SPECTRAL RELAXATION MODELS AND STRUCTURE ANALYSIS
FOR K-WAY GRAPH CLUSTERING AND BI-CLUSTERING
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Abstract. In this paper we consider k-way graph clustering and k-way bipartite graph cluster-
ing. Many data types arising from data mining applications can be modeled as graphs and bipartite
graphs. Examples include webpage links on the world-wide web, terms and documents in a text cor-
pus, customers and purchasing items in market basket analysis and reviewers and movies in a movie
recommender system. In this paper, we discuss models for k-way irregular graph partitioning and
k-way bipartite irregular graph partitioning, and discuss the algebraic structures in the eigenvector
and singular vector matrices that correspond to the optimal partition. Our discussion contributes
to the theoretical understanding of spectral methods for graph partitioning and data mining, which
has been a focus of some recent research.
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1. Introduction. Cluster analysis is an important tool for exploratory data
mining applications arising from many diverse disciplines. Informally, cluster analysis
seeks to partition a given data set into compact clusters so that data objects within
a cluster are more similar than those in distinct clusters. The literature on cluster
analysis is enormous including contributions from many research communities. Many
traditional clustering algorithms make the assumption that the given data set consists
of covariate information (or attributes) for each individual data objects, and clustering
can be done within the context of grouping a set of n-dimensional vectors.

In this paper, we concentrate on graph theoretical models for document clustering,
where each document is a node in the graph. The weight on each edge (i, j) is chosen
to reflect similarities between documents ¢ and j. Clustering in this approach is based
on the intuitive notion that documents that are more similar to each other should
have a better chance of belonging to the same clusters. We also consider bipartite
graph models where terms and documents are modeled as vertices in a bipartite graph
with edges of the graph indicating the co-occurrence of terms and documents, and
edge weights indicating the frequency of this co-occurrence. Clustering in this latter
approach is based on the intuitive notion that documents in the same topic tend to use
the same set of terms while the set of terms that can be used to describe a particular
topic tends to appear in documents pertaining to that topic.

Graph partitioning has very broad range of applications. For example, the mesh
of a 2D surface of an airfoil or a 3D engine cylinder can be modeled as a nearly-regular
graph. Partitioning such a mesh into subdomains for distributed memory processors
is a common task with well-developed software such as that in [14, 12]. Page linkages
on the World Wide Web form another kind of graph, which are are highly irregular or
random, with dramatically varying node degrees. Partitioning such graphs is useful to
automatically identify topics from the retrieved webpages for a user query [6, 7, 11].
In this paper we emphasize graph partition as data clustering using a graph model.

Some of the most effective tools for clustering analysis have been spectral methods,
where one computes some eigenvalues and eigenvectors of a Laplacian matrix (or
singular values and singular vectors of certain matrix) related to the given graph and
constructs data clusters based on such spectral information [1, 5, 8, 13, 10, 17, 18, 21,
24]. While such methods have existed and been applied in a number of fields for many
years, they are heuristic in nature due to the high complexity of the data clustering
problem.

Recently, there have been some interesting research towards a theoretical under-
standing of spectral methods. In particular, Papadimitriou, Raghavan, Tamaki and
Vempala [19] showed that for documents generated from a probabilistic model that
they developed, document clusters on each topic, with high probability, are deter-
mined by the subspaces produced by Latent Semantic Indexing (LSI). Azar, Fiat,
Karlin, McSherry and Saia [2] further generalize the results of [19] to show that LSI
actually works in a much wider variety of settings. Ding, He and Zha [6, 7] developed
methods for web link and text data graph partitioning based on spectral perturbation
theory.

With approaches similar to those of [6, 7, 2], in this paper, we show that important
algebraic structures in general exist in the eigenvector and singular vector matrices for
data clusters for both graph clustering and bi-clustering. We also present experimental
results in text data clustering that confirm the existence of such algebraic structures.

The rest of the paper is organized as follows: in Section 2 we review normalized
cut for k-way clustering. In Section 3 we propose a new criterion for graph partitioning
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which tends to produce balanced clusters and show that our criterion can be related to
a partial singular value decomposition of the weight matrix of the bipartite graph. In
Section 4, we perform a spectral perturbation analysis to reveal important algebraic
structures hidden in the partial singular value decomposition. In Section b we propose
a new criterion for bipartite graph partitioning and perform a similar spectral analysis.
In section 6, we describe experimental results that confirm the existence of such
structures in bi-clustering a dataset of newsgroup articles.

2. Normalized Cut for k-way clustering. We denote a weighted undirected
graph by G(V, E, W) where V is the vertex set and E is the edge set, and W = (w;;)
is the weight matrix with w;; > 0 denoting the edge weight if there is an edge between
vertex i and j, i.e., {i,j} € F, otherwise we set w;; = 0. Let IT = {V;}f_, be a k-way
disjoint partition of V' such that

(1) V=U_,Vi.

The k-way Normalized Cut problem is to find a partition II that minimizes the ob-
jective function

WVLVE) | WOAVE) | WL TE)

W, V) W(Va, V) W(Vi, V)~

(2) Necut (IT) =

The normalized cut formulation has been discussed in [4] for graph partitioning in
general and in [21] for image segmentation in particular. Ding el al [7] discussed
normalized cut for data clustering. For a fixed clustering of the vertices of GG, reorder
the rows and columns of W accordingly such that

Win Wi - Wi
War Waa -0 Wy
W= : : . ;
Wit Wi -0 Wiy
and the rows of W;; correspond to the vertices in V;, i = 1,... k. Let e be the vector

with all its elements equal to 1. Let D = diag(Dy, ..., D) be the diagonal matrix
such that We = De. For any m-by-n matrix H = (h;;), denote

S(H) = Zzhij’
i=1j=1

i.e., s(H) is the sum of all the elements of H. It is easy to verify that

(3)  W(Vi,V)=s(D;) and W(Vi, V) =s > Wi | =s(Di) —s(Wi).
J#L

Let z; be a vector accordingly partitioned with that of W with all elements equal to
zero except those corresponding to rows of W, i.e.,

z;=[0---01---10---07.
It follows from (3) that

(4) W(Vi,VE) = al (D= W)z, W(V;,V) =] Da;.
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Therefore,
"D-w 'D-w {(D-w
Ncut(H):xl(T )a1 l’z(T )x2+~~~+xk(T )k
¥ Dy x4 Doy x;, Dy
(5) _ xfol J:gsz l‘ng‘k
o foxl l‘ng‘z l‘ng‘k

Let y; = Dl/zxi/HDl/zxin and Yy = [y1,¥y2,. .., yx]. Then YkT Y, = I, and
(6)  Neut (I) = trace(Y,S D~Y2(D — W)D~/2Y,) = k — trace(Y,T WY4),
where
W=D"12w D112

The largest eigenvalue of Wis always 1, with corresponding eigenvector D'/ e.

If we temporarily ignore the fact that the elements of ; are either zero or one, and
allow them to take continuous values, we arrive at the following relaxed optimization
problem

minNcut (IT) > k — max trace (YkT /WYk) .
- Y7 Yi=I
It is known that the maximum on the right hand side is achieved when Y} is taken to
be any orthonormal basis for the subspace spanned by the eigenvectors pertaining to
the k largest eigenvalues of W. Hence we have a lower bound on Ncut (IT) as (cf. [3])

k
(7) H}}HNCUt (1) > k — ; Aj,

where Xl, cee Xk are the largest k& eigenvalues of w.

3. k-Way Min-Max Cut. In the normalized cut (2), each cut W(V;, V) is

K3
weighted against the association between V; and the whole graph V. One could argue
that it might be more meaningful to weigh each cut W(V;, V¢) against the association

within V;. This distinction becomes more pronounced when the cutsizes W (V;, V%)
stops beeing tiny, as is the case for most practical data clustering problems. In the
following we consider such a weighting scheme, formulated as the following Min-max

cut problem:

Wvi, ve) | W(ve, Vi) W Ve, Vi)
+ o
W(Vi, Vi) W(Va, V) W (Vi Vi)

(8) Mecut (IT) =

where as before W (V;, Vi¢) = I (D—W) 2;. For k = 2, this formulation was discussed
in [7]. The Min-max Cut tries to minimize inter-cluster similarity while maximizing
intra-cluster similarity. We will discuss this more when we discuss the solution to (8).

The numerators in the above equation can be rewritten as (4), and the denomi-

nators can be rewritten as W(V;, Vi) = 2F W z;. Therefore,

P (D - W)z xg(D—W)xz_i_.”_i_xg(D—W)xk
xfol l‘ng‘z l‘ng‘k
I Dy l‘ng‘z l‘ng‘k

9 =1 R, Saiad.
) xfol +$§Wl‘2 + +$£Wl‘k

Mecut (IT) =

— k.
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Define y;, Yi and W as before, we have

1 1 1

W Wy oy Wy yl Wk

(10) Mecut (IT) =

We would like to find the right permutation IT that minimizes Mcut (IT).

To relax this problem into a meaningful continuous problem, we note that the
matrix W, while symmetric, is usually not (semi-)positive definite. Consequently, it
is possible to choose y; to make y! /Wyi < 0 and yet extremely close to 0. In other
words, the minimum value of the right hand side in (10) would be —oo if the only
constraint on y; is that YkT Yy = I. To avoid this problem, we relax the problem (9)
into that of minimizing the right hand side of (10) under the conditions that

(11) YIVi=1Iy, and yf Wy >0, i=1, - k.

Conditions (11) ensure that the relaxed minimization problem has a positive minimum
value. The following theorem provides the solution to this relaxed problem.
THEOREM 3.1. Let

VRS VR
be the eigenvalues ofw and assume that Xl + Xz + -+ Xk > 0. Then

oo k2
(12) min _ — =
VI V=L, y? W05y yi Wy D\

In addition, this minimum ts achieved by any orthonormal basis {y1,---,yx} of the

subspace spanned by the eigenvectors pertaining to the largest k eigenvalues of W
which further satisfies

vi Wy =

Proof. Let Y be the solution to the minimization problem (12). Then there exists
an orthonormal matrix Y¢ such that the matrix (Y Y°) is orthogonal. Define

(13) W = (? ?C)T/W(? ?c) = ﬁll ﬁlz , and [,(Yk) = Zk: %’
TET 2

with Y = (y1, -+, yx) satisfying V,I' Y, = Iy. It is clear from the way W is defined

that
. I
vo= () = (e

consists the optimal solution vectors that solve the minimization problem on the left
hand side of (12) where the matrix W is replaced by W. TFor convenience, we will
assume that we have re-arranged all the ratios so that the sequence {ef Wei} is in
decreasing order.
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Let Y () € R(»=%)*F he any sufficiently small perturbation. It is easy to show
that there exists a perturbation

(14) sy =0 (H(W@)Hz) C Xk

such that the perturbation

exactly satisfies the equation
(15) (Y*+ V) (Y*+46Y)=1I,.

In other words, Y* 4 dY exactly satisfies the orthogonality constraint and hence is a
feasible solution. Some algebra reveals that:

k

SyT W e;
LY +6Y) = £() = =23 A 4 O(|l6Y )
i=1 (6i W@Z)
— — . -2
(16) = —2 trace <5YT w (diag(e? Wep, -, ek Wek)) ) .

Due to (14), linear perturbation terms in (16) that involve §Y(1) are second order
perturbation terms in dY (3. For L(Y™) to be a local minimum, all the linear terms
involving 6Y () on the right hand side of (16) must vanish. This can happen if and

only if partition (13) satisfies Wi2 = 0 and Wzl =0.
It follows that eigenvalues of Wi; must be those of W, and hence of W. Let these
eigenvalues be Ay, -+, A, and let the diagonal entries of Wiy be wy,- -+, wg. It is well

known that

k
1 1 k2 k2 k2
L (Y*) - E — Y = E - Z — = e - ~ )
el Wer i wi Zf:l Wi trace (Wn) Zfﬂ Ai

where the inequality becomes equality if and only if

Zf:l AZ

. forall j=1,--- k.

wj =
Combining these results, we now have

k
. 1 k> k>
min — = > L(Y*) > — > ==
YI Y=L,y Wy,>0,21 Y; Wy Zi:l Ai Zi:l Ai

Furthermore, there exists an orthogonal matrix Q such that (see [25])

ST IR W1 0
Q WQ_( 0 Wz)’
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where Wl € RF*k is such that every one of its main diagonal entries is equal to
(Zle /\i) /k. Taking the first k& columns of @ as the y; vectors, we obtain

k

. 1 k?
min = < —(—-
YI Yi=Ik, yI Wyi>0,_ yiT Wy Zz’:l Ai
Since this upper bound is exactly equal to the earlier lower bound, the theorem must
be true. O
Since at the optimal solution every term is the same, namely

Y St
yiTWyile,

It follows that the following mini-max problem

. 1
(17) min max — —
YT Yi=Ix,y? Wy,>01§l§k Y; Wyz

k
- 5 Hence
i=1 "¢
the continuous version of the Mcut problem is equivalent to a min-max optimization
problem.
Since (10) is a continuous relaxation of (9), the fact that the ratios in (10) are
equal at optimal solution suggests that the ratios of (9) should also be rather “close”

to each other. For k = 2, we observe that the numerators of (9) are identical, hence

has exactly the same optimal solution, with a different optimal value

we can expect denominators in (9) to be rather “close” to each other, which is to say
that we should expect W(V1) and W(Va) to be rather “close” to each other (see [T7]
for more detailed discussion). This automatic balancing among the clusters makes
Mcut a much-desired objective function for data clustering.

4. Spectral Structure Analysis. Theorem 3.1 states that the solution vectors
for the relaxed Mcut problem must lie in the eigenspace spanned by the eigenvectors
pertaining to the k largest eigenvalues of W. Recently, researchers have developed
schemes to compute clustering information by applying variations of the K-means
algorithm to these eigenvectors (see for example [5, 8, 13, 21]). Tt turns out that there
i1s an asymptotic algebraic structure in these eigenvectors that reveals a great deal of
information on the individual clusters. The following lemma of Stewart [23] forms the
theoretical basis for analyzing this algebraic structure. It was first used in [2] in the
analysis of their data mining models. Similar discussions also appeared in [6].

LEmMMA 4.1. Assume that XA is a common eigenvalue of symmetric matrices

A1, Ay, - -+, Ag, with corresponding unit eigenvectors uy, us, - - -, ug. Further assume
that X\ 1s well-separated from all other eigenvalues of these k matrices. Define

A, -0

A=| . and A= A+ A,

0 - A
where 6 A 1s a small symmetric perturbation. For the k eigenvalues of A that are
perturbed from X, denote their corresponding unit eigenvectors as Uy, us, -+, ug. Then

ug vl

(18) (ur - ug) = : + O (leAll/11AlD)

UL vg
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where (vy -+ vy) is a k x k orthogonal matriz.
To see how Lemma 4.1 could be of help in our search for good clusters, we note
that W can be rewritten in the following form:

Wi
W= +6W,
Wi

where /W, /Wl, cee /Wk are the scaled weight matrices for the whole data set and the
k clusters in partition I1; and §W is the sum of off-diagonal terms after scaling and
all the other terms that make the above equation valid. W should be reasonably
small as long as the cross terms in the partition Il are sufficient small relative to the
weights inside each cluster. .

All k41 matrices, W, Wy, ..., Wy, have 1 as their largest eigenvalue by construc-
tion. Assuming that the well-separatedness condition holds and that the cutsizes are
sufficiently small, Lemma 4.1 suggests that the partition information is built into the
algebraic structure (18) of the eigenvectors pertaining to the largest k eigenvalues of
W,

In Section 6, we experimentally verify the existence of such a structure. Our
experiments show that for our target data clustering applications, the exact structure
as indicated in Lemma 4.1 does not in general exist. This is not surprising since
the cutsizes for such applications are anything but tiny. Instead, our experiments
indicate that an algebraic structure similar to (18) indeed exists in general for our
target applications.

It is interesting to note that equation (18) suggests a link to the k-means strategy
used by various authors to uncover k-way partitioning information [5, 21]. In such
a strategy, k eigenvectors are computed, and a k-means strategy is applied to the
transpose of the corresponding eigenvector matrix. It is easy to show that this strategy
leads to an eigenvector structure in the form of (18) with wy, ua, - - -us replaced by
vectors of all 1’s and (v1, va---vg) an arbitrary set of centroid vectors.

Lemma 4.1 can be slightly modified to hold for any eigenvalue of A, not just the
extreme ones or those with multiplicity £. In fact, let A be any eigenvalue of A. If it
is a single eigenvalue of the block A; with unit eigenvector w; and is well-separated
from all the other eigenvalues of A, then the corresponding perturbed eigenvector for
A is little changed:

wi [+ 40 ([10A[2/]]All2) -

0
On the other hand, assume that A is a common eigenvalue of blocks A4;,, A o AL
for s < k, with corresponding unit eigenvectors w;,, wi,, - -, w;_, and that X is also
well-separated from all other eigenvalues of A. Then the s perturbed eigenvectors
of A, have the following block-wise structure: for each block A;,, the eigenvector
components are those of w;, vg; + O (|0 A||2/1|All2), where (vs, - -v;,) is an s X s
orthogonal matrix; for all other blocks, the corresponding eigenvector components

are O ([[dA]l2/[|All2)-

12y "
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5. k-way Bipartite Graph Partitioning. A graph G(V; E) is bipartite with
vertex classes X and Y if V. = X UY and each edge in E has one endpoint in X
and one endpoint in Y. We consider a weighted bipartite graph G(X;Y; W?) with
W = (w;;), where w;; denotes the weight of the edge between vertex i and j. In the
context of document clustering, X represents the set of terms and Y represents the
set of documents, and w;; can be used to denote the number of times term ¢ occurs
in document j. We consider A k-way vertex partition IT of G(X;Y; W?) of the form

X = XjUXoU- - UXyg,

We say that a pair of vertices # € X and y € Y is matched with respect to the
partition (19) if € X; and y € ¥; for some 1 < j < k.

Intuitively, we would like to find partitions of the form (19) where there are as
many matches between all X; and Y; pairs as possible, and there are as few matches
between X; and Y; (with ¢ # j) pairs as possible. This would give rise to partitions
with matches concentrated between all X; and Y} pairs. In the context of document
clustering, this strategy leads to the desired tendency of discovering document clusters
Y1, -+, Yy which find their most used key terms in Xy, ---, Xj, respectively.

To establish our k-way partition models, we note that treated as a regular graph,
the weight matrix W for the bipartite graph G(X,Y; W?) takes the form

20 w 0 we

(20) = ( (Wb)T 0 ) :

The zero diagonal blocks in W speak to the fact that we did not consider any pairwise
relationship between a term and a document in this vector space model. Hence it
is clear that this k-way bi-clustering problem is nothing but a special case of the
clustering problem we have discussed in some detail in previous sections. Hence all
the theory and numerical schemes apply equally well in this case. In the following,
we rewrite the theory and schemes in a form that explicitly takes into account the
special structure in W.

In the context of document clustering, the block rows of W correspond to the
partitioning of terms and block columns of W the documents. In addition, we define
z; and y; to be the n- and m-dimensional vectors, respectively. The components of
z; and y; are all zero except those corresponding to the j-th block rows and columns
of W, respectively, which are 1. The partitions (1) and (19) are connected by the
relationship

(21) Vi=X;UY;, i=1,- k.

5.1. Bipartite Normalized Cut. In light of equations (20) and (21), we rewrite
terms in equation (2) for bipartite graph as follows,

W(VT’VTC) = ZS(WT]) +ZS(VVH') == Zl‘? Wbyj +ZxZT Wbyr.

J#r iET J#r iET
k k 1 k

WV, V)= s(Wey) + > s(Wir) = Yol Wiy + 3 ol Wiy
j=1 i=1 j=1 i=1

To further simplify (2) for the bipartite graph, we introduce two diagonal matrices
D =diag(dy,---,di) and F =diag(f1, -, fx),
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where d; and f; are the sums of the elements in the j-th row and column of we,
respectively. We assume that the underlining bipartite graph is connected so that
D >0 and F > 0. Now equation (2) simplifies to

(22)Neut(IT) = >

r=

In the spirit of (20), we further let
N z, DY2 g, D2 g,
= (5 )= (o ) /] s
It follows that
2Zr'z=1, and = QxTTWgT :(@ )T /\ObT we (@ ),
el Day +yl Fy, Yr (W ) 0 Yr

where Wb = DL/2 Wb /2, Combining all these relations, we see that the bipartite
Normalized Cut (2) can be further simplified to

k
el D, +yl Fy. — 22T Wy, oy 2,2l Wy,
' Dz, +yl Fy, ol Da,+yl Fyo

—_

‘ and Z:({l ik)
Yr - Yk

o W
(23) Neut(IT) = k — trace zT —~\T Z
() o

where Z is column orthogonal. .
Let the largest k singular values of W be

o1 > 092> >0k,
and let
Ug = (up us...ug) and Vi = (vyva...08)

be the corresponding left and right singular vectors, respectively. The relaxed problem
of minimizing the trace in (23) over all column orthogonal matrices can be solved by
setting columns of Z to be any orthonormal basis for the subspace spanned by columns

. U
of the matrix ( Vi

5.2. Min-Max Cut. We can also explicitly rewrite Min-Max Cut (8) for the
bipartite graph alone the lines of Section 5.1. In fact, the denominators of (8) can be
rewritten as

). Bipartite normalized cuts have been discussed in [5, 24].

WV, Vi) = 28(Wip) = 227 W2y,

and equation (8) becomes

Mcut(H)_Zk:foerrynyr—?erWbyr_Zk:foerrynyr_k
- r=1 2 l‘? Wb Yr B r=1 2’ l‘? Wb Yr
k
1
=Y ek
T:le?Wbyr

(24) :il/?ﬁ((wgb) ng)a—k
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For the relaxed continuous problem of minimizing the sum in the last expression, the
optimal solution satisfies

k

T T~ 40
2 l‘rT Wby, = @’
k
and {z.} form an orthonormal basis for the subspace spanned by columns of the
matrix Us
Vi

Similar to the discussion on general matrices, the fact that each ratio in the
sum (8) is the same at the optimal solution of the relaxed problem is an indication
that one should expect Min-Max Cuts to produce balanced bi-clusters in general,
which is a very desired feature.

5.3. Bi-Clustering as a Singular Value Perturbation Problem. The gen-
eral eigenvalue perturbation results of Section 4 also have their counterparts for bi-
clustering bipartite graphs. Lemma 5.1 below first appeared in [2].

LEMMA 5.1. Let ¢ be a common singular value of matrices Ay, A, - -+, Ag, with
corresponding unit right singular vectors uy, us, - -+, up and unit left singular vectors
vy, V2, -, V. Purther assume that o is well-separated from all other singular values
of all k matrices. Define

A, -0
A= and E:A+6A,
0 - A
where §A is a small perturbation. For the k singular values ofg that are perturbed
from o, denote their corresponding unit right Uy, us, - -+, ug and unit left singularvec-
tors as v1,vs, -+, 0. Then
Ul w?
(25) (wr - ug) = : + O (llgAll/11AID
UL wg
U1 w?
(26) (0 - W) = : + O (II6AN/11AID
Vi wg
where (wy -+ wy) is a k x k orthogonal matriz.
It is interesting to point out that the same set of vectors wy - - - wg appear in both

the perturbed left singular vectors and perturbed right singular vectors.
To put Lemma 5.1 into use for finding good bi-clusters, we rewrite W? as

W
Wb = + oW,
Wi
where /Wb, /Wlb, . ~,/VI7£ are the scaled weight matrices for the whole data set and the

k clusters in partition I1; and §W is the sum of off-diagonal terms after scaling and
all the other terms that make the above equation valid. W should be reasonably
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TaABLE 1
Newsgroups and Their Numbering

NG1 alt.atheism NG11 rec.sport.hockey

NG2 comp.graphics NG12 sci.crypt

NG3 comp.os.ms-windows.misc | NG13 sci.electronics

NG4 comp.sys.ibm.pc.hardware | NG14 sci.med

NG5 comp.sys.mac.hardware NG15 sci.space

NG6 comp.windows.x NG16 soc.religion.christian
NGT7 misc.forsale NG17 talk.politics.guns
NGS8 rec.autos NG18 talk.politics.mideast
NG9 rec.motorcycles NG19 talk.politics.misc
NG10 rec.sport.baseball NG20 talk.religion.misc

small as long as the cross terms in the partition II are sufficiently small relative to
the weights inside each cluster.

All k& 4+ 1 matrices, /W,/Wf, . ~~,/VI7£, have 1 as their largest singular value by
construction. Assuming that the well-separatedness condition holds and that the
cutsizes are sufficiently small, Lemma 5.1 suggests that the bi-clustering information
is built into the algebraic structure in equations (25) and (26) of the singularvectors
pertaining to the largest k singularvalues of Wb, See the end of Section 6 for more
discussion.

6. Experiments. Document clustering has been popular in analyzing text in-
formation. We have performed experiments on newsgroup articles in the following 20
Newsgroups.

Note that some of these newsgroups are completely unrelated, such as NG1
and NG2; others are quite well related, such as NG18 and NG19. The news-
group dataset together with the bow toolkit for processing is downloaded from
http://www.cs.cmu.edu/afs/cs /project /theo-11/www/naive-bayes. html. Similar text
clustering experiments are conducted in [22].

We generated a text corpus which contains 1000 articles from each newsgroup.
A total of 77952 words are selected, resulting in a sparse term-document matrix
with density & 0.1%. Words are stemmed using [16]. Standard tf.idf scheme for
term weighting is used. This corresponds to the vector-space model in information
retrieval [20].

We have performed a large number of experiments on our text corpus to exper-
imentally verify the spectral structure suggested in Lemma 4.1. Each run of our
experiments consists of the following steps:

1. Take 100 documents each randomly from %k newsgroups in the text corpus,
and generate the term-document matrix by throwing away terms that occur in
few documents and documents that have few words. The document weighting
matrix is taken to be the cosine similarity! among documents,

2. Compute k largest eignvalues and the corresponding unit eigenvectors of the
normalized weight matrix. Let V be the matrix of these computed eigenvec-
tors. _

3. Normalize rows of V so that each row has unit norm.

IThe cosine similarity measures the distance between documents as the cosine of the angle be-
tween their corresponding vectors.
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TABLE 2

2 2 5
S 10 =
g o o © g >
5 g &®° o L x x
é’ O o % O, @] o o o
@ »4 o el x
g 6 g x o O x o X
Q. X O
= L o) X6 L O
- qga@ = 3 e} Fo xx 0 O *xx I x
0 X 17}
g 4< @%O?%é@ @ S F o S0t g S 7X0 %
< =5 x
< T
2 3 o5 @%@59@% 8 oo
= = X
g 2 -g dp [€3) o
T T
o 24

20 40 60 80 100

Ratio of Largest Two Singular Values
Ratio of Largest Two Singular Values

20 40 60 80 100

4. Partition the rows of V into k submatrices according to which newsgroup the
corresponding document belongs.
Lemma 4.1 suggests that each of the k submatrices generated above must be nearly a
rank-one matrix. In other words, the ratio of the largest two singular values for each
submatrix should be very large.

In the figure above, we plot our results with various newsgroups. Different symbols
(+ or o) represent different newsgroups. Each symbol represents the ratio of the 2
largest singular values for the submatrix pertaining to a particular cluster. The top
left plot shows our results for 100 runs on & = 2 newsgroups NG1 and NG2, whose
contents should be largely unrelated. The plot indicates for each newsgroup and for
each run, the singular value ratio is indeed much larger than 1, in good agreement
with Lemma 4.1. The top right plot shows our results for 100 runs on newsgroups
NG18 vs. N1G9, whose contents should be somewhat related. The bottom left
and bottom right plots are on two groups of 5 newsgroups each, namely NG2, NG3,
NG4, NG5 and NG6 in the bottom left plot and NG14, NG15, NG17, NG18 and
NG19 in the bottom right plot. In all these three plots, there are many runs where
the singular value ratios are very close to 1, indicating that the structure suggested
by Lemma 4.1 does not exactly exist. Hence Lemma 4.1 in general is not directly
applicable to our data clustering problem, when the weighting matrix is generated in
the way described in this paper.

However, it turns out that a slightly different structure does seem to exist. In
our additional experiments, we tried to find a large sub-block within each submatrix
for which the structure of Lemma 4.1 does exist. To this end, we choose a pre-set
angular parameter § = cos ™! (0.85) a2 32°. For each row vT in the submatrix, we put
into a sub-block all the rows that span an angle at most # with v and compute the
ratio of the largest two singular values within this sub-block. This generates a lot of
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sub-blocks for each submatrix and we choose the best sub-block to be the one with
the most number of rows. If Lemma 4.1 was indeed true, the best sub-block would be
the same as the submatrix and the ratio of the singular values would be very large.
For the text corpus that we generated, Lemma 4.1 is invalid 50% of the time. On the
other hand, we have been able to find these best sub-blocks for for which the rank-one
structure suggested by Lemma 4.1 does exist. In other words, the ratio of the two
largest singular values for such sub-blocks is much larger than 1.

In the figure above, we plot our results with various newsgroups. Again, differ-
ent symbols represent different newsgroups. The top left plot shows our results for
100 runs on k& = 2 newsgroups NG1 and NG2, the same document data used for
generating the corresponding plot in the previous figure. The plot indicates for each
newsgroup and for each run, the best sub-block represents about 90% or more of the
original submatrix and the singular value ratio is indeed much larger than 1. The
top right plot shows our results for 100 runs on newsgroups NG8 vs. NG9, whose
contents should be somewhat related. The plot indicates for each newsgroup and for
each run, the best sub-block represents about 65 — 70% or more of the original sub-
matrix and the singular value ratio is also much larger than 1. In the middle left plot,
we plot our results for 100 runs on newsgroups NG18 and NG19. Here we also used
the same document data that was used to generating the corresponding plot in the
previous figure. The difference now is that for each newsgroup and for each run, the
best sub-block represents about 65% or more of the original submatrix with a large
singular value ratio. In the middle right plot, we plot our results for 100 runs on 5
newsgroups NG2, NG3, NG4, NG5 and NG6; and in the bottom left plot we plot
100 runs on 5 newsgroups NG14, NG15, NG17, NG18 and NG19. These are also
the text data used in the previous figure. For most newsgroups and most runs, the
best sub-blocks contain substantial fractions of the original submatrices with large
singular value ratios. Finally, in the bottom right plot, we plot our results for 100
runs on a set of 10 newsgroups, which includes NG1, NG5, NG7, NG8, NG11,
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NG12, NG13, NG14, NG15 and NG17. Again, for most newsgroups and most
runs, the best sub-blocks contain substantial fractions of the original submatrices with
large singular value ratios.

Now we make a comment on Lemma 5.1. Since it is not known a priori what the
keywords should be for each data cluster, explicitly verifying the algebraic structure
in Lemma 5.1 is problematic for our newsgroup data. However, our experiments do
confirm that sub-blocks with rank-one structures do indeed exist within largest k left
and right singular vectors.

7. Conclusions and Future Work. In this paper, we have shown that im-
portant algebraic structures in general exist in the eigenvector and singular vector
matrices for data clusters for both graph clustering and bi-clustering. Future work
includes development of efficient and effective spectral methods that fully take advan-
tage of such structures for cluster analysis and data mining.
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