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Abstract— In this paper1 we investigate a problem arising in
decentralized registration of sensors. The application we consider
involves a heterogeneous collection of sensors - some sensors
have on-board Global Positioning System (GPS) capabilities
while others do not. All sensors have wireless communications
capability but the wireless communication has limited effective
range. Sensors can communicate only with other sensors that are
within a fixed distance of each other. Sensors with GPS capability
are self-registering. Sensors without GPS capability are less
expensive and smaller but they must compute estimates of their
location using estimates of the distances between themselves and
other sensors within their radio range. GPS-less sensors may be
several radio hops away from GPS-capable sensors so registration
must be inferred transitively. Our approach to solving this
registration problem involves minimizing a global potential or
penalty function by using only local information, determined by
the radio range, available to each sensor. The algorithm we derive
is a special case of a more general methodology we have developed
called ”Emergence Engineering”.

I. INTRODUCTION

Recent interest in sensor and surveillance systems based on
unattended ground-based sensors (UGS) and unmanned au-
tonomous vehicles (UAV’s) has led to a proliferation of devices
with different capabilities, sizes and costs. A typical goal is to
deploy many small and inexpensive “easy-to-sacrifice” sensing
devices with limited radio communication range that can
form ad-hoc networks for communicating information back
to processing stations and users. The sensing devices gather
information about the surrounding environment (acoustic, seis-
mic, infrared, temperature, humidity and so on) and then pass
data through neighbors and ultimately to central processing
or communications stations. Given the low envisioned cost
of such technology, some number of sensor failures can be
tolerated as long as the sensing requirements (like coverage of
a certain area) and communications connectivity (for routing
data back to users) are maintained. There are several examples
of prototype and commercial sensors of this type [1].

In this work, we assume that sensor units consist of different
components such as processors, memory, Global Positioning
System (GPS) receivers, radio transmitter and various sensing
modalities. Two specific types of sensors are considered -
sensors with GPS capabilities and sensors without GPS ca-
pabilities. Sensors with GPS can of course self-register using
the GPS signal while sensors without GPS must estimate their
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positions using information communicated with neighboring
sensor units. The algorithm we present for the registration of
all sensor nodes is iterative and decentralized. Our ultimate
goal is to show that networks consisting of different types of
sensors, expensive and cheap, can still be effectively used if
the sensors collaborate on their registration. Our investigations
have raised many interesting questions for future work. What
are the tradeoffs between processing power and, for example,
radio bandwidth and range? What density of GPS enabled
devices is sufficient, with high probability, to register all sensor
nodes within a given region, assuming some sort of random
distribution of both types of sensors within that region.

Section II formulates the basic problem quantitatively.
Section III describes our decentralized algorithmic approach,
Section IV provides convergence results while Section V de-
scribes our experimental analysis. Finally Section VI discusses
future work required in this area. We are currently conducting
experiments and we have implemented this algorithm as a web
browser accessible applet.2

II. PROBLEM DEFINITION

Let DR be an open disk of radiusR, denoting the planar
region in which the sensors are deployed. (Note that the
specific size and shape of the region is largely irrelevant to
the algorithm and analysis we develop below.) A collection
of n sensorsS = fs1; s2; : : : ; sng with equal radio range�
are deployed in the regionDR. The following properties are
defined for each sensor:

1) A “type” property t : S ! fG;Ng; where t(s) = G
means the sensors is GPS-enabled andt(s) = N means
it is “Not GPS-enabled”;

2) A “position” functionP : S ! DR whereP (s) 2 DR;
3) A “cost”, 
(s) > 0, for each sensor.

Assuming that them sensors labelleds1; s2; :::; sm are of
typeG (that is, have GPS capability), a fundamental problem
is to position them � n GPS-enabled sensors fromS and
place them on a given diskDR of radius R so that the
following conditions hold:� The totality of sensors provide sensing coverage of the

whole diskDR;� The non-GPS sensors are able to infer algorithmically
their absolute position by locally exchanging information

2See http://actcomm.dartmouth.edu/task/Demos/SensorsApplet/sensors.html



with the neighbors; that is, with the other sensors that fall
within their radio communications range.� The number of expensive, GPS-enabled sensors,m is
minimized.

The quantification of the trade-offs should now be clear. The
problem is to minimize the use of sophisticated, but costly,
devices at the expenses of less expensive ones. This tradeoff
requires having enough computational and communications
power to compensate for less capable, non-GPS devices. In
general, precise positioning of devices, either GPS or non-
GPS enabled, is not possible because of how the sensors are
deployed. They may be deployed to maximize coverage of
subregions of high value or they may be literally dropped,
as from an aircraft, and therefore end up with more or less
random positions within the region.

Below, we describe a decentralized, iterative algorithm for
non-GPS enabled sensors to self-register. We also present a
preliminary experimental analysis of the required densities
of GPS capable sensors to ensure, with high probability,
self-registration of the whole sensor grid. The minimal such
density, for a given probability of successful self-registration,
would clearly be related to the problem of minimizing the cost
of the overall sensor grid deployment.

III. COMPUTING ABSOLUTE POSITIONS

We approach the problem of inferring absolute positions
of non-GPS equipped sensors deployed on a disk areaDR
following a top-down methodology for the design of desired
emergent behaviors in multiple agent-based systems (MAS)
[2], [3], [4].

Assume that we are given a placement,P , of sen-
sors from S. Without loss of generality, letA =fs1; s2; : : : ; sk; sk+1; : : : ; smg � S, where t(si) = G for1 � i � k andt(si) = N for k+1 � i � m. This means that
the first k sensors are GPS-enabled and the remaining ones
are not. LetP (si) = Pi 2 DR the true position of sensorsi
on DR. By definition, the firstk sensors are fully aware of
their positionPi 2 DR while the remainingm � k sensors
must determine their positions through a local computation
and communication with their neighbors.

The basic idea behind the algorithm is as follows: each
non-GPS sensor node starts with an initial random guess
of its true position withinDR and then proceeds iteratively
to successive refinements of that position estimate until the
difference between two successive iterates becomes negligible.
The goal of this process is for the position estimates to
converge to the true values,Pk+1; Pk+2; : : : ; Pm.

Our technique is based on a global potential function to
be minimized with a decentralized, possibly asynchronous,
gradient descent method [5]. The effectiveness of the ap-
proach relies upon the fact that the gradient vector is locally
computable. This is one of the key aspects of our top-down
methodology in which the computation of a function requiring
global resources can be computed or estimated using only local
resources.

A. Artificial Potentials and Algorithms

Formally, let X(t) = fxi(t) 2 R2j1 � i � mg be the
hypothesized positions of the sensors at timet. By definition,
xi(t) = Pi for all t � 0 if 1 � i � k. That is, whensi
is a GPS-enabled sensor its position is known for all time.
The problem is to define a potential functionV (X) such thatrV (X) is locally computable and the following sequence�

xi(t+ 1) = xi(t)� 
t � rxiV (X(t))
xi(0) = P (0)i 2 DR

converges toPi as t!1 , for all i > k. That is,�
xi(t) = Pi for 1 � i � k
xi(t)! Pi for k + 1 � i � m

where 
t is a suitable nonincreasing sequence of positive
numbers (the “stepsize”).

Let di;j = kPi � Pjk2 be the actual, true distance between
sensorsi and sensorsj . By using radio signal strength, we are
assuming that sensors can effectively estimate the distances
between themselves and other sensors with which they can
communicate, regardless of whether they are GPS enabled or
not. That is,di;j is known to both sensorssi andsj providingdi;j < �, where recall that� is the effective communications
range of the radio links. Note that whiledi;j = kPi � Pjk2
is known, the true positions of non-GPS sensor nodes,P (sj)
for j > k, are not known but the estimates ofP (sj), namely
xj , are maintained on sensorsj locally.

The potential function we consider isV (X) = Xdi;j<�(kxi � xjk22 � d2i;j)2 :
This potential function is composed of terms that are es-
sentially the differences between the required inter-sensor
distances, namelydi;j and the currently observed inter-sensor
distances as determined by the positions estimates,xi. Con-
sider the autonomous system described by the differential
equation: _X = �rV (X) : (1)

Then we can state the following facts:� V can be expanded into a quartic polynomial and is
continuously differentiable at least twice inR2m. This
implies, among the others, that its partial derivativesrxiV (X):�V�xi (X) = 4 � Xj: di;j<�(kxi � xjk22 � d2i;j) � (xi � xj)
are continuously differentiable and sorV is Lipschitz
continuous on any bounded domainB � R2m [6]:9KB > 0 8X;Y 2B krV (X)�rV (Y )k2 � KBkX�Y k2 :



� FunctionV (X(t)), whereX(t) is any trajectory of the
system (1), satisfies inDmR : _V = rV �X == mXi=1 � �V�xi;1 � �� �V�xi;1�+ �V�xi;2 � �� �V�xi;2��= � mXi=1 
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22 � 0 :� V (x1; x2; : : : ; xm) � 0 in the open setDmR . Besides,V (P1; P2; : : : ; Pm) = 0. Thus V has an absolute min-
imum which is attained atxi = Pi 8i.� In general, the absolute minimum may be attained
at many points. For example, any rototranslation of(P1; P2; : : : ; Pm) is a solution to the equationV (X) = 0.

The assumption of havingk GPS-enabled devices allows the
introduction of an additional function:Uk(Xk) = Uk(xk+1; xk+2; : : : ; xm)= V (P1; P2; : : : ; Pk; xk+1; : : : ; xm):
The following lemma is instrumental to the study of the
stability of the dynamic system described by the equation_Xk = �rUk(Xk)
using the Lyapunov’s direct method [7].

Lemma 1:Assume we are given a setA of m > 1 deployed
sensors as specified above. LetG = (S;E) be an undirected
graph defined as:S = fs1; s2; : : : ; smg and fsi; sjg 2 E if
and only ifdi;j = kPi�Pjk < �. Moreover, assume thatG is
connected. Then the setL = fX1 2 R2(m�1) j U1(X1) � 
g
is bounded for every
 2 R+.

Proof: Assume for simplicity that the origin of the
coordinate system is centered at pointP1. Let X1 =(x2; : : : ; xm) 2 L and, without loss of generality, letm =argmaxfkxjk j j � 2g, so thatxm is the farthest point fromP1. The conditionU1(X1) � 
 implies thatkxi � xjk �qd2i;j +p
 = bi;j ; 8i; j
Let B = maxfbi;j j i; jg a value that depends only onG and
. Then by the connectivity ofG there must exist a path� inG labeled as� = [sj1 ; sj2 ; : : : ; sjl ℄, whereP (sj1 ) = P1 = O,
that verifies the following inequalitieskxmk2 � l�1Xi=1 kxji � xji+1k < l �B � m �B :
But this implies thatL must be bounded.

This result can be easily generalized tok sensor positionsP1; P2; : : : ; Pk. Of particular interest is the situation where
equation Uk(Xk) = 0 (2)

is uniquely solvable because, in that case,Uk turns out
to be a Lyapunov function for the autonomous system (1)
and (Pk+1; : : : ; Pm) is a point of stability inDm�kR [7].

Characterization of uniqueness does not seem very easy and
is actually one of the challenges of this work.

It would be also very interesting to establish conditions
under which equation 2 has only a finite number of solutions
and consequently identify a subset
 � Dm�kR on whichUk
is a Lyapunov function. We can use this property, wherever it
holds, in order to prove the convergence of the asynchronous
gradient descent algorithm.

IV. CONVERGENCE

We now focus on proving the convergence of our iterative
decentralized gradient descent algorithm. We determine a
bound for
 that ensures convergence to a stationary point (a
zero of the gradient) although, sometimes, this might be a local
minimum or a point of inflection as we verified experimentally
(see IV-A). We proceed as follows.� We first identify a bounded region that encloses the

area on which our sensors will be placed. Assuming
that each sensor is placed in a square of sideL: B =[�L=2; L=2℄� [�L=2; L=2℄ centered in the origin of the
coordinate system, we consider the diskD = D(0; R),
centered in the origin and having radiusR = p22 L (the
diagonal of the square).� We establish a bound on the Lipschitz constantK ofrUk
in Dm�k.� We prove the validity of theDescentLemma [8] relative
to Dm�k.� Finally we prove the convergence theorem of the method.

Let us start with the Lipschitz constant.
Theorem 2:Assume we are given a setA of m > 1 sensors

deployed on a squareB = [�L=2; L=2℄� [�L=2; L=2℄ and beD = D(0; R) the disk that circumscribes it. LetG = (S;E)
be an undirected graph defined as:S = fs1; s2; : : : ; smg andfsi; sjg 2 E if and only if di;j = kPi � Pjk < � and letdM be the highest degree inG. SetK1 = 96dMp2mR2 andK2 = 96dMp2R2. Then8Xk; Yk 2 Dm�kkrUk(Xk)�rUk(Yk)k2 � K1 � kXk � Ykk2krxiUk(Xk)�rxiUk(Yk)k2 � K2 � kXk � Ykk2 :

Proof: We know from basic calculus that for a functionf
of h variables that is inC(1) on a bounded convex setZ � Rh
and for which8i; x 2 Z jrxif(x)j < M it holds thatjf(x + y)� f(x)j � hM � kyk2
Furthermore, ifF = (fi) is a vector function oft components
all C(1) on Z and whose partial derivatives are similarly
bounded byM thenkF (x + y)� F (x)k2 = vuut tXi=1 jfi(x + y)� fi(x)j2� vuut tXi=1(hM � kyk2)2� hMpt � kyk2 :



So, to prove the theorem we need to consider the second partial
derivatives3 of V and find an upper boundM for them onDm:�2V (X)�xi;1�xi0;j = 8>><>>:�8(xi;1 � xi0 ;1)(xi;j � xi0 ;j) fsi; si0g 2 E�4(kxi � xi0k2 � d2i;i0)0 fsi; si0g 6= E
It is not hard to see that in the worst possible case we have���� �2Uk(Xk)�xi;1�xi0;j ���� � ���� �2V (X)�xi;1�xi0;j ���� � 48R2 :
This corresponds to the case of estimates of very close points
(di;i0 � 0) that are very far from each other (2R). The claim
now follows from the fact that in the first caset = 2m andh = 2dM , whereas in the second caset = 2 andh = 2dM .

Let us now discuss the Descent Lemma. Before doing this
we need to anticipate the following result:

Lemma 3:Let K1 andK2 be the Lipschitz constants es-
tablished before and
 < 12K2pm�k . ThenXk 2 Dm�k =) �
rUk(Xk) 2 Dm�k :

Proof:
We show that8i; k+1 � i � m k�
rxiUk(Xk)k2 � R.

Let X� 2 Dm�k be a point of global minimum forUk. ThenrUk(X�) = 0. Sok � 
rxiUk(Xk)k2 � 
 � krxiUk(X�)�rxiUk(Xk)k2� 
K2kX� �Xkk2� 
K2 � 2Rpm� k� R :
Let us now rephrase the Descent Lemma relative to a convex

bounded set:

Lemma 4:LetF : Rn ! R be a continuously differentiable
function such thatrF is Lipschitz continuous, on a convex
bounded setZ, with constantK. Then8x; y 2 Z:F (x+ y) � F (x) + yT � rF (x) + K2 kyk22 :

Proof: SinceZ is convex then8t 2 [0; 1℄ x + ty 2 Z
and so the proof provided in [8] for the Descent Lemma on
Rn immediately generalizes.

Finally we can deliver the proof of convergence of the
method that provides also a bound for the step value
.

Theorem 5:Assume we are given a setA of m > 1 sensors
deployed on a squareB = [�L=2; L=2℄� [�L=2; L=2℄ and beD = D(0; R) the disk that circumscribes it. LetG = (S;E)
be an undirected graph defined as:S = fs1; s2; : : : ; smg andfsi; sjg 2 E if and only if di;j = kPi � Pjk2 < � and letdM be the maximum degree inG. Furthermore, letK2 =

3In our notationxi = (xi;1; xi;2).

96dMp2R2 andK1 = pmK2 be the Lipschitz constants forrxiUk andrUk on D respectively.
Set0 < 
 < 12K1 . Then the sequencefXk(t)g generated by

an algorithm of the formXk(t+1) = Xk(t)�
 �rUk(Xk(t))
satisfies limt!1rUk(Xk(t)) = 0 :

Proof: By definition we haveUk(Xk(t + 1)) =Uk(Xk(t) � 
 � rUk(Xk(t))) and by hypothesis
 < 12K1 =12pmK2 < 12K2pm�k . So, by Lemma 3,�
 � rUk(Xk(t))) 2Dm�k. But this allows us to apply Lemma 4 to obtainUk(Xk(t+ 1)) � Uk(Xk(t)) +�
rUk(Xk(t))0 � rUk(Xk(t))+K12 krUk(Xk(t))k22� Uk(Xk(t)) +�
�1� K1
2 � krUk(Xk(t))k22:
Our choice of
 ensures that the term� = 
 �1� K1
2 � > 0
and so now the proof proceeds as in [8] (Proposition 2.1):
each value oft � 0 provides one such inequality. Summing
for � = 0; 1; : : : ; t we obtain the inequality0 � Uk(Xk(t+ 1)) � Uk(Xk(0))� � tX�=0 krUk(Xk(�))k22 ;
true for all t. Then, in the limittX�=0 krUk(Xk(�))k22 � 1�Uk(Xk(0)) <1 ;
and so, necessarily,limt!1rUk(Xk(t)) = 0.

Let us conclude this section with a result that establishes a
sufficient condition for the uniqueness of the solution to the
equationUk(Xk) = 0.

Let us first proof the following lemma.
Lemma 6:LetP1; P2; : : : ; Ps; Ps+1 be a sequence of points

on the plane withs � 3 and letdi;j = kPi � Pjk2. Assume
that there are at least3 points among the firsts that are not
aligned. Then the equationsXi=1(kPi � xk22 � d2i;s+1)2 = 0
has exactly one solution given byx = Ps+1.

Proof: ClearlyPs+1 satisfies the equation sincedi;s+1 =kPi � Ps+1k2. The problem is to show that the solution
is unique. We can observe that the equation is a sum of
squares and so equivalent to the following system of quadratic
equations:fkPi � xk22 = d2i;s+1 j 1 � i � sg. Equationi:kPi � xk22 = d2i;s+1 in the system is the equation of a circle
centered atPi and having radiusdi;s+1. Thus any solution
will be given by the intersection of all the circles. Since there
are at least three points not aligned then the intersection must
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Fig. 1. Degeneracy due to alignment of the centers.

be unique. In fact, two circles intersect in at most two points,
sayA andB. If we pick a third point the only way for it to
be at the same distance fromA andB is to lie on the axis
perpendicular to the line passing throughA andB. But this
means that the three centers would be perfectly aligned along
that axis against the hypothesis. This situation of degeneracy
is depicted in Fig. 1.

Let us now consider the followingColoring Algorithm.

1) Input: a setA of m > 1 deployed sensors as specified
above. LetG = (S;E) be an undirected graph defined
as: S = fs1; s2; : : : ; smg and fsi; sjg 2 E if and only
if di;j = kPi � Pjk2 < �. Let the firstk nodes inS be
colored with black paint whereas let any other node inS
be painted with a white paint.

2) If a white node is connected to at least3 black nodes
whose positions on the plane are not aligned then let it
be blackened.

3) Repeat step 2 until no blackening is possible.

Theorem 7:Assume we are given a setA of m > 1
deployed sensors as specified before. LetG = (S;E) be
an undirected graph defined as:S = fs1; s2; : : : ; smg andfsi; sjg 2 E if and only if di;j = kPi � Pjk2 < �.
Furthermore, assume thats1; s2; : : : ; sk, with 3 � k < m,
have been blackened. If the coloring algorithm blackens all
the remaining nodes inS than the equationUk(Xk) = V (P1; P2; : : : ; Pk; xk+1; : : : ; xm) = 0
is uniquely solvable.

Proof: Observe thatG is not necessarily connected. Letp be the number of iterations needed for the algorithm to
complete and letAi be the set of sensors that are blackened at
the ith iteration of the coloring algorithm. Then the following
sequence of setsBi = [j�iAi verifies the following properties� B0 = fs1; s2; : : : ; skg;� Bi � Bi+1;� Bp = S.

Let us now defineGi = (Bi; Ei) as the full subgraph ofG
having nodesBi. By full we mean that whenever an edgee = fsi; sjg 2 E joins two nodes inBi then it must bee 2 Ei. Now, equationV (P1; P2; : : : ; Pk; xk+1; : : : ; xm) = 0
is equivalent to the following systemH of quadratic equations:� kPu � xvk22 = d2u;v fsu; svg 2 E ^ 1 � u � k, v > kkxu � xvk22 = d2u;v fsu; svg 2 E ^ u; v > k

Furthermore, each subgraphGi determines a subsystemHi �H of equations�kPu � xvk22 = d2u;v ; fsu; svg 2 Ei ^ su 2 B0 ^ sv 2 BinB0kxu � xvk22 = d2u;v ; fsu; svg 2 Ei ^ su; sv 2 BinB0 :
We shall prove, by induction on the numberm of nodes ofG,
that, given anyi > k, the only possible solution for variable
xi in systemH is Pi.� Base:k = m. In this case, clearly the system of equationsH0 is a trivial identity.� Induction Step: Let us pick a nodesi in positionPi, withi > k. Suppose thatsi was blackened during iterationt

of the algorithm. Then graphGt�1 must contain at least3
neighbors ofsi whose positions are not aligned. Let those
positions bePj1 ; Pj2 ; Pj3 . SincejBt�1j < jBtj � m, we
can apply the induction hypothesis toGt�1. So all the
equations in the corresponding systemHt�1 involving
variablesxj1 ; xj2 ; xj3 must be uniquely solvable and soPj1 ; Pj2 ; Pj3 are the only candidate solutions to equations
in Ht �Ht�1 involving variablesxji . But those include
the three equationskPj1 � xik22 = d2j1 ;ikPj2 � xik22 = d2j2 ;ikPj3 � xik22 = d2j3 ;i
that are uniquely solvable by Lemma 6. SoP i is the only
candidate solution to all the equations in the big systemH involving xi.

A. The Special Case:n = 4 and k = 3
Here we investigate the very special case of3 GPS-enabled

sensors plus a fourth device, within the range of all the
previous three ones, that needs to self-register.

Assume that the GPS-enabled sensors have positionP1 =fx1; y1g; P2 = fx2; y2g; P3 = fx3; y3g, whereas the fourth
device be placed at positionP4 = fx4; y4g. The potential
function to be minimized will be:V (x; y) = 3Xi=1(kPi � xk22 � kPi � P4k22)2= ((x� x1)2 + (y � y1)2 � d21;4)2 +((x� x2)2 + (y � y2)2 � d22;4)2 +((x� x3)2 + (y � y3)2 � d23;4)2 :
We verify numerically the existence of local minima of the
scalar functionV . First we run our Matlab simulation on
random deployments of the sensors until the gradient descent
process terminates on a stationary point other thanP4, sayP4b.
Then we analyze the behavior of the second partial derivatives
on P4b to verify that it is a relative (local) minimum (and not
a saddle point). This verification, of course, does not rule out
the existence of saddle points. However, here we focus on
local minima because those constitute the worst situation in a
gradient descent approach.
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Fig. 2. A case of local minimum (P4b) for n = 4, k = 3.

We apply standard techniques from Calculus based on
expandingV , by Taylor’s theorem, with a remainder of the
third order, around a stationary pointx and studying the
sign ofQ(h; k) = Vxx(x)h2 + 2Vxy(x)hk + Vyy(x)k2. Those
techniques provide us with the following sufficient condition
for a stationary pointx to be a relative minimum forV [6]:Vxx(x) � Vyy(x)� Vxy(x)2 > 0Vxx(x) > 0
whereVxx = �2V�x2 , Vyy = �2V�y2 andVxy = �2V�x�y .

Figure 2 reports one such a case. These results reveal that in
general we should expect our algorithm to reach local minima
and so we need to identify methods to precompute convenient
initial values in order to avoid those traps in advance.

V. GENERAL EXPERIMENTS

In this section we present the results of our experimental
analysis. We search critical values of the percentage of GPS-
enabled devices above which the algorithm converges with
very high probability given a random deployment of sensors.
We disseminate uniformly at randomn sensors, having fixed
communication range, on a square of side1, then we run
the gradient descent algorithm starting from random initial
values. Figure 3 reports the estimated convergence probabilityP (m) asm, the number of GPS-enabled devices, ranges from3 to n. Intuitively the convergence process depends on the
degree of connectivity of the graphG which is much higher
for high values of the range to side ratio. For example, if the
communication range is infinite and there are at least3 GPS-
enabled units we would expect the algorithm to converge with
very high probability. So, as� tends to infinity, our expected
curve will be a step function with discontinuity at pointm = 3.
As � tends to0 instead the curve becomes more smooth. The
conclusion is that there are no nontrivial critical points.

VI. PLAN AND FUTURE WORK

The following issues need to be explored in future work:
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Fig. 3. Probability of converging to the right positions as the number of
GPS units increases: (above)n = 50, � 2 f0:5; 0:75g (below) n = 25,� 2 f0:5; 0:75; 2g.

1) Understand the structure of local minima better: do they
occur in specific geometric structures?

2) Establish conditions onG that rule out the existence of
local minima and, in general, of undesirable stationary
points. In such cases, equationUk(Xk) = 0 would be
uniquely solvable and in addition_Uk < 0 on R2(m�k).

3) Characterize unique solvability of equationUk(Xk) = 0.
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