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tThe Bulk Syn
hronous Parallel ML (BSML) is a fun
tional language for Bulk Syn-
hronous Parallel (BSP) programming, based on the sequential fun
tional languageObje
tive Caml. It is based on an extension of the �-
al
ulus by parallel operationson a parallel data stru
ture named parallel ve
tor, whi
h is given by intention. TheObje
tive Caml language is a fun
tional language but it also o�ers imperative fea-tures. This paper presents formal semanti
s of BSML with referen
es, a�e
tation anddereferen
ing.Keywords: Parallel Programming, Bulk Syn
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tional Pro-gramming, Imperative Features1 Introdu
tionDe
larative parallel languages are needed to ease the programming of massively parallelar
hite
tures. Moreover, those languages does not enfor
e in the syntax itself an order ofevaluation, and thus appear more suitable to automati
 parallelization. Fun
tional languagesare often 
onsidered. Nevertheless, even if some problems en
ountered in the parallelizationof sequential imperative languages are avoided, some still remains (for example two di�erentbut denotationally equivalent programs may lead to very di�erent parallel programs) andsome are added, for example the fa
t that in those languages data-stru
tures are always dy-nami
 ones. It makes the amount and/or the grain of parallelism often too low. An oppositedire
tion of resear
h is to give the programmer the entire 
ontrol over parallelism. Messagepassing fa
ilities are added to fun
tional languages. But in this 
ase, the obtained parallel1



languages are either non-deterministi
 [21℄, or non-fun
tional (i.e. referential transparen
yis lost) [1, 8℄.An intermediate approa
h is to o�er only a set of algorithmi
 skeletons [4, 7, 23, 22, 3℄ (inthe 
ase of fun
tional languages, it is a set of higher-order fun
tions) that are implementedin parallel. Those algorithmi
 skeletons have sequential 
ounterparts. For example, the mapfun
tion, whi
h takes a fun
tion f , a list [x0; : : : ; xn℄ and returns the list [(f x0); : : : ; (f xn)℄ isa 
lassi
al algorithmi
 skeleton. Its usual parallel implementation s
atters the list on di�erentpro
essors and evaluates the (f xi) in parallel, then gathers the results on one pro
essor. Thedenotational semanti
s of the map skeleton is the same than the sequential map fun
tion. Itsparallel semanti
s remains impli
it in most algorithmi
 skeletons approa
hes.If parallel programming is easier using algorithmi
 skeletons, there are some drawba
ks.First, the set of algorithmi
 skeletons is �nite and often depends on the domain of appli
ation.Most parallel languages based on algorithmi
 skeletons [22, 3, 28, 11, 9℄ rely on a spe
i�

ompiler. So it is impossible for the programmer to extend himself the set of algorithmi
skeletons. In other approa
hes [24, 6, 5, 12℄, the set of algorithmi
 skeletons is given asa library. Nevertheless those libraries are implemented using MPI [25℄. Thus to programnew skeletons the programmer may have to deal with indeterminism and deadlo
ks. Se
ond,portable performan
e predi
tion is either not 
onsidered, or based on 
ost models too 
omplexto be useful for the programmer (but they are used by 
ompilers).We are exploring thoroughly the intermediate position of the paradigm of algorithmi
skeletons in order to obtain universal parallel languages whose exe
ution 
osts 
an be easilydetermined from the sour
e 
ode (in this 
ontext, 
ost means the estimate of parallel ex-e
ution time). This last requirement for
es the use of expli
it pro
esses 
orresponding tothe parallel ma
hine's pro
essors. Bulk Syn
hronous Parallel (BSP) 
omputing [27, 19℄ is aparallel programming model whi
h uses expli
it pro
esses, o�ers a high degree of abstra
tionand yet allows portable and predi
table performan
e on a wide variety of ar
hite
tures. OurBSML [18, 2℄ 
an be seen as an algorithmi
 skeletons language, be
ause only a �nite set ofoperations are parallel, but is di�erent by two main points:� our operations are universal for BSP programming and thus allow the implementationof more 
lassi
al algorithmi
 skeletons. It is also possible for the programmer to im-plement additional skeletons. Moreover performan
e predi
tion is possible [2℄ and theasso
iated 
ost model is the BSP 
ost model. Those operations are implemented as alibrary for the fun
tional programming language Obje
tive Caml [17℄.� the parallel semanti
s of BSML are formal ones. We have a 
on
uent 
al
ulus [14℄,a distributed semanti
s [15℄ and a parallel abstra
t ma
hine [20℄, ea
h semanti
s hasbeen proved 
orre
t with respe
t to the previous one.Our semanti
s are based on extension of the �-
al
ulus, but our BSMLlib library is forthe Obje
tive Caml language whi
h 
ontains imperative features. In the 
urrent version ofthe BSMLlib library the use of imperative features is unsafe and may lead to runtime errors.This paper explores formal semanti
s of BSML with imperative features.We �rst des
ribe fun
tional bulk syn
hronous parallel programming and the problemsthat appear with the use of imperative features (se
tion 2). We then give two formal seman-2



ti
s of BSML with imperative features whose parallel exe
utions are di�erent (se
tion 3) and
on
lude (se
tion 4).2 Fun
tional Bulk Syn
hronous Parallelism2.1 Bulk Syn
hronous ParallelismThe Bulk Syn
hronous Parallel (BSP) model[19℄ des
ribes: an abstra
t parallel 
omputer, amodel of exe
ution and a 
ost model.A BSP 
omputer has three 
omponents:� a set of pro
essor-memory pairs,� a 
ommuni
ation network allowing inter pro
essor delivery of messages,� a global syn
hronization unit whi
h exe
utes 
olle
tive requests for a syn
hronizationbarrier.The performan
e of the BSP 
omputer is 
hara
terized by three parameters (often ex-pressed as multiples the lo
al pro
essing speed):� the number of pro
essor-memory pairs p,� the time l required for a global syn
hronization� the time g for 
olle
tively delivering a 1-relation (
ommuni
ation phase where everypro
essor re
eives/sends at most one word). The network 
an deliver an h-relation(
ommuni
ation phase where every pro
essor re
eives/sends at most h words) in timeg � h.A BSP program is exe
uted as a sequen
e of super-steps, ea
h one divided into (at most)three su

essive and logi
ally disjoint phases (Figure 1):
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Figure 1: A BSP super-step3



� ea
h pro
essor uses its lo
al data (only) to perform sequential 
omputations and torequest data transfers to/from other nodes,� the network delivers the requested data transfers,� a global syn
hronization barrier o

urs, making the transferred data available for thenext super-step.The exe
ution time of a super-step s is thus the sum of the maximal lo
al pro
essingtime, of the data delivery time and of the global syn
hronization time:Time(s) = maxi:pro
essorw(s)i + maxi:pro
essorh(s)i � g + lwhere w(s)i = lo
al pro
essing time on pro
essor i during super-step s and h(s)i = maxfh(s)i+ ; h(s)i�gwhere h(s)i+ (resp. h(s)i� ) is the number of words transmitted (resp. re
eived) by pro
essor iduring super-step s.The exe
ution timePsTime(s) of a BSP program 
omposed of S super-steps is thereforea sum of 3 terms: W +H � g + S � lwhere W = Psmaxiw(s)i and H = Psmaxi h(s)i .In generalW;H and S are fun
tions of p and of the size of data n, or of more 
omplex pa-rameters like data skew. To minimize exe
ution time the BSP algorithm design must jointlyminimize the number S of super-steps, the total volume h and imbalan
e of 
ommuni
ationand the total volume W and imbalan
e of lo
al 
omputation.2.2 Bulk Syn
hronous Parallel MLThere is 
urrently no implementation of a full Bulk Syn
hronous Parallel ML language butrather a partial implementation as a library for Obje
tive Caml. The so-
alled BSMLliblibrary is based on the following elements.It gives a

ess to the BSP parameters of the underling ar
hite
ture. In parti
ular, ito�ers the fun
tion bsp p:unit->int su
h that the value of bsp p() is p, the stati
 numberof pro
esses of the parallel ma
hine. The value of this variable does not 
hange duringexe
ution (for \
at" programming, it is not true if a parallel 
omposition is added to thelanguage [16℄).There is also an abstra
t polymorphi
 type 'a par whi
h represents the type of p-wideparallel ve
tors of obje
ts of type 'a, one per pro
ess. The nesting of par types is pro-hibited. Our type system enfor
es this restri
tion [?℄. This improves on the earlier designDPML/Caml Flight [10, 8℄ in whi
h the global parallel 
ontrol stru
ture syn
 had to beprevented dynami
ally from nesting.This is very di�erent from SPMD programming (Single Program Multiple Data) wherethe programmer must use a sequential language and a 
ommuni
ation library (like MPI[25℄). A parallel program is then multiple 
opies of a sequential program whi
h ex
hangemessages using the 
ommuni
ation library. In this 
ase messages and pro
esses are expli
it,but programs may be non deterministi
 or may 
ontain deadlo
ks.4



Another drawba
k of SPMD programming is the use of a variable 
ontaining the pro
essorname (usually 
alled \pid" for Pro
ess Identi�er) whi
h is bound outside the sour
e program.A SPMD program is written using this variable. When it is exe
uted, if the parallel ma
hine
ontains p pro
essors, p 
opies of the program are exe
uted on ea
h pro
essor with the pidvariable bound to the number of the pro
essor on whi
h it is ran. Thus parts of the programthat are spe
i�
 to ea
h pro
essor are those whi
h depends on the pid variable. On the
ontrary, parts of the program whi
h make global de
ision about the algorithms are thosewhi
h do not depends on the pid variable. This dynami
 and unde
idable property is giventhe role of de�ning the most elementary aspe
t of a parallel program, namely it lo
al vsglobal parts.The BSML parallel 
onstru
ts operates on parallel ve
tors. Those parallel ve
tors are
reated by mkpar: (int -> 'a) -> 'a parso that (mkpar f) stores (f i) on pro
ess i for i between 0 and (p� 1). We usually writef as fun pid->e to show that the expression e may be di�erent on ea
h pro
essor. Thisexpression e is said to be lo
al. The expression (mkpar f) is a parallel obje
t and it is saidto be global.A BSP algorithm is expressed as a 
ombination of asyn
hronous lo
al 
omputations (�rstphase of a superstep) and phases of global 
ommuni
ation (se
ond phase of a superstep) withglobal syn
hronization (third phase of a superstep). Asyn
hronous phases are programmedwith mkpar and withapply: ('a -> 'b) par -> 'a par -> 'b parapply (mkpar f) (mkpar e) stores (f i) (e i) on pro
ess i. Neither the implementationof BSMLlib, nor its semanti
s [15℄ pres
ribe a syn
hronization barrier between two su

essiveuses of apply.Readers familiar with BSPlib will observe that we ignore the distin
tion between a 
om-muni
ation request and its realization at the barrier. The 
ommuni
ation and syn
hroniza-tion phases are expressed byput:(int->'a option) par -> (int->'a option) parwhere 'a option is de�ned by: type 'a option=None | Some of 'a.Consider the expression: put(mkpar(fun i->fsi))(�) (1)To send a value v from pro
ess j to pro
ess i, the fun
tion fsj at pro
ess j must be su
hthat (fsj i) evaluates to Some v. To send no value from pro
ess j to pro
ess i, (fsj i)must evaluate to None.Expression (1) evaluates to a parallel ve
tor 
ontaining a fun
tion fdi of delivered mes-sages on every pro
ess. At pro
ess i, (fdi j) evaluates to None if pro
ess j sent no messageto pro
ess i or evaluates to Some v if pro
ess j sent the value v to the pro
ess i.The full language would also 
ontain a syn
hronous 
onditional operation:5



ifat: (bool par) * int * 'a * 'a -> 'asu
h that ifat (v,i,v1,v2) will evaluate to v1 or v2 depending on the value of v atpro
ess i. But Obje
tive Caml is an eager language and this syn
hronous 
onditional op-eration 
an not be de�ned as a fun
tion. That is why the 
ore BSMLlib 
ontains the fun
-tion: at:bool par -> int -> bool to be used only in the 
onstru
tion: if (at ve
 pid)then... else... where (ve
:bool par) and (pid:int). if at expresses 
ommuni-
ation and syn
hronization phases.The meaning of if (at ve
 pid) then expr1 else expr2is that of ifat(ve
,pid,expr1,expr2).Global 
onditional is ne
essary of express algorithms like:RepeatParallel IterationUntil Max of lo
al errors < epsilonWithout it, the global 
ontrol 
annot take into a

ount data 
omputed lo
ally.2.3 Overview of Imperative Features2.3.1 Sequential imperative featuresObje
tive Caml o�ers to the programmer an important extension of fun
tional languages:imperative features. Imperative features have been added to fun
tional languages to o�ermore expressiveness. Classi
ally, this modi�
ation is added to fun
tional languages by thepossibility of a�e
tation and allo
ation of a variable or a data stru
ture.The idea is to add referen
es. A referen
e is a 
ell of the memory whi
h 
ould be modi�edby the program. One 
reates a referen
e with the allo
ation's ref(e) 
onstru
tion whi
h givesa new referen
e in the memory initialized to the value of e. The value kept by the referen
eis 
alled the stored value. To use and read the stored value (dereferen
ing), we need anoperation, written !, to extra
t it. Finally, we 
an modify the 
ontent of our referen
e byrepla
ing this value by another. This operation is 
alled a�e
tation and written: e1 := e2.We use the same notations than Obje
tive Caml. A referen
e binding to an identi�er in afun
tional language is like a variable in a imperative language.Imperative features are not a trivial extension of fun
tional language. First,in a fun
-tional language, the value of an expression 
hanges with the values of the free variables.If these variables have a known value, the evaluation of the sub-expressions 
ould be doneindependently. For imperative language, it is not the 
ase (and also for imperative exten-sions): the evaluation of a sub-expression 
ould modify a referen
e by an a�e
tation andthus a�e
ts the evaluation of the other sub-expressions whi
h used this referen
e. A se
onddiÆ
ulty 
ame from the shared referen
es whi
h 
ould not pass the well-known and 
lassi
al�-redu
tion of the fun
tional languages. Take for example:6



let r=ref 2 in r:=!r*!r;(!r+1)The instan
es of r are for the referen
e, allo
ated by the ref 2 sub-expression. If wemake a natural �-redu
tion to our expression, we would have:(ref 2):=!(ref 2)*!(ref 2); (!(ref 2)+1)whi
h allo
ates four di�erent referen
es and do not have the same behavior.To extend the dynami
 semanti
s of fun
tional languages and keep out the problem ofthe shared allo
ations, lo
ations (written `) and store (written s) have been added. A store,is a partial fun
tion from lo
ations to values and a referen
e is evaluated to a lo
ation. Inthe following, we give the redu
tion of expressions starting from an empty store.First, the left sub-expression of the let 
onstru
tion is evaluated and a new lo
ation` is 
reated in the store. Se
ond, the �-redu
tion 
an be applied and �nally the rightsub-expression of the let 
onstru
tion is evaluated with the 
lassi
al rules of a fun
tionallanguage: let r = ref(2) in r :=!r�!r; (!r + 1) = ;* let r = ` in r :=!r�!r; (!r + 1) = f` 7! 2g* ` :=!`�!`; (!`+ 1) = f` 7! 2g* ` := 2 � 2; (!`+ 1) = f` 7! 2g* ` := 4; !(`+ 1) = f` 7! 2g* (!`+ 1) = f` 7! 4g* (4 + 1) = f` 7! 4g* 4 = f` 7! 4g2.3.2 BSML with imperative featuresBSML is a parallel fun
tional language based on BSP whose ar
hite
ture model 
ontainsa set of pro
essor-memory pairs and a network. Thus in the 
urrent implementation ea
hpro
essor 
an rea
h its own memory, and it 
auses problems.let a=ref(0) inlet danger=mkpar(fun pid ->a:=pid;pid mod 2=0)in if (at danger !a) then e1 else e2Figure 2: Example of intera
tion of referen
es with ifatTake for example, the expression of �gure 2. First, this expression 
reates a lo
ationa at ea
h pro
essor whi
h is initialized at 0 everywhere. For the BSMLlib library ea
hpro
essor has this value in its memory. Se
ond, a boolean parallel ve
tor danger is 
reatedwhi
h is trivially true if the pro
essor number is even or false otherwise. Thus, from theBSMLlib point of view, the lo
ation a has now a di�erent value at ea
h pro
essor. Afterthe ifat operator, some pro
essor would exe
uted E1 and some other E2. But, the ifat isa global syn
hronous operator and all the pro
essors need to exe
uted the same bran
h of7



the 
onditional. If this expression would have been evaluated with the BSMLlib library, wewould have obtained an in
oherent result and a 
rash of the BSP ma
hine. The goal of ournew semanti
s is to dynami
ally reje
ted this kind of problems (and to have an ex
eptionraised in the implementation).3 Dynami
 Semanti
s of BSML with Imperative Fea-turesFor the sake of 
on
iseness, we limit our study to a subpart of the BSML language. In orderto simplify the presentation and to ease the formal reasoning, this se
tion introdu
es a 
orelanguage. It is an attempt to trade between integrating the prin
ipal features of the BSMLlanguage with an imperative extension and being simple. This se
tion introdu
es its syntax,its dynami
 semanti
s together with some 
onventions, de�nitions and notations that areused in the paper.3.1 SyntaxThe expressions of mini-BSML, written e possibly with a prime or subs
ript, have the fol-lowing abstra
t syntax:e ::= x variablej 
 
onstantj op primitive operationj fun x! e fun
tion abstra
tionj (e e) appli
ationj let x = e in e lo
al bindingj (e; e) pairj ` lo
ationsIn this grammar, x ranges over a 
ountable set of identi�ers. The form (e e0) stands forthe appli
ation of a fun
tion or an operator e, to an argument e0. The form fun x ! e isthe so-
alled and well-known lambda-abstra
tion that de�nes the fun
tion whose parameteris x and whose result is the value of e. Constants 
 are the integers 1, 2, the booleans andwe assume having a unique value: () that have the type unit. This is the result type ofa�e
tation (like in Obje
tive Caml). The set of primitive operations op 
ontains arithmeti
operations, �x-point operator �x, 
onditional, test fun
tion isn
 of the n
 
onstru
tor (whi
hplays the role of the None 
onstru
tor in Obje
tive Caml), our parallel operations (mkpar,apply, put, ifat) and our store operation ref, ! and :=. The 
onstru
tion e1 := e2 is anextended syntax for :=(e1; e2). We note F(e), the set of free variables of an expression e.let and fun are the binding operators and the free variables of a lo
ation is the empty set.It is de�ned by trivial stru
tural indu
tion on e.Before presenting the dynami
 semanti
s of the language, i.e., how the expressions ofmini-BSML are 
omputed to values, we present the values theirself. There is one semanti
s8



per value of p, the number of pro
esses of the parallel ma
hine. In the following, 8i means8i 2 f0; : : : ; p� 1g. The values of mini-BSML are de�ned by the following grammar:v ::= fun x ! e fun
tional valuej 
 
onstantj op primitivej (v; v) pair valuej hv; : : : ; vi p-wide parallel ve
tor valuej ` lo
ation3.2 RulesThe dynami
 semanti
s is de�ned by an evaluation me
hanism that relates expressions tovalues. To express this relation, we used a small-step semanti
s. It 
onsists of a predi
atebetween expressions and another expression de�ned by a set of axioms and rules 
alled steps.A step tells whether an expression evaluates to a given result. The small-step semanti
sdes
ribes all the steps of the 
al
ulus from an expression to a value.Unlike in a sequential 
omputer and a sequential language, an unique store is not suf-�
ient. We need to express the store of all our pro
essors. We assume a �nite set N =f0; : : : ; p � 1g whi
h represents the set of pro
essors names and we write i for these namesand 1 for all the network. Now, we 
an formalize the lo
ation and the store for ea
h pro
es-sor and for the network. We write si for the store of pro
essor i with i 2 N . We assume thatea
h pro
essor has a store and a in�nite set of addresses whi
h are di�erent at ea
h pro
essor(we 
ould distinguish them by the name of the pro
essor). We write S = [s0; : : : ; sp�1℄ for thesequen
e of all the stores of our parallel ma
hine. The imperative version of the small-stepssemanti
s has the following form: e=S * e0=S 0. We will also write e=s * e0=s0 when onlyone store of the parallel ma
hine 
an be modi�ed.We note �*, for the transitive 
losure of * and note e0=S0 �* v=S for e0=S0 * e1=S1 *e2=S2 * : : : * v=S. We begin the redu
tion with a set of empty stores f;0; : : : ; ;p�1g noted;1.To de�ne the relation *, we begin with some axioms for two kinds of redu
tions:1. e=si i* e0=s0i whi
h 
ould be read has "in the initial store si, at pro
essor i, theexpression e is redu
ed to e0 in the store s0i".2. e=S 1* e0=S 0 whi
h 
ould be read has "in the initial network store S, the expression eis redu
ed to e0 in the network store S 0".We write s + f` 7! vg for the extension of s to the mapping of ` to v. If, before thisoperation, we have ` 2 Dom(s), we 
an repla
e the range by the new value for the lo
ation`. To de�ne these relations, we begin with some axioms for the relation of head redu
tion.We write e1[x e1℄ the expression obtained by substituting all the free o

urren
es of x in9



e1 by e2:For a single pro
essor:(fun x! e) v = si "*i e[x v℄ = si (�ifun)(let x = v in e) = si "*i e[x v℄ = si (�ilet)and for the whole parallel ma
hine:(fun x! e) v = S "*1 e[x v℄ = S (�1fun)(let x = v in e) = S "*1 e[x v℄ = S (�1let)For primitive operators we have some axioms, the Æ-rules. For ea
h 
lassi
al Æ-rule, wehave two new redu
tion rules: e = si "*Æi e0 = s0i and e = S "*Æ1 e0 = S 0. Indeed, these redu
tionsdo not 
hange the stores and do not depend on the stores. Those Æ-rules are given in Figure 3.Naturally, for the parallel operators, we have also some Æ-rules but we do not have thoseÆ-rules on a single pro
essor but only for the network (Figure 4).A problem appears with the put operator. The put operator is used for the ex
hange ofvalues, in parti
ular, lo
ations. But a lo
ation 
ould be seen as a pointer to the memory (alo
ation is a memory's addresses). If we send a lo
al allo
ation to a pro
essor that do not hasthe lo
ation in its store, there is no redu
e rule to apply and the program stop with an error(the famous segmentation fault of the C language) if it deferen
es this lo
ation (if it reads\out" of the memory). A dynami
 solution is to 
ommuni
ate the value 
ontained by thelo
ation and to 
reate a new lo
ation for this value (as in the Marshal module of Obje
tiveCaml [13℄). This solution implies the renaming of lo
ations that are 
ommuni
ated to otherpro
esses. For this, we de�ne Lo
 the set of lo
ation of a value. It is de�ned by trivialstru
tural indu
tion on the value. We de�ne how to add a sequen
e of pair of lo
ation andvalue to a store with: s+ ; = ss+ [`0 7! v0; : : : ; `n 7! vn℄ = (s+ f`0 7! v0g) +[`1 7! v1; : : : ; `n 7! vn℄We note ' = f`0 7! `00; : : : `n 7! `0ng for the substitution, i.e, a �nite appli
ation fromlo
ation `i to another lo
ation `0i with f`0; : : : `ng is the domain of '.Now we 
omplete our semanti
s by giving the Æ-rules of the operators on the stores andthe referen
es. We need two kinds of redu
tions. First for a single pro
essor, Æ-rules are(Æiref), (Æi!) and (Æi:=) (given in �gure 5). Those operations work on the store of the pro
essorwhere this operation is exe
uted. The ref operation 
reates a new allo
ation in the store ofthe pro
essor, the ! operation give the value 
ontained in the lo
ation of the store and the:= operation 
hange this value by another one.For the whole network, we have to distinguish between the name of a lo
ation 
reatedoutside a mkpar whi
h is used in expressions and its \proje
tions" in the stores of ea
hpro
ess. We note l1 in the �rst 
ase and l1i for its proje
tion in the store of pro
ess i. Whenan expression outside a mkpar 
reates a new lo
ation, ea
h pro
ess 
reates a new lo
ation(an address) on its store (rule (Æ1ref), �gure 5). The a�e
tation of lo
ation l1 (rule (Æ1:=),�gure 5) modi�es the values of lo
ations l1i . 10



For a single pro
essor:+(n1; n2) = si "*Æi n = si with n = n1 + n2 (Æi+)fst(v1; v2) = si "*Æi v1 = si (Æifst)snd(v1; v2) = si "*Æi v2 = si (Æisnd)�x(fun x! e) = si "*Æi e[x �x(fun x! e)℄ = si (Æifix)�x(op) = si "*Æi op = siifthenelse(true; (e1; e2)) = si "*Æi e1 = si (ÆiifthenelseT )ifthenelse(false; (e1; e2)) = si "*Æi e2 = si (ÆiifthenelseF )isn
(v) = si "*Æi false = si if v 6= n
() (Æiisn
)isn
(n
()) = si "*Æi true = si (Æiisn
)and for the whole parallel ma
hine:+(n1; n2) = S "*Æ1 n = S with n = n1 + n2 (Æ1+)fst(v1; v2) = S "*Æ1 v1 = S (Æ1fst)snd(v1; v2) = S "*Æ1 v2 = S (Æ1snd)�x(fun x! e) = S "*Æ1 e[x �x(fun x! e)℄ = S (Æ1fix)�x(op) = S "*Æ1 op = Sifthenelse(true; (e1; e2)) = S "*Æ1 e1 = S (Æ1ifthenelseT )ifthenelse(false; (e1; e2)) = S "*Æ1 e2 = S (Æ1ifthenelseF )isn
(v) = S "*Æ1 false = S if v 6= n
() (Æ1isn
)isn
(n
()) = S "*Æ1 true = S (Æ1isn
)Figure 3: \Fun
tional" Æ-rules
11



mkpar(fun x! e) = S "*Æ1he[x 0℄; : : : ; e[x (p� 1)℄i = S (Æ1mkpar)apply(hfun x! e0; : : : ; fun x! ep�1i; hv0; : : : ; vp�1i) = S "*Æ1he0[x v0℄; : : : ; ep�1[x vp�1℄i = S (Æ1apply)ifat(v; (h: : : ; nz}|{true; : : :i; (e1; e2))) = S "*Æ1 e1 = S if v = n (Æ1ifatT )ifat(v; (h: : : ; nz }| {false; : : :i; (e1; e2))) = S "*Æ1 e2 = S if v = n (Æ1ifatF )put(hfun dst! e0; : : : ; fun dst! ep�1i) = S "*Æ1 hr0; : : : ; rp�1i = S 0 (Æ1put)where S = [s0; : : : ; sp�1℄ and S 0 = [s00; : : : ; s0p�1℄where 8j : s0j = sj + h00 + : : :+ h0p�1 where h0j = [`00 7! v0; : : : ; `0n 7! vn℄ andhj = f(`0; v0); : : : ; (`n; vn)g where `k 2 Lo
(ej) and flk 7! vkg 2 sj and'j = f`0 7! `00; : : : ; `n 7! `0ng and e0j = 'j(ej) and8i ri = (let vi0 = e00[dst i℄ in : : : vip�1 = e0p�1[dst i℄ infi) wherefi = fun x! if x = 0 then vi0 else : : : if x = (p� 1) then vip�1 else n
() whereFigure 4: Parallel Æ-rulesLo
al store Æ-rules:ref(v) = si "*Æi ` = si + f` 7! vg if ` 62 Dom(si) (Æiref )!(`) = si "*Æi si(`) = si if ` 2 Dom(si) (Æi!):=(`; v) = si "*Æi () = si + f` 7! vg if ` 2 Dom(si) (Æi:=)Global store Æ-rules:ref(v) = S "*Æ1 `1 = S 0 (Æ1ref)where S 0 = [s0 + f`10 7! vg; : : : ; sp�1 + f`1p�1 7! vg℄ and 8i:`1i 62 Dom(si)!(`1) = S "*Æ1 v = S (Æ1! )where 9v 8i si(`1i ) = v and `1i 2 Dom(si):=(`1; v) = S "*Æ1 () = S 0 (Æ1:=)where S 0 = [s0 + f`10 7! vg; : : : ; sp�1 + f`1p�1 7! vg℄ and 8i:`1i 2 Dom(si)`1 = si "*Æi `1i = si (Æ1proj)Figure 5: \Store" Æ-rules12



This rule is only valid outside a mkpar. But a referen
e 
reated outside a mkpar 
anbe a�e
ted and deferen
ed inside an mkpar. For a�e
tation, the value 
an be di�erent onea
h pro
ess. To allow this, we need to introdu
e a rule (Æ1proj) (�gure 5) whi
h transforms(only inside an mkpar and at pro
ess i) the 
ommon name l1 into its proje
tion l1i . Noti
ethat the a�e
tion or the deferen
ing of a lo
ation l1 
annot be done inside a mkpar withrules (Æi:=) and (Æi!) sin
e the 
ondition l 2 Dom(si) does not hold. The use of the rule (Æ1proj)is �rst needed.The deferen
ing of l1 outside amkpar 
an only o

ur if the values held by its proje
tionsat ea
h pro
ess 
ontain the same value. This veri�
ation is done by rule (Æ1! ).The 
omplete de�nitions of our two kinds of redu
tions are:i* = "*i [ "*Æi1* = "*1 [ "*Æ13.2.1 ContextsIt is easy to see that we 
annot always make a head redu
tion. We have to redu
e in depthin the sub-expression. To de�ne this deep redu
tion, we de�ne two kinds of 
ontexts (anexpression with a \hole" noted [℄) that have the following abstra
t syntax:� ::= [℄ head evaluationj � e right appli
ation evaluationj v � left appli
ation evaluationj let x = � in e let evaluationj (�; e) left pair evaluationj (v;�) right pair evaluation�jl ::= �jl ej v �jlj let x = �jl in ej (�jl ; e)j (v;�jl )j he; : : : ; jz}|{� ; e; : : : ; ei jth 
omponentNow we 
an redu
e in depth in the sub-expression. To de�ne this deep redu
tion, we usethe following inferen
e rules:e = sj j* e0 = s0j�jl (e) = S * �jl (e0) = S 0 (Lo
al 
ontext rule)where S = [s0; : : : ; sj; : : : ; sp�1℄ and S 0 = [s0; : : : ; s0j; : : : ; sp�1℄e = S 1* e0 = S 0�(e) = S * �(e0) = S 0 (Global 
ontext rule)13



where S = [s0; : : : ; sp�1℄ and S 0 = [s00; : : : ; s0p�1℄.So we 
an redu
e into the parallel ve
tors and the 
ontext gives the name of the pro
essorwhere the expression is redu
ed. We 
an remark that the 
ontexts give an order to evaluatean expression but not for the parallel ve
tors. It is not a problem be
ause the BS�-
al
ulusis 
on
uent [18℄. We 
an also remark that our two kinds of 
ontexts are dis
riminated ea
hother by 
onstru
tion be
ause the \hole" in a �il 
ontext is always in a 
omponent of aparallel ve
tor and never for a � one. Thus, we have a rule and its 
ontext to redu
e globalexpressions and a rule to redu
e usual expressions (in the parallel ve
tors).3.3 Examples3.3.1 Adding a natural in a parallel ve
torWe ran the following expression (see �gure 6):(1) let a=ref(1) in(2) mkpar (fun j ->(3) let b=ref(j) in b:=!b+!a;!b );;on a network with 2 pro
essors (N = f0; 1g).let a = ref(1) in mkpar(fun j ! let b = ref(j) in b :=!b+!a; !b) = ;1* let a = `1 in mkpar(fun j ! let b = ref(j) in b :=!b+!a; !b) = ff`10 7! 1g; f`11 7! 1gg* mkpar(fun j ! let b = ref(j) in b :=!b+!`1; !b) = ff`10 7! 1g; f`11 7! 1gg* hlet b = ref(0) in b :=!b+!`1; !b ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1g; f`11 7! 1gg* hlet b = `0 in b :=!b+!`1; !b ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 0g; f`11 7! 1gg* h`0 :=!`0+!`1; !`0 ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 0g; f`11 7! 1gg* h`0 := 0+!`1; !`0 ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 0g; f`11 7! 1gg* h`0 := 0+!`10 ; !`0 ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 0g; f`11 7! 1gg* h`0 := 0 + 1; !`0 ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 0g; f`11 7! 1gg* h`0 := 1; !`0 ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 0g; f`11 7! 1gg* h!`0 ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 1g; f`11 7! 1gg* h1 ; let b = ref(1) in b :=!b+!`1; !bi = ff`10 7! 1; `00 7! 1g; f`11 7! 1gg* : : :* h1; 2i = ff`10 7! 1; `00 7! 1g; f`11 7! 1; `01 7! 2ggFigure 6: Evaluation of an expression with an extended syntax3.3.2 Global 
onditionalConsidering the running of the expression of �gure 2. We have one lo
ation per store ini-tialized to 0 and after the 
reation of the parallel ve
tor, we have that the stored value isdi�erent on ea
h pro
essor (equal to i on the ith name pro
essor). The evaluation of thisexpression is now stopped be
ause the stored value is di�erent in all the pro
essor. In aBSMLlib library implementation of this semanti
s, an ex
eption will be raised. The test ofequality for the (Æ1! -rule has an additional parallel 
ost. It need at least a full super-step:14



ea
h pro
essor send its value to the other pro
essors (se
ond and third phase) and test ifthey are all equal (beginning of �rst phase of the next super-step). It allows to do not havea 
rash of the ma
hine, but the 
ost model is no longer 
ompositional be
ause an a�e
tationoutside the s
ope of a mkpar does not need 
ommuni
ations and syn
hronization. We nowpresent a simple modi�
ation of our semanti
s to have a 
ompositional 
ost model.3.4 Cost model preserving semanti
sIn order to avoid the 
omparison of the values held by proje
tions of a l1 lo
ation in rule(Æ1! ) we 
an forbid the a�e
tation of su
h a lo
ation inside a mkpar. This 
an be done bysuppressing rule (Æ1proj). But in this 
ase, deferen
ing inside a mkpar is not longer allowed.Thus we need to add a new rule:!(`1) = si "*Æi si(`1i ) = si if `1i 2 Dom(si) (Æi1! )and modify the rule (Æ1! ) to suppress the 
omparison:!(`1) = S "*Æ1 si(l1i ) = S if `1i 2 Dom(si) (Æ01! )This rule is not deterministi
 but sin
e a�e
tation of a l1 lo
ation is not allowed inside amkpar the proje
tions of a l1 lo
ation always 
ontain the same value and we have:Theorem 1 if e=S �* v1=S1 and e=S �* v2=S2 then v1 = v2 and S1 = S2.The 
al
ulus is not deterministi
 (parallel 
al
ulus 
ame from the 
ontext rules) but is 
on
u-ent. The 
ost model is now 
ompositional sin
e the new (Æ01! ) does not need 
ommuni
ationsand syn
hronization. In the implementation an ex
eption will be raised if the program triesto a�e
t inside a mkpar a referen
e 
reated outside a mkpar.For example we ran the following expression (see Figure 7):(1) let a=ref(0) in(2) a:=!a+1;(3) mkpar(fun i -> i+!a);;on a network with 2 pro
essors (N = f0; 1g).4 Con
lusions and Future WorkThe Bulk Syn
hronous Parallel ML allows dire
t mode Bulk Syn
hronous Parallel (BSP)programming. The semanti
s of BSML [18, 14, 15℄ were pure fun
tional semanti
s. Never-theless, the 
urrent implementation of BSML is the BSMLlib library [17℄ for the Obje
tiveCaml language whi
h o�ers imperative features.We have presented in this paper semanti
s of the intera
tion of our bulk syn
hronous oper-ations with imperative features. The safe 
ommuni
ation of referen
es has been investigated,and for this parti
ular point, the presented semanti
s is 
onform to the implementation. To15



let a = ref(0) in a:=!a+ 1;mkpar(fun i ! i+ !a) = ;1* let a = `1 in a:=!a+ 1;mkpar(fun i ! i+ !a) = ff`10 7! 0g; f`11 7! 0gg* `1:=!`1 + 1;mkpar(fun i ! i+ !`1) = ff`10 7! 0g; f`11 7! 0gg* `1:=0 + 1;mkpar(fun i ! i+ !`1) = ff`10 7! 0g; f`11 7! 0gg* `1:=1;mkpar(fun i ! i+ !`1) = ff`10 7! 0g; f`11 7! 0gg* mkpar(fun i ! i+ !`1) = ff`10 7! 1g; f`11 7! 1gg* h0 + !`1; 1 + !`1i = ff`10 7! 1g; f`11 7! 1gg* h0 + 1; 1 + !`1i = ff`10 7! 1g; f`11 7! 1gg* h0 + 1; 1 + 1i = ff`10 7! 1g; f`11 7! 1gg* h0 + 1; 2i = ff`10 7! 1g; f`11 7! 1gg* h1; 2i = ff`10 7! 1g; f`11 7! 1ggFigure 7: Evaluation using the 
ost preserving semanti
sensure safety, 
ommuni
ations may be needed in 
ase of a�e
tation (but in this 
ase the 
ostmodel is no longer 
ompositional) or referen
es may 
ontain additional information useddynami
ally to insure that dereferen
ing of referen
es pointing to lo
al value will give thesame value on all pro
esses.We are 
urrently working on the typing of e�e
ts [26℄ to avoid this problem stati
allyand to a new implementation that follows the 
ost model preserving semanti
s.A
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