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Abstract

This Thesis deals with nonlinear and stochastic dynamics in systems which can
be described by nonlinear Schrodinger models. Basically three different models
are investigated. The first is the continuum nonlinear Schrodinger model in one
and two dimensions generalized by a tunable degree of nonlinearity. Various
perturbations such as fluctuating forces, localized impurities, and dissipation
are considered. The second kind of model is the discrete nonlinear Schrodinger
model, which also is investigated in one and two dimensions. External pertur-
bations similar to the continuum case are also considered in the discrete model.
Finally, nonlinear Schrodinger continuum and discrete models with nonlocal
dispersion are investigated.

In the introductory chapter the physical situation of energy transport on
molecular aggregates in which the results applies is discussed in detail. This
chapter also introduces the nonlinear Schrodinger model in one and two di-
mensions, discussing the soliton solutions in one dimension and the collapse
phenomenon in two dimensions. Also various analytical methods are described.

Then a derivation of the nonlinear Schrodinger equation is given, based on a
Davydov like system described by a tight-binding Hamiltonian and a harmonic
lattice coupled by a deformation-type potential. This derivation results in a
two-dimensional nonlinear Schrodinger model, and considering the harmonic
lattice to be in thermal contact with a heat bath we show that the nonlinear
Schrodinger equation must be augmented by a multiplicative noise term. The re-
sulting stochastic model is investigated in the continuum limit and the behavior
of the coherent excitations under the influence of the noise is studied. Similarly,
we study the fluctuation effects on the two-dimensional collapse phenomenon.
We find numerically and analytically that the collapse can be delayed and ul-
timatively arrested by the fluctuations. Allowing the system to reach thermal
equilibrium we further augment the model by a nonlinear damping term and
find that this prohibits collapse in the strict mathematical sense. However a
collapse like behavior still persists in the presence of the nonlinear damping.
Apart from the absence of the collapse in the strict mathematical sense we find
that the nonlinear damping term has rather weak influence on the interplay
between fluctuations and self-focusing. The study of the continuum model is
concluded by an investigation of the dynamics of localized states in the vicinity
of an impurity.

Studying the discrete nonlinear Schrodinger model, we first analyze the in-
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trinsically localized excitations supported by this model in one dimension. This
analysis 1s accomplished using analytical methods developed for nonlinear maps.
It i1s demonstrated how the nonanalyticity of the map through homoclinic and
heteroclinic connections permits the existence of localized states on the lattice.
The pinning effect of the discrete lattice is also investigated, constructing a
Melnikov function describing qualitatively the difference between on-site and
inter-site states.

Since the intrinsically localized excitations are rather robust we further study
the implications of fluctuations and nonlinear damping in this discrete model.
The fluctuations are found always to destroy the localized states.

Existence and dynamics of the intrinsically localized excitations in the two-
dimensional discrete model are also studied. It is found that in two dimensions a
bistability phenomenon of the localized states appears. The bistability expresses
itself by allowing localized states of various width to have equal norms. We find
in the two-dimensional discrete model that the interplay of the collapse effect
and the discrete pinning allows dynamical creation of a spatially distributed set
of localized states from a broad initial excitation.

The last kind of models studied in the Thesis is nonlinear Schrodinger models
with nonlocal dispersive interaction. First a continuum model with an expo-
nential dependence of dispersive interaction is studied. This model shows in
contrast to the ordinary continuum nonlinear Schrodinger models that the non-
locality imposes an upper bound on the norm of a possible localized excitation.
The model is also shown to support a cusp soliton. A similar discrete nonlocal
model 1s discussed. This model has an algebraic dependence of the dispersive in-
teraction. There exists no upper limit of the norm in the discrete model, but the
possibility of a bistability phenomenon similar to that of the two-dimensional
model is shown to occur.

Finally, we show that a two-dimensional Kronig-Penney model describing for
example propagation of electromagnetic waves in photonic bandgap materials
can be reduced to a one-dimensional nonlocal nonlinear Schrodinger model,
which is similar to the nonlocal models considered previously.



Dansk resumé

Nearverende athandling omhandler ikke-linear og stokastisk dynamik af syste-
mer, som kan modelleres ved hjelp af den ikke-linezere Schrodingerligning. Tre
forskellige modeller studeres. Den fgrste er kontinuumsversionen af den ikke-
linegere Schrodingermodel i1 henholdsvis én og to dimensioner. Modellen er ge-
neraliseret saledes, at muligheden for en regulerbar grad af ikke-linearitet er
medtaget. Forskellige perturbationer sasom fluktuerende eksterne kraefter, lo-
kaliserede urenheder og dissipation er betragtede. Den anden form for model,
som er betragtet 1 afhandlingen, er den diskrete ikke-linesere Schrodingermo-
del i én savel som i to dimensioner. Ogsa 1 den diskrete version er effekter af
de ovenfor naevnte eksterne perturbationer betragtede. Endelig studeres som
den tredie art model kontinuumsversioner og diskrete versioner af ikke-lineare
Schrodingermodeller med ikke-lokale dispersive led.

Indledningsvis beskrives fysiske situationer, hvor de opnaede resultater finder
anvendelse. Endvidere introduceres den ikke-linezere Schrodingerligning ved en
diskussion af solitonlgsningerne af den éndimensionale version og kollapsfeno-
menet i den todimensionale version. Kapitlet beskriver ogsa forskellige analyti-
ske metoder, som anvendes i forbindelse med den ikke-linezre Schrodingerlig-
ning.

Udledningen af den ikke-lineaere Schrodingerligning, som den forekommer 1
afhandlingen, er baseret pa et system som ligner Davydovsystemet. Dette sy-
stem er beskrevet ved en tight-binding Hamiltonfunktion og ved et harmonisk
gitter, hvor tight-binding systemet og gitteret er koblet sammen via et deforma-
tionspotentiale. Idet vi betragter det harmoniske gitter som varende 1 termisk
kontakt med et varmereservoir, vises det, at den ikke-linesere Schrodingerlig-
ning skal modificeres med et multiplikativt stgjled. Den resulterende stokastiske
model undersgges 1 kontinuumsgransen, hvor udviklingen af koherente excita-
tioner under stgjpavirkningen analyseres. Ligeledes er stgjpavirkningen af det
todimensionale kollaps studeret. Vi finder ved analytiske og numeriske metoder,
at kollapset bliver forsinket og ultimativt ophgrer med at eksistere som fglge af
stgjen. Det vises, at modellen yderligere ma modificeres med et ikke-lineaert
tabsled, hvis systemet skal kunne opna termisk ligevaegt. Det ikke-lineaere tabs-
led medforer, at kollapset 1 matematisk stringent forstand ikke leengere kan
forekomme 1 modellen, hvorimod den modificerede model opretholder mulighe-
den for en kollapslignede effekt. Bortset fra at kollaps ikke eksisterer 1 stringent
matematisk forstand, viser det sig, at det ikke-lineaere tabsled ikke har nogen
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afggrende betydning for samspillet mellem fluktuationerne og selvfokuserings-
effekten. Studiet af kontinuumsmodellen afsluttes med en undersggelse af den
dynamik, som udvises af lokaliserede excitationer, nar de befinder sig i umid-
delbar naerhed af en urenhed.

Hvad angar den diskrete ikke-lineaere Schrodingermodel, undersgger vi ind-
ledningsvis de intrinsisk lokaliserede excitationer, som denne model understgtter
1 én dimension. Denne undersggelse udfgres ved anvendelse af analytiske meto-
der, som er udviklet til brug ved analyse af ikke-linzere afbildninger. Vi de-
monstrerer, hvordan den ikke analytiske afbildning svarende til den diskrete
ikke-linezere Schrodingermodel gennem homokline og heterokline forbindelser
muligggr eksistensen af lokaliserede excitationer pa det diskrete gitter. Desu-
den konstrueres en Melnikovfunktion til kvantitativ beskrivelse af den diskrete
pinning-effekt, som steerkt lokaliserede excitationer udsaettes for pa gitteret.

Eftersom de intrinsisk lokaliserede excitationer synes at vere usadvanligt
robuste, undersgger vi, hvordan disse pavirkes af et ikke-linezrt tab kombineret
med fluktuationer. Det viser sig, at fluktuationerne altid destruerer de lokalise-
rede excitationer.

Endvidere studeres eksistensen og dynamikken af intrinsisk lokaliserede ex-
citationer 1 den todimensionale diskrete model. Vi finder, at der 1 denne model
forekommer et bistabilitetsfeenomen af de lokaliserede Igsninger. Dette bistabi-
litetsfeenomen giver sig til kende ved at tillade to forskellige lgsninger at have
den sammen norm. Desuden giver den todimensionale diskrete model ved at
kombinere kollapseffekten og pinning-effekten mulighed for dynamisk at skabe
et antal rumligt distribuerede lokaliserede excitationer ud fra en delokaliseret
excitation.

Endeligt studeres ikke-linezere Schrodingermodeller med ikke-lokale disper-
sive effekter. Ferst studeres en kontinuumsmodel, hvor den dispersive kob-
ling athaenger eksponentielt af koblingsafstanden. Denne model viser i kontrast
til almindelige kontinuums ikke-linezere Schrodingermodeller, at der pga. ikke-
lokaliteten er en gvre graense for normen af de lokaliserede excitationer. En lig-
nende diskret model, hvor den ikke-lokale kobling atheenger algebraisk af kob-
lingsafstanden, er ogsa diskuteret. I dette diskrete tilfaelde er der ingen gvre
greense for normen, men der optraeder et bistabilitetsfaenomen akvivalent til
det, der forekommer i1 den diskrete todimensionale model.

Til sidst vises det, hvordan en todimensional Kronig-Penney-model, som
bl.a. beskriver udbredelsen af elektromagnetiske bglger 1 dielektriske supergitre,
kan reduceres til en éndimensional ikke-lokal model.
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Chapter 1

Introduction

1.1 Overview and strategy

The present Thesis is a collection of work illuminating different aspects of the
most generic and universal simple nonlinear model: The nonlinear Schrodinger
equation.

The physical subject which formed the foundation of the thesis work is de-
scribed in the following section (section 1.2) while an introduction to the math-
ematics of the nonlinear Schrodinger equation will be the subject of the final
section (section 1.3) of this introduction. Section 1.3 shall also introduce the
analytical methods which are essential for the remaining part of the Thesis.

The work divides naturally into three parts. The first part presented in
chapter 2 (Paper I-Paper VII) deals with the continuum nonlinear Schrédinger
equation as a model of molecular aggregates. This part studies the coherence of
an excitation in the presence of noise and it also studies the collapse phenomenon
in the presence of noise.

Chapter 3 (Paper VIII-Paper X) presents the second part of the Thesis,
which deals with one and two-dimensional discrete nonlinear Schrodinger equa-
tions. The existence and stability properties of localized excitations in these
models are studied. This part also studies the behavior of localized excitations
in the one-dimensional discrete nonlinear Schrodinger equation in the presence
of noise and nonlinear damping.

The review part of the Thesis ends with chapter 4 (Paper XI-Paper XIII)
which deals with continuum and discrete nonlinear Schrodinger equations with
nonlocal dispersive interaction. The existence and stability properties of local-
ized excitations in the presence of nonlocal dispersive interactions are studied.

Finally, chapter 5-17 contains the 13 articles in their full extent.

The spirit in which the Thesis is written 1s that of a review paper, which first
presents in short form the physical context and the basic knowledge required.
Then it proceeds to give a concentrated description of the new work of the
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13 articles forming the core of the Thesis. The material of the 13 articles is
presented in review form in the chapters 2-4. Review form implies that only
the main results are commented on and they are given almost without details
of analytics and numerics. This is meant to give a continuous and coherent
presentation of the results. Effort has been made to relate the results to each
other and to show the logic and reason of the next step in the investigation.
Apart from the results, background knowledge and extensive reference to the
results of other researchers has been provided in proper relations. Therefore all
the main points of the thesis work can be found in the first four chapters while all
the many details must be sought in the specific article. Making this possible this
overview shall conclude by defining the names of the articles directly contained
in the Thesis. The names Paper I-Paper XIII will below each be connected to
an article and all the way through the Thesis this name will be applied when
referring to one of these article, in contrast to the articles cited in the reference
list which will be referred to by a number in square brackets.

The outlined strategy presents however the technical difficulty that the no-
tation changes slightly from article to article. In the three following chapters
one certain notation is chosen and is maintained throughout these chapters, and
whenever a new notation or quantity is introduced an appropriate explanation
is given. The notation of the next three chapters may however occasionally con-
flict with the notation of the articles. In particular Paper IV has a conflicting
notation.

1.1.1 List of papers

Paper I [1]: O. Bang, P. L. Christiansen, F. If, K. @. Rasmussen, and Yu. B.
Gaididei, ” Temperature effects in a nonlinear model of monolayer Scheibe
aggregates”, Phys. Rev. E 49, 4627 (1994).

Paper II [2]: O. Bang, P. L. Christiansen, F. If, K. @. Rasmussen, and Yu. B.
Gaididei, ” White noise in the two-dimensional nonlinear Schrodinger equa-
tion”, Applicable Analysis, 57, 3 (1995).

Paper IIT [3]: K. @. Rasmussen, Yu. B. Gaididei, O. Bang, and P. L. Chris-
tiansen, ” The Influence of Noise on the Critical Collapse in the Nonlinear
Schrédinger equation”, Phys. Lett. A, 204, 121 (1995).

Paper IV [4]: P. L. Christiansen, K. @. Rasmussen, O. Bang, and Yu. B.
Gaididei, ” The temperature-dependent collapse regime in a nonlinear dy-
namical model of Scheibe aggregates”, Physica D 87, 321 (1995).

Paper V [5]: P. L. Christiansen, Yu. B. Gaididei, M. Johansson, K. Q.
Rasmussen, and 1. I. Yakimenko, ”Collapse of solitary excitations in the
nonlinear Schrodinger equation with nonlinear damping and white noise”

Phys. Rev. E 54, 924 (1996).
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Paper VI [6]: Yu. B. Gaididei, K. @. Rasmussen, P.L. Christiansen, ”Nonlin-
ear excitations in two-dimensional molecular structures with impurities”,

Phys. Rev. E 52, 2951 (1995).

Paper VII [7]: Yu. B. Gaididei, K. @. Rasmussen, P. L. Christiansen,
”Dipole-like nonlinear excitations in an inhomogeneous two-dimensional
system”, Phys. Lett. A 203, 175 (1995).

Paper VIII [8]: D. Hennig, K. @. Rasmussen, H. Gabriel and A. Biilow,
”Solitonlike solutions of the generalized discrete nonlinear Schrodinger

equation”, Phys. Rev. E 54, 5788 (1996).

Paper IX [9]: P. L. Christiansen, Yu. B. Gaididei, M. Johansson, and K. @.
Rasmussen, ”Breatherlike excitations in discrete lattices with noise and
nonlinear damping”, Phys. Rev. B 55, 5759 (1997).

Paper X [10]: P. L. Christiansen, K. @. Rasmussen, Yu. B. Gaididei, V. K.
Mezentsev, and J. Juul Rasmussen. ” Dynamics in discrete two-dimensional
nonlinear Schrodinger equations in the presence of point defects” Phys.

Rev. B 54, 900 (1996).

Paper XI [11]: Yu. B. Gaididei, P. L. Christiansen, S. F. Mingaleev, and K. @.
Rasmussen, ” Effect of nonlocal dispersion on self-interacting excitations”

Phys. Lett. A 222, 152 (1996).

Paper XII [12]: Yu. B. Gaididei, P. L. Christiansen, S. F. Mingaleev, and
K. ©. Rasmussen, ”Effects of Nonlocal Dispersive Interactions on Self-
Trapping Excitations”, Phys. Rev. E 55, 6141 (1997).

Paper XIII [13]: Yu. B. Gaididei, P. L. Christiansen, K. (. Rasmussen
and M. Johansson, ” Two-dimensional effects in nonlinear Kronig-Penney

models”, Phys. Rev. B 55, R13365, (1997).
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1.2 Physical context

Although the concrete physics of the Thesis is modelling the energy transfer in
Scheibe aggregates the model which will appear (the derivation is described in
Sec. 2.2) is a very general and generic model which turns the obtained results
into results of general interest in a variety of physical contexts. A review of al-
ternative physical systems where the results may find applications will therefore
be given in here.

Before discussing specific physical contexts we shall in general terms describe
the generic nature of the nonlinear Schrédinger (NLS) equation.

The NLS equation in the form

2ik. (OY | 0¥ 5
w! (315 T 3z)+vﬂ/}+

Wk, 0% 9 o
o w+2kcn(|¢| Ji =0, (1.1)

describes the propagation of the scalar envelope ¢(x,y, z,t) of the field E =
Rel€y(x,y, 2, 1) expi(kez — wot)] of an almost monochromatic wave in a weakly
nonlinear dispersive medium.

The equation (1.1) can be obtained by a multiple scale expansion of the
high-frequency carrier wave equation permitting description of the slowly vary-
ing envelope of the beam. This implies that w’ = dw/dk|x, and w” = §%w/Ok?|x,
is the group velocity and the dispersion coefficient (group velocity dispersion)
along the propagation axis z, respectively. The diffraction of the wave in the
transverse plane (z,y) perpendicular to the propagation axis is represented by
V31 =07 +0;. The nonlinearity n(|¢|*) arises from the response of the medium
to the wave amplitude. Assuming the response to be instantaneous it can sim-
ply be approximated by a first order Taylor expansion in powers of the beam
intensity, n(]|?) o ||

An equivalent way to obtain Eq.(1.1) is by formally taking the Fourier
transform in space and time of the expansion of the nonlinear dispersion law
w = w(k,n(]1|?)). The expansion must be in the components of the wave num-
ber k centered around the carrier wave number k. of the unperturbed incident
wave (wg = w(k.)) and in the variations of the refractive index n(|¢|?) of the
nonlinear medium.

In this manner Eq.(1.1) arises in various branches of physics concerned with
the description of a high-frequency carrier wave slowly modulated.

One of the earliest applications of this sort was in nonlinear optics, which
1s still one of the branches of nonlinear science most accessible to experiments
and theoretical analysis. Within nonlinear optics, Eq.(1.1) describes the influ-
ence 1imposed on the wave envelope by the refractive index n of the medium.
Commonly the refractive index depends on the wave intensity via the so-called
Kerr effect: n = ng + na|y)|?. As given in Ref. [28] the nonlinear term sim-
ply becomes 2k2ns/no|v)|?1 in this case. In the context of nonlinear optics,
the variable ¢ often refers to the longitudinal distance along the beam prop-
agation axis, whereas the z occuring in the space derivatives corresponds to
the retarded time f = t — z/w’. This means that the variables ¢ and z are
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interchanged in the context of nonlinear optics. Thus, the term 9%/92% in
Eq.(1.1) represents temporal dispersion in nonlinear optics. The effect is often
termed group velocity dispersion because of the coefficient w’'k./w’. Depending
on the dispersive properties of the medium this coefficient can either be positive
in the case of anomalous dispersive medium or negative in the case of normal
dispersive medium. That the behavior of a beam crucially depends on whether
the medium has normal or anomalous dispersion has been verified theoretically
[29, 30] as well as experimentally [31]; normal dispersion causes filamentation of
the beam while anomalous dispersion leads to self contraction and ultimatively
collapse. In some cases, as for example when the temporal width of the beam
is large, the temporal dispersion can be neglected causing the beam dynamics,
at least initially, to be determined by a two-dimensional NLS equation.

At present a technologically important application of the NLS equation
within optics is the description of optical pulse propagation along optical fibers.
In this context the relevant NLS equation is one-dimensional and the derivation
is similar to the above sketched. This application and the potential advantages
of the soliton solution was first noted 1973 by Hasegawa and Tappert [32]. The
purpose of applying the soliton property in optical communication was at that
time apparently the possibility of letting the nonlinearity counter balance the
invalidating pulse spreading effects caused by the dispersion. However, due to
the development of the dispersion shifted fibers the soliton effect has become an
appropriate way of dealing with the inevitable nonlinear effects. In any case the
application of the NLS equation in optical communication remains one of its pri-
mary applications and a lot of research effort has been invested in investigating
this field. A recent exposition of the development of the optical communication
application is given by Hasegawa and Kodama [33]. Since first order nonlinear
effects are intrinsically absent in optical fibers due to the inversion symmetry
of Si0y and since the fibers are nearly completely transparent the specific ex-
ample of pulse propagation on optical fibers probably is the one example where
the NLS equation provides the most accurate description. In spite of this, the
description can be improved by including terms which account for higher order
effects as third order dispersion s, self-steepening (|¢|*¢); and self-frequency
shift via stimulated Raman scattering (|¢)|?);% [34]. Note that the terms are
given in the framework of optics and not in the notation used in Eq.(1.1). Aug-
mented by such terms the NLS equation shows some rather interesting features,
and in some special cases exact soliton solutions can still be found [35-37].

Also discrete versions of the NLS equation find application in nonlinear op-
tics. For weakly coupled optical waveguides, coupled mode theory yields [38,
39] that the envelope ¥, of the field in guide n obeys

23,21% + (1/)n+1 - 21/)71 + 1/)nJ_1) + ﬁnﬁtﬂ/}n + 2|1/)n|21/)n = Oa (12)

where the term Oy 1), as described above is due to the group velocity disper-
sion and the coefficient 3 can have both signs or be neglected depending on
the actual situation. This description can quite naturally be extended to in-
clude two-dimensional fiber arrays just by extending the discrete derivative in
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Eq.(1.2) to two dimensions. Since these equations are two-dimensional (three-
dimensional) NLS equations which simultaneously are continuum and discrete,
quite interesting effects arise [40].

Plasma physics is another branch of physics where the NLS equation ap-
peared very early. It was first derived in this context from hydrodynamical
equations using the so-called reductive perturbation method [41, 42]. The de-
scription of the coupling of a light wave into electron plasma waves by density
fluctuations is also accomplished by a NLS equation in the form (1.1). Tt is
possible for an excited plasma wave to beat with the imposed light wave creat-
ing variations in the electric field intensity. This gradient in the field intensity
produces a force (the pondermotive force), which acts back on the plasma cre-
ating ion density fluctuations. Clearly this is a nonlinear effect and the fact
that the pondermotive force is proportional to the field intensity leads to the
cubic nonlinearity in the description. The final application in plasma physics we
mention here is that the NLS equation can emerge from the Zakharov equations
[43]. These equations describe the slowly varying Langmuir electric field ampli-
tude coupled to the low frequency fluctuations of the electron density. In the
limit where the ion inertia is neglected the Zakharov equations reduce to a NLS
equation governing the envelope of the high frequency field. Naturally the NLS
equation usually only yields idealized and approximative analysis, and therefore
a variety of perturbations has to be considered to improve the description (see
[44] e.g.).

The traditional application of discrete NLS models is in condensed matter
physics, and we shall here give a brief explanation of how it appears and what
it describes in this branch of physics.

The tight-binding approach is a traditional way [45] of calculating energy
bands and electron wave functions for bands arising from weakly overlapping
atomic orbitals in periodic solids. The tight-binding model is a one-electron
model neglecting electron-electron interaction, and disregarding the coupling
between orbitals belonging to different bands. Assuming further that each atom
contributes only with one orbital, the tight-binding Hamiltonian can in second
quantized form be written as

H=> Vialan+ > Jumaham (1.3)

describing a periodic crystal with the on-site potential V;,, and the hopping inte-
gral Jy, m. In Eq.(1.3) n and m are lattice site indices and al (a,) is the creation
(annihilation) operator for an orbital centered around site n. A moving electron
can be described by |¥) whose time evolution is governed by the Hamiltonian
(1.3) through the standard Schrodinger equation

| >
dt

ih = H|¥ > . (1.4)

Expanding |¥) =" ,|m) and multiplying the resulting equation by a Wan-
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nier localized state (m|, one obtains

dim _

B _
R

n
for the amplitudes ¢,,. In the presence of vibrations, V,, (and in principle
also J,, m) depends on the vibrational coordinates u,,. A simple and reasonable
assumption is that V,,, depends linearly on u,,. Considering only optical phonons
it is reasonable that the lattice in absence of the interactions are harmonic
oscillators, oscillating with the frequency w. This makes it natural that u,, in
the presence of interactions obeys

d>up,

dt?

+ w?ity, = const. X [¢, ]2 (1.6)

Hence, the equilibrium position of the oscillator is changed by an amount pro-
portional to the occupation probability at the respective site.

Now assuming the vibrations of the lattice to be faster than the time scale
of the electron evolution, such that the vibrations are slaved by the probabil-
ities, it is permissible to ignore the time derivatives in Eq.(1.6). This leaves
the vibrational coordinate proportional to the occupation probability, and the
discrete NLS equation is obtained for the occupation probability

= 3 Tt + A [Pt (17)

where ~ is a constant specified by the coupling between the lattice and the
electron. The same result could have been reached starting from a Hamiltonian
describing the particle, the vibrating lattice, and the interaction. The essential
steps, originally given by Holstein [46], being to neglect the kinetic energy terms
and expanding the wave function in Wannier states as above.

The discussion of the appearance of the discrete NLS equation in condensed
matter physics given above i1s of course not very precise but it hopefully con-
veys the essential physical content. A more thorough derivation including the
microscopic subtleties can be found e.g. in [47]. A nice account of the many ap-
plications the discrete NLS equation has in condensed matter physics has been
given by Kenkre [48].

The Davydov model of energy transport on a-helix proteins is also an exam-
ple which under assumptions similar to those of Holstein [46] reduces to a NLS
equation. This model i1s quite similar to the model which 1s discussed in Sec.2.2
of this Thesis so we shall postpone the discussion to that section, and here only
mention that many details on Davydov’s theory of proteins and its relation to
the NLS equation can be found in [49-52].

More exotically the NLS equation occurs in dynamics of quasi one-dimensional
ferromagnets with easy-axis anisotropy [53] and applications related to nonideal
Bose gas with attraction [54].

The discussion of this section on the various applications of the NLS equation
should make it clear that it is an extremely general and generic model which
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has applications in very many branches of modern physics. Thus, although
the results reviewed in this Thesis as a rule refer to the physical example of
the molecular aggregates given in Sec.1.2.1, they certainly pertain to a large
number of alternative physical problems and using the results in these situations
is merely a matter of changing terminology and notation.

1.2.1 Scheibe aggregates

Scheibe aggregates [55] are a special kind of ordered molecular systems, which
experimentally exhibits highly efficient energy transfer which possibly can be
explained through nonlinear dynamical effects inherent to the system.

Scheibe aggregates are found in nature, where they function as energy fun-
nels for sunlight to be used in photochemical processes [56], but they may also
be produced artificially in the laboratory by the Langmuir-Blodgett technique
[67]. In this way Langmuir-Blodgett Scheibe aggregates may be used to study
the important process of photosynthesis, and may also be used technologically
to identify the combination of molecules resulting in the most efficient energy
transfer.

Scheibe aggregate formation of monolayer Langmuir-Blodgett films may be
obtained by mixing dye molecules with inert molecules in the molar ratio 1:1 [58].
The aggregated structure of such a film is sketched in Fig.1.1 (right), showing
how the chains of the inert molecular filler (in this case octadecane) occupies
the holes left by the hydrophobic chains of the dye (in this case oxacyanine).
This compact packing structure results in a large intermolecular binding energy
[58]. In films where the molecular structure is less ordered and compact, the
Scheibe band, which gives this kind of Langmuir-Blodgett film its special and
interesting properties, will not arise (e.g. mixing ratios dye:filler other than 1:1).

The absorption and fluorescence bands of the chromophores in the Scheibe
aggregates are mainly determined by the m-electron portion between the nitro-
gen atoms. Due to these strong narrow coinciding absorption and fluorescence
bands the Langmuir-Blodgett Scheibe aggregates, have unique energy transfer
properties. Furthermore, Langmuir-Blodgett films are particularly suited for
studies of energy transfer, since the positions and orientations of the molecules
are fixed, and by appropriate planning of the assembly procedure the architec-
ture of the aggregates can be varied systematically.

Confirmation of highly efficient energy transfer over unusually large dis-
tances in Langmuir-Blodgett Scheibe aggregates was first obtained by Mobius
and Kuhn in 1979 [59]. The monolayer Langmuir-Blodgett Scheibe aggregate
studied by Mébius and Kuhn consists of an oxacyanine dye (donors) doped with
a thiacyanine dye (acceptors) with a donor:acceptor ratio as high as 10%. The
terminology acceptor and donors arise from the fact that the acceptor molecules
have a slightly lower excitation energy than the donors, allowing energy transfer
from donor molecules to acceptor molecules. Sterically, the thiacyanine accep-
tor molecules are very similar to oxacyanine donor molecules, and it 1s therefore
assumed simply to substitute a donor molecule in the brickstone work lattice,
in which the donors are arranged. The brickstone work model of the aggregate
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Figure 1.1: Left: Absorption and fluorescence spectra of a monolayer LB Scheibe
aggregate of an oxacyanine dye mixed with octadecane, acting as inert molecular
“filler”. Molar mixing ratio 1:1, T=300K. Taken from Ref. [58]. Right: (a)
Aggregated structure of the film, where octadecane chains occupies the holes
left by the oxacyanine dye molecules, resulting in a closest packing structure.
(b) Representation of oxacyanine molecules. (c) Representation of octadecane
chains.

is depicted in Fig. 1.2, where also the excitation and movement of the so-called
coherent exciton domain is sketched. Coherent exciton or simply exciton is the
name usually applied for the localized wave function describing the excitation of
the m-electrons in the aggregate. Mobius and Kuhn found the efficiency of en-
ergy transfer to be proportional to the temperature in the range 20K-300K [59].
In Langmuir-Blodgett films with less ordered and compact molecular structures
than the Scheibe aggregates, the energy transfer is less efficient, and no temper-
ature dependence is observed in the range 20K-300K [59]. In later studies the
energy transfer was found to be up to ten times more efficient when donors and
acceptors are situated in the same layer, than if situated in adjacent layers [60].
Therefore we shall concentrate our interest on monolayer Langmuir-Blodgett
Scheibe aggregates. They seem to have the best energy transfer properties and
may model the processes of energy harvesting and transfer in photosynthesis.
Furthermore, limiting ourselves to monolayers reduces the dimension of the rel-
evant model from three dimensions to two dimensions. The main experiments
of M&bius and Kuhn on such films are presented in References [59, 60].

Theoretically, Mobius and Kuhn found that a coherent exciton model could
explain their experimental results [59, 60]. In their model it is assumed that on
excitation of the aggregate a coherent exciton, extending over a certain number
of molecules, is created. Since the decay rate associated with a single donor
molecule 1s constant, this results in a radiative decay rate of the exciton which
1s proportional to its domain size. Experimentally the radiative decay rate of
the exciton was found to be inversely proportional to the temperature implying
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Figure 1.2: Brickstone work model of a monolayer LB Scheibe aggregate, where
each brick represents a cyanine dye molecule. The excitation of a coherent
exciton extending over 9 molecules, and moving over the aggregate towards an
acceptor molecule, is sketched.

that the domain size of the coherent exciton is also inversely proportional to
the temperature [59, 60]. The exciton then moves across the aggregate with
its domain size remaining constant. Occasionally it will reach the vicinity of an
acceptor molecule, with a certain probability of transferring its energy depending
on its domain size. This explains the measured temperature dependence of the
energy transfer efficiency.

It is important to note that the coherent exciton model suggested by Mobius
and Kuhn displays mean behavior. It does not state anything about the dy-
namics. On the average the exciton, which has a certain domain size, must
travel with a certain velocity (higher than the speed of sound in the aggregate),
since 1t 1s supposed to reach an acceptor molecule during its life time. It seems
likely that, e.g., the domain size will be a decreasing function of time, due to
destruction of coherence through thermal fluctuations.

In summary, the main experimental results of Mobius and Kuhn on cyanine
Scheibe aggregates are that on illumination of the film

1)  a coherent exciton extending over a domain of molecules is excited,
2)  the domain size is inversely proportional to temperature,
the exciton stays coherent during its life time,

w

the exciton life time is proportional to temperature,

OV
N e e

the efficiency of energy transfer from donor to acceptor molecules,
is inversely proportional to temperature.

The temperature-dependent radiative decay rate of excitons in pseudoisocya-
nine Scheibe aggregates both in solutions, and in monolayer Langmuir-Blodgett
films has been studied by Dorn and Miiller [61]. They verified that the fluores-
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cence life time was an increasing function of temperature, indicating a progres-
sive destruction of cooperativity (decreasing domain size of Mébius and Kuhn’s
coherent exciton). Similar conclusions were drawn by De Boer and Wiersma
from studies of pseudoisocyanine bromide Scheibe aggregates [62], by Ttoh et
al., who studied the fluorescence life time of excitons in CuCl microcrystals [63],
and by Feldman et al. [64], who studied the same effect in GaAlAs quantum
wells. Thus the experimental results of Mobius and Kuhn seem well supported.

Langmuir-Blodgett films and molecular architecture have many technolog-
ical applications in electronics (dielectric layers in semiconductors, capacitors,
etc.), and especially optoelectronics (photoresistors, photodiodes, photomem-
ory, gratings, 2nd harmonic generation, etc.). They may also serve as model
systems for fundamental investigations of exciton processes as well as of struc-
ture and function in two-dimensional and three-dimensional molecular systems
in general. For a broader overview, interested readers are referred to, e.g., the
review articles by Blinov [65] and by Tredgold [66].

While in the past much work on Scheibe aggregates was aimed at under-
standing the spectroscopy, the focus has recently changed towards comprehend-
ing their dynamical properties. Thus Mukamel and co-workers [67, 68] have
established the existence of a temperature dependent coherence size of the ex-
citon from numerical calculations in one-dimensional, provided that the exciton
dephasing time scale is much shorter than the fluorescence life time, and that
the exciton-phonon coupling is weak. When the coupling is strong, purely inco-
herent motion is observed, with an effective coherence size of only one molecule,
independent of temperature.

The conclusion that the experimental results may only be reproduced if the
exciton-phonon coupling is weak was also reached by Bartnik et al., who studied
a purely quantum mechanical model of Scheibe aggregates [69—72]. Incorporat-
ing an acceptor molecule among the donor molecules, the acceptor was found to
act as an energy trap, provided the parameter values satisfy certain constraints.
Furthermore, it is proposed that both coherent and incoherent (diffusive) exci-
ton motion may participate in the energy transfer, initially being coherent, but
eventually becoming incoherent.

Huth et al. [T3] first proposed a nonlinear model of Scheibe aggregates, where
the coherent domain observed experimentally is assumed to arise from nonlinear
dynamical effects in the aggregate. The model i1s based on the cubic nonlinear
Schrédinger (NLS) equation allowing energy transfer to occur through solitary
waves. Initially formulated in one dimension the model was later supposed to
be applicable also in two dimensions, with the initial conditions becoming ring
waves. In two dimensions the NLS equation is no longer integrable, and thus
the ring wave may collapse at the center. Christiansen and co-workers [74, 75]
used this collapse of the ring waves in the nonlinear model to predict the exciton
life time at room temperature.

The nonlinear model of Huth et al. requires a strong coupling between ex-
citons and phonons. This contrasts the result obtained by Mukamel, Bartnik,
and their collaborators, that the coupling must be weak. It is noted that the
definition of weak and strong coupling is not yet clear in this connection. Fur-
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thermore, the model does not take thermal effects into account. Thus, as for
the Davydov soliton in proteins [76], a natural question arises: For how long
time can solitary waves exist in Scheibe aggregates at a certain temperature?

A model similar to that of Huth et al. 1s developed and investigated in
the first part of the Thesis (Paper I-Paper V). This model will include thermal
effects. The remaining part of the Thesis (chapters 3 and 4) continues to discuss
different aspects of the model, however the connection to the physical context
described above is not direct.

1.3 The Nonlinear Schrodinger Equation

As is evident at this point the mathematical theme of this Thesis is nonlinear
Schrodinger equations in various forms and dimensions. Therefore it 1s appro-
priate to give a short summary of the properties of this equation. This will
be the scope of this section, and it will be divided into a subsection on one-
dimensional results where the unperturbed NLS equation is integrable, and a
subsection on two-dimensional results where the integrability is lost and the
collapse phenomenon appears. The two subsections of this section shall also
introduce the most relevant analytical methods which are to be applied in the
thesis.

1.3.1 Properties in one dimension

The one-dimensional nonlinear Schrodinger equation

W+ Vew + |0[* = 0, (1.8)

is in the sense of Calogero [77] completely S-integrable, which means that the
evolution of any initial wave can be found analytically via the inverse scattering
transform (IST).

The IST was first introduced for the Korteweg-de Vries (KdV) equation
in the paper by Gardner, Green, Kruskal and Miura [78]. The method was
further developed by Lax [79], Zakharov and Shabat [80], and Ablowitz et al.
[81, 82]. Today the method is well developed for a number of nonlinear evolution
equations and detailed accounts are given by several authors [83-89]. The basic
idea of the IST is to represent a nonlinear evolution equation for a function

¢(x,t) in the form of the so-called Lax-pair [79] (L, A)
L+ [L, Al =0, (1.9)

where the linear operators L and A have coefficients which depend on the func-
tion ¢ (x,t) and its derivatives. Thereby the evolution equation for ¢ (z,?) ap-
pears as the compatibility condition of the auxiliary linear equations

LY = AU, (1.10)
U, = AU, (1.11)
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where A is a spectral parameter and the auxiliary function ¥ is the so-called
Jost function. The first step in applying the IST is to solve the direct scattering
problem which involves determining the eigenfunctions of the spectral problem
(1.10). Since the operator L depends on ¢(z,t), the scattering data of (1.10)
will depend on this function. The scattering data will in general consist of
two components S(A) and S, defining the continuous and discrete spectrum,
respectively. n is the index labeling the discrete eigenvalues. Via (1.11) the
temporal evolution of the scattering data generates the temporal evolution of
(x,t). A crucial point here is that the evolution of the scattering data is trivial
since they generally obey equations of the form

% = (NSO, (1.12)
dsgt(t) = (NS (), (1.13)

where the coefficients v(A) and v,(A) may be zero. Solving the initial value
problem of the evolution equation (Eq.(1.8) e.g.) one should first find the initial
scattering data S(A,¢ = 0) and S, (¢ = 0) corresponding to an initial condition
P(x,t = 0), i.e., solve the direct scattering problem, then find S(At) and S, (?)
(for any ¢ > 0) form the evolution equations (1.12) and (1.13). Finally, ¢(z,1)
should be reconstructed based on S(A,t) and S,(t), i.e., the inverse scattering
problem, must be solved. The discrete spectrum of the scattering data always
corresponds to solitons (the nonlinear part of the solution) while the continuous
spectrum of the scattering data always corresponds to radiation (the linear part
of the solution).

For Eq.(1.8) the Lax pair (L, A) has matrix form and was first found by
Zakharov and Shabat [80]. Using these operators and the IST procedure de-
scribed above the soliton solutions of Eq.(1.8) can be found. In particular the
one soliton solutions are given as

s (@, 1) = V2ysech[y(x — ()] exp[-2i€x — ig], (1.14)
where

¢ =4( =)t + g0, ¢ =—4Lt+(o. (1.15)

¢p and (p are arbitrary constants; the amplitude 5 and velocity & are in general
defined by the initial data. The general expression for the N soliton solution is
given by Satsuma and Yajima [90].

Being S-integrable Eq.(1.8) additionally possesses an infinite number of con-
served quantities, of which we here shall show the three most fundamental.

i) The norm N which has different names in different physical contexts,
power in optics, number of particles in plasma physics and ezcitation num-
ber in the Davydov theory, is defined as

N = h Ndx:/oo || ?dz. (1.16)

loo loo
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ii) The Hamiltonian I, whose name stems from the fact that Eq.(1.8) is
given as 1), = %, 1s defined as

oQ oQ 1
H= Hdx = / <|1/)x|2 — —|1/)|4) dz. (1.17)
loo loo 2
iii) Finally, the momentum P is given as
P= Pdx = z/ (Ypp™ — Y7 ) du. (1.18)
loo loo

Since the quantities are conserved they fulfill N = H = P = ( where the overdot
denotes the derivative with respect to time.
Various physical systems (see [44] e.g.) are of the form

W + Yoo + [V70 = eR[Y]. (1.19)

where ¢R[1] can be considered small. This suggest the usefulness of developing
perturbational schemes. Since the unperturbed equation is completely inte-
grable the most powerful perturbative technique is based on the IST. Perturba-
tion theory based on the IST was introduced by Kaup [91] and independently
by Karpmann and Maslov [92, 93], also Kaup and Newell [94] contributed im-
portantly to the development of this method. In the framework of the IST the
solitonic and radiative (discrete and continuous spectra) parts separate natu-
rally, suggesting an analogous separation in the presence of perturbations. One
possible way of exploiting this is merely to take into account the evolution
Eq.(1.13) for the scattering data forming the discrete spectrum leading to evo-
lution equations for the solitonic parameters n and &. This approach is often
referred to as adiabatic perturbation theory. It is of course only an approximate
treatment but it can be shown [93] that the effects of the radiation emitted from
the soliton appears only in the second order perturbation result, which provides
us with the theoretical support for applying the adiabatic theory.

An alternative adiabatic approach applicable for equations of the form (1.19)
has been proposed by Bondeson, Lisak and Anderson [95] and is an extension of
the averaged variational principle given by Whitham [96]. We will describe the
method as it appears in connection with Eq.(1.19) even though it is generally
applicable for integrable systems with perturbations.

The unperturbed evolution equation (1.8) can be derived from the Lagrangian
density £

L= Li (e —07) — [l 5o (1.20)

such that Eq.(1.8) is given as

s doc d oL dC
_ ¢ 4 ok — 0. 1.21
Sor — dtovr T dzov:  dur 0 (1.21)
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The assumption of adiabaticity implies that only the soliton parameters are
going to be time dependent as a result of the perturbation, implying that the
solution can be expressed as ¢ = ¥ (z,t, p;(t)) where p;(t) are parameters char-
acterizing the soliton. For non-Hamiltonian external perturbative forces, the
Euler-Lagrange equations have to be modified. This modification can be ob-
tained following Whitham [96] in using the action L = [ Ldz instead of the
Lagrangian density. After a few simple manipulations it follows that the evolu-
tion of the parameters p; is governed by

oL d oL ([ o
o, diop (/m Bepy ) (1.22)

where c.c. denotes complex conjugated. If the perturbations are Hamiltonian,
as will often be the case in the following, then the action L can be modified
to Ly0q Which includes explicitly the perturbations. In such case the method
results in the following equation for the parameters p;

3])]' dt 3])] ’ ’

In some cases the action can be modified to account also for non-Hamiltonian
perturbations, examples of this are given in [15] and [97]. A slightly modified
version of the described methods is to exploit the conserved quantities of the
unperturbed system instead of the Lagrangian. Examples of this are given in
[98] (KdV) and in [99] (NLS).

The variational methods described above are often referred to as methods
of collective coordinates [15, 100] where the parameters p; are thought of as
the collective coordinates. As a method of analyzing nonlinear phenomena the
methods of collective coordinates has proven to be very powerful and it has been
used by many authors in several contexts of nonlinear physics and mathematics
[100-109] (the list of citations is not complete and not meant to be but meant to
illustrate the variety of applications of the method). Also in the work presented
in this Thesis the method of collective coordinates or related methods are applied
very frequently (see Paper II-Paper V, Paper IX and Paper XI- Paper XII).

1.3.2 Properties in two dimensions

In two spatial dimensions the NLS equation

i1/)t+1/)xx+1/)yy+ |1/)|21/) =0, (1'24)

loses its integrability, which of course means that no inverse scattering transform
exists for this equation and equivalently Eq.(1.24) possesses only a finite num-
ber of conserved quantities. However, the norm, Hamiltonian and the momen-
tum which are trivial extensions into two dimensions of the quantities given in
Eqgs.(1.16), (1.17) and (1.18) are still conserved under the evolution of Eq.(1.24).
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In spite of the non integrability ”soliton” solutions or at least localized solutions
are possible. Assuming radially symmetric solutions of the form

W(r, 1) = A R(Ar) exp(iX?t) (1.25)

where A is a parameter (frequency) then the real valued profile R(r) must satisfy
&R 1dR . ,

W—i—;ﬁ_R—i—R =0, R'(0) =0, R(c0) =0. (1.26)

The unique positive solution of this equation is monotonically decreasing. It
was found numerically by Chiao, Garmire and Townes [110] and is often called
the Townes soliton [111, 27]. The norm, Np, of the Townes soliton is

Np = 271'/ Rrdr ~ 11.69. (1.27)
0

Discussing the stability of the Townes soliton it is advantageous to consider a

slightly more general equation than (1.24)

e+ V3 + [ =0 (1.28)

where the Laplacian can take any dimension, d. The nonlinearity |¢|?° is a
good approximation in several physical situations (see, e.g., [112-114]), and is
also convenient for numerical simulations (see [15] and Paper III). This kind
of nonlinearity has also been used to obtain some quite surprising results in
discrete systems [115-117].

We are interested in the stability of stationary spatially localized solutions
of the form

w(r,t) = AV R(Ar) exp(iX? t). (1.29)

The standard approach of the soliton theory is to analyze the linear stability of
the stationary, spatially localized solutions. In this context stability is signify-
ing that the localized solution during the evolution remains (neither disperses
nor collapses) localized even in the presence of small perturbations. For the
generalized NLS equation (1.28) the soliton stability is determined by the well
known Vakhitov-Kolokolov criterion [118, 119]. Thus, monotonically decreasing
stationary solutions are stable whenever

dN

— . 1.
5\ >0 (1.30)
Sketching how the criterion arises we consider
¥ = [t + (u+ iv) exp(Q)] exp(iA?t) (1.31)

where 15 (x, y) is the monotonically decreasing solution to Eq.(1.28) (¢;(z, y) is
without loss of generality assumed to be real) and (u(z, y) + iv(x, y)) exp () is
a perturbation. Assuming v and v are small we have to first order
Qu = Ly, (1.32)
Qv = —L,u, (1.33)
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where

Ly =X —-V?—9¥ and Ly = L — 20942, (1.34)

5

Eliminating v from Eqs.(1.32) and (1.33) we arrive at the eigenvalue problem
—Q*u=1L,L,u. (1.35)

Clearly, the stability is determined by the sign of the largest eigenvalue sat-
isfying Eq.(1.35). Several authors [118, 119, 116] (Ref. [116] deals with the
equivalent discrete problem) have shown that for the simple monotonically de-
creasing solution the sign of the largest eigenvalue is the same as the sign of the
quantity

(= [ WLi'vdedy. (1.36)
loo
Differentiating Eq.(1.28) with respect to A? it follows straightforwardly that
s
Vst Lige =0, (1.37)
and thus oy
—w; = Li%,. (1.38)
Applying this in Eq.(1.36) we immediately obtain
19 <, 1 ON
== dedy = ———. 1.
¢ 28/\2/wa5$3} A\ O (1.39)

Stability is obtained when the largest eigenvalue is negative (¢ < 0) i.e. for
dN/dX > 0 as claimed in Eq.(1.30). Tt should be noted that the derivation is
only sketched the details can be found in Ref. [119] e.g.

Using the scaling properties of Eq.(1.28) we easily obtain

N =\ /Rz(y)ddy, (1.40)

where the integral is independent of the frequency A. According to the Vakhitov-
Kolokolov criterion it therefore follows that the localized solutions are stable
(unstable) when do < 2 (do > 2). In particular the soliton solutions of Eq.(1.8)
(d =1, and o = 1) are stable, while for the Townes soliton we have % = 0.
This suggests that the case do = 2 1s a critical case.

The instability and marginal stability (see later) of the soliton for do > 2
manifest 1tself in the possibility of collapse. From the mathematical point of
view, collapse means that the solution of the initial value problem for some
nonlinear evolution equations (the NLS equation in our case) exists only for
a finite time until some moment ¢t = ¢, and can not be continued for ¢ > t..
At the moment t = ¢, the solution abruptly loses its initial smoothness and
a singularity appears. In the mathematical literature the development of a
singularity in finite time i1s mainly referred to as the blow-up of the solution.
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Since the growth of amplitude 1s associated with a spatial contraction of the
wave-packet, the phrase collapse is commonly used among physicists and shall
therefore be used in the following although a different distinction between the
phrases has been suggested previously [120]. Considering the quantity

(r*) = %/rzlwlzdr (1.41)

d .
where v = (21, 22, ..., 24) and 7 = /Y {_, x#, we can easily prove that collapse

indeed is possible in Eq.(1.28). The evolution of (r?) can be shown [121] to be
governed by the equation

d*(r?)
dt?

— 4(2H — (do — 2)Y), (1.42)
where I is the Hamiltonian corresponding to Eq.(1.28)

1
= — = 2 B m— 2(1+0)
H=X-Y /|w)| dr 1—1—0/'1“ dr. (1.43)

This equation is often called the wvirial theorem [121]. Goldman and Nicholson
[122] first introduced this term due to the similarity with the virial theorem of
classical mechanics. From Eq.(1.42) we can easily derive the following relation

I = 4H + Cit+ Cy
+ 4(2-—do) /t dt’/t dt"y (t") (1.44)
0 0
where I = N(r?) and
Cy=I—g = 4Im/(1‘ SVt dr, Co = I—g. (1.45)
For do > 2 the last term in Eq.(1.44) is negative or zero. If the second degree
polynomial in ¢ consisting of the three first terms has a real positive root ¢,,

then there exists a t., 0 <. <, for which lim¢_; I = 0. Therefore sufficient
conditions for collapse are for do > 2

H<0 (1.46)

or
H=0, and C; <0 (1.47)

or
H>0, and C) < —4\/HCy. (1.48)

The sufficient condition for collapse H < 0 was first found by Vlasov, Petr-
ishchev and Talanov [123] and is therefore often [124, 125] referred to as the
VPT criterion. Since N is conserved a sufficient condition for collapse is also
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a sufficient condition for blow-up. On the other hand, collapse is a sufficient
condition for blow-up but not necessary. Thus blow-up may occur even if [
remains bounded. Denoting by N, the norm of the simple soliton solution (for
d=2and ¢ =2, N, = Np) Weinstein [126] has in the case (do = 2) proven the

follow mg relation
1 N X<H (1.49)
N, ’ '

where X is defined in Eq.(1.43). Equation (1.49) excludes the opportunity of
H < 0 when N < N;. Additionally we have for N < N

x/X—I—N§¢%+N (1.50)

which has been shown by Ginibre and Velo [127] to be sufficient to prevent
collapse. It is therefore important to note that this means that in the critical
case (do = 2) collapse is only possible for excitations with N' > Nj.

It 1s now clear that for do = 2 the soliton is located on the boundary separat-
ing the collapse region from the non collapse region. Considering the following
perturbed soliton

= (14 e), (1.51)

we obtaln
N ~ N+ 2¢eNg, (1.52)
H ~ —-2eX. (1.53)

For € — 0% this yields N > N,, H < 0 and hence collapse, while ¢ — 0+ yields
N < Ng, H > 0 implying no collapse. Hence, Eqs. (1.52) and (1.53) show the
marginal stability of the soliton and in particular of the Townes soliton. This
agrees with the discussion following Eq.(1.30). The discussion above shows that
a reasonable terminology is to denote do < 2 as the subcritical case, do = 2 as
the critical case and do > 2 the supercritical case.
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Chapter 2

Continuum models

2.1 Introduction

Having introduced the physical context and reviewed the essential properties
of the NLS equation in one and two dimensions, the present chapter shall con-
tinue to review the papers Paper I-Paper VII describing the development of the
model of the molecular aggregates. The developed model will include thermal
fluctuation effects and as a result stochastic differential equations are studied.
The effects of the fluctuations on the coherence of the excitations will be inves-
tigated analytically and numerically (Paper T and Paper IT), and also the effects
on the collapse phenomenon will be described (Paper III-Paper V). Finally the
chapter will review the work of Paper VI and Paper VII on impurity effects in
the model.

2.2 Effects of fluctuations

The basic model equations are derived in Paper I and is closely related to
the Davydov model of energy transport in a-helix protein [76] except that the
present model is two-dimensional. The derivation is in many ways similar to
the derivation given in Sec. 1.2 in connection with the discussion of the appli-
cability of the NLS equation in condensed matter physics. The model is based
on a quantum mechanical energy operator consisting of three terms

H:HGX+th+Hint' (2.1)

The first term

Hex =Y EoBIB, =Y > JapBlB, (2.2)

n#p P

is the exciton energy operator. n and p count molecules on the aggregate,
Bl (B,) is the creation (annihilation) operator of the exciton, while Ey and



22 CHAPTER 2. CONTINUUM MODELS

—Jpp are the molecular site energy and the dipole-dipole interaction energy,
respectively. The phonon energy, which is treated classically, is given by

= —MZ [02 + wiu?] (2.3)

where M is the molecular mass and u,(f) denotes the elastic degree of free-
dom at site n. As is apparent from Eq.(2.3) the elastic degree of freedom is
approximated by Einstein oscillators, having the trivial optical dispersion re-
lation w(k) = wp, wy being a constant frequency. Finally, the exciton-phonon
interaction is described by

mt—XZu ,TLB (2.4)

where x is the exciton-phonon coupling parameter. Using standard techniques
[128] Paper I describes how the model can be reduced to the following two
equations governing the exciton wave function ¢, and the elastic degree of
freedom u,,, respectively

Zh¢n + Z an¢p + Xun¢n =0, (25)
p#n
Mii, + Mwiu, = x|én|* (2.6)

A commonly chosen way [129-131] to model thermal fluctuations is to augment
the equations with a randomly fluctuating term and a damping term turning the
classical equations into Langevin equations [132]. Since fluctuation and dissipa-
tion physically are two different aspects of the same phenomenon the damping
and the fluctuations have to be related quantitatively. The relation is obtained
by the fluctuation-dissipation theorem [133] which relates the magnitude of the
damping to the auto-correlation function of the fluctuating force. In Paper I the
above described approach to the problem is chosen and leads to the following
modification of Eq.(2.6)

Mty + My, + Mwiuy = X|6n)? + 10 () (2.7)

where the damping coefficient A is related to the auto-correlation function of
the fluctuating force n,(t) as

(N0 ()0 () = 2MAkBTS(t — )0 p, (2.8)

in fulfilment of the fluctuation-dissipation theorem [129]. In Eq.(2.8) kp is
Boltzmann’s constant and 7 is the absolute temperature. The fluctuating force,
the noise, is chosen to be d-correlated which is often called white noise because
the spectrum (the Fourier transform of the auto-correlation function) is flat and
there is an equal amount of power in each frequency component. The noise 1s
chosen to be white mainly for mathematical convenience, and thus serve as a
first approximation to physical fluctuations which in general will have a nonzero
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correlation time. Finally, the distribution of the random variable 7,, is assumed
to be Gaussian in respect of the central limit theorem. This property also ensures
that w, will be continuous (see p. 83 of [129]) which is physically reasonable.

From this point a series of simplifying approximations are made, the most
important being that the phonon system varies on a much faster time scale than
the exciton system. Another important assumption is that A < 2wg, implying
that the phonon system is strongly underdamped. These approximations lead
to the governing equation for the exciton wave function, ¢

ihgr + oV + PV [g°6 = —0¢, (2.9)

where the continuum limit has been taken for convenience. This approximation
will be relaxed later in chapter 3 where the papers Paper VIII-Paper XI are
described. As seen Eq.(2.9) is a perturbed two-dimensional NLS equation. The
perturbation is —(?c¢ where ¢ is a noise term which is no longer white noise. [
is the lattice spacing, Jy the dipole-dipole interaction energy in the continuum
limit and V = x?/(Mw?) is the modified nonlinear coefficient. This concludes
the derivation of the model equation which is to be studied in the remaining
part of this chapter.

Paper I continues with a discussion of the appropriate model parameters and
a discussion of how to approximate the now colored noise o such that it can be
handled conveniently in numerical simulations. Considering the Townes (see the
previous section) soliton as the fundamental excitation of the two-dimensional
NLS equation, the effect of disorder (time independent noise) on the evolution of
this excitation is studied numerically. As expected the disorder tends to scatter
the soliton. To quantify this scattering a coherence time ¢}, is defined as the
time where the center amplitude of the excitation has decreased by a factor e.
Figure 2.1 (Fig. 7 of Paper I) displays the main result of Paper I which is the
coherence time versus the temperature. The temperature dependence of the
coherence time is found to

toop < TH024 (2.10)

An obvious demand to the exiton is that it is coherent at least up to the
experimentally measured lifetime. On this background Paper I concludes at
this point that the model with the chosen approximation of the noise only 1s
appropriate for temperatures below 7'~ 3K . However, as seen in the following
the conclusion changes when more realistic noise is considered.

In Paper II the white noise approximation of the noise o is investigated. The
equation in normalized form is then

i¢t+¢xx+¢yy+ |¢|2¢:77¢ (2'11)

where the noise, n(z,y,t), is a Gaussian distributed random variable which
is d-correlated. Solving this equation numerically it is found, with the same
definition of the coherence time, that the temperature dependence is
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Figure 2.1: Coherence time (solid curve) found by numerical solution of Eq.(2.9),
Experimentally [60] found lifetime (dashed curve) versus temperature (see Paper
I for details).

10.40
tooh = 4.0TH040, (2.12)

To gain some analytical understanding of this result a collective coordinate
approach is applied, where radial isotropy is assumed for analytical convenience.
Thus the equation 1is

60 1 bre + |67 = o (2.13)

where r = \/z2 + y* and the noise has the auto-correlation function

{n(r, (" ")) = 2(5(7“ — et —t'), (2.14)

r

where D is the noise variance which is proportional to the temperature T'. The
collective coordinate approach uses that Eq.(2.13) can be derived from the action

L= [ 4Gt o0+ lorf? = Flal' +n(rloPhrdr, 13
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and the approach applies the trial function

d(r, 1) = A(t) sech(%) exp (ia(t)r? + if(t)) | (2.16)

where the amplitude, A, width, B, and the phase functions, o and 3, are the

collective coordinates. Proceeding along the lines described in Sec. 1.3.1 the
following equation governing the width B is obtained

B3B=A+ i/o (1 — %tanh(%)) sechz(%)n(r,t)rdr, (2.17)

S3

where the constant, A, is defined as

1 N
A:—<51—p1—p1 ) (2.18)

S3 4msy

and the coefficients, s,,, and p,,, are given by
S = / xmsechz(x)dx, Pm = / xmsech4(x)dx. (2.19)
0 0

For n = 0 and A < 0 (N > Np ~ 11.69, see definition of Np one page 16)
Eq.(2.17) clearly describes a collapse process, and has previously been derived
for that purpose [102, 134]. In the case n # 0 Eq.(2.17) is a stochastic differential
equation (Langevin equation), and the question of which interpretation of the
stochastic integral to choose in the following arises.

Two different interpretations are commonly applied; the Ito interpretation
and the Stratonovich interpretation . Dealing with a stochastic differential equa-
tion it is usually possible formally to integrate it. However, this involves an
integration containing the stochastic variable and it is the definition of this in-
tegral which provokes the question of interpretation. Sense can be given to such
a stochastic integral but the problem is that there is no unique way of defin-
ing it. The difference between the two definitions of the stochastic integral,
connected with the names of Ito and Stratonovich is so profound that they in
general give different results. Both integrals are defined, as in the case of a Rie-
mann integral, by the limit of approximating sums. In contrast to the Riemann
integral the result will depend on the choice of the evaluation point in the par-
tition of the integration interval. Therefore the difference between the Ito and
Stratonovich integrals resides in the choice of the evaluation point; Ito chooses
the left hand point in the partition, whereas Stratonovich chooses the middle
point. This can be shown [135] to leave the Stratonovich approach with some
inherent correlation in contrast to the Ito approach. In applications, an impor-
tant difference is that the Ito interpretation implies a special calculus while the
Stratonovich interpretation implies standard calculus. The Ito interpretation
is the most mathematically convenient due to the simple choice of evaluation
point, for example most results of the Stratonovich interpretation are derived in
the framework of the Ito interpretation. Because of the inherent correlation the
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Stratonovich interpretation is probably the more appropriate when approximat-
ing physical noise having nonzero correlation time with white noise (see [135]).
A more thorough discussion of these two interpretations is given in [129, 135].

In Paper II and also in the papers Paper III-Paper V and Paper IX the
Stratonovich interpretation is always applied. The reasons of this choice are the
convenience of having standard calculus and the fact that this approach is the
more appropriate when approximating physical noise with nonzero correlation
time with white noise.

Having made this choice it is a fairly simple matter [133] to write down
the governing equation for the probability density P(B, B,t). The governing
equation is in general called the Fokker-Planck equation and it here takes the
form P A
= —BPy— —Py+ %PBB, (2.20)
where 7 is proportional to D. Since it is a difficult task to analyze the Fokker-
Planck equation (2.20) we choose a different approach. Instead of the stochastic
equation Eq.(2.17) we can introduce a simpler stochastic equation which leads to
the same Fokker-Planck equation (2.20) and in this manner yields an equivalent
description of the process. This equivalent stochastic equation 1s

A h(Y)

=5+ 5 (2.21)

where the noise, h, is simply J-correlated
(h0)) =0, (h(Oh{) =295 — 1. (2.22)

We have now developed the tools to complete the analytical analysis of the
noise effects on the coherence time of the Townes soliton (denoted the ground
state soliton (GS) in Paper II); this soliton is characterized by yielding A = 0
in Eq.(2.21). In Paper II a perturbation approach is used to solve Eq.(2.21) in
this simplified case. The result is

16D
B*(t)) ~ B*(0) + 5= —1". 2.23
(B(0) = B0)+ g (229
Clearly this leads to the result
teop & DY o TH3, (2.24)

which is in good agreement with the numerical result summarized by Eq.(2.12).
The numerical result Eq.(2.12) and the analytical result Eq.(2.24) are compared
in Fig.2.2 (Fig. 4 of Paper II).

A similar method is used in Paper III to investigate the effects on the collapse
caused by the noise term. In this paper a slight generalization is made since the
collapse is investigated in the framework of the equation

ibe + V26 +16*7¢ + n(x, )¢ = 0. (2.25)
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Figure 2.2: Coherence time as function of the noise variance, D, from the nu-
merical solution of Eq.(2.13) (solid curve), and from Eq.(2.24) (dashed curve).
{ is the normalized coherence time, { = ..} (D)/t .o (D = 1).

Only the critical collapse (do = 2) is investigated. Also in Paper IIT the col-
lective coordinate approach is applied and the result is of course an equation
of similar form as Eq.(2.17). Using similar arguments as in Paper IT it can be
found that the equivalent (i.e. having the same Fokker-Planck equation) but
simpler equation for the width B is

A ()

B:——I—

=5 g (2.26)

where the power p equals g and 2 in one and two dimensions, respectively. In
contrast to the Paper Il where A = 0, Paper III investigates collapse implying
that A < 0. Equation (2.26) is investigated numerically as well as analytically.
The analytical methods are tightly related to the slaving principle of Haken
[130, 131]. Intuitively the presence of the noise has the effect of at least slowing
down the collapse process since the noise previously has been seen to destroy the
coherence of an excitation. This intuition is confirmed by the analytical as well
as the numerical results. Furthermore, it appears that the collapse process can
be arrested provided the noise is strong enough. The critical strength (variance
D) of the noise above which the collapse is arrested is shown to obey

D o |A]P/? o« N39/2 (2.27)

in both one and two dimensions. However, the magnitude of the critical variance
depends on the dimension, such that the critical variance is much larger in one



28 CHAPTER 2. CONTINUUM MODELS

dimension that in two dimensions. The results are compared to direct numerical
simulations of Eq.(2.25) and the agreement is found to be good.

ng_ //
$-| // /
O ///
<] y
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//
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Figure 2.3: Critical variance versus normalized norm. Results (Solid line)
obtained from direct numerical solution of Eq.(2.25). Analytical prediction

(dashed line) and linear fit (chain dashed) Eq.(2.28).

The results of the papers Paper I, Paper II and Paper III are summarized in
the physical context of Scheibe aggregates in Paper IV. The main results given
as Eq.(2.27) (more detailed in Eq.(25)) is in Paper IV approximated by

D=av-1) (2.28)

where a ~ 60 is a fitting parameter and v = N/N; is the norm of the excitation
normalized to the norm N; of the simple localized solution.

The fit is shown in Fig.2.3 (Fig. 1 of Paper IV which is a modification of
Fig. 3 of Paper III) which also shows the relevant Eq.(2.27) result of Paper
III. This leads to a relation which defines in terms of the physical parameters
the temperature regions where collapse is possible. The separating curve in a
V/Jo-T plane is given by the relation

v N,
A\ - 2.29
Jo  1-T/To’ (229)

with 5 .
Ty = S 2020 (2.30)

TN, X kg
In Fig.2.4 (Fig. 2 of Paper IV) V/.Jy, given by Eq.(2.29), is plotted versus
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Figure 2.4: V/Jy versus T/Ty, Eq.(2.29), separating regions of collapse and
incoherence.

T /Ty showing the curve which separates three regions in the V/Jy-T parameter
plane:

(i) Above the curve collapse takes place, and the collapse time of the initial
localized distribution given in Paper III increases with temperature.

(i1) For V/Jy > N; at T = 0 we have collapse. However, at finite temperature,
below the curve, there is no collapse and the coherence time, measured as
given by Eq.(2.24) decreases with temperature.

(iii) For V/Jy < Ny, the initial distribution always disperses in agreement with
the discussion in Sec.1.3.2.

The physical parameters for the monolayer oxacyanine Scheibe aggregate
used in Mébius and Kuhn’s experiments [59] and [60] are not well-known. How-
ever, common values for the phonon frequency, wg, and the line width of the
infra-red absorption spectrum, A, are of the order 10'*st! and 10'!'st!) re-
spectively. From Eq.(2.30) with o ~ 60 and N, = 11.7 follows Ty ~ 1850K.
According to Eq.(2.29) we would get collapse at room temperature, 7' = 300K,
if V/Jy > 14. The order of magnitude of the static dipole-dipole interaction
energy is Jo ~ 10+2L]. The nonlinearity parameter V = x?/(Mw?) depends
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strongly on the exciton-phonon coupling parameter, x, which is not known for
the Scheibe aggregate. Clearly, the nonlinear elastic properties of the Scheibe
aggregate corresponds to an enhanced effective value of the coupling parameter.
Taking e.g. y ~ 0.3 x 10+°N we get V ~ 7.5x 10+2°N and V/Jy ~ 75, indicating
that the initial state collapses. According to the results of Paper I1I the collapse
time then increases with temperature.

The Mobius-Kuhn coherent exciton, excited by the incident photon, 1s mod-
elled by the generalized version of the Townes soliton. If the initial data are
subjected to the dynamics of the two-dimensional nonlinear Schrodinger equa-
tion we conclude that a possible choice of parameters leads to collapse of the
excitation. By the collapse the localization is concentrated on fewer molecules.
The intensity then becomes so high that the effect of loss mechanisms must be
included. In our model the collapse time increases with temperature.

It is noted that Mobius and Kuhn [60] deduce from their experimental ob-
servations that the life time of the coherent exciton increases linearly with tem-
perature and a connection between the collapse time and the life time seems
therefore to be a possible explanation of the measured behavior.

2.3 Effects of nonlinear damping

The previous section sketched how the model Egs.(2.5) and (2.6) of the coupled
exciton-phonon system could be reduced to one equation (2.9) describing the
exciton wave function. The reduced equation included a noise term but not
a damping term and therefore the damping of the phonon system was merely
represented via the strength of the noise and not by an explicit damping term.
This fact was an effect of the approximation applied in the reduction to a single
equation. The drawback of this approximation is therefore that 1t prevents the
exciton system from reaching thermal equilibrium.

This approximation is improved in Paper V such that the governing equation
for the exciton wave function reads

o+ BTG+ VPP —V SEo(o e +Eoo =0, (231
which in the more convenient dimensionless form becomes
i6: + V2 + 90 — Ao (|6]*): + 0 =0 (2.32)
where the nonlinear damping parameter A is
A= AJo/hwi. (2.33)
Equation (2.32) is a modified NLS equation, which has the surprising prop-

erty that is still conserves the norm given in Eq.(1.16). However, the ordinary
NLS Hamiltonian Eq.(1.17) will in general no longer be conserved. Instead we
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find that

W= [ [otewntoriaray-a [ [tolyraray. 230

Thus, the two terms provide energy input and energy dissipation to the exciton
system, making an energy balance possible. Consequently, there is a possibility
for the system to reach thermal equilibrium.

Analyzing the effect of the nonlinear damping term A¢(|$|?); we again apply
a collective coordinate approach using a slightly generalized trial function

o(r,t) = A(t)f(r/B(1)) explia(t)r?], (2.35)

where A is the complex amplitude and f(r) is a suitable profile function (for
example sech(r)).
This leads to the following equation for the width, B, of the excitation

s _ A oB 8w [ v J'(r/B)
BB =4 ?B 53 Jo (1 Bf(r/B))

X {f (%)}20(7“,t)7°d7°, (2.36)

where A and sz (for f(r) = sech(r)) is defined in connection with Eq.(2.17).
The damping coefficient 7 is proportional to NA. The precise value depends
on f and the relation is given in Paper V. In analogy with the treatment of
the underdamped case in Paper II and Paper III, we find that 1t is possible
to transform Eq.(2.36) into a simpler stochastic differential equation without
changing the Fokker-Planck equation for the system. This equation, which
therefore yields an equivalent description of the process, has the form

B=— 77—+~ (2.37)

where h is Gaussian white noise with the variance 2D. The variance 2D is
proportional to the variance of the noise in Eq.(2.32), again the precise value
depends on f and is given in Paper V.

The first notable property of Eq.(2.37) is that even without the noise term
h = 0 we find that collapse will not occur in a strict sense, since the solution
will be defined for all t. Instead we find that B(¢) will tend exponentially to
zero for large ¢,

B(t) ~ IR g o) (2.38)

so that the process can be considered as a collapse process with an infinite
collapse time. We coin the term pseudocollapse for this type of behavior. Illus-
trating the difference between the damped and the undamped cases we show
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Figure 2.5: Width B as a function of time ¢ in the absence of noise. Dashed
line shows the analytical solution of Eq.(2.37) with 7 = 0 and for B(0) = |[A| =
1, B(0) = 0; solid line shows the numerical solution of Eq.(2.37) with 7 = 0.1.

Fig.2.5 (Fig. 1 of Paper V). From this figure it can be seen that the initial stages
of the pseudocollapse resemble a pure collapse as long as the damping is small.
We therefore define the pseudocollapse time as the time where the asymptotic
behavior (2.38) sets in. The numerical simulations of Eq.(2.37) show that the
(pseudo)collapse process still can be arrested by the noise in the presence of the
nonlinear damping. Furthermore the presence of the nonlinear damping does
not cause any significant change in the critical noise variance D..i; needed to
arrest the (pseudo)collapse. This is true as long as |A| > 77 that is as long
as the excitation norm is large (or the nonlinear damping small). Under this
constraint the relation found in Paper IV (Eq.(2.27)) between critical variance
Dyt and the norm (|A|) is still valid and the critical variance is basically inde-
pendent of the nonlinear damping 7. When |A| > 7% does not hold we observe
(see Fig. 3 of Paper V) that the critical variance D, ;t is an increasing function

cri
of 7.
The averaged (B(t)) behavior of B(t) is shown in Fig.2.6 (Fig.4 of Paper V)
for the parameter values B(0) = |A| =1, 7 = 0.1, and several different values

of the noise variance. It can be seen that for D < Dgjt ~ 0.15, the effect of
the noise 1s to delay the pseudocollapse in terms of the ensemble average of the
width, in agreement with the result of Paper IV for the undamped case. We
observe for D > D_.it a nonmonotonic behavior of (B(t)).

Finally, Paper V presents some indications that there exists at least an
asymptotic balance between the energy input and the energy dissipation in the
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Figure 2.6: Ensemble average of the width (B) as a function of time ¢ for
different noise variances. From bottom to top we have D = 0, 0.05, 0.15, 0.5,
1.5, and 12.5, respectively. In all cases B(0) = |[A] =1, and 7 = 0.1

system. However, only indications and no proof of this statement is given. It
would have been convenient to have some numerical results obtained directly
from the reduced system (2.32). The first step of accomplishing this is presented
in Paper IX, but here the investigations are carried out in the one-dimensional
discrete version of Eq.(2.32). Since the discreteness causes the appearance of
some new phenomena we postpone the discussion of the results to chapter 4
which is devoted to the discreteness effects.

2.4 Effects of impurities

The experimental investigations of the energy transport on the aggregates [59,
60] were made by doping the aggregates with guest (acceptor) molecules which
effectively quenches the fluorescence of the host molecules. This effective quench
was accomplished even at a molar ratio host:acceptor 10*. Clearly, these ac-
ceptor molecules will act as impurities even when the acceptors are as scarce
as mentioned above. It is therefore important to stress that although the non-
linear model developed in Paper I-Paper V is intended as initial steps in the
process of explaining energy transfer from host molecules to impurity (accep-
tor) molecules, the model does not directly take impurity effects into account,
but concentrates on the creation and dynamics of the exciton. However, the
presence of impurities can drastically influence the excitation dynamics as was



34 CHAPTER 2. CONTINUUM MODELS

shown for the one-dimensional NLS equation in Refs. [44, 99, 136]. In Paper VI
and Paper VII, which are going to be discussed below, the effects of the presence
of localized impurities in the two-dimensional case are investigated.

Paper VI gives the derivation of the governing equation for the exciton
wave function, when the exciton is moving in an aggregate doped with acceptor
molecules having a larger (or smaller) excitation energy than the host molecules.
The governing equation is shown to be a NLS equation with a localized potential

ihge + TV + PV [6|°6 = E(z,y)9, (2.39)

where the notation is explained in connection with Eq.(2.9). E(z, y) determines
an energetic profile for an excitation in the vicinity of an impurity molecule. As
discussed in Paper VI this profile will be rather complicated in real systems.
Since we want to consider some general features of excitation dynamics in the
vicinity of an impurity we shall for the sake of simplicity assume that E(z,y) is
an axially symmetric Gaussian function

E(r) = Egexp (-%) , (2.40)

where Fy is the strength of the impurity and 7 is the radius. In dimensionless
variables we thus have

ibe + V26 + 16176 = U(r)o, (2.41)

U(r) = eexp(—r?), (2.42)

where the dimensionless parameter ¢ = (Eqr3)/(JI?) characterizes the strength
of the impurity.

In a large part of Paper VI we consider the excitation in the vicinity of an
impurity center such that the approximation U(r) ~ ¢(1 — r?) is permissible.
Additionally we allow for generality the strength € = ¢(¢) to be time dependent.
After two independent transformations, where the first separates the internal
and external dynamics of the excitation, while the second (called the Talanov
transformation or lens transformation [111, 137, 138]) allows a detailed investi-
gation of the internal dynamics, the following equations for the center of mass

R = [r?|¢(r)|*dr and the width B are obtained

R—4e(t)R =0, (2.43)
A= %B?’B — ¢(t)B*. (2.44)

where A is a constant playing the same role as the A in Eq.(2.17), even though
it appears in a slightly different manner in the present context (see Paper VI
page 2954 which is page 135 of the Thesis for details). Tt is seen that the



2.4 EFFECTS OF IMPURITIES 35

equation (2.43) for the center of mass R is the equation for a linear time de-
pendent oscillator. The equation (2.44) for the width belongs to the class of
so-called Ermarkov-Pinney equations [139, 140] (see also [141] pp 28 and refer-
ences therein).

As given by Pinney [140] the solution to Eq.(2.44) is

1/2
B(t) = {u2(t) + %szz(t)} : (2.45)

where W = @w — uv = constant is the Wronskian and u, v are two linearly
independent solutions of the linear equation

g —4e(t)y =0, (2.46)

which coincides with Eq.(2.43) for the center of mass.

Figure 2.7: Comparison of the numerical solution to Eq.(2.42) (solid lines) and
the results of the analytical approach with e(t) given by Eq.(2.47) (dashed line)
and Eq.(2.48) (dotted line), respectively.

In Paper VI two different choices of €(¢) are investigated. First a constant is
chosen
QZ
ety =-=2, (2.47)
4
which turns Eq.(2.43) into a simple harmonic oscillator which is easily solved
and which also makes it possible to write down the solution of Eq.(2.44) in exact
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form. Secondly, Paper VI investigates the effects of

2
e(t) = —%(1+/\cosf2t), (2.48)

which turns Eq.(2.43) into a Mathieu equation. The Mathieu equation is known
to show two kinds of asymptotic behavior. Depending on the parameters (Qg, A)
the solution of the Mathieu equation can be either bounded or unbounded as
time tends to infinity. The latter behavior is ascribed to the so-called parametric
resonance effect. In the range of the first resonance |2 — 2Qg| < QoA/2 an
approximate solution is given in [142]. The solution also allows us to give the
behavior of the width B through Eq.(2.45). In Fig.2.7 (Fig. 1 of Paper VI) we
show examples of the time evolution of B for € chosen according to Eq.(2.47),
and Eq.(2.48), and we also compare the results to direct numerical solution of
Eq.(2.42). As is seen Eq.(2.44) describes the situation very well. Since the
equation (2.43) is exact within the parabolic approximation of the impurity no
comparison to results of direct simulations is needed.

Figure 2.8: The real and imaginary parts of the dipole-like excitation at N =
11.7 for e = 5.0 at ¢t = 40.

In the remaining part of Paper VI and in further detail in Paper VII we
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discuss the possibility of having dipole-like excitations in the two-dimensional
NLS equation. In [143] (also mentioned in [27]) a stationary solitary solution
with a dipolar shape was shown to exist in the two-dimensional NLS equation.
However, preliminary analyses seem to indicate that this excitation is at most
marginally stable. In the presence of a Gaussian impurity Eq.(2.40) the situation
improves such that a dipole-like excitation centered around the impurity exists
and 1s stable. The excitation however performs small amplitude oscillations
transferring small amounts of energy across the impurity center. The dipole-
like excitation is found numerically in Paper VI and Paper VII and is shown in
Fig.2.8 (Fig.6 of Paper VI and Fig.2 of Paper VII). Paper VI and Paper VII
also analyze the creation and the oscillations of this excitation using collective
coordinate approach. This approach will not be reviewed here since it 1s quite
elaborate. However, we will mention the main results of the approach. (1) A
threshold value of the impurity strength € is found. Below this threshold value
the creation of a dipole-like excitation is impossible. (2) The frequency of the
energy transfer across the impurity center is found in terms of the impurity
strength € and the excitation width.

2.5 Conclusion

In summary we have in this chapter shown how to derive the equations describ-
ing the exciton and phonon dynamics on molecular aggregates, and we have
shown how these equations reduce to a two-dimensional NLS equation aug-
mented by a noise term (Paper I). The analysis of this equation and the results
on how the noise determines the coherence time of a localized excitation (Paper
IT), and on how the noise affects the collapse process (Paper IIT and Paper V)
have been reviewed. It has been shown how to refine the model such that ther-
mal equilibrium of the exciton system is possible (Paper V), and the changes
of the above mentioned results have been summarized. Finally, we have shown
how to modify the NLS equation to account for impurities (acceptors) in the
molecular aggregates (Paper VI) and we have shown how such impurities mod-
ify the exciton dynamics (Paper VI) and how a Gaussian impurity can support
dipole-like excitations (Paper VI and Paper VII). Parts of the material reviewed
in this chapter can also be found in the publications [16, 18-23] which display
different parts of the material from various points of view.
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Chapter 3

Discrete models

3.1 Introduction

Discrete nonlinear Schrodinger systems are the topic of this chapter. We shall in
the first section briefly describe some general and well known properties of the
two most common discretizations of the continuum NLS equation. Additionally
we will briefly discuss some analytical methods of treating these discrete prob-
lems. After this general description of the discrete systems we will move on to
review the work contained in Paper VIII and Paper IX on the one-dimensional
discrete nonlinear Schrodinger systems. Finally, the results of Paper X on the
two-dimensional discrete NLS equation will be reviewed.

3.2 Discrete nonlinear Schrodinger equations

As explained in Sec.1.3.1 the one-dimensional NLS equation provides one of the
few example of completely integrable nonlinear partial differential equations.
Since most work in nonlinear wave propagation at some stage involves a nu-
merical study, the issue of the discretization of the NLS equation was addressed
early by Ablowitz and Ladik [144]. These authors noticed that among a large
number of possible discretizations of the continuum NLS equation the following
leads to an integrable discrete model. The integrable version of the discrete NLS
equation, hereafter called the Ablowitz-Ladik or AL equation takes the form

i + (1 4+ pltn|*) (Yt + Yng1) = 0, (3.1)

where 1, is a complex valued amplitude and g is the nonlinearity parameter.
As the continuum NLS equation the AL equation possesses a discrete IST [144]
and therefore it possesses an infinite number of conserved quantities [80, 145].
General solutions can be obtained on the infinite line [145] and also on a periodic
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interval [146]. The one soliton solution on the infinite line is

sinh 3

A 7 sech[f(n — ut)]eti@tLon) (3.2)
w = —2cosacoshpf, (3.3)
v = B*'sinasinh g, (3.4)

where 7 € [0,00) and « € [—m, 7). Tt is seen that the soliton (3.2) is a fairly
straightforward discrete version of the continuum one soliton solution. The im-
portance of the AL equation is mainly mathematical even though a few special
physical cases have been shown [147] to be described by an equation having
AL character. The properties of the AL discretization have also lead to the
development of effective numerical schemes [148, 149] which have formed the
core of the numerical scheme used in most of the numerical work on continuum
equations presented in this Thesis. Since Paper X, discussed later in this chap-
ter, partly deals with impurities, it is worth to mention that the addition of the
term &(t)nipy,, such that the equation becomes

i 4 (14 1ton|?) (Yn11 + Yng1) + E(E)ntb, = 0, (3.5)

where £(t) is an arbitrary function of time, preserves the integrability [150-153].
This is similar to the equivalent continuum case which also is integrable [154].

There is one more discrete version of the NLS equation that is integrable.
This version has been introduced by Izergin and Korepin [155] and described in
the book by Faddeev and Takhtajan [156] (pp. 299-303). Although this version
is a very complicated system with no apparent applications it can been claimed
to be the most important discrete NLS equation since it has the same r-matrix
as the standard continuum NLS equation (see [156]).

The following discrete and more obvious version of the NLS equation was

studied later [157, 158]

i+ (Yng1 + Pnr1) +Yn] 0 = 0. (3.6)

This version, usually referred to as the discrete nonlinear Schrodinger (DNLS)
equation, has a number of interesting properties, but it is not integrable [159].
Equation (3.6) is a special case of the equation usually referred to as the discrete
self-trapping (DST) equation [160, 158]. The DST equation allows in contrast
to the DNLS equation coupling between all oscillating sites, as in a typical
molecule [161]. For an extensive list of references to work on the DST equation
we refer to [162].

The AL equation and the DNLS equation are quite different: The AL equa-
tion, on one hand has, as already mentioned very interesting mathematical prop-
erties, but not very clear physical significance; the introduction of the DNLS
equation, on the other hand, is primarily motivated physically. For example, an
equation of this form did arise from the discussion in Sec.2.2 describing molecu-
lar aggregates. The DNLS equations also seems to arise naturally in context of
energy localization in condensed matter and biological systems as well as in the
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modelling of optical devices [38, 158, 163-169]. Finally, it is worth mentioning
that the regular and irregular behavior of the DNLS system with a few degrees
of freedom (usually less than four) has been thoroughly investigated [170].

Aiming at being as general as possible in what follows we now introduce the
combined AL and DNLS (AL-DNLS) equation

i + (Ynt1 + ¥nr1)(1+ pltnl®) + y|nl*tn = 0. (3.7)

This may seem as an obvious generalization to do but actually it was done only
recently and strangely enough first in the quantum case by Salerno [171] and
later it was reintroduced in the form of Eq.(3.7) by Cai, Bishop and Grgnbech-
Jensen [172]. However, Eq.(3.7) had previously been studied by Vakhnenko and
Gaididei [173] who treated the DNLS term «|¢,|?%, as a perturbation to the
integrable AL equation and derived, via the IST, the evolution equations for the
soliton parameters. This result was recently rederived [174] and simultaneously
a Lagrangian formalism yielding the IST perturbation results was established.
Developing such a formalism is a rather nontrivial task due to the deformed
Poisson structure (see later this section). Equation (3.7) has also recently [147]
been shown to model an electrical lattice.
The two most important conserved quantities of Eq.(3.7) are the norm

N = p 3 In(1+ ) (3.8)

and the Hamiltonian

H == ($nthsr + Uathnsn) — %Z [nl” + %Zln(l +uleal?). (3.9)

n

Equation (3.7) can be derived from the Hamiltonian (3.9) using the deformed
Poisson brackets

{1/)71, 1/):1} = i(l + ﬂ|¢n|2)6n,ma {1/)71’ 1/)m} = {1/):a 1/):1} =0, (3'10)

and the equation of motion .
U ={H,¥n}. (3.11)

Notice that in the AL limit (y — 0) as well as in the DNLS limit (4 — 0) the
equation (3.7) can be obtained in this manner. In the latter limit the Poisson
brackets Eq.(3.10) become standard Poisson brackets and the norm Eq.(3.8)
becomes the standard probability norm N = 3" |v,|%.

In continuation of the previous chapter we will mainly be interested in the
occurrence and properties of localized excitations in these discrete equations.
Quite a lot of research has been devoted to this topic in quite a lot of different
physical contexts and nonlinear models, a few examples are [175-183]. The
excitations which are spatially localized and time periodic have also been given
a variety of names. Takeno and co-workers have coined the term intrinsically
localized modes. These modes are localized modes similar to localized modes
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in disordered media (Anderson localization for example [184]) or in aperiodic
media [185] but intrinsic because no disorder, aperiodicity or impurities are
needed for their existence. Interesting effects arise when disorder, aperiodicity
or impurities and nonlinearity are present simultaneously [186—189, 17]. The
term discrete breathers is another often used [190] term for these modes in
analogy with the name given to spatially localized and time periodic solutions
of certain nonlinear partial differential equations [89]. However it would be
more appropriate to reserve this term for the, presumably more fundamental,
excitations which are spatially localized but quasiperiodic in time [191, 192].
Recently it has been shown [193] that the intrinsically localized modes in the
leading order are solitons in the narrow mathematical sense, which also makes
the name solitonlike excitations (see [189] and Paper VIII) appropriate.

Hennig et al. [194] applied the substitution

P (t) = ¢p exp(—iwt) (3.12)
to transform Eq.(3.7) into
w + 7|én|®
ntl = —————F—5%n — On A
Prt1 1+ﬂ|¢n|2¢ Pn11 (3.13)

which is a map determining the complex amplitude of the stationary state
Eq.(3.12). This map is in Ref. [194] used to investigate several interesting
aspects of the combined AL-DNLS equation; e.g. the regions in the param-
eter space (j,7,w) where the trajectories of Eq.(3.13) are regular and irregular
respectively. The authors also applied the concept of the anti integrable limit
(or more appropriately anti continuous limit [183]) introduced by Aubry and
Abramovici [195-197] investigating the existence of breathers (intrinsically lo-
calized modes) in Eq.(3.7). The idea of applying Eq.(3.13) to investigate the
intrinsically localized modes of Eq.(3.7) is continued in Paper VIII which will
be described in the next section.

3.3 Solitonlike solutions

This section shall review the results of Paper VIII, which deals with local-
ized solutions or solitonlike solutions of the form Eq.(3.12) to the combined
AL-DNLS equation (3.7). We shall particularly be interested in solutions expo-
nentially localized and distinguish two situations: (1) |¢n| > |¢ny1| for n > 0
and |¢p| < [¢pny1] for n < 0 with limy, | = 0 corresponding to a bright soli-
tonlike solution and (2) |¢n| < |¢ns1| for n > 0 and |¢n| > |¢py1| for n < 0
with limy,| 0 = @ > 0 resulting in a dark solitonlike solution (for a description
of dark solitons in the continuum NLS see [198] (IST) and [33] and references
therein). It is easily shown that we without loss of generality can consider real-
valued ¢ only. This allows us of to cast Eq.(3.13) into a two-dimensional map
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M by identifying ¢, = ¢, and y, = ¢, 11

w 4 vz}
Tppr = — 5~ Un
M : L+ pay . (3.14)

Yn+1 = In

This map can be shown to be a reversible area-preserving twist map [199].

In order to investigate stationary localized solutions in the form of the bright
(dark) soliton, respectively, it suffices to study the fixed points (period-1 orbits)
of the map M. The fixed points, for which £ = gy, of this map are clearly

located at
w2
to =0, vy =44/ — , 3.15
Zo T4 'Y+2/i ( )

where #1 exists only if sign(w + 2) = —sign(y + 2u). The stability of the fixed
points is governed by their value for the corresponding residues [141, 200]

p=1/4[2 = Tr (DM(&))]. (3.16)

The tangent map DM 1s determined by

wn —1
DM(z) = ( 1 0 ) , (3.17)
with ) .
(14 pa)?
The residue corresponding to the fixed point at the origin is
1
p= Z(w—l—?). (3.19)

For w values within the range of the linear band, i.e. |w| < 2, 0 < p < 1 holds
and the origin 1s a stable elliptic fixed point encircled by stable elliptic type
map orbits. For |w| > 2 (outside the range of the linear band) we distinguish
the following two cases:

(i) w<=2,v+2u>0:

In this case the residue is negative (p < 0), and hence the origin loses sta-
bility and is turned into an unstable hyperbolic point caused by a tangent
bifurcation. This hyperbolic point is connected to itself by a homoclinic
orbit created by the (invariant) unstable and stable manifold. As will be
shown below the homoclinic orbit is manifested on the lattice chain as a
solitonlike solution. For more information on homoclinic and heteroclinic
connections of hyperbolic points Ref. [199] can be consulted.

The pair of points £+ on the symmetry line x = y form stable elliptic
fixed points.
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(i) w>2,v4+2u<0:

The value for the residue at the origin has passed through the value of one,
that is p > 1, connected with the onset of a period-doubling bifurcation,
where the fixed point is converted into an unstable hyperbolic point with
reflection. The newly created period-2 orbits are located on the line z =
—y.

The homoclinic map orbit supports on the lattice chain a solitonlike so-
lution which exists in the gap above the linear passing band and has al-
ternating signs for adjacent amplitudes, i.e. sign(¢n41) = —sign(¢,) as a
characteristic feature. This stationary localized structure has been called
a staggered soliton [150, 172]. Correspondingly the soliton solution of case
(1) is called unstaggered soliton. Note that upon sign change v — —v and
w — —w the map has the symmetry property of sign(¢,41) = —sign(¢,)
so that the unstaggered and staggered solitons replace each other.

A third case of unstable fixed points can also be attributed to the occur-
rence of a stationary localized structure on the nonlinear lattice, namely:

(iil) |w|] <2 and y 4+ 2u < 0:

Since the frequency is in the linear band the origin is still a stable elliptic
fixed point whereas the pair of fixed points £+ on the line # = y represents
two unstable hyperbolic fixed points which are connected to each other via
a (pair of) heteroclinic orbits. This heteroclinic map orbit represents a
kink-like solution, also called a dark soliton. There exist staggered and
unstaggered versions of this soliton, too.

Figure 3.1: The homoclinic orbits related to the staggered and unstaggered
bright solitons, respectively. Parameters: v =5, p =1, and w = 2.25.
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Figure 3.2: The heteroclinic orbits related to the unstaggered dark soliton.
Parameters: v = =3, p =1, and w = —1.

Since the nature of the solitonlike solutions depends on the stability of the fixed
points we summarize their bifurcation behavior. The stability properties of the
fixed point (2, go) is

lw] < 2, elliptic point,
w > 2, hyperbolic point with reflection, (3.20)
w < =2, hyperbolic point .

From the stability analysis of the fixed point (£, §+) it can be seen that the
dark soliton solution exist only for v < 0 and not for vanishing v. In other words
AL dark solitons are excluded whereas the bright solitons exist in both extreme
cases of (y # 0,p = 0) and (y = 0, # 0). In Fig. 3.1 (Fig. 2(a) of Paper
VIII) we show the staggered and unstaggered bright solitons superimposed on
a single map plane. The transversal intersections of the stable and unstable
manifolds of the hyperbolic point at the origin are invisible on the used scale.
However, as we will see later we can prove the existence of these intersections
analytically. Figure 3.2 (Fig. 2(b) of Paper VIII) illustrates the heteroclinic
structure and here the chaotic layer connected with the heteroclinic connection
of the two hyperbolic points are clearly visible. Thus points belonging to the
stable manifold WW?(p) approach the fixed point p under map iteration M" for
n — oo, likewise points on the unstable manifold W (p) reach the fixed point p
for n — —oo. Thus going along the invariant manifolds of the hyperbolic fixed
point localized stationary solutions can be created. However, searching for soli-
tonlike solutions, one has to be aware that the DNLS system is nonintegrable; a
property which usually prevents systems from having solitonlike solutions, since
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these are associated with an integrable system. As already mentioned the in-
tegrable AL equation possesses soliton solutions which are the discrete versions
of the solitons of the (integrable) continuum nonlinear Schrédinger equation
[144]. These discrete AL-solitons manifest in the integrable map as a perfect
separatrix with coinciding stable and unstable manifolds. Since the DNLS sys-
tem 1s nonintegrable we know that the separatrix is destroyed in the sense that
the stable and unstable manifolds no longer coincide but rather intersect each
other transversally in homoclinic points, creating complicated chaotic dynam-
ics developing eventually Smale horseshoes [199]. Coste and Peyrard [201] as
well as Wan and Soukoulis [202] dealt with the linkage between the homoclinic
orbit of the DNLS map and localized states of the lattice. Coste and Peyrard
draw the conclusion that 'perfect localization in a DNLS system is impossible’
because of the residual stochasticity near the hyperbolic points. Instead of ex-
hibiting a ’one-peak solution’ as in an integrable system where a solution can
approach a hyperbolic point as arbitrarily close as is wanted, they claim that
in a nonintegrable system multi-peak solutions are expected to appear. Wan
and Soukoulis came to the same conclusion regarding the DNLS system in the
context of Holstein’s polaron model.

Figure 3.3: The homoclinic tangle of the hyperbolic fixed point at the origin.
The amplitudes resulting from the dynamical study are shown with diamonds.
They appear at the transversal intersections of the invariant manifolds.

In contrast to the propositions in [201, 202], there exist stable stationary
localized solutions to the DNLS associated with homoclinic and heteroclinic
orbits of the related map. This is the case even though there exist neighboring
map orbits which are strongly chaotic. The reason is that the localized states
rely on the structural stability of homoclinic (heteroclinic) orbits, such that
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their amplitudes are represented by a homoclinic (heteroclinic) orbit in the
corresponding map plane of M. A homoclinic point (QSZ_H, ¢") = q is defined
by ¢ € W N W*" and ¢ # p. Since ¢ belongs both to the stable and the unstable
manifold of p it follows that M™(¢) — p as n = +oo.

In Fig.3.3 (Fig. 3(b) of Paper VIIT) we show the homoclinic tangle, and the
homoclinic points are clearly recognized. Points below the symmetry line z = y
are characterized by ¢n41 < ¢, for n > 0, 1.e. belong to W*. Each homoclinic
point 1s mapped into another one and after only a few map iterations rapidly
approaches the map origin where ¢,, — 0.

Correspondingly, the homoclinic points above the line # = y for which ¢,, <
¢n+1 for n > 0 will be mapped into the map origin in course of the inverse map,
i.e. belong to W* reflecting the translational invariance of the discrete lattice
under the operation n < —n.

The knowledge about the homoclinic (heteroclinic) orbits can be used to
initiate (stationary) breathers for the time-dependent DNLS dynamics. In order
to invoke the homoclinic map orbit as an initial condition for the dynamics,
a sufficiently accurate location of the orbit members (homoclinic intersection
points) is demanded. There are several analytical methods which meet this
demand, and we use an approach recently developed by Tabacman [203]. For
a study of the soliton dynamics for the AL-DNLS Eq.(3.7) we use a lattice of
chain length N = 201. We implement the analytically computed homoclinic
orbit ¢! with n € [~N/2, N/2] as initial conditions Re[t,(t = 0)] = ¢, and
Im[¢,(t = 0)] = 0. The result for the breather is illustrated in Fig.3.4 (Fig.
4(a) of Paper VIII). The (dynamical) breather intensities |t,,(¢)|? are inserted

Figure 3.4: Profile |¢,(t)|? of the stationary bright solitonlike solution of the
AL-DNLS Eq.(3.7)
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as diamonds on the map plane in Fig. 3.3 to show that they coincide with the
homoclinic orbit. From Fig. 3.3 it is now apparent that the shown solitonlike
solution is not the only one possible. The other possibility 1s to chose the
homoclinic orbit which has one of 1ts members on the line x = y. This will
result in a solution which has its center between sites and is often called the
Page mode [204]. Contrary to the Page mode the solution which is shown in
Fig.3.4 has its center on asite and is often called the Sievers-Takeno mode [175].
The Page mode is usually dynamically unstable contrasting the Sievers-Takeno
mode [116].

A tool to analyze the homoclinic tangle is the Melnikov function [199].
Glasser et al. [205] extended the Melnikov analysis to two-dimensional discrete
maps tn+1 = F(uy) + €G(uy) of the plane. Thus, the map is assumed to con-
sist of a completely integrable part /' and a small nonintegrable perturbation
e with € < 1. Furthermore, the unperturbed system of € = 0 possesses an
unstable equilibrium characterized by coinciding stable and unstable manifolds
forming a perfect unperturbed separatrix on which the solution is known ex-
plicitly. Based on geometric arguments a Melnikov function was developed in
[205] measuring the distance between the stable and unstable manifolds under
the action of the perturbation. For a perturbational treatment we consider the
nonlinear term related with 4 as a small (nonintegrable) perturbation of the
integrable AL map (y =0, u # 0).

The Melnikov function A’(0) can be found exactly in terms of Jacobi Elliptic
functions. Tt is a rather complex expression (see Paper VIII) so here we will
only give an approximate expression

A(0) = —%A(w) cos(%t +6) + O(k?) (3.21)
where
2K 3k? , 26K
Alw) = 7 coth” g + VE sinh™ 3, (3.22)
tanf = w. (3.23)
K

K and E are the complete elliptic integral of the second kind and the associated
complete elliptic integral of the second kind, respectively. These integrals are
related to 3 through FE(k)/K(k) = w/8 where coshf = —w/2. The distance

between successive zeros of the Melnikov function is given by

2
At—”ﬁ~lln(—f+ “——1), (3.24)

4K T2 2 4

telling us that the distance between two adjacent intersections of the stable and
unstable manifold depends solely on the breather frequency w. The distance
vanishes at the band edge of w = —2 and grows logarithmically when w ranges
further down in the gap.
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Equation (3.21) shows that the separatrix splitting is proportional to the
ratio v/(wp). The same ratio was found in [194] to bound the parameter re-
gion where the map (3.14) shows regular motion. Finally, from Eq. (3.21)
it is obtained that the distance between successive transversal intersections of
the stable and unstable manifolds only depends on w and not directly on the
nonlinearity parameters v and p. The nonlinearity parameters appear only in
front of the Melnikov function (3.21) as a factor regulating the degree of the
separatrix splitting. Apparently with higher nonintegrability parameter v the
splitting grows whereas the integrability parameter i acts in the opposite direc-
tion, namely suppresses the splitting.

Using Eq.(3.24) we calculate in Paper VIII the energetic difference between
the Sievers-Takeno mode and the Page mode. As suggested by other authors
[206, 196] this is approximately the energy required for the excitation to move
from one lattice site to the next. So the energetic difference is an estimate of
the so-called Peierls-Nabarro barrier, which was first discussed in the theory of
dislocations in solid state systems [207]. The Peierls-Nabarro barrier reflects
the fact that the discreteness of the underlying lattice in solid state systems
breaks the continuous translation invariance and generates a periodic potential
which affetcs the dislocations. From the physical point of view, the amplitude
of the Peierls-Nabarro potential barrier may be viewed as the minimum barrier
which must be overcome to translate the dislocation by one lattice period. In
the present context we can clearly ascribe the Peierls-Nabarro barrier to the
nonintegrality imposed on the system by the DNLS term. Estimates based
on IST perturbation theory of the Peierls-Nabarro barrier in the AL-DNLS
equations has been given before [206, 174], however, this estimate is generally
quite poor [208]. An analysis of the combined effects of the finiteness of the
lattice and the discreteness in the DNLS is given in [14].

The method of using the homoclinic and heteroclinic intersections to design
solitonlike solutions, may be developed further, to construct for example ”multi
humped” solutions similar to the N soliton solutions of the continuum NLS
equation, using the secondary intersections of the tangling homoclinic orbits.
This could probably be done using some recently developed Melnikov methods
[209] to obtain the secondary intersections.

3.4 Noise effects on discrete solitonlike excita-
tions

Chapter 2 reviews the work on the models derived as reductions of the cou-
pled exciton system, and particularly Sec.2.3 reviews the results obtained when
the reduced equation (see Eq.(2.31)) includes a nonlinear damping term. The
equation (2.31) was a result of a continuum approximation. Since we now have
obtained some knowledge on discrete effects it 1s the purpose of the present sec-
tion to review the result of the work (given in Paper IX) on the one-dimensional
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discrete version of Eq.(2.31)

. d
Wy + Jo(Ynt1 + Yni1) + Y|Un [P0 — nw%[lwnlz] +ha(t)n =0 (3.25)

where the last two terms describe nonlinear damping and multiplicative Gaus-
sian white noise, respectively. The noise is assumed to have zero mean and
variance 2D, 1.e.,

(hn (1)) = 0, (b (O)hyr (1)) = 2D6(t — 1')6 1. (3.26)

For the discrete version Eq.(3.25) the norm conservation persists and a discrete
analogue of Eq.(2.34) also in the discrete version provides the possibility of
thermal equilibrium in the exciton system.

Paper IX presents numerical simulations of the dynamics of Eq.(3.25). In
the simulations the exciton wave function is always normalized to have the norm
N =", |¥n| = 1. This is done without loss of generality since results for any
norm N can be obtained by rescaling v — vN, n = n/N. Also without loss of
generality we have fixed the energy (or time) scale by using Jy = 1. The initial
condition used in all simulations is the single site excitation at site ng

1/)71(0) = 6n,n0~ (327)

This choice of initial condition has, in the absence of noise and damping, pre-
viously [210-212] been used to show that the DNLS equation exhibits a self-
trapping transition when v = ~. ~ 3.5. That is, for v > ~. the initial-site
probability |i,,|? will always remain nonzero. Thus a breatherlike excitation
exists. Since we here are interested in studying the effect of noise and damping
on the localized excitation we consider only nonlinearities v > 5, for which the
trapped excitation has a highly discrete breatherlike nature. Figure 3.5 (Fig.
1 of Paper IX) illustrates how the presence of noise in Eq.(3.25) affects the
breather. As is seen the main effect of the noise is initially to cause a slow de-
crease (which is almost linear with time) of the breather intensities. This slow
decrease continues until the initial-site probability has reached approximately
half of its initial value. At this point the breather is rapidly destroyed. The
long time behavior is then diffusive (i.e. |t,,|> decays in average as t+'/?), as
in the linear system, v = 0.

Judging from the systematic numerical investigations of Paper IX, the behav-
ior seen in Fig.3.5 appears to be generic. The lifetime of the breather is always
finite, but increases when (a) the nonlinearity v is increased, (b) the nonlinear
damping 7 is increased, or (c) the noise variance D is decreased. To quantify
these dependences the decay rate x defined as the mean value of (—d/dt)(|¢n,|?)
is studied. As noted above the breather amplitude decrease linearly in time such
that the lifetime ¢, is related to the decay rate as ¢y ~ 1/(2«). The study of the
decay rate shows that for not too strong noise the decay rate x is proportional
to the noise variance D. If the noise is too strong the diffusive spreading sets
in immediately never allowing existence of a breatherlike excitation. Fixing D
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Figure 3.5: Time evolution of an initially single-site localized excitation. Pa-
rameter values are v = 10, = 2 and D = 0.05.

and n Paper IX also finds the decay rate to be proportional to 412, while no
simple relation between the decay rate and the damping 7 is observed.

Paper IX also treats Eq.(3.25) analytically applying a collective coordinate
method. We shall here omit the the details of this approach which involves a
transformation to action angle variables and a derivation of a Fokker-Planck
equation [133] for these variables. Based on this Fokker-Planck equation the
approximate evolution of the initial-site probability is found to

2 2
1- 2 0Ddy

5 ¥ V2
(ltho(t)]7) ~ (3.28)
_ 25 _ D 6nJ°
1= =3 -7 ot >> 1

We see that the collective-coordinate approach yields a qualitatively good agree-
ment with the results of the numerical simulations as concerns the dependence
of the decay rate of the breather on nonlinearity and the noise intensity: The
coefficient 6 DJ3 /4? for the linear term in the short time regime exhibits the pro-
portionality to D/4? that was observed numerically and the numerical prefactor
is of the same order of magnitude. However, Eq.(3.28) predicts a stationary
nonzero value of the initial-site intensity as ¢ — oo when 12D/~ while we have
seen above that |1,,|? always decays to zero. The discrepancy is caused by the
fact that the collective coordinate approach necessarily assumes conservation of
the total norm of the breather. As is clear from Fig.3.5 there will in reality be
created some radiation through the action of the noise, causing the norm of the
breather to decay in with time.

As an interesting example Paper IX shows that if the lattice is truncated
to consist of only two sites - a dimer - the stationary Fokker-Planck equation
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can be solved exactly. Thus the stationary distribution function for the dif-
ference z = |11]? — |12]? in the occupation probability between the two sites
can be found analytically. From this function, which is given in Eq.(49) of
Paper IX, we observe that the shape of the stationary probability distribution
changes qualitatively when the parameters D and 7 are varied. In one region of
the parameter space the probability distribution is unimodal, having one single
maximum at z = 0 corresponding to equal population between sites. In other
regions the probability distribution is bimodal, having two equivalent maxima
corresponding to an excess of population on either of the two sites and a local
minimum at z = 0. Thus, changing the noise D a transition in the form of the
probability distribution can be accomplished; this is a so-called notse-tnduced
phase transition [135]. Tt is important to note that the state will not necessarily
be trapped around one of the probability maxima even if the distribution is
bimodal, since the noise can force frequent transitions between the sites. So al-
though the self-trapping transition and the above described transition coincide
in the noise free limit (shown in Paper IX), they are very different when noise
1s present.

3.5 Two-dimensional effects

In chapter 2 we approximated the discrete two-dimensional NLS like equations
with the two-dimensional continuum equation, and previously in the present
chapter we have studied the localized excitations of discrete one-dimensional
NLS equations. To complete the picture we should study the localized excita-
tions of discrete two-dimensional systems. This we will do in this section which
gives a review of Paper X.

We simply study the two-dimensional version of the combined AL-DNLS
equation Eq.(3.7)

iUm,n + wm,nUm,n - 4Um,n +2 (1 - Oé) Um,n |Um,n |2
+ (Um+1,n + UmJ_l,n + Um,n+1 + Um,nJ_l) (329)

X (1 + %|Um,n|2) =0,

where the parameter « gives the relative strength of DNLS (o« = 0) and AL
(o = 1) types of nonlinearities, and wyy, ,, describes an inhomogeneous frequency
shift at site n, m such that impurity effects can easily be studied. Equation (3.29)
possesses conserved quantities which are simple generalizations of those given in
Eqgs.(3.8) and (3.9). Also, Eq.(3.29) can be derived from the Hamiltonian using
a deformed Poisson bracket similar to Eq.(3.10). Tt is expected that although
the integrability is lost even for a = 1 this case should be "more” well behaved
than the case a = 0.
In Paper X we study numerically the stationary states

Unmn = Fr n exp(iwt) (3.30)
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of Eq.(3.29). In the one-dimensional DNLS equation (generalized to have nonlin-
earity |¢y,|*7) Laedke, Spatschek and Turitsyn [115] proved that the Vakhitov-
Kolokolov criterion [118] Eq.(1.30) for the linear stability of the stationary ex-
citations also applies to the discrete case. The criterion has not been proved to
apply also to the case of Eq.(3.29), but it has been conjectured to hold also in
this case by several authors [213, 214, 24]. For the pure DNLS case of Eq.(3.29)
the validity of the Vakhitov-Kolokolov criterion has been proven in [214]. We

Figure 3.6: Norm N versus A for & = 1 (Ablowitz-Ladik case solid line), 0.5
(dashed line), 0.2 (dot-dashed line), and 0 (DNLS, dotted line)

plot in Fig. 3.6 (Fig. 1(a) of Paper X) the norm N versus the frequency A = \/w
for a particular grid size: 32 x 32, for different values of . The value of the
local maximum of N increases with a. On the other hand, the range in param-
eter A corresponding to the negative slope of the curve N(A) is narrowing with
the increasing of «. It means that in the case of Ablowitz-Ladik solitons the
instability region is smaller. In the limit of large A, ON/IX > 0 for all «; i.e.,
the stability property of the "narrow” soliton solutions are independent of «.
The positive slope of N(A) near A = 0 are boundary effects. Paper X shows
this by investigating larger grid sizes. In the limit of infinite grids the influence
of the boundary conditions becomes negligible and it is reflected in narrowing
of the dip in the region of small A with increasing number of grid points. The
level of the flat plateau between the dip and the local maximum near A ~
0.6 approaches in an infinite lattice limit the asymptotic threshold value Nrp
corresponding to the continuum ground state soliton (the Townes soliton). The
conjecture is therefore that only the smaller and the larger values of A (for which
IN/IX > 0) corresponds to stable solutions, i.e. bistability occurs. We have
obtained numerical support of that conjecture using the soliton solution as an
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initial condition in simulations of the full dynamical equations (3.29).

Localization (quasi-collapse) and pinning (by the Peierls-Nabarro potential,
see page 49) are important properties in applications. Paper X investigates the
dynamics of initially localized excitations numerically using the initial condition

Ulm,n,t=0) = A(m,n)exp (ikm(m—mm)+ik,(n—m)), (3.31)

A(mn) = Agexp (_ <mn:0m)2 - (”n_oﬁ)z) . (3.32)

where (7, 7) is the initial position and (mg,ng) the widths in the m and
n directions, respectively. k,, and k, define the initial velocities in the m
and n directions, respectively. The investigations of the discrete localization
dynamics shows a much richer variety than in the continuum case where there
are merely two alternatives,; collapse in finite time or dispersive spreading. The
behavior of nonmoving (£, = &, = 0) initial conditions is investigated in the
homogeneous case as well as in the presence of impurities at the center of the
initial excitation. Both the case w7z = —w < 0 and the case wimm = w > 0
are investigated. The general scenario is that the initially broad excitations
collapse to a much narrower excitation essentially occupying the five central
sites. However the excitation is periodically transferring energy between the
central site and the four neighboring ones. The details of this transfer depend
on wy . Since the excitation seems only to occupy the central five sites, an
obvious analytical approximation is to only consider these five sites, which makes
the model solvable due to the symmetry properties. However the results of this
approximation turn out to be quite poor. The scenario is even more spectacular
when the the excitation is given an initial velocity &, = 0, &, # 0. An example
of the evolution of a broad initial condition with a nonzero velocity is given
in Fig. 3.7. Initially the excitation is able to move because it is broad and
continuum like and experiences only a small Peierls-Nabarro barrier. However,
the excitation collapses to a much more narrow peak as in the non-moving case.
As the width of the peak decreases, the Peierls-Nabarro barrier experienced by
this part of the excitations increase because of the discreteness of the lattice.
Eventually the narrow peak is stopped, but the background which is still rather
broad does not feel the Peierls-Nabarro barrier and therefore continues until
a new peak is created. The number of peaks depends on the initial norm of
the excitation, and the relation is discussed in detail in Paper X. The norm
of the quasi-collapsed peak is close to the norm of the Townes soliton because
it is initiated by a continuum two-dimensional collapse. Because of various
asymmetries, the norm of the quasi-collapsed peak is only close to the norm
of the Townes soliton, and can vary slightly depending on the initial process.
Paper X also describes this pinning effect in presence of inhomogeneities in
the lattices. In Ref. [24] the combined two-dimensional AL-DNLS equation is
investigated in further detail.
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Figure 3.7: Evolution of the intensity of a moving solution in the homogeneous
DNLS case. Initial condition Eq.(3.31), with Ag = 0.4, mg

Ng = 8, Kp — 0,
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3.6 Conclusion

In summary we have in the present chapter reviewed some of the properties of
discrete NLS equations. Properties of the integrable discretization AL and of
the more standard discretization DNLS have been described.

Reviewing Paper VIII, the relation between a discrete map and localized
excitations of the combined AL-DNLS equations was described. The map was
analyzed using traditional tools of nonlinear dynamics such as fixed point anal-
ysis and Melnikov analysis. The map also allowed us to describe the different
parameter regions where bright (staggered or unstaggered) solitons and (stag-
gered or unstaggered) dark solitons are possible. The Melnikov analysis allowed
us to determine in a novel way the pinning energy of a discrete excitation.

The continuum model (of Paper V) with nonlinear damping and noise was
studied in a discrete version. We showed in the process of reviewing Paper IX
that the discrete breathers are always destroyed in the presence of the noise
and that the life time of the breather essentially is inversely proportional to the
noise variance and proportional to the square of the nonlinear coefficient.

Finally, the dynamics of localized excitations in the two-dimensional com-
bined AL-DNLS equations was described reviewing Paper X. It was shown that
the presence of the DNLS term expanded the window where the localized excita-
tions where unstable. Furthermore, the propagation and the combined collapse-
pinning effect was studied.

Parts of the material reviewed in this chapter can also be found in the
publications [24-26] which display different parts of the material from various
points of view.
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Chapter 4

Nonlocal models

4.1 Introduction

This chapter will describe the extension of the already discussed continuum and
discrete models to include long range interaction effects. First a short discussion
of the possible physical origins of the long range interactions in various contexts
will be given. Then we will move on to describe the effects of nonlocal dispersion
in a continuum NLS equation, that will be a review of the work included in Paper
XI. In the continuum model the nonlocal interaction will be assumed to depend
exponentially on the distance. This assumption allow us to find the stationary
solutions analytically.

After having discussed the results of the continuum system we will move on
to describe the discrete systems as we are reviewing Paper XII. In the discrete
case the nonlocal interaction will mainly be assumed to have a power law de-
pendence on the distance; an assumption which i1s physically appropriate in the
case of molecular aggregates for example. Finally, the chapter will show how a
two-dimensional Kronig-Penney system can be described by a one-dimensional
nonlocal equation. This i1s the result of Paper XIII where also the stationary
states of the derived nonlocal equation are studied.

4.2 Physical origin

In the main body of the previous research on nonlinear systems in different
physical contexts, the dispersive interaction was assumed to be short-ranged
and therefore a nearest-neighbor approximation was used. Often the nearest-
neighbor approximation has also been chosen because it can be easily treated,
and suffices as a first approximation. However, there exist physical situations
that are not appropriately described in the framework of this approximation.
Excitation transfer in molecular crystals [50] and vibron energy transport in
biopolymers [51] are due to transition dipole-dipole interaction with 1/r3 de-
pendence on the distance, . The DNA molecule contains charged groups, with
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long-range Coulomb interaction (1/r) between them. Systems where the dis-
persion curves of two elementary excitations are close or intersect the resulting
dispersion curve saturates, which in effect leads to long-range transfer. Such
a situation arises for excitons and photons in semiconductors and molecular
crystals as the so-called polariton effects [50].

Nonlinear waves in a one-dimensional chain with Lennard-Jones (2n,n) in-
teratomic potential were studied by Ishimori [215] who showed that the dy-
namics is governed by the Benjamin-Ono equation in the case n = 2 or by the
Korteweg-de Vries equation for n > 4. Solitons in implicit form were obtained
[216] in a sine-Gordon system with long range interaction of the Kac-Baker type
[217] and the dependence of the soliton width and energy on the radius of the
long range interaction was analyzed. A sine-Gordon equation with a nonlocal
character of the nonlinear term was postulated in [218] and novel soliton states,
of topological charge zero, were found to exist at large interaction radius. The
effects of long-range harmonic interaction in a chain with short-range anhar-
monicity was considered in [219], and it was demonstrated that the existence of
two velocity dependent competing length scales leads to two types of solitons
with characteristically different width and shapes for two velocity regions sep-
arated by a gap. Effects of long-range interactions of the Kac-Baker type were
also studied in static and dynamic nonlinear Klein-Gordon models [220].

4.3 Continuum description

In order to investigate the dynamics of self-interacting quasiparticles in one-
dimensional systems with long-range dispersive interactions we consider in Pa-
per XI the Hamiltonian

n= - [ {iueor

s [ e ) — 0P de (1)

loo

and the corresponding Lagrangian

L= 3 h {* (2, )0p(x,t) — c.e.} de — H. (4.2)
loo

The double integral in Eq.(4.1) describes the excitation transfer in the system.
The matrix element of transfer, J(z), is chosen to be of the Kac-Baker [217]
form J(z) = Jexp(—alz|), with « being the inverse radius of interaction, and
J its intensity. The equation of motion for the excitation wave function then
becomes the nonlocal nonlinear Schrodinger equation

i + /oo J(z — ) ($(y, 1) — B(z, 1)) dy + [9]% = 0. (4.3)

loo
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The kernel J(z) in this integro-differential equation is the Green’s function
given by the equation (92 — a?)J(z) = —2Jad(z). Consequently Eq.(4.3) may
be rewritten as

2J 02
0t + — ——= 21 = 0. 4.4
0+ 2+ P (4.4)
The linear part of Eq.(4.4) corresponds to the dispersion law w(k) = %af—:kQ

Under the assumption o — oo, J — oo, Jal3 — const. Eq.(4.4) reduces to
the NLS Eq.(1.8). However, if the width of the excitations and the radius of
interaction, a'!, are of the same order, the nonlocal effects represented by the
pseudo-differential operator in Eq.(4.4) become important.

In rescaled form Eq.(4.4) becomes

. o2
006 + 0+ 101 =0, (15)
and additionally
oo 2
20, = Y N =
[ 1etras = v = (4.6)

where the norm N, like the Hamiltonian H, is a conserved quantity. Stationary
solutions of Eq.(4.5) in the form

¢(2) = F(z,\) exp(iA?t) (4.7

can be obtained exactly since the resulting ordinary differential equation for F'
can be solved by quadrature. Therefore the norm A can also be expressed in
terms of the frequency A\%. In Figure 4.1 we show N versus A and it shows in
contrast to the ordinary NLS equation that the stationary solution exists only
for N' < Mmax ~ 1.128, or N < Nmax ~ 2.255Jat2. Therefore the nonlocal
NLS equation has stationary solutions only in a finite interval of A" € [0, Mmax].
Nmax tends to infinity in the limit of the usual NLS equation. Figure 4.1 shows
that with the norm A in the interval [1.125, Nmax] there are two values of A
for a given N, l.e. two branches of stationary solutions exist in that interval.
The first branch corresponds to the part of the A'(A) for which % > 0 and it
exists for any N < Mmax. For N <« MNmax (A € 1/\/@) the solution reduces
to the stationary solution of the usual NLS equation. The second branch with
% < 0 exists only in the interval [1.125, Nmax]. At N = Neusp = 1.125 we
obtain a solution of the form

6(z,1) = (%)UZexp (% - %m) . (4.8)

Due to the pointed maximum of this solution we called it a cusp soliton.
Paper XI applies a collective coordinate approach to investigate the sta-
bility of the stationary states. This method leads to the instability criterion
dN'/dX\ < 0 which agrees with the Vakhitov-Kolokolov criterion (see the dis-
cussion related to Eq.(1.30) page 16). Tt should however be emphasized that



60 CHAPTER 4. NONLOCAL MODELS

1.2+

/113

X 06—
1.125
s 112
1.115
A
033 0345 036
0.0 \ \ \ \
0.0 0.1 0.2 0.3 0.4

Figure 4.1: Norm N versus nonlinear frequency A, for the stationary solutions.
Dashed line: NLS Eq.(1.8). Solid line: nonlocal NLS Eq.(4.5). The inset shows
the two branches at the maximal norm. The endpoint corresponds to the cusp
soliton.

using the collective coordinate approach we can not prove stability but only
instability can be proven. Numerical simulations support the conjecture that
the Vakhitov-Kolokolov criterion is valid also in this nonlocal case. Plotting
the Hamiltonian H versus the norm A shows the bifurcation diagram of the so
called catastrophe manifold [221]. The bifurcation diagram has a swallow tail
structure, and using the conjectures of catastrophe theory [221] on this diagram
leads to the same stability criterion as suggested above. A similar discussion
for a two-dimensional NLS equation is given by Laedke et al. [214]. This means
that the branch in Fig.4.1 with dA/dXA < 0 is unstable and in particular the
cusp soliton is unstable. The instability expresses itself by the creation of a
collapse like phenomenon in the evolution of a slightly perturbed state from the
unstable branch. The collapse is clearly due to the saturation of the dispersion
in the high end of the spectrum enabling high sharp peaks to develop without
excessive energy consumption.

In contrast to the ordinary NLS equation, Eq.(4.3) is not Galilean invariant,
causing radiation losses when the solitons are propagated. This radiation is
investigated analytically and numerically in Paper XI where also the dominant
wave number of the radiation is found to be inversely proportional to the prop-
agation velocity. Thus no radiation is present when the soliton is non-moving.
This is in contrast to the case of high order dispersion caused by terms like ¢4y
OT ¢pppy 10 the ordinary NLS equation. These case were studied numerically
and analytically by several authors [222] who found that the soliton will always
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radiate in the presence of the high order dispersion.

4.4 Discrete description

The paper Paper XII investigates the impact of nonlocal dispersive coupling
on discrete NLS systems. In the discrete case the coupling is chosen to have a
power r+° dependence on the distance r; this choice is based on the physical
relevance of such a coupling. However, investigations [223] have shown that the
exact form of the coupling only affects the behavior quantitatively. Kac-Baker
and the power r1* dependence have been observed [223] to yield exactly the
equivalent qualitative features. The model studied in Paper XII is

“/)n + Z |m_n|J_s(’¢)m _1/)71)‘1‘ |1/)n|201/)n =0 (49)
where the generalized nonlinearity |¢,,|?? t, is reintroduced from Eq.(1.28). The
parameter s is introduced to cover different physical situations from nearest-
neighbor approximations s = oo, dipole-dipole interaction s = 3, to the long-
range Coulomb interaction s = 1. The introduction of the two tunable (s and o)
properties illuminates both the competition between nonlinearity and dispersion
and the interplay of long range interactions and lattice discreteness. Equation
(4.9) can be derived from the Hamiltonian

H=T+1U,, (4.10)

where

1
T= ST Im— M =l (4.11)

n,m(n#m)

is the dispersive energy of the excitation and
1
Uy = —— o|20HY 4.12
e 2l (4.12)

is the potential energy of the excitation. We are interested in stationary solu-
tions of Eq. (4.9) of the form

U = ¢p exp(iAl) (4.13)

with a real valued shape function ¢,, and a nonlinear frequency A. The functions
¢y are determined by

Adn= 3 |n—ml*(6m — 6a) + 27, (4.14)

In contrast to the continuum model of Sec.4.3 the discrete model (4.9) cannot

be solved analytically. Therefore we apply a variational approach with the trial
function

bn = (N%) " exp(—aln — d)) (4.15)
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where « is a trial parameter and J is the position of the center of the localized
state which without loss of generality can be restricted to 0 < § < 1 for the
infinite chain. The ansatz (4.15) is chosen to automatically satisfy the normal-
ization condition ) #2 = N reducing the variational approach to determining
a by dH/da = 0. Performing some rather lengthy manipulations (see Paper
XIT for details) we can minimize the energy of the state (4.15) and thereby
implicitly find the dependence N on A for the stationary state. Applying this
result we shall study for in detail the stationary states of the system, consider-
ing the following two types of stationary states: on-site (Sievers-Takeno mode)
(0 = 0) and inter-site (Page mode) (6§ = 1/2) separately. All results are for
cubic nonlinearity, ¢ = 1.

Figure 4.2: Norm N of on-site states (6 = 0) versus the nonlinear frequency
A numerically obtained from Eq.(4.14) for s = oo (solid), 4 (dotted), 3 (short-
dashed), 2.5 (long-dashed), 2 (short-long-dashed), 1.9 (dashed-dotted)

I. On-site localized states: § = 0.

Figure 4.2 (Fig. 2 of Paper XII) shows direct numerically obtained depen-
dence N(A). A monotonic function is obtained for s > s, but for s¢, > s > 2
the dependence becomes nonmonotonic with a local maximum and a local min-
imum. These extrema coalesce at s ~ 2.72 (from the analytical approach) and
§ = s¢r ~ 3.03 (from the numerical solution of Eq.(4.14)). For s < 2 the lo-
cal maximum disappears. Thus the main features of all DNLS models with
a power law dispersive interaction decreasing faster than |n — m|-*e coincide
qualitatively with the features obtained in the nearest-neighbor approximation
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where only one on-site stationary state exists for any norm. However, in the
case of the nonlocal NLS equation (4.9) with 2 < s < s, there exist for each N
in the interval [N;(s), Ny (s)] three stationary states with nonlinear frequencies
A1 (N) < Aa(N) < As(N). In particular, this means that in the case of dipole-
dipole interaction (s = 3) multiple solutions exist. This property of the system
is very similar to the bistability phenomenon observed in the two-dimensional
case described in Sec. 3.5. Also in the nearest-neighbor case of Eq.(4.9) the
bistability phenomenon exists [116, 117] when the degree of nonlinearity o ex-
ceeds some critical value.

Investigating the stability properties of the different stationary states, we use
the approach developed in [116] and find that the positive definiteness of the
dispersion term T given by Eq.(4.11) and the form of the nonlinear term U per-
mit generalization of the result of Laedke, Spatschek and Turitsyn [116] to this
nonlocal case. According to this result the necessary and sufficient stability cri-
terion for on-site stationary states is again similar to that of Vakhitov-Kolokolov
Eq.(1.30). Thus in the notation of the present section

AN d
= > ek >0 (4.16)

Therefore we can conclude that in the interval [N;(s), Ny (s)] there are only two
linearly stable stationary states (A1 (N) and Az(N)). The third state is unstable

since % <0at A=A,
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Figure 4.3: Shapes of the three stationary states for s = 2.5 and N = 3.1.
The stable: A = 0.21 (long-dashed), A = 0.74 (solid). The unstable: A = 0.57
(short-dashed).

Figure 4.3 shows that the three solutions differ significantly. The low fre-
quency states are wide and continuum-like while the high frequency solutions
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represent intrinsically localized states with a width of a few lattice spacings.
For s22 the inverse widths of the stable stationary states are respectively

N N | i N
(g)(s—@ = (g)l—ﬂnl, 3 ~ hl(—) (417)

[

where | = exp(1/s) is the characteristic range of the dispersive interaction.
It follows from these expressions that the existence of two so different soliton
states for one value of the norm, N, is due to the presence of two different
length scales in the system: the usual scale of the NLS model which is related
to the competition between nonlinearity and dispersion (expressed in terms of
the ratio N/J) and the range of the dispersive interaction .

Paper XII finds that the particular value s = 2 separates two different kinds
of behavior: for s > 2, H — 0 while for 1 < s < 2, H - c0cas N — 0
and the stable continuum-like soliton disappears. This is confirmed by our
simulation (see Fig. 4.2), which also indicates that the low frequency solitons in
this case (s < 2) have algebraic tails i.e., for s = 1.9, log ¢,, ~ 6.3 —2logn when
n 3> 1. The existence of excitations with algebraic tails or the so-called algebraic
solitons in models with nonlocal interaction is well known [224]. Algebraic
solitons have also recently [225, 108, 226] been found in generalized Schrodinger
equations with two competing nonlinearities. However, as in the nonlocal case
these solitons are unstable [226].

0.0 i i i \
0.0 05 1.0 1.5 20

A

Figure 4.4: Norm N of inter-site states (§ = 1/2) versus the nonlinear frequency
A numerically obtained from Eq.(4.14) for s = oo (solid), 4 (dotted), 3 (short-
dashed), 2.5 (long-dashed), 2 (short-long-dashed), 1.9 (dashed-dotted)
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II. Inter-site localized states: § = 1/2.

In Fig. 4.4 we plot the norm, N, as a function of nonlinear frequency A for
inter-site localized states obtained from numerical solution of Eq.(4.14). The
analytical results for § = 1/2 are in qualitative agreement with numerical results
but the quantitative agreement is not as good as in the on-site soliton case. The
dependence displayed in Fig. 4.4 is similar to the dependence N (A) obtained for
on-site localized states (Fig. 4.2); the main distinction being that the inter-site
states are much less sensitive to the long range character of the dispersion.

For the parity conserving (even) perturbations the stability condition of
inter-site stationary states is the same as (4.16) but these excitations are unsta-
ble with respect to parity nonconserving perturbations. Typically the evolution
of these excitations will result in that an initially inter-site state is transformed
into an intrinsically localized on-site state with a time-dependent width.

Now we turn to discussing stationary states of the discrete NLS model given
by Eq.(4.9) with arbitrary power nonlinearity. The main properties of the sys-
tem remain unchanged but the critical value of the dispersion parameter s, is
now a function of o. The results of analytical consideration confirmed by the

67

Figure 4.5: Critical dispersion parameter, scr, versus the power nonlinearity, o.
Analytical dependence (solid), numerical dependence (circles). Only results for
inter-site states are shown.

simulation (Fig. 4.5) show that s, increases when ¢ increases. In particular for
o > 1.4 (the value at which discrete symmetric ground states can be unstable in
the nearest-neighbor approximation [116] whereas Malomed and Weinstein [117]
found the critical value to o ~ 1.32 due to the approximative character of their
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variational approach) the bistability in the nonlinear energy spectrum occurs
even for s > 6. As discussed in Sec.1.3.2 the behavior of the one-dimensional
system with quintic nonlinearity (¢ = 2) is qualitatively the same as the be-
havior of the two-dimensional systems with cubic nonlinearity. Then, it may be
expected that the bistability phenomenon takes place in two-dimensional NLS
models with quadrupole-quadrupole interaction (s = 5).

Finally, Paper XII shows analytically that only for s > 3 the localized states
of Eq.(4.9) are exponentially localized. When the dispersion parameter s is in
the range 2 < s < 3 the localized states are merely algebraically localized
with the long distance behavior ¢,, o< |n|+2. This behavior is found for the low
frequncy states as well as for the high frequency states.

4.5 Two-dimensional Kronig-Penney model

This section will describe the results of Paper XIII on a two-dimensional nonlin-
ear Kronig-Penney model. Our interest in the Kronig-Penney model [227] arises
from 1its application in describing electromagnetic wave propagation through di-
electric media. Particularly, we are interested in electromagnetic wave propa-
gation in dielectric superlattices. In the approximation where only the scalar
nature of the electromagnetic field is taken into account, the wave propagation
is resembled by the dynamics of a particle in a crystal lattice [228, 229]. As a
result of the periodicity photonic bands and gaps arises, giving the system the
name photonic band-gap materials.

In the case of periodic nonlinear superlattices consisting of alternating layers
of two dielectrics, it is usually assumed that the nonlinearity of one of the
dielectrics is much larger than the nonlinearity of the other, so that the latter
can be considered linear. If the thickness of the nonlinear layer is small compared
to the thickness of the linear, the problem can be described by the nonlinear
Kronig-Penney model

i+ VP> 6w — ) [ =0, (4.18)

corresponding to a focusing medium with a Kerr nonlinearity. Here 2, = n/ is
the coordinate of the n-th nonlinear layer and £ is the distance between adjacent
nonlinear layers. Wave propagation in the framework of the one-dimensional
nonlinear Kronig-Penney model was studied in detail in Ref. [228-231], but in
these works the coupling between the longitudinal and transversal degrees of
freedom was ignored. It was shown that the transmission properties depend
critically on the injected wave power. Additionally, it was shown that these
systems exhibit bistability and multistability.

In Paper XIII we consider two-dimensional effects in the nonlinear Kronig-
Penney model given by Eq.(4.18) where the complex amplitude depends on the
coordinate x transversal to the nonlinear layers and the longitudinal coordinate
z.
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Similarly to the approach used in Refs. [230] and [231], we can solve these
equations in the linear medium and thereby express the field ¢(z, z;t) for nt <
z < (n+ 1), in terms of the complex amplitudes, ¥ (z,t) = ¢¥(xn, 2;1) at the
nonlinear layers,

sinh(k((n 4+ 1) — z))

U(x,2;t) = sinh (&) ¥n(t)
W¢n+l(2at% (419)

where the complex amplitude ¢, (z,t) satisfies the following set of pseudo-
differential equations

I
sinh ¢k

2K

2 —
e+ [l =0, (4.20)

(Y41 + ¥n11) —

with periodic boundary conditions ¥, 4., = %, where v is the number of layers.
In Egs.(4.19) and (4.20) the operator & is defined as

Ry = /=0, — 0% (4.21)

More information on how to interpret this operator can be found in Paper XIII.

Figure 4.6: Stationary state localized in the longitudinal direction with A\? = 5.0
The spacing between the nonlinear layers is £ = @ so the nonlinear layers are
positioned at = ..., —m, 0,7, ... .¥(x+ £, 2, t) = ¢(x, 2, 1).
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Paper XIII hereafter uses techniques similar to those of Paper XI to inves-
tigate solutions of the form

Un(2,) = dn(z) e (4.22)

where A? is the nonlinear frequency and ¢, (z) the amplitude in the n-th nonlin-
ear layer. Since Eq.(4.20) is Galilean invariant, standing excitations can always
be Galileo boosted to any velocity in the z-direction. It is found that indeed such
solutions are possible (an example is shown in Fig.4.6 (Fig.2 of Paper XIIT)) but
there is a maximum norm N, = N(A,,) above which no solutions of the kind
(4.22) can exist. Tt is also shown that these solutions are linearly stable with
respect to perturbations in the z direction as long as A < A,,. However there
is also a source of instability in perturbations along the = direction and there-
for the stationary solution are only stable as long as the following inequality is
satisfied
1 4 T
M o< E—Zmin{g sinz(;),/\fn}. (4.23)

In particular, this means that the stationary state ¢, (z,%) = e“‘thb(z) Is neither
stable in the case of only one nonlinear layer (£ — oo) nor in the quasi-continuum
limit (v = o0).

Finally, Paper XIII shows that the system described by Eq.(4.18) also sup-
ports states which are localized in both spatial directions and not uniform from
nonlinear layer to nonlinear layer as the example shown in Fig.(4.6).

4.6 Conclusion

The present chapter has reviewed the work described in the papers Paper XI,
Paper XII and Paper XIII which all deal with nonlinear equation with nonlocal
dispersion.

A short description of the physical origin of the long range interaction was
given. As a first step a continuum NLS equation with nonlocal dispersion was
studied. The equation being continuum allowed the stationary states to be
found analytically. This model showed that there is an upper limit for the norm
in the presence of the long range interaction term, and as a special case this
model has a cusp soliton as an analytical solution.

The chapter continued the discussion of the nonlocal effects by considering a
power law transfer mechanism in discrete NLS models. This was shown to lead
to bistable stationary states due to the presence of different length scales of the
problem. The bistability displayed itself by allowing a broad state and a very
narrow state to exist, with the same norm. Both on-site states (Sievers-Takeno
modes) and inter-site (Page modes) where shown to exists, and the inter-site
state appeared to be less sensitive to the long range interaction. However, as in
the case of the nearest-neighbor coupling, the inter-site state was shown to be
unstable with respect to parity disturbing perturbations.
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Finally, the chapter showed how the two-dimensional Kronig-Penney prob-
lem of electromagnetic wave propagation in nonlinear superlattices can be re-
garded as a nonlocal problem. The localized states of this problem were then
studied from this perspective.
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