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Abstract — The impact of channel estimation errors

on the performance of the LMMSE multistage detec-

tor for large multiuser systems with random spreading

sequences is analyzed. The receiver consists of a mul-

tistage filter for channel estimation and an LMMSE

multistage detector that takes into account the im-

perfect knowledge of the channels. The asymptotic

performance of the whole receiver is provided.

I. Analysis and Results

Let us consider a synchronous CDMA system with spread-
ing factor N and K users. We assume multipath fading chan-
nel with known channel length L and additive noise. The
equivalent baseband signal at the chip matched filter output
is given by

y(m) = S(m)A(m)b(m) + n(m) (1)

or equivalently by

y(m) = S(m)B(m)a + n(m). (2)

y(m) is the N -dimensional received signal vector. b(m) is the
K-dimensional vector of transmitted symbols in a finite al-
phabet in C such that E{b(m)} = 0 and E{b(s)bH(t)} =
IKδst. B(m) is the KL × KL diagonal matrix obtained
by B(m) = diag (b(m) ⊗ IL). A is the KL × K block di-
agonal matrix of fading channel amplitudes with the k-th

block, ak, of size L × 1. a =
(
aT

1 , . . . , aT
K

)T
is the KL-

dimensional vector of the fading channel amplitudes. The
entries in a are realizations of independent circular symmet-
ric complex zero mean Gaussian variables. The spreading
matrix S is an N × KL block random matrix in C with K

blocks Sk =
(
s(k−1)L+1, . . . , skL

)
of size N × L. The ele-

ments in s(k−1)L+1 are independent and Gaussian distributed
with zero mean and variance 1

N
. They are also independent

from block to block. Within a block the vector s(k−1)L+s is a
cyclically shifted version of s(k−1)L+1 by s− 1 positions, since
we assume that the intersymbol interference can be neglected
following [1, 2]. n(m) is the complex Gaussian noise vector
with E{n(m)} = 0 and E{n(l)n(m)} = σ2INδlm. β = K

N
is

the system load. The training data and the channel covari-
ance matrix CP = E{aaH} are known by the channel estima-
tor. To estimate the channel coefficients over an estimation
window of τ symbols we refer to the model Y = τ

1
2 Sa + N

where Y = (yT (1), . . . ,yT (τ))T , N = (nT (1), . . . ,nT (τ))T

and S = τ−
1
2 ((S(1)B(1))T , . . . , (S(τ)B(τ))T )T . H = SA and

R = H
H
H. The individual LMMSE channel estimator of rank

MC is the linear estimator L =
∑MC−1

m=0 τ
2m+1

2 WmC
1
2

P
R

m
H

H

with Wm = diag(w1m, . . . , wKL,m) such that E{‖LY − a‖2}
is minimized. Wj are obtained by

wk = Ψ
−1
k ξk (3)

where wk = (wk 0, . . . , wk MC−1)
T and wk m is the element

(k, k) of the matrix Wm. Ψk is an MC × MC matrix
and ξk is an MC-dimensional vector. Their elements are

(Ψk)
rs

= τr+s(R
r+s

)kk + σ2τr+s−1(R
r+s−1

)kk and (ξk)
r

=
τr(R

r
)kk respectively. As shown in [1], (R

r
)kk converges

to a deterministic limit R
r

kk,∞ as N, K → ∞ with β con-
stant. Then, the asymptotic weights of the individual LMMSE
channel estimator are deterministic and satisfy the equation
w∞

k = (Ψ∞

k )−1ξ∞k with the elements of Ψ∞

k and ξ∞k given

by (Ψ∞

k )lm = τ l+mR
l+m

kk,∞ + σ2τ l+m−1R
l+m−1
kk,∞ and (ξ∞k )m =

R
m

kk,∞ respectively. R
l

kk,∞ can be determined using the fol-
lowing algorithm:

First step: Let R
1
kk,∞ = σ2

P,k and m1
R

= m1
CP

.

l-th step - a: Given R
l

kk,∞ = σ2
P,k

∑l−1
s=0 R

s

kk,∞ml−s−1

T
with

ml

T
= L

τ
βml

R
, develop it as a polynomial in

σ2
P,k, P(σ2

P,k).
l-th step - b: Obtain ml

R
from P(σ2

P,k) substituting the s-th
power of σ2

P,k by ms
CP

= 1
KL

E{trace (Cs
P)}.

The error covariance matrix in asymptotic conditions C∞
ǫ is

(C∞

ǫ )
ij

= σ
2
P,i

(
1 − ξ

∞ H
j (Ψ∞

i )−1
ξ
∞

j

)
δij . (4)

For the data detection we assume that the channel estima-
tor provides the data detector with channel estimates â along
with the mean squared error in these estimates Cǫ [2]. With

D = ÂÂH + Cǫ and T̂ = SDSH , the individual LMMSE
detector of rank MD conditioned on the channel estima-
tion is the linear operator G =

∑MD−1
m=0 ZmÂHSHT̂m with

Zm = diag(z1m, . . . , zKm) satisfying the MSE criterion. The
weights are given by

zk = Φ̂
−1
k ĉk (5)

where (zk)l = (Zl)kk = zkl with M(n) = ÂHSHT̂nSÂ ,

(Φ̂k)rs = (M(r+s−1))kk + σ2(M(r+s−2))kk and (ĉk)
s

=

(M(s))kk. As N, K → ∞ with L, τ and β constant, the
k-th diagonal element of the matrix M(r) converges to a
deterministic quantity (M(r))kk,∞ depending on âH

k âk and

âH
k Cm

P âk. Defined the MD × MD matrix Φ̂∞

k with elements
(Φ̂∞

k )rs = M
(r+s)
kk,∞ + σ2M

(r+s−1)
kk,∞ and the MD-dimensional

vector ĉ∞

k with elements (ĉ∞

k )
r

= M
(r)
kk,∞, the asymptotic

performance of the whole receiver can be determined using
the results in [1]:

SINRk =
(ĉ∞

k )H(Φ̂∞

k )−1ĉ∞

k

1 − (ĉ∞

k )H(Φ̂∞

k )−1ĉ∞

k

. (6)
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