalNLS equation has stationary solutions only in a �nite interval ofN 2 [0;Nmax].Nmax tends to in�nity in the limit of the usual NLS equation. Figure 4.1 showsthat with the norm N in the interval [1:125;Nmax] there are two values of �for a given N , i.e. two branches of stationary solutions exist in that interval.The �rst branch corresponds to the part of the N (�) for which dNd� > 0 and itexists for any N � Nmax. For N � Nmax (� � 1=p8) the solution reducesto the stationary solution of the usual NLS equation. The second branch withdNd� < 0 exists only in the interval [1:125;Nmax]. At N = Ncusp = 1:125 weobtain a solution of the form�(z; t) = �38�1=2 exp�i t8 � 13 jzj� : (4.8)Due to the pointed maximum of this solution we called it a cusp soliton.Paper XI applies a collective coordinate approach to investigate the sta-bility of the stationary states. This method leads to the instability criteriondN=d� < 0 which agrees with the Vakhitov-Kolokolov criterion (see the dis-cussion related to Eq.(1.30) page 16). It should however be emphasized that
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Figure 4.1: Norm N versus nonlinear frequency �, for the stationary solutions.Dashed line: NLS Eq.(1.8). Solid line: nonlocal NLS Eq.(4.5). The inset showsthe two branches at the maximal norm. The endpoint corresponds to the cuspsoliton.using the collective coordinate approach we can not prove stability but onlyinstability can be proven. Numerical simulations support the conjecture thatthe Vakhitov-Kolokolov criterion is valid also in this nonlocal case. Plottingthe HamiltonianH versus the norm N shows the bifurcation diagram of the socalled catastrophe manifold [221]. The bifurcation diagram has a swallow tailstructure, and using the conjectures of catastrophe theory [221] on this diagramleads to the same stability criterion as suggested above. A similar discussionfor a two-dimensional NLS equation is given by Laedke et al. [214]. This meansthat the branch in Fig.4.1 with dN=d� < 0 is unstable and in particular thecusp soliton is unstable. The instability expresses itself by the creation of acollapse like phenomenon in the evolution of a slightly perturbed state from theunstable branch. The collapse is clearly due to the saturation of the dispersionin the high end of the spectrum enabling high sharp peaks to develop withoutexcessive energy consumption.In contrast to the ordinary NLS equation, Eq.(4.3) is not Galilean invariant,causing radiation losses when the solitons are propagated. This radiation isinvestigated analytically and numerically in Paper XI where also the dominantwave number of the radiation is found to be inversely proportional to the prop-agation velocity. Thus no radiation is present when the soliton is non-moving.This is in contrast to the case of high order dispersion caused by terms like i�xxxor �xxxx in the ordinary NLS equation. These case were studied numericallyand analytically by several authors [222] who found that the soliton will always



4.4 DISCRETE DESCRIPTION 61radiate in the presence of the high order dispersion.4.4 Discrete descriptionThe paper Paper XII investigates the impact of nonlocal dispersive couplingon discrete NLS systems. In the discrete case the coupling is chosen to have apower r�s dependence on the distance r; this choice is based on the physicalrelevance of such a coupling. However, investigations [223] have shown that theexact form of the coupling only a�ects the behavior quantitatively. Kac-Bakerand the power r�s dependence have been observed [223] to yield exactly theequivalent qualitative features. The model studied in Paper XII isi _ n + Xm(m6=n) jm� nj�s( m �  n) + j nj2� n = 0 (4.9)where the generalized nonlinearity j nj2� n is reintroduced fromEq.(1.28). Theparameter s is introduced to cover di�erent physical situations from nearest-neighbor approximations s = 1, dipole-dipole interaction s = 3, to the long-range Coulomb interaction s = 1. The introduction of the two tunable (s and �)properties illuminates both the competition between nonlinearity and dispersionand the interplay of long range interactions and lattice discreteness. Equation(4.9) can be derived from the HamiltonianH = T + U�; (4.10)where T = 12 Xn;m(n6=m) jm� nj�sj m �  nj2; (4.11)is the dispersive energy of the excitation andU� = � 1(� + 1)Xn j nj2(�+1) (4.12)is the potential energy of the excitation. We are interested in stationary solu-tions of Eq. (4.9) of the form  n = �n exp(i�t) (4.13)with a real valued shape function �n and a nonlinear frequency �. The functions�n are determined by��n = Xm(m6=n) jn�mj�s(�m � �n) + �(2�+1)n : (4.14)In contrast to the continuummodel of Sec.4.3 the discrete model (4.9) cannotbe solved analytically. Therefore we apply a variational approach with the trialfunction �n = �N sinh�coshf�(2� � 1)g� 12 exp(��jn� �j) (4.15)



62 CHAPTER 4. NONLOCAL MODELSwhere � is a trial parameter and � is the position of the center of the localizedstate which without loss of generality can be restricted to 0 � � < 1 for thein�nite chain. The ansatz (4.15) is chosen to automatically satisfy the normal-ization conditionPn �2n = N reducing the variational approach to determining� by dH=d� = 0. Performing some rather lengthy manipulations (see PaperXII for details) we can minimize the energy of the state (4.15) and therebyimplicitly �nd the dependence N on � for the stationary state. Applying thisresult we shall study for in detail the stationary states of the system, consider-ing the following two types of stationary states: on-site (Sievers-Takeno mode)(� = 0) and inter-site (Page mode) (� = 1=2) separately. All results are forcubic nonlinearity, � = 1.
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Figure 4.2: Norm N of on-site states (� = 0) versus the nonlinear frequency� numerically obtained from Eq.(4.14) for s = 1 (solid), 4 (dotted), 3 (short-dashed), 2.5 (long-dashed), 2 (short-long-dashed), 1.9 (dashed-dotted)I. On-site localized states: � = 0.Figure 4.2 (Fig. 2 of Paper XII) shows direct numerically obtained depen-dence N (�). A monotonic function is obtained for s > scr , but for scr > s > 2the dependence becomes nonmonotonic with a local maximum and a local min-imum. These extrema coalesce at s ' 2:72 (from the analytical approach) ands = scr ' 3:03 (from the numerical solution of Eq.(4.14)). For s < 2 the lo-cal maximum disappears. Thus the main features of all DNLS models witha power law dispersive interaction decreasing faster than jn � mj�scr coincidequalitatively with the features obtained in the nearest-neighbor approximation



4.4 DISCRETE DESCRIPTION 63where only one on-site stationary state exists for any norm. However, in thecase of the nonlocal NLS equation (4.9) with 2 < s < scr there exist for each Nin the interval [Nl(s); Nu(s)] three stationary states with nonlinear frequencies�1(N ) < �2(N ) < �3(N ). In particular, this means that in the case of dipole-dipole interaction (s = 3) multiple solutions exist. This property of the systemis very similar to the bistability phenomenon observed in the two-dimensionalcase described in Sec. 3.5. Also in the nearest-neighbor case of Eq.(4.9) thebistability phenomenon exists [116, 117] when the degree of nonlinearity � ex-ceeds some critical value.Investigating the stability properties of the di�erent stationary states, we usethe approach developed in [116] and �nd that the positive de�niteness of thedispersion term T given by Eq.(4.11) and the form of the nonlinear term U per-mit generalization of the result of Laedke, Spatschek and Turitsyn [116] to thisnonlocal case. According to this result the necessary and su�cient stability cri-terion for on-site stationary states is again similar to that of Vakhitov-KolokolovEq.(1.30). Thus in the notation of the present sectiondNd� = dd� Xn �2n > 0: (4.16)Therefore we can conclude that in the interval [Nl(s); Nu(s)] there are only twolinearly stable stationary states (�1(N ) and �3(N )). The third state is unstablesince dNd� < 0 at � = �2.
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Figure 4.3: Shapes of the three stationary states for s = 2:5 and N = 3:1.The stable: � = 0:21 (long-dashed), � = 0:74 (solid). The unstable: � = 0:57(short-dashed).Figure 4.3 shows that the three solutions di�er signi�cantly. The low fre-quency states are wide and continuum-like while the high frequency solutions



64 CHAPTER 4. NONLOCAL MODELSrepresent intrinsically localized states with a width of a few lattice spacings.For s>�2 the inverse widths of the stable stationary states are respectively�1 � ( N8J ) 1(s�2) = ( N8J ) ln l1�2 ln l ; �3 � ln(NJ ) (4.17)where l = exp(1=s) is the characteristic range of the dispersive interaction.It follows from these expressions that the existence of two so di�erent solitonstates for one value of the norm, N , is due to the presence of two di�erentlength scales in the system: the usual scale of the NLS model which is relatedto the competition between nonlinearity and dispersion (expressed in terms ofthe ratio N=J) and the range of the dispersive interaction l.Paper XII �nds that the particular value s = 2 separates two di�erent kindsof behavior: for s > 2, H ! 0 while for 1 < s < 2, H ! 1 as N ! 0and the stable continuum-like soliton disappears. This is con�rmed by oursimulation (see Fig. 4.2), which also indicates that the low frequency solitons inthis case (s < 2) have algebraic tails i.e., for s = 1:9, log�n ' 6:3�2 logn whenn� 1. The existence of excitations with algebraic tails or the so-called algebraicsolitons in models with nonlocal interaction is well known [224]. Algebraicsolitons have also recently [225, 108, 226] been found in generalized Schr�odingerequations with two competing nonlinearities. However, as in the nonlocal casethese solitons are unstable [226].
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Figure 4.4: Norm N of inter-site states (� = 1=2) versus the nonlinear frequency� numerically obtained from Eq.(4.14) for s = 1 (solid), 4 (dotted), 3 (short-dashed), 2.5 (long-dashed), 2 (short-long-dashed), 1.9 (dashed-dotted)



4.4 DISCRETE DESCRIPTION 65II. Inter-site localized states: � = 1=2.In Fig. 4.4 we plot the norm, N , as a function of nonlinear frequency � forinter-site localized states obtained from numerical solution of Eq.(4.14). Theanalytical results for � = 1=2 are in qualitative agreement with numerical resultsbut the quantitative agreement is not as good as in the on-site soliton case. Thedependence displayed in Fig. 4.4 is similar to the dependence N (�) obtained foron-site localized states (Fig. 4.2); the main distinction being that the inter-sitestates are much less sensitive to the long range character of the dispersion.For the parity conserving (even) perturbations the stability condition ofinter-site stationary states is the same as (4.16) but these excitations are unsta-ble with respect to parity nonconserving perturbations. Typically the evolutionof these excitations will result in that an initially inter-site state is transformedinto an intrinsically localized on-site state with a time-dependent width.Now we turn to discussing stationary states of the discrete NLS model givenby Eq.(4.9) with arbitrary power nonlinearity. The main properties of the sys-tem remain unchanged but the critical value of the dispersion parameter scr isnow a function of �. The results of analytical consideration con�rmed by the
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Figure 4.5: Critical dispersion parameter, scr, versus the power nonlinearity, �.Analytical dependence (solid), numerical dependence (circles). Only results forinter-site states are shown.simulation (Fig. 4.5) show that scr increases when � increases. In particular for� � 1:4 (the value at which discrete symmetric ground states can be unstable inthe nearest-neighbor approximation [116] whereas Malomed and Weinstein [117]found the critical value to � ' 1:32 due to the approximative character of their



66 CHAPTER 4. NONLOCAL MODELSvariational approach) the bistability in the nonlinear energy spectrum occurseven for s � 6. As discussed in Sec.1.3.2 the behavior of the one-dimensionalsystem with quintic nonlinearity (� = 2) is qualitatively the same as the be-havior of the two-dimensional systems with cubic nonlinearity. Then, it may beexpected that the bistability phenomenon takes place in two-dimensional NLSmodels with quadrupole-quadrupole interaction (s = 5).Finally, Paper XII shows analytically that only for s > 3 the localized statesof Eq.(4.9) are exponentially localized. When the dispersion parameter s is inthe range 2 < s < 3 the localized states are merely algebraically localizedwith the long distance behavior �n / jnj�2. This behavior is found for the lowfrequncy states as well as for the high frequency states.4.5 Two-dimensional Kronig-Penney modelThis section will describe the results of Paper XIII on a two-dimensional nonlin-ear Kronig-Penney model. Our interest in the Kronig-Penney model [227] arisesfrom its application in describing electromagnetic wave propagation through di-electric media. Particularly, we are interested in electromagnetic wave propa-gation in dielectric superlattices. In the approximation where only the scalarnature of the electromagnetic �eld is taken into account, the wave propagationis resembled by the dynamics of a particle in a crystal lattice [228, 229]. As aresult of the periodicity photonic bands and gaps arises, giving the system thename photonic band-gap materials.In the case of periodic nonlinear superlattices consisting of alternating layersof two dielectrics, it is usually assumed that the nonlinearity of one of thedielectrics is much larger than the nonlinearity of the other, so that the lattercan be considered linear. If the thickness of the nonlinear layer is small comparedto the thickness of the linear, the problem can be described by the nonlinearKronig-Penney modeli t +r2 +Xn �(x� xn)j j2 = 0; (4.18)corresponding to a focusing medium with a Kerr nonlinearity. Here xn = n ` isthe coordinate of the n-th nonlinear layer and ` is the distance between adjacentnonlinear layers. Wave propagation in the framework of the one-dimensionalnonlinear Kronig-Penney model was studied in detail in Ref. [228{231], but inthese works the coupling between the longitudinal and transversal degrees offreedom was ignored. It was shown that the transmission properties dependcritically on the injected wave power. Additionally, it was shown that thesesystems exhibit bistability and multistability.In Paper XIII we consider two-dimensional e�ects in the nonlinear Kronig-Penney model given by Eq.(4.18) where the complex amplitude depends on thecoordinate x transversal to the nonlinear layers and the longitudinal coordinatez.



4.5 TWO-DIMENSIONAL KRONIG-PENNEY MODEL 67Similarly to the approach used in Refs. [230] and [231], we can solve theseequations in the linear medium and thereby express the �eld  (x; z; t) for n` �x � (n + 1)`, in terms of the complex amplitudes,  n(z; t) �  (xn; z; t) at thenonlinear layers,  (x; z; t) = sinh(�̂((n+ 1)`� x))sinh(�̂`)  n(z; t)+ sinh(�̂(x� n`))sinh(�̂`)  n+1(z; t); (4.19)where the complex amplitude  n(z; t) satis�es the following set of pseudo-di�erential equations�̂sinh `�̂ ( n+1 +  n�1)� 2�̂tanh `�̂  n + j nj2 n = 0; (4.20)with periodic boundary conditions  n+� =  n where � is the number of layers.In Eqs.(4.19) and (4.20) the operator �̂ is de�ned as�̂ =p�i@t � @2z : (4.21)More information on how to interpret this operator can be found in Paper XIII.
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Figure 4.6: Stationary state localized in the longitudinal direction with �2 = 5:0The spacing between the nonlinear layers is ` = � so the nonlinear layers arepositioned at x = :::;��; 0; �; ::: . (x+ `; z; t) =  (x; z; t).



68 CHAPTER 4. NONLOCAL MODELSPaper XIII hereafter uses techniques similar to those of Paper XI to inves-tigate solutions of the form  n(z; t) = �n(z) ei�2 t (4.22)where �2 is the nonlinear frequency and �n(z) the amplitude in the n-th nonlin-ear layer. Since Eq.(4.20) is Galilean invariant, standing excitations can alwaysbe Galileo boosted to any velocity in the z-direction. It is found that indeed suchsolutions are possible (an example is shown in Fig.4.6 (Fig.2 of Paper XIII)) butthere is a maximum norm Nm = N (�m) above which no solutions of the kind(4.22) can exist. It is also shown that these solutions are linearly stable withrespect to perturbations in the z direction as long as � < �m. However thereis also a source of instability in perturbations along the x direction and there-for the stationary solution are only stable as long as the following inequality issatis�ed �2 < 1̀2 minf43 sin2(�� ); �2mg: (4.23)In particular, this means that the stationary state  n(z; t) = ei�2t�(z) is neitherstable in the case of only one nonlinear layer (`!1) nor in the quasi-continuumlimit (� !1).Finally, Paper XIII shows that the system described by Eq.(4.18) also sup-ports states which are localized in both spatial directions and not uniform fromnonlinear layer to nonlinear layer as the example shown in Fig.(4.6).4.6 ConclusionThe present chapter has reviewed the work described in the papers Paper XI,Paper XII and Paper XIII which all deal with nonlinear equation with nonlocaldispersion.A short description of the physical origin of the long range interaction wasgiven. As a �rst step a continuum NLS equation with nonlocal dispersion wasstudied. The equation being continuum allowed the stationary states to befound analytically. This model showed that there is an upper limit for the normin the presence of the long range interaction term, and as a special case thismodel has a cusp soliton as an analytical solution.The chapter continued the discussion of the nonlocal e�ects by considering apower law transfer mechanism in discrete NLS models. This was shown to leadto bistable stationary states due to the presence of di�erent length scales of theproblem. The bistability displayed itself by allowing a broad state and a verynarrow state to exist, with the same norm. Both on-site states (Sievers-Takenomodes) and inter-site (Page modes) where shown to exists, and the inter-sitestate appeared to be less sensitive to the long range interaction. However, as inthe case of the nearest-neighbor coupling, the inter-site state was shown to beunstable with respect to parity disturbing perturbations.



4.6 CONCLUSION 69Finally, the chapter showed how the two-dimensional Kronig-Penney prob-lem of electromagnetic wave propagation in nonlinear superlattices can be re-garded as a nonlocal problem. The localized states of this problem were thenstudied from this perspective.
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