
SPECTRAL RELAXATION MODELS AND STRUCTURE ANALYSISFOR K-WAY GRAPH CLUSTERING AND BI-CLUSTERINGM. GU, H. ZHA, C. DING, X. HE, H. SIMON, J. XIAAbstra
t. In this paper we 
onsider k-way graph 
lustering and k-way bipartite graph 
luster-ing. Many data types arising from data mining appli
ations 
an be modeled as graphs and bipartitegraphs. Examples in
lude webpage links on the world-wide web, terms and do
uments in a text 
or-pus, 
ustomers and pur
hasing items in market basket analysis and reviewers and movies in a moviere
ommender system. In this paper, we dis
uss models for k-way irregular graph partitioning andk-way bipartite irregular graph partitioning, and dis
uss the algebrai
 stru
tures in the eigenve
torand singular ve
tor matri
es that 
orrespond to the optimal partition. Our dis
ussion 
ontributesto the theoreti
al understanding of spe
tral methods for graph partitioning and data mining, whi
hhas been a fo
us of some re
ent resear
h.Key words. data mining, data 
lustering, eigenvalue, perturbation, stru
ture analysis.
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2 Gu, Zha, Ding, He, Simon, Xia1. Introdu
tion. Cluster analysis is an important tool for exploratory datamining appli
ations arising from many diverse dis
iplines. Informally, 
luster analysisseeks to partition a given data set into 
ompa
t 
lusters so that data obje
ts withina 
luster are more similar than those in distin
t 
lusters. The literature on 
lusteranalysis is enormous in
luding 
ontributions from many resear
h 
ommunities. Manytraditional 
lustering algorithms make the assumption that the given data set 
onsistsof 
ovariate information (or attributes) for ea
h individual data obje
ts, and 
lustering
an be done within the 
ontext of grouping a set of n-dimensional ve
tors.In this paper, we 
on
entrate on graph theoreti
al models for do
ument 
lustering,where ea
h do
ument is a node in the graph. The weight on ea
h edge (i; j) is 
hosento re
e
t similarities between do
uments i and j. Clustering in this approa
h is basedon the intuitive notion that do
uments that are more similar to ea
h other shouldhave a better 
han
e of belonging to the same 
lusters. We also 
onsider bipartitegraph models where terms and do
uments are modeled as verti
es in a bipartite graphwith edges of the graph indi
ating the 
o-o

urren
e of terms and do
uments, andedge weights indi
ating the frequen
y of this 
o-o

urren
e. Clustering in this latterapproa
h is based on the intuitive notion that do
uments in the same topi
 tend to usethe same set of terms while the set of terms that 
an be used to des
ribe a parti
ulartopi
 tends to appear in do
uments pertaining to that topi
.Graph partitioning has very broad range of appli
ations. For example, the meshof a 2D surfa
e of an airfoil or a 3D engine 
ylinder 
an be modeled as a nearly-regulargraph. Partitioning su
h a mesh into subdomains for distributed memory pro
essorsis a 
ommon task with well-developed software su
h as that in [14, 12℄. Page linkageson the World Wide Web form another kind of graph, whi
h are are highly irregular orrandom, with dramati
ally varying node degrees. Partitioning su
h graphs is useful toautomati
ally identify topi
s from the retrieved webpages for a user query [6, 7, 11℄.In this paper we emphasize graph partition as data 
lustering using a graph model.Some of the most e�e
tive tools for 
lustering analysis have been spe
tral methods,where one 
omputes some eigenvalues and eigenve
tors of a Lapla
ian matrix (orsingular values and singular ve
tors of 
ertain matrix) related to the given graph and
onstru
ts data 
lusters based on su
h spe
tral information [1, 5, 8, 13, 10, 17, 18, 21,24℄. While su
h methods have existed and been applied in a number of �elds for manyyears, they are heuristi
 in nature due to the high 
omplexity of the data 
lusteringproblem.Re
ently, there have been some interesting resear
h towards a theoreti
al under-standing of spe
tral methods. In parti
ular, Papadimitriou, Raghavan, Tamaki andVempala [19℄ showed that for do
uments generated from a probabilisti
 model thatthey developed, do
ument 
lusters on ea
h topi
, with high probability, are deter-mined by the subspa
es produ
ed by Latent Semanti
 Indexing (LSI). Azar, Fiat,Karlin, M
Sherry and Saia [2℄ further generalize the results of [19℄ to show that LSIa
tually works in a mu
h wider variety of settings. Ding, He and Zha [6, 7℄ developedmethods for web link and text data graph partitioning based on spe
tral perturbationtheory.With approa
hes similar to those of [6, 7, 2℄, in this paper, we show that importantalgebrai
 stru
tures in general exist in the eigenve
tor and singular ve
tor matri
es fordata 
lusters for both graph 
lustering and bi-
lustering. We also present experimentalresults in text data 
lustering that 
on�rm the existen
e of su
h algebrai
 stru
tures.The rest of the paper is organized as follows: in Se
tion 2 we review normalized
ut for k-way 
lustering. In Se
tion 3 we propose a new 
riterion for graph partitioning
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h tends to produ
e balan
ed 
lusters and show that our 
riterion 
an be related toa partial singular value de
omposition of the weight matrix of the bipartite graph. InSe
tion 4, we perform a spe
tral perturbation analysis to reveal important algebrai
stru
tures hidden in the partial singular value de
omposition. In Se
tion 5 we proposea new 
riterion for bipartite graph partitioning and perform a similar spe
tral analysis.In se
tion 6, we des
ribe experimental results that 
on�rm the existen
e of su
hstru
tures in bi-
lustering a dataset of newsgroup arti
les.2. Normalized Cut for k-way 
lustering. We denote a weighted undire
tedgraph by G(V;E;W ) where V is the vertex set and E is the edge set, and W = (wij)is the weight matrix with wij � 0 denoting the edge weight if there is an edge betweenvertex i and j, i.e., fi; jg 2 E, otherwise we set wij = 0. Let � = fVigki=1 be a k-waydisjoint partition of V su
h that V = [ki=1Vi:(1)The k-way Normalized Cut problem is to �nd a partition � that minimizes the ob-je
tive fun
tionN
ut (�) = W (V1; V 
1 )W (V1; V ) + W (V2; V 
2 )W (V2; V ) + � � �+ W (Vk; V 
k )W (Vk; V ) :(2)The normalized 
ut formulation has been dis
ussed in [4℄ for graph partitioning ingeneral and in [21℄ for image segmentation in parti
ular. Ding el al [7℄ dis
ussednormalized 
ut for data 
lustering. For a �xed 
lustering of the verti
es of G, reorderthe rows and 
olumns of W a

ordingly su
h thatW = 26664 W11 W12 � � � W1kW21 W22 � � � W2k... ... ...Wk1 Wk2 � � � Wkk 37775 ;and the rows of Wi1 
orrespond to the verti
es in Vi, i = 1; : : : ; k. Let e be the ve
torwith all its elements equal to 1. Let D = diag(D1; : : : ; Dk) be the diagonal matrixsu
h that We = De. For any m-by-n matrix H = (hij), denotes(H) = mXi=1 nXj=1hij;i.e., s(H) is the sum of all the elements of H. It is easy to verify thatW (Vi; V ) = s(Di) and W (Vi; V 
i ) = s0�Xj 6=iWij1A = s(Di)� s(Wii):(3)Let xi be a ve
tor a

ordingly partitioned with that of W with all elements equal tozero ex
ept those 
orresponding to rows of Wii, i.e.,xi = [0 � � �0 1 � � �1 0 � � �0℄T :It follows from (3) thatW (Vi; V 
i ) = xTi (D �W )xi; W (Vi; V ) = xTi Dxi:(4)
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ut (�) = xT1 (D �W )x1xT1Dx1 + xT2 (D �W )x2xT2Dx2 + � � �+ xTk (D �W )xkxTkDxk= k � �xT1 W x1xT1 Dx1 + xT2 W x2xT2 Dx2 + � � �+ xTk W xkxTk Dxk � :(5) Let yi = D1=2xi=kD1=2xik2 and Yk = [y1; y2; : : : ; yk℄. Then Y Tk Yk = Ik andN
ut (�) = tra
e(Y Tk D�1=2(D �W )D�1=2Yk) = k � tra
e(Y Tk 
WYk);(6)where 
W = D�1=2W D�1=2:The largest eigenvalue of 
W is always 1, with 
orresponding eigenve
tor D1=2 e.If we temporarily ignore the fa
t that the elements of xi are either zero or one, andallow them to take 
ontinuous values, we arrive at the following relaxed optimizationproblem minN
ut (�) � k � maxY Tk Yk=Ik tra
e �Y Tk 
W Yk� :It is known that the maximum on the right hand side is a
hieved when Yk is taken tobe any orthonormal basis for the subspa
e spanned by the eigenve
tors pertaining tothe k largest eigenvalues of 
W . Hen
e we have a lower bound on N
ut (�) as (
f. [3℄)min� N
ut (�) � k � kXj=1 b�j;(7)where b�1; � � � ; b�k are the largest k eigenvalues of 
W .3. k-Way Min-Max Cut. In the normalized 
ut (2), ea
h 
ut W (Vi; V 
i ) isweighted against the asso
iation between Vi and the whole graph V . One 
ould arguethat it might be more meaningful to weigh ea
h 
ut W (Vi; V 
i ) against the asso
iationwithin Vi. This distin
tion be
omes more pronoun
ed when the 
utsizes W (Vi; V 
i )stops beeing tiny, as is the 
ase for most pra
ti
al data 
lustering problems. In thefollowing we 
onsider su
h a weighting s
heme, formulated as the following Min-max
ut problem: M
ut (�) = W (V1; V 
1 )W (V1; V1) + W (V2; V 
2 )W (V2; V2) + � � �+ W (Vk; V 
k )W (Vk; Vk) ;(8)where as beforeW (Vi; V 
i ) = xTi (D�W )xi. For k = 2, this formulationwas dis
ussedin [7℄. The Min-max Cut tries to minimize inter-
luster similarity while maximizingintra-
luster similarity. We will dis
uss this more when we dis
uss the solution to (8).The numerators in the above equation 
an be rewritten as (4), and the denomi-nators 
an be rewritten as W (Vi; Vi) = xTi W xi. Therefore,M
ut (�) = xT1 (D �W )x1xT1 W x1 + xT2 (D �W )x2xT2 W x2 + � � �+ xTk (D �W )xkxTk W xk= xT1 D x1xT1 W x1 + xT2 D x2xT2 W x2 + � � �+ xTk DxkxTk W xk � k:(9)
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ture Analysis for k-way Text Data Clustering 5De�ne yi, Yk and 
W as before, we haveM
ut (�) = 1yT1 
W y1 + 1yT2 
W y2 + � � �+ 1yTk 
W yk � k:(10)We would like to �nd the right permutation � that minimizes M
ut (�).To relax this problem into a meaningful 
ontinuous problem, we note that thematrix 
W , while symmetri
, is usually not (semi-)positive de�nite. Consequently, itis possible to 
hoose yi to make yTi 
W yi < 0 and yet extremely 
lose to 0. In otherwords, the minimum value of the right hand side in (10) would be �1 if the only
onstraint on yi is that Y Tk Yk = Ik. To avoid this problem, we relax the problem (9)into that of minimizing the right hand side of (10) under the 
onditions thatY Tk Yk = Ik; and yTi 
W yi > 0; i = 1; � � � ; k:(11)Conditions (11) ensure that the relaxed minimization problem has a positive minimumvalue. The following theorem provides the solution to this relaxed problem.Theorem 3.1. Let b�1 � b�2 � � � � � b�nbe the eigenvalues of 
W and assume that b�1 + b�2 + � � �+ b�k > 0. ThenminY Tk Yk=Ik; yTi bW yi>0 kXi=1 1yTi 
W yi = k2Pki=1 b�i :(12)In addition, this minimum is a
hieved by any orthonormal basis fy1; � � � ; ykg of thesubspa
e spanned by the eigenve
tors pertaining to the largest k eigenvalues of 
Wwhi
h further satis�es yTi 
W yi = Pki=1 b�ik :Proof. Let eY be the solution to the minimization problem (12). Then there existsan orthonormal matrix eY 
 su
h that the matrix (eY eY 
) is orthogonal. De�nefW = (eY eY 
)T
W (eY eY 
) =  fW11 fW12fW21 fW22 ! ; and L(Yk) = kXi=1 1yTi fW yi ;(13)with Yk = (y1; � � � ; yk) satisfying Y Tk Yk = Ik. It is 
lear from the way fW is de�nedthat Y � = � Ik0 � = (e1; � � � ; ek)
onsists the optimal solution ve
tors that solve the minimization problem on the lefthand side of (12) where the matrix 
W is repla
ed by fW . For 
onvenien
e, we willassume that we have re-arranged all the ratios so that the sequen
e feTi fW eig is inde
reasing order.



6 Gu, Zha, Ding, He, Simon, XiaLet ÆY (2) 2 R(n�k)�k be any suÆ
iently small perturbation. It is easy to showthat there exists a perturbationÆY (1) = O�


ÆY (2)


22� 2 Rk�k(14)su
h that the perturbationÆY = � ÆY (1)ÆY (2) � = (Æy1; � � � ; Æyk)exa
tly satis�es the equation(Y � + ÆY )T (Y � + ÆY ) = Ik:(15)In other words, Y � + ÆY exa
tly satis�es the orthogonality 
onstraint and hen
e is afeasible solution. Some algebra reveals that:L(Y � + ÆY )�L(Y �) = �2 kXi=1 ÆyTi fW ei�eifW ei�2 +O(kÆY k2)= �2 tra
e�ÆY T fW �diag(eT1 fW e1; � � � ; eTk fW ek)��2� :(16)Due to (14), linear perturbation terms in (16) that involve ÆY (1) are se
ond orderperturbation terms in ÆY (2). For L(Y �) to be a lo
al minimum, all the linear termsinvolving ÆY (2) on the right hand side of (16) must vanish. This 
an happen if andonly if partition (13) satis�es fW12 = 0 and fW21 = 0.It follows that eigenvalues of fW11 must be those of fW , and hen
e of 
W . Let theseeigenvalues be e�1; � � � ; e�k, and let the diagonal entries of fW11 be ew1; � � � ; ewk. It is wellknown thatL (Y �) = kXi=1 1eTi fW ei = kXi=1 1ewi � k2Pki=1 ewi = k2tra
e �fW11� = k2Pki=1 e�i ;where the inequality be
omes equality if and only ifewj = Pki=1 e�ik for all j = 1; � � � ; k:Combining these results, we now haveminY Tk Yk=Ik; yTi bW yi>0 kXi=1 1yTi 
W yi � L(Y �) � k2Pki=1 e�i � k2Pki=1 b�i :Furthermore, there exists an orthogonal matrix eQ su
h that (see [25℄)eQT 
W eQ =  fW1 00 fW2 ! ;
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h that every one of its main diagonal entries is equal to�Pki=1 b�i� =k. Taking the �rst k 
olumns of eQ as the yi ve
tors, we obtainminY Tk Yk=Ik; yTi bW yi>0 kXi=1 1yTi 
W yi � k2Pki=1 b�i :Sin
e this upper bound is exa
tly equal to the earlier lower bound, the theorem mustbe true.Sin
e at the optimal solution every term is the same, namelyyTi 
W yi = b�1 + � � �+ b�kk ;It follows that the following mini-max problemminY Tk Yk=Ik; yTi bW yi>0 max1�i�k 1yTi 
W yi(17)has exa
tly the same optimal solution, with a di�erent optimal value kPki=1 b�i . Hen
ethe 
ontinuous version of the M
ut problem is equivalent to a min-max optimizationproblem.Sin
e (10) is a 
ontinuous relaxation of (9), the fa
t that the ratios in (10) areequal at optimal solution suggests that the ratios of (9) should also be rather \
lose"to ea
h other. For k = 2, we observe that the numerators of (9) are identi
al, hen
ewe 
an expe
t denominators in (9) to be rather \
lose" to ea
h other, whi
h is to saythat we should expe
t W (V1) and W (V2) to be rather \
lose" to ea
h other (see [7℄for more detailed dis
ussion). This automati
 balan
ing among the 
lusters makesM
ut a mu
h-desired obje
tive fun
tion for data 
lustering.4. Spe
tral Stru
ture Analysis. Theorem 3.1 states that the solution ve
torsfor the relaxed M
ut problem must lie in the eigenspa
e spanned by the eigenve
torspertaining to the k largest eigenvalues of 
W . Re
ently, resear
hers have developeds
hemes to 
ompute 
lustering information by applying variations of the K-meansalgorithm to these eigenve
tors (see for example [5, 8, 13, 21℄). It turns out that thereis an asymptoti
 algebrai
 stru
ture in these eigenve
tors that reveals a great deal ofinformation on the individual 
lusters. The following lemma of Stewart [23℄ forms thetheoreti
al basis for analyzing this algebrai
 stru
ture. It was �rst used in [2℄ in theanalysis of their data mining models. Similar dis
ussions also appeared in [6℄.Lemma 4.1. Assume that � is a 
ommon eigenvalue of symmetri
 matri
esA1; A2; � � � ; Ak, with 
orresponding unit eigenve
tors u1; u2; � � � ; uk. Further assumethat � is well-separated from all other eigenvalues of these k matri
es. De�neA = 0B� A1 � � � 0... . . . ...0 � � � Ak 1CA and eA = A+ ÆA;where ÆA is a small symmetri
 perturbation. For the k eigenvalues of eA that areperturbed from �, denote their 
orresponding unit eigenve
tors as eu1; eu2; � � � ; euk. Then(eu1 � � � euk) = 0B� u1 vT1...uk vTk 1CA +O (kÆAk=kAk) ;(18)



8 Gu, Zha, Ding, He, Simon, Xiawhere (v1 � � � vk) is a k � k orthogonal matrix.To see how Lemma 4.1 
ould be of help in our sear
h for good 
lusters, we notethat 
W 
an be rewritten in the following form:
W = 0B� 
W1 . . . 
Wk 1CA+ ÆW;where 
W;
W1; � � � ;
Wk are the s
aled weight matri
es for the whole data set and thek 
lusters in partition �; and ÆW is the sum of o�-diagonal terms after s
aling andall the other terms that make the above equation valid. ÆW should be reasonablysmall as long as the 
ross terms in the partition � are suÆ
ient small relative to theweights inside ea
h 
luster.All k+1 matri
es, 
W;
W1; � � � ;
Wk, have 1 as their largest eigenvalue by 
onstru
-tion. Assuming that the well-separatedness 
ondition holds and that the 
utsizes aresuÆ
iently small, Lemma 4.1 suggests that the partition information is built into thealgebrai
 stru
ture (18) of the eigenve
tors pertaining to the largest k eigenvalues of
W . In Se
tion 6, we experimentally verify the existen
e of su
h a stru
ture. Ourexperiments show that for our target data 
lustering appli
ations, the exa
t stru
tureas indi
ated in Lemma 4.1 does not in general exist. This is not surprising sin
ethe 
utsizes for su
h appli
ations are anything but tiny. Instead, our experimentsindi
ate that an algebrai
 stru
ture similar to (18) indeed exists in general for ourtarget appli
ations.It is interesting to note that equation (18) suggests a link to the k-means strategyused by various authors to un
over k-way partitioning information [5, 21℄. In su
ha strategy, k eigenve
tors are 
omputed, and a k-means strategy is applied to thetranspose of the 
orresponding eigenve
tor matrix. It is easy to show that this strategyleads to an eigenve
tor stru
ture in the form of (18) with u1; u2; � � �uk repla
ed byve
tors of all 1's and (v1; v2 � � �vk) an arbitrary set of 
entroid ve
tors.Lemma 4.1 
an be slightly modi�ed to hold for any eigenvalue of A, not just theextreme ones or those with multipli
ity k. In fa
t, let � be any eigenvalue of A. If itis a single eigenvalue of the blo
k Ai with unit eigenve
tor wi and is well-separatedfrom all the other eigenvalues of A, then the 
orresponding perturbed eigenve
tor foreA is little 
hanged: 0BBBBBB� 0...wi...0 1CCCCCCA+ +O (kÆAk2=kAk2) :On the other hand, assume that � is a 
ommon eigenvalue of blo
ks Ai1 ; Ai2; � � � ; Aisfor s � k, with 
orresponding unit eigenve
tors wi1 ; wi2; � � � ; wis, and that � is alsowell-separated from all other eigenvalues of A. Then the s perturbed eigenve
torsof eA, have the following blo
k-wise stru
ture: for ea
h blo
k Ait , the eigenve
tor
omponents are those of wit vTit + O (kÆAk2=kAk2), where (vi1 � � �vis) is an s � sorthogonal matrix; for all other blo
ks, the 
orresponding eigenve
tor 
omponentsare O (kÆAk2=kAk2).
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ture Analysis for k-way Text Data Clustering 95. k-way Bipartite Graph Partitioning. A graph G(V ;E) is bipartite withvertex 
lasses X and Y if V = X [ Y and ea
h edge in E has one endpoint in Xand one endpoint in Y . We 
onsider a weighted bipartite graph G(X;Y ;W b) withW b = (wij), where wij denotes the weight of the edge between vertex i and j. In the
ontext of do
ument 
lustering, X represents the set of terms and Y represents theset of do
uments, and wij 
an be used to denote the number of times term i o

ursin do
ument j. We 
onsider A k-way vertex partition � of G(X;Y ;W b) of the formX = X1 [X2 [ � � � [Xk;Y = Y1 [ Y2 [ � � � [ Yk:(19)We say that a pair of verti
es x 2 X and y 2 Y is mat
hed with respe
t to thepartition (19) if x 2 Xj and y 2 Yj for some 1 � j � k.Intuitively, we would like to �nd partitions of the form (19) where there are asmany mat
hes between all Xj and Yj pairs as possible, and there are as few mat
hesbetween Xi and Yj (with i 6= j) pairs as possible. This would give rise to partitionswith mat
hes 
on
entrated between all Xj and Yj pairs. In the 
ontext of do
ument
lustering, this strategy leads to the desired tenden
y of dis
overing do
ument 
lustersY1; � � � ; Yk whi
h �nd their most used key terms in X1; � � � ; Xk, respe
tively.To establish our k-way partition models, we note that treated as a regular graph,the weight matrix W for the bipartite graph G(X;Y ;W b) takes the formW = � 0 W b�W b�T 0 � :(20)The zero diagonal blo
ks inW speak to the fa
t that we did not 
onsider any pairwiserelationship between a term and a do
ument in this ve
tor spa
e model. Hen
e itis 
lear that this k-way bi-
lustering problem is nothing but a spe
ial 
ase of the
lustering problem we have dis
ussed in some detail in previous se
tions. Hen
e allthe theory and numeri
al s
hemes apply equally well in this 
ase. In the following,we rewrite the theory and s
hemes in a form that expli
itly takes into a

ount thespe
ial stru
ture in W .In the 
ontext of do
ument 
lustering, the blo
k rows of W 
orrespond to thepartitioning of terms and blo
k 
olumns of W the do
uments. In addition, we de�nexj and yj to be the n- and m-dimensional ve
tors, respe
tively. The 
omponents ofxj and yj are all zero ex
ept those 
orresponding to the j-th blo
k rows and 
olumnsof W , respe
tively, whi
h are 1. The partitions (1) and (19) are 
onne
ted by therelationship Vi = Xi [ Yi; i = 1; � � � ; k:(21)5.1. BipartiteNormalizedCut. In light of equations (20) and (21), we rewriteterms in equation (2) for bipartite graph as follows,W (Vr ; V 
r ) =Xj 6=r s(Wrj ) +Xi6=r s(Wir) =Xj 6=r xTr W b yj +Xi6=r xTi W b yr :W (Vr ; V ) = kXj=1 s(Wrj ) + kXi=1 s(Wir) = 1Xj=1 xTr W b yj + kXi=1 xTi W b yr :To further simplify (2) for the bipartite graph, we introdu
e two diagonal matri
esD = diag(d1; � � � ; dk) and F = diag(f1; � � � ; fk);



10 Gu, Zha, Ding, He, Simon, Xiawhere dj and fj are the sums of the elements in the j-th row and 
olumn of W b,respe
tively. We assume that the underlining bipartite graph is 
onne
ted so thatD > 0 and F > 0. Now equation (2) simpli�es toN
ut(�) = kXr=1 xTr D xr + yTr F yr � 2xTr W b yrxTr Dxr + yTr F yr = k � kXr=1 2; xTr W b yrxTr Dxr + yTr F yr :(22)In the spirit of (20), we further letbzr = � bxrbyr � = � D1=2 xrF 1=2 yr ��



 D1=2 xrF 1=2 yr 



 and Z = � bx1 � � � bxkbyr � � � byk � :It follows thatZT Z = Ik and 2xTr W yrxTr D xr + yTr F yr = � bxrbyr �T 0� 0 
W b�
W b�T 0 1A� bxrbyr �;where 
W b = D1=2W b F 1=2. Combining all these relations, we see that the bipartiteNormalized Cut (2) 
an be further simpli�ed toN
ut(�) = k � tra
e0�ZT 0� 0 
W b�
W b�T 0 1AZ1A :(23)where Z is 
olumn orthogonal.Let the largest k singular values of 
W b be�1 � �2 � � � � � �k;and let Uk = (u1 u2 : : : uk) and Vk = (v1 v2 : : : vk)be the 
orresponding left and right singular ve
tors, respe
tively. The relaxed problemof minimizing the tra
e in (23) over all 
olumn orthogonal matri
es 
an be solved bysetting 
olumns ofZ to be any orthonormal basis for the subspa
e spanned by 
olumnsof the matrix � UkVk �. Bipartite normalized 
uts have been dis
ussed in [5, 24℄.5.2. Min-Max Cut. We 
an also expli
itly rewrite Min-Max Cut (8) for thebipartite graph alone the lines of Se
tion 5.1. In fa
t, the denominators of (8) 
an berewritten as W (Vr ; Vr) = 2 s(Wrr ) = 2xTr W b yr :and equation (8) be
omesM
ut(�) = kXr=1 xTr D xr + yTr F yr � 2xTr W b yr2xTr W b yr = kXr=1 xTr D xr + yTr F yr2; xTr W b yr � k= kXr=1 12 bxTr 
W b byr � k= kXr=1 1,bzTr  0 
W b�
W b� 0 ! bzr � k(24)
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ontinuous problem of minimizing the sum in the last expression, theoptimal solution satis�es 2 bxTr 
W b byr = Pkr=1 �rk ;and fbzrg form an orthonormal basis for the subspa
e spanned by 
olumns of thematrix � UkVk �.Similar to the dis
ussion on general matri
es, the fa
t that ea
h ratio in thesum (8) is the same at the optimal solution of the relaxed problem is an indi
ationthat one should expe
t Min-Max Cuts to produ
e balan
ed bi-
lusters in general,whi
h is a very desired feature.5.3. Bi-Clustering as a Singular Value Perturbation Problem. The gen-eral eigenvalue perturbation results of Se
tion 4 also have their 
ounterparts for bi-
lustering bipartite graphs. Lemma 5.1 below �rst appeared in [2℄.Lemma 5.1. Let � be a 
ommon singular value of matri
es A1; A2; � � � ; Ak, with
orresponding unit right singular ve
tors u1; u2; � � � ; uk and unit left singular ve
torsv1; v2; � � � ; vk. Further assume that � is well-separated from all other singular valuesof all k matri
es. De�neA = 0B� A1 � � � 0... . . . ...0 � � � Ak 1CA and eA = A+ ÆA;where ÆA is a small perturbation. For the k singular values of eA that are perturbedfrom �, denote their 
orresponding unit right eu1; eu2; � � � ; euk and unit left singularve
-tors as ev1; ev2; � � � ; evk. Then(eu1 � � � euk) = 0B� u1wT1...uk wTk 1CA+ O (kÆAk=kAk) ;(25) (ev1 � � � evk) = 0B� v1wT1...vk wTk 1CA +O (kÆAk=kAk) ;(26)where (w1 � � � wk) is a k � k orthogonal matrix.It is interesting to point out that the same set of ve
tors w1 � � � wk appear in boththe perturbed left singular ve
tors and perturbed right singular ve
tors.To put Lemma 5.1 into use for �nding good bi-
lusters, we rewrite 
W b as
W b = 0B� 
W b1 . . . 
W bk 1CA + ÆW;where 
W b;
W b1 ; � � � ;
W bk are the s
aled weight matri
es for the whole data set and thek 
lusters in partition �; and ÆW is the sum of o�-diagonal terms after s
aling andall the other terms that make the above equation valid. ÆW should be reasonably



12 Gu, Zha, Ding, He, Simon, XiaTable 1Newsgroups and Their NumberingNG1 alt.atheism NG11 re
.sport.ho
keyNG2 
omp.graphi
s NG12 s
i.
ryptNG3 
omp.os.ms-windows.mis
 NG13 s
i.ele
troni
sNG4 
omp.sys.ibm.p
.hardware NG14 s
i.medNG5 
omp.sys.ma
.hardware NG15 s
i.spa
eNG6 
omp.windows.x NG16 so
.religion.
hristianNG7 mis
.forsale NG17 talk.politi
s.gunsNG8 re
.autos NG18 talk.politi
s.mideastNG9 re
.motor
y
les NG19 talk.politi
s.mis
NG10 re
.sport.baseball NG20 talk.religion.mis
small as long as the 
ross terms in the partition � are suÆ
iently small relative tothe weights inside ea
h 
luster.All k + 1 matri
es, 
W;
W b1 ; � � � ;
W bk , have 1 as their largest singular value by
onstru
tion. Assuming that the well-separatedness 
ondition holds and that the
utsizes are suÆ
iently small, Lemma 5.1 suggests that the bi-
lustering informationis built into the algebrai
 stru
ture in equations (25) and (26) of the singularve
torspertaining to the largest k singularvalues of 
W b. See the end of Se
tion 6 for moredis
ussion.6. Experiments. Do
ument 
lustering has been popular in analyzing text in-formation. We have performed experiments on newsgroup arti
les in the following 20newsgroups.Note that some of these newsgroups are 
ompletely unrelated, su
h as NG1and NG2; others are quite well related, su
h as NG18 and NG19. The news-group dataset together with the bow toolkit for pro
essing is downloaded fromhttp://www.
s.
mu.edu/afs/
s/proje
t/theo-11/www/naive-bayes.html. Similar text
lustering experiments are 
ondu
ted in [22℄.We generated a text 
orpus whi
h 
ontains 1000 arti
les from ea
h newsgroup.A total of 77952 words are sele
ted, resulting in a sparse term-do
ument matrixwith density � 0:1%. Words are stemmed using [16℄. Standard tf.idf s
heme forterm weighting is used. This 
orresponds to the ve
tor-spa
e model in informationretrieval [20℄.We have performed a large number of experiments on our text 
orpus to exper-imentally verify the spe
tral stru
ture suggested in Lemma 4.1. Ea
h run of ourexperiments 
onsists of the following steps:1. Take 100 do
uments ea
h randomly from k newsgroups in the text 
orpus,and generate the term-do
ument matrix by throwing away terms that o

ur infew do
uments and do
uments that have few words. The do
ument weightingmatrix is taken to be the 
osine similarity1 among do
uments,2. Compute k largest eignvalues and the 
orresponding unit eigenve
tors of thenormalized weight matrix. Let eV be the matrix of these 
omputed eigenve
-tors.3. Normalize rows of eV so that ea
h row has unit norm.1The 
osine similarity measures the distan
e between do
uments as the 
osine of the angle be-tween their 
orresponding ve
tors.
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4. Partition the rows of eV into k submatri
es a

ording to whi
h newsgroup the
orresponding do
ument belongs.Lemma 4.1 suggests that ea
h of the k submatri
es generated above must be nearly arank-one matrix. In other words, the ratio of the largest two singular values for ea
hsubmatrix should be very large.In the �gure above, we plot our results with various newsgroups. Di�erent symbols(+ or o) represent di�erent newsgroups. Ea
h symbol represents the ratio of the 2largest singular values for the submatrix pertaining to a parti
ular 
luster. The topleft plot shows our results for 100 runs on k = 2 newsgroups NG1 and NG2, whose
ontents should be largely unrelated. The plot indi
ates for ea
h newsgroup and forea
h run, the singular value ratio is indeed mu
h larger than 1, in good agreementwith Lemma 4.1. The top right plot shows our results for 100 runs on newsgroupsNG18 vs. N1G9, whose 
ontents should be somewhat related. The bottom leftand bottom right plots are on two groups of 5 newsgroups ea
h, namelyNG2, NG3,NG4,NG5 andNG6 in the bottom left plot andNG14,NG15,NG17,NG18 andNG19 in the bottom right plot. In all these three plots, there are many runs wherethe singular value ratios are very 
lose to 1, indi
ating that the stru
ture suggestedby Lemma 4.1 does not exa
tly exist. Hen
e Lemma 4.1 in general is not dire
tlyappli
able to our data 
lustering problem, when the weighting matrix is generated inthe way des
ribed in this paper.However, it turns out that a slightly di�erent stru
ture does seem to exist. Inour additional experiments, we tried to �nd a large sub-blo
k within ea
h submatrixfor whi
h the stru
ture of Lemma 4.1 does exist. To this end, we 
hoose a pre-setangular parameter � = 
os�1 (0:85) � 32o. For ea
h row vT in the submatrix, we putinto a sub-blo
k all the rows that span an angle at most � with v and 
ompute theratio of the largest two singular values within this sub-blo
k. This generates a lot of
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1sub-blo
ks for ea
h submatrix and we 
hoose the best sub-blo
k to be the one withthe most number of rows. If Lemma 4.1 was indeed true, the best sub-blo
k would bethe same as the submatrix and the ratio of the singular values would be very large.For the text 
orpus that we generated, Lemma 4.1 is invalid 50% of the time. On theother hand, we have been able to �nd these best sub-blo
ks for for whi
h the rank-onestru
ture suggested by Lemma 4.1 does exist. In other words, the ratio of the twolargest singular values for su
h sub-blo
ks is mu
h larger than 1.In the �gure above, we plot our results with various newsgroups. Again, di�er-ent symbols represent di�erent newsgroups. The top left plot shows our results for100 runs on k = 2 newsgroups NG1 and NG2, the same do
ument data used forgenerating the 
orresponding plot in the previous �gure. The plot indi
ates for ea
hnewsgroup and for ea
h run, the best sub-blo
k represents about 90% or more of theoriginal submatrix and the singular value ratio is indeed mu
h larger than 1. Thetop right plot shows our results for 100 runs on newsgroups NG8 vs. NG9, whose
ontents should be somewhat related. The plot indi
ates for ea
h newsgroup and forea
h run, the best sub-blo
k represents about 65� 70% or more of the original sub-matrix and the singular value ratio is also mu
h larger than 1. In the middle left plot,we plot our results for 100 runs on newsgroups NG18 and NG19. Here we also usedthe same do
ument data that was used to generating the 
orresponding plot in theprevious �gure. The di�eren
e now is that for ea
h newsgroup and for ea
h run, thebest sub-blo
k represents about 65% or more of the original submatrix with a largesingular value ratio. In the middle right plot, we plot our results for 100 runs on 5newsgroups NG2, NG3, NG4, NG5 and NG6; and in the bottom left plot we plot100 runs on 5 newsgroups NG14, NG15, NG17, NG18 and NG19. These are alsothe text data used in the previous �gure. For most newsgroups and most runs, thebest sub-blo
ks 
ontain substantial fra
tions of the original submatri
es with largesingular value ratios. Finally, in the bottom right plot, we plot our results for 100runs on a set of 10 newsgroups, whi
h in
ludes NG1, NG5, NG7, NG8, NG11,
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ture Analysis for k-way Text Data Clustering 15NG12, NG13, NG14, NG15 and NG17. Again, for most newsgroups and mostruns, the best sub-blo
ks 
ontain substantial fra
tions of the original submatri
es withlarge singular value ratios.Now we make a 
omment on Lemma 5.1. Sin
e it is not known a priori what thekeywords should be for ea
h data 
luster, expli
itly verifying the algebrai
 stru
turein Lemma 5.1 is problemati
 for our newsgroup data. However, our experiments do
on�rm that sub-blo
ks with rank-one stru
tures do indeed exist within largest k leftand right singular ve
tors.7. Con
lusions and Future Work. In this paper, we have shown that im-portant algebrai
 stru
tures in general exist in the eigenve
tor and singular ve
tormatri
es for data 
lusters for both graph 
lustering and bi-
lustering. Future workin
ludes development of eÆ
ient and e�e
tive spe
tral methods that fully take advan-tage of su
h stru
tures for 
luster analysis and data mining.
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