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Abstract

The need to track a subspace accurately describing wedanstr

of points arises in many signal processing applicationghis
work, we present a very efficient algorithm using a machine
learning approach, which its goal is to de-noise the strem o
input points. The algorithm guarantees the orthonormalfty
the representation it uses. We demonstrate the merits of our
approach using simulations.

Index Terms. Adaptive filtering, subspace tracking, machine
learning, semi-definite programming, eigen vectors

1. Introduction

Subspace tracking has been a widely studied problem in the
field of signal processing. The problem we consider is or-the
fly tracking of linear subspaces which approximates bestengi
sequence of points. Formally, ket € R%fort =1,2,... bea
series of column vectors. Recent algorithms (e.g. [1, 2fd3})
malize the problem as finding the major subspace of an instan-
taneous correlation matri}_: ' "z, x] (for 0 < 3 < 1).
This major subspace is represented using a rectangulaixmatr
A, € R¥™" for a small value-. We follow up previous work [4]
and propose an alternative approach which views the problem
as a filtering problem where each input vector is a sum of two
componentsy, which lies in alow dimensional linear subspace
andv; — an unknown noise for this point.

This matrix A; can be used for de-noising by constructing
the matrixQ: = A: A/ . If A; is composed of orthonormal vec-
tors,Q: is aprojection that is, itis symmetric, positive semidef-
inite (PSD) and idempotent (its eigenvalues are either pero
one). In this paper we adopt this view and focus on learning ma
trices P; of this form. In the first stage of the derivation we do
not reduce explicitly the number of components of a vectgr (b
using the matrix4). In other words, we seek a low-dimensional
subspace, but represent data in the original vector spade of
mensiond. Only in the second stage we use a low rank rep-
resentation. Since the restriction that the eigenvaludishei
eitherzero or one is algorithmically challenging because it in-
volves integer programming, we relax the idempotency apsum
tion. Our learning algorithm seeks linear transformatiwhgch
are symmetric and positive semidefinite. We refer to thesestr
formations P or P;) as projections. When the projections are
also idempotent (i.e. all eigenvalues are either zero o), ane
will refer to them asdempotent projection&)). The algorithm
described below always maintains a linear transformatiith w
eigenvaluebetweerrero and one. This is often considered the
natural relaxation of idempotency.

Notation: For a matrixP, the property of being a positive
semi-definite matrix is denoted By > 0. Given a vector, we
denote byX = xa ' the outer-product of with itself. A unit

vector is denoted b = «/||z|| , andX = @& ' is a rank-one

symmetric matrix with eigenvalug. Finally, || P||, is ¢, norm
of the vector generated by concatenating the columm?. of

2. Algorithm

Crammer [4] proposed a machine-learning based approach to
online or adaptive filtering by tracking an appropriate éine
subspace. The algorithm works in rounds. On rourike al-
gorithm receives an input vectar; and outputs a filtered or
clean vectorP;x:. It also updates in prediction function, that is
the symmetric positive semi-definite matik. In the next two
sections we present the basic update rule and regularizatie

then slightly modify the algorithm to maintain low rank miatr
ces P; and provide an efficienD(dr) update (where- is the
dimension of the reduced space). This is a major improvement
over theO(d®) complexity of the algorithm of [4].

2.1. UpdateRule

We now describe our algorithm for subspace tracking. The-alg
rithm employs a non-negative parametgwhich is as a thresh-
old to the amount of error we are willing to suffer. A more
detailed discussion can be found in [4]. After an input paint
has been observed we update our current subspace (repaesent
by P;) based on this point. The update rule for the algorithm
sets the new matrix’;1 to be the solution to the following
projection problem [5],

1
min 2 | P~ Py st %Hmt—mm <e,P=PT Pro0.

The second and third constraints ensure that the eigenval-
ues of P, are positive real numbers. Thus, similarly to other
subspace methods we will be able to reduce the dimension by
performing eigen-decomposition. The solution of the oftan
tion problem is the projection aP onto the intersection of the
positive semidefinite cone and the second order body of matri
cesP that satisfy||x; — Px¢||> < 2¢ and are centered at the
identity matrix/ . Clearly the subset of matrices defined by the
intersection is not empty as it contains the identity matrix

This optimization problem attempts to keép, . as close
to P, as possible, while forcing’;, to have a low reconstruc-
tion error, ||z, — Px:||* < 2¢ on recent input vector. The re-
sulting algorithm ionservativavhenever the current modg}
already suffers a small reconstruction error, thafis,s = P:
whenevel|z; — P;x.||*> < 2e. In contrast, on rounds for which
|z — Px:||* > 2¢ we aggressively forc#, 1 to satisfy the
constraint|x; — Pi12¢||* < 2¢. We refer to this algorithm as
CAST (conservative-aggressive subspace tracker).

The update rule for this algorithm is derived in length by
Crammer [4] and is given by the following set of equations,
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where the parametey; satisfiesy: € [0, 1] and is computed
as follows. Crammer [4] shows that whenewgris non-zero,
the inequality constraing ||z: — Pir1z:||* < e s satisfied as
equality. Long algebraic manipulations yield that the kfte

of this equality constraint is given by the function,

2
Fe)=a 40— Pal? + (o ) (1= 2 Pa)’]

@
wherea = (1 —~)? [|lz¢|* /(2(2 — 7)?) .

Theoretically, we can solve analytically the equation
f(v) = e since it is a degree four polynomial. In practice we
use [4, Lemma 1] which states that the functit) is mono-
tone and that, € [0, 1]. Thus, we can find a value afwhich
is far of the exact solution by at moétin time complexity of
—log, (). To summarize the description of this part of the al-
gorithm: after receivinge; the algorithm checks whether the
Euclidean distance betwean and P;x: is below the prede-
fined threshold,|x; — Pia:||> < 2e. If so, it does nothing.
Otherwise, it finds a value foy; such thatf(+:) ~ ¢ and sets
the value ofP; 1 according to (1). We initializé®; = 0.

2.2. Regularization

In the update step described until now , overfitting arisesrwh
the eigenvalues of the linear operaférhave large components
orthogonal to the target subspace. As a consequencdil-the
teredoutput P.z; will include noise components as well as the
true signal. The algorithm may suffer from this problem sinc
in our setting there is no feedback. Therefore, our algoridp-
proximate the true feedback usimg, which contains also noise
components. Furthermore, the only goal of the update rule of
the algorithm is to reduce the loss relatedrtg ignoring any
other issues such as the rank or trace of the transform&tion
Therefore, the algorithm favors an increase in the tracé®f t
transformations since, in general, that reduces the Idfred.

A concrete example can be found in [4, Sec. 4].

We thus add a second step to the update rule, after the pri-
mary update of (1). The algorithm employs an additional pa-
rameten- > 0, which is used to bound the trace of the eigenval-
ues after the update. Intuitively, the parametspecifies a con-
tinuous requirement that replaces a standard rank regeirem
Only in the next stage we will enforce a low rank requirement
for the matrices;.

Specifically the update rule is defined as follows : we first
perform the projection step of (1). Then we $&t.; to be the
solution of the following optimization problem,

Pt+1:argmfi)n% |P — P/s|* st.Tx(P)<r,PisPSD

We omit the derivation of the solution due to lack of space and
proceed with a formal description of it. To solve the optiasiz
tion problem one needs to compute the eigenveaipisf P/,

and the corresponding eigenvalugs> 0. To be more concrete
we write P/ ; = >7_, Njv;v] . Then the optimal solution is
given byPiy1 = 3¢, Aju;v] where

A; = max{\; —n,0} such thaflt (Pi41) = Z Aj =T
J

®3)
Finding the value of) given the set of eigenvalues; can be
computed inO(d log d) time (see [4]). In a nut shell, the algo-
rithm uses the fact thalfr (P:11) = 3~ A; is monotone piece-
wise linear function ofy. Thus, the algorithm seeks for the

optimal value of;; in each of the intervals for which the func-
tion is linear. Since it take®(d*) time to perform eigenvector
decomposition the total runtime of the update step (&d).

2.3. Low Rank Implementation

The two steps of the algorithm described above are cleatly no
practical as they requir®(d?) and O(d®) time, respectively.
We now describe an alternative computation of the above two
steps that will allow to naturally enforce a low-rank coasit

and efficient computation. We begin by assuming that the cur-
rent projection is of a low rank, that B, = D;F;D, where

D, € R™" for a small value of. We assume thab; is or-
thonormal D, D; = I, and F; is positive semi definite. Let
us define the matrid, = [ D; | & | € R*("*Y to be the
concatenation oD, andz:. We also define a symmetric matrix

Fy | de (r+1)x(r+1)
C,= eR , 4
c.- 515 @

— 1 r

d = 5wyl €R

Fy

foo= mt Ul cR 5)

Yy, = Dixz, €R"

Then it is straightforward to verify that

P =A,C Al (6)

The matrixA, defined above is not orthonormal. We now
fix this by projecting the vectae: on the subspace orthogonal
to the range ofD;. Specifically, we define,

@)

where bothz:, 2; € RY. We use the vectat; to define the new
basis matrix

2o =@ — DiDy &, 2= ze/||zel,

(8)

By construction we have thaD, is orthonormal, that is
Q:Qt = I,4+1. Finally, we define the matrix operator which
transform from anA; representation to @&; representation,
H e RUTDX+D which is the solution of the following equa-
tion,

D, = [ Dy | Zt } GRdX(T+1).

At = Qt ﬂt . (9)
Itis straightforward to verify thatQ. € R" is the zero vector),

I g

— (r4+1)x(r+1)
Et - |: 07‘ ht :| ER ’

(10)

g, =D/ & €R" |
Combining (6) and (9) we get

he = |[z¢]] € R, (11)

Pi1=D,(H,C:H,)D; =D,G:D; , G:=H,C:H. (12)
Finally we compute the eigen-decomposition®f,

Gy = Ztitz;r ) (13)
whereV, € RUTD*(+1) s orthonormalv’ V, = I, and
A, € RUTUX(+1) s diagonal with non-negative elements.
Note that sincd/, andD, are orthonormal, so does their prod-
uct. Therefore the diagonal elements of the matrix are ex-
actly the topr + 1 eigenvalues ofP;+,. We assume without
loss of generallity that the eigenvalues are ordered, thdtis>

to > o0 > Ay WhereA', = diag(A; ;... Af,41). Let



A} be the eigenvalues before applying the second stage of the
algorithm (3). Then we know that

At,q = max{\,, —n,0} forg=1...r+1, (14)

and the value ofy is set such thay© Acq = 7.

By definition the rank ofP;;; equals the rank of; plus
one. At this point we enforce the low-rank constraint andtomi
the eigenvector of7; with the smallest eigenvalue. Concretely,
we discard thér + 1)th column of the producV’, D,. Letus
decompose the matrix, as following,

Vi=[Vi]oe | eRUTXOTY, (15)

whereV; are the eigenvectors corresponding the topigen-
values and; is the vector corresponding to the smallest eigen-
value. We further decompoasg into two parts: letu; be the
first» components ob: anda; be its(r + 1)th element. Also,
let A; be the square sub-matrix df, defined by erasing the
(r 4+ 1)th row and(r + 1)th column ofA,. After enforcing
the rank constraint we get tha®%1 = D, V; A, V;' D] . We
can stop at this point by defininB;+1 = D, V;. This update
requiresO(d>r) steps, which we like to avoid.

We now present an efficient decompositionf&f.; which
require only O(dr) steps. Similar to Badeau, David and
Richard [3], we define the following projection matrix,

u uT
L= | =3t | erOTOX (16)
—y

It is readily verified thatl L, = I, and thatL; v, = 0. Thus

the operator.; projects into the subspace spannedibywith

possibly an additional rotation). We thus write the new gcoj

tion matrix as,Pi+1 = (D, L¢) (L{ Vi A V," L) (L{ D]) .
From the last equation we get the recursion rule,

Dis1=D,Li , Fiyr=L{ ViAV," Ly (17)

The matrixF;.+1 can be computed in tim@(r®). We now show
that the matrixD; 1, can be computed in tim@(dr). Indeed,
substituting equations (8) and (16) in (17) we get

Dt+1 = Qt Lt = Dt — (Dtut)u;r/(at + 1) — ,%t’ul;r . (18)

The algorithm is summarized in Table 1 using the efficient im-
plementation. For convenience its description is preskire
four block. In the first block we compute efficientBrz; using

two sub-computationg, andg,. Then the Euclidean distance
between the projectio;x+ and the input vectow; is com-
puted ¢:). If its value is below the pre-defined threshelthen

no update is performed. Otherwise we compute the update of
(1) in the second block. We compute the valueypind then
compute the matriceS; , D, , H,. At this point we can com-
pute the matrixP,+1 = D, (H, C: H) D] (12). Instead of
doing so, we perform the regularization step in the thircckjo

by computing the eigen-spectrum of the low dimensional ma-
trix Gy ((12),(12)). Finally, in the fourth block, we efficiently
update the projectio®;+; by updating the matrices;; and
D:11 ((18),(17)).

The first two blocks correspond to the first part of the al-
gorithm described in Sec. 2.1. The first block decides if the
algorithm should update its projection mode}, F;. If an up-
dated occurs then the second block describes the first update
step of Sec. 2.1 ( equations (1),(2) ). The third block corre-
sponds to the regularization step of Sec. 2.2. Finally, thueth
block provides a description of the efficient low-rank updat
the matricedD;, F; as described in Sec. 2.3.

y, = Dz (5) dr
q, = Fiy, r?
t; = ||z — Degq,|? rd+d
if £; < 2ethensetDiy1 = D:; F;+1 = F} else 1
Vi =y By! /e r’
find ¢ using binary search, see text (2)  O(—1log(9))
di =~ G, 5)
fe=ve+ 52 6 1
C, = [Fi,di;d], fi] (4)
Zt = ﬁ?t — DtZt (7) 7”2
Z2 = ”j—:H ™
D, = [Dy, %] (8)
9. =y,/ |zl (1) r
he = ||zl 1y r
H, = [Ir:gﬁOrT-vht] (10)
G:=H,C: H (12) 2r°
[V, A'] = eig(Gy) (13) O()
computeA (14) O(rlog(r))
[At70;0T7O—t,T+1} = A
Ve, ve] =V, (15)
[ut§ flt] = V¢
L, = [IT- — Zi’—i{; —u (16) 2r% +2r
Fii=L{ ViA V] Ly (17) r’
Diy1 = Dy — (Dtut)u:/(at +1) - Zoug (18) 2dr
4dr + O(r?)

Table 1: pseudo-code of the CAST algorithm

3. Simulations

We demonstrate the utility of the algorithmic approach de-
scribed above for subspace tracking and signal reconstnuct
We followed the experimental setup of Davila [2] and gener-
ated the following signalz(t) = cos(0.37t) + cos(0.77t +
0.357) + o(t) for ¢ = 1...999 andz(t) = cos(0.67t) +
cos(0.87t 4 0.357) + v(t) for ¢ = 1000 . .. 2000, wherev(t)

is Gaussian white noise producing SNR46£IB in the first ex-
periment andl0dB in the second experiment. From this one
dimensional signal we generated a set of vectors defined by,
zy = z(t)..x(t —d + 1). We setd = 50 andr = 4.

We evaluate three algorithms. OPAST [1] and YAST [3]
which compute the same signal subspace as SP2 [2]. In both
cases we set the forgetting rate tobe= 0.99 (as in [2]). The
third algorithm is CAST presented above. We set 0.002
when the noise level wa)dB ande = 2 when the noise level
was10dB. These values reflects the noise level and , in practice,
can be evaluated by measuring the difference between a known
signal and its noisy version.

Each algorithm was evaluated using two measures. The first
measure is§; = || D.(D; D;)"*D; — D,(D{ DI ")~*D}||%

[2], whereDtT is the best signal subspace out of the two sub-
spaces corresponding the two sinusoidal signals. The decon
evaluation-measure computes the cumulative sum of thareco
struction error of the input signat(t). Concretely, we first
projected the input vectar,; given at timet on the instanta-
neous subspace defined By D, of time ¢t. Then, we used
this sequence of projections to reconstruct the origina-on
dimensional signak(t) by averaging the corresponding com-
ponents of the projection. Denote BByt) the reconstructed
signal. The evaluation measure at timés given by E;
St (s(r) — 5(7))* wheres(t) is the true signal, without any
noise added.
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Figure 1:Simulations with SNR oft0dB (two left plots) andl0dB (two right plots). Two evaluation measurgs(1st and 3rd from left) ands; (2nd
and 4th from right). Two algorithms CAST/OPAST (solid lire)d CAST/YAST (dashed line). The CAST algorithm outperferother algorithm for

values belowl (or 10°).

The results are summarized in Fig. 1. In all cases we show
the ratio of the performance of CAST with either OPAST or
YAST. The two left hand-side plots summarize the results for
SNR40dB and the two hand-side plots summarize the results
for SNR10dB. The first and third plots (from the left) use the
first evaluation measur& and the second and fourth plots use
the second evaluation measutre

We first compare the results usiag In both noise levels,
where there is no transition, CAST recovers the target audesp
with error aboutl0 times worse than OPAST and YAST. Note
that in absolute terms thg-error of CAST is small and equals
about10~* for the low noise level and aboudl — .05 for the
high noise level. When transition occurs we note two advan-
tages of CAST. First, it identifies the transition before tive
other algorithms. This can be indicated by the small maxima
just beforet = 1000. Second, it recovers from the transition
faster than the other algorithms. This phenomena can be indi
cated by thevide minima aroundt = 1100. The performance
of YAST is better than the performance of OPAST [3].

These observations are supported by examining the cumu-
lative reconstruction losg;. Before the transition, and after it,
all algorithms reconstruct the signal with about the sanoeiac
racy, thus the inferiority of CAST to identify the target space
is not reflected in its de-noising performance. Furthermaue-
ing the transition the cumulative reconstruction loss 0fSTAs
about0.3 — 0.5 of the reconstruction loss of the other algo-
rithms. Again, this indicates that it tracks the new subspac
faster then the other algorithms.

We define the final reconstruction error (FRE) for each of
the algorithms to b&0 log, (37 s(t)?)/Er), whereT is the
length of the signal. For the low noise level 46dB we get
a FRE of12dB for OPAST,14dB for YAST, 19dB for CAST.
Thus, all algorithms increases the noise, but CAST incrédese
noise is the most moderate way. Note that for all algorithifns,
we compute the FRE using only the prefix of siit# (before
the transition) we get a shared value2afiB for all algorithms.

For the high noise levels the FRE values ateB for OPAST,
13dB for YAST, 15dB for CAST. Thus CAST reduces the noise
level by 5dB, which is better the OPAST and YAST. Again, the
FRE computed on the prefix of lengiho is about18dB for all
algorithms.

We computed the orthonormality error at timfor each of
the algorithms10 log, o (|| D' D¢ — I,]|3). The maximal value
for OPAST was about-300dB and for YAST about-286dB
(for both noise levels). For CAST the maximal value was
—138dB (SNR40dB) and—205dB (SNR10dB), both are fairly
low values. It is not clear why the noise level influences the o
thonormality error for CAST, which we still investigating.

The complexity of OPAST igdr + O(r?) [1], of YAST is
7dr+0O(r?) [3] and of CAST istdr+-O(r*). (Note that YAST

is designed mainly for temporal data, while the two othepalg
rithms are general.) Finally, the complexity of both OPASitla
YAST is fixedindependent of the value of the parameteand

all parts of the algorithms are executed for any given inpat.
CAST, only the first stage (first block in Table 1) of the algo-
rithm is executed for all input (complexidr), the other three
steps (last three blocks in Table 1) are executed conditipttie
outcome of the first state. In our simulations these stages we
executed in aboub.85 of the rounds. Thus, the actual com-
plexity was abouRdr + 0.85 x 2dr = 3.7dr. In general, we
can tradeoff accuracy vs efficiency using the parametdtor
high values ofe the algorithm will run faster but produce less
accurate subspaces (and the reconstruction error wilighehj.

On the other hand, low values etan be used to compute sub-
spaces more accurately, but will involve more operations. A
natural lower bound o€ is around the noise level. Below this
value the algorithm will start tracking the noise and nothe
derling subspace. As an example, we ran the algorithm with a
double value ok. The performance was reduced, but the last
three stages were performed for ofly of the rounds, leading

to a complexity of2dr + 0.2dr. Thus, when the noise level is
relatively small we can track the underling subspace effttje

by settinge to a relatively high value.

4. Summary

We presented an algorithm for subspace tracking in general,
and data de-noising in particular, based on ideas from machi
learning. The system has three steps: projection, regation

and enforcing low-rank. The sensitivity parametean be used
naturally to trade-off accuracy vs. efficacy. The simulasioe-
sults indicate the usefulness of the approach, especiafipgl
subspace transitions. Currently, we are investigatingrater-
natives which will perform even better in between transi$io
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