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Abstract

In this paper, we present an efficient and simple solu-
tion to the parallelization of discrete integration programs
of ordinary differential equations (ODE). The main tech-
nique used is known as loop tiling. To avoid the overhead
due to code complexity and border effects, we introduce re-
dundant tasks and we use non parallelepiped tiles. Thanks
both to cache reuse (�4:3) and coarse granularity (�24:5) ,
the speedup using 25 processors over the non-tiled sequen-
tial implementation is larger than106.
We also present the draft of a fuzzy methodology to optimize
the tile size and we illustrate it using real measurements for
the communication cost and the execution time. In particu-
lar, we observe that the model of communication latencies
over a Myrinet network is not as simple as is usually re-
ported.

1. Introduction

The goal of this paper is to present a practical imple-
mentation of tiling methods to a real-life problem, namely
the study of Lyapunov exponents of the Fermi-Pasta-Ulam
(FPU) chain. The basic idea of tiling, also known as loop
blocking, is to group elemental computation points into tiles
that will be viewed as computational units. Hence, the
communicationtime (which is usually proportional to the
surface of the tile) decreases while thecomputationtime
(which is proportional to the volume of the tile) increases.
Tiling is also a widely used technique to increase the granu-
larity of computations and the locality of data references.
The program that we aim to parallelize corresponds to
the discrete integration of ordinary differential equations
(ODE). Existing literature on tiling [6, 2, 1, 3, 13] provides�This work has been supported by the ENS Lyon BQR.

a solution to this generic problem: a diamond-shaped block-
ing. The main drawback of this solution is the complexity
of its implementation. In the concern of our study, there is
an additional difficulty: the presence of high frequency syn-
chronization barriers (see Section 2). Hence classical meth-
ods should be adapted using hierarchical tiling: this solu-
tion is illustrated in Figure 2. We present a solution which
is simpler to implement yet still very efficient: we use re-
dundant computational tasks (see Figure 4). This solution is
particularly adapted to explicit integration schemes, butcan
also be applied to general multidimensional SOR programs
with local dependences (like heat propagation or molecu-
lar dynamics), in addition to many image processing algo-
rithms.

Also, automatic partitioning is complex since it should
take into account both the volume and frequency of com-
munications, in addition to data reuse, code complexity,
etc. In this article we give the draft of a fuzzy method-
ology decomposed into different successive phases, sorted
in decreasing importance order. This methodology is illus-
trated using our practical optimization problem. Finally,we
are led to testing the validity of usual assumptions made for
tiling optimizations, like the formulae used to express com-
putation and communication times. In particular, we claim
that linear communication models designed for small-scale
message passing with perfectly synchronized communica-
tions [10], becomes strongly incorrect when communica-
tions are performed among data based computations.

The rest of this paper is decomposed into four major sec-
tions. The problem is described in Section 2. Different
partitioning solutions are discussed in Section 3. The dif-
ferent steps to find optimal parameters are described in Sec-
tion 4. Finally, Section 5 provides performance results, to-
gether with a short discussion on heterogeneous platforms.
This article corresponds to a short version of the corre-
sponding research report [11].



2. Description of the code

The program we aim to parallelize here deals with the
study of Lyapnuov exponents of the Fermi-Pasta-Ulam
(FPU) chain. Roughly speaking this corresponds to study
the degree of stochasticity of a one dimensional dynami-
cal system. This part is devoted to the description of the
initial code. Description of the FPU model, calculation of
Lyapunov exponents, motivations and further details can be
found in [11].

2.1. The sequential code

After the initialization, the program is made up of three
consecutive phases: during the first phase (0 � t � t1),
the system evolves; during the second phase (t1 < t � t2),
the system still evolves, in addition to the tangent space that
is orthonormalized everynorthodt iterations time; then the
third phase (t2 < t � t3 = T ) is identical to the second one
but the calculation of the Lyapunov exponents is addition-
ally performed.

Program 1. The sequential code.

Initialization
do t = 0; T : dt

if t > t1 fphase 2 or 3g
do k = 0; 3 f4 steps of McLachlan-Atela’s alg.g

doall j 2 f1; : : : ; Nlyapgf Evolution of tangent space g
dovect i 2 f0; : : : ; H � 1gÆvji = Ævji + 
k � gk(xi�1; xi;xi+1; Æxji�1; Æxji ; Æxji+1)Æxji = Æxji + dk � Ævji

if tdt � 0 [northo℄
Gram Schmidt

� Æx1 : : : ÆxNÆv1 : : : ÆvN �
if t > t2 fphase 3g then

update the Nlyap Lyapunov’s exponents
do k = 0; 3fEvolution of the systemg

dovect i 2 f0; : : : ; H � 1gvi = vi + 
k � fk(xi�1; xi; xi+1)xi = xi + dk � vi
Here,H represents the number of particles;Nlyap, repre-
sents the number of Lyapunov’s exponents;
k anddk are
coefficients of McLachlan-Atela’s algorithm [9];f andg
are functions obtained from the equations of motion [11]
and their derivated forms.

Note that in practical,t3 � (t1& t2), i.e. the main time
is spent on phase 3. In addition, as the time for updating
Lyapunov’s exponents is negligible, phase 2 and phase 3

can be considered identical. Consequently, we will focus
our attention on phase 2 only.

2.2. The task graph

A task graph is an oriented graph, where vertices repre-
sent tasks, and edges represent dependences. Because the
task graph of our application is rather complex , we present
in Figure 1 a simplified (see [11] for further details) and
reduced version of it.t t+ dt t+ northodt

synchronisation barrier

time

spacei

Figure 1. Reduced tasks graph of our pro-
gram: graphs of tangent space and main sys-
tem calculations have been superposed. Re-
duced dependences are then (1; 1)t, (1; 0)t et(1;�1)t. To avoid the use of an additional tem-
porary array, the four phases of the perturba-
tions evaluation for time t + dt that depends
on the value of the system at time t are con-
sidered as atomic.

3. The parallelization: the strategies

3.1. Tiling the iteration space

Rather than providing a detailed motivation for tiling, we
refer the reader to the papers by Calland, Dongarra, and
Robert [2] and by Högsted, Carter and Ferrante [8], which
provide a review of the existing literature (see also [11]).
Most of the work amounts to partitioning the iteration
space of a uniform loop nest into tiles whose shape and
size are optimized according to some criteria (such as the
communication-to-computation ratio). Once the tile shape
and size are defined, it remains to distribute the tiles to phys-
ical processors and to compute the final scheduling.
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In our case, since the Gram-schmidt ortho-normalization
can be seen as a synchronization barrier, the domain to
be tiled is a wide strip (usuallynorth . 25) of width4 � north. Considering thath = H=P might be large
compared tonortho, the domain should be partitioned into
parallelogram-shaped tiles. Those super-tiles should be
sub-tiled into 2 triangles and parallelograms (see Fig. 2).As
motivated in [11], this method is not appropriate. We pro-
pose an alternative solution, using dummy-tasks technique,
which is still asymptotically optimal. The next paragraphs
are devoted to the description of those two solutions.

3.2. The parallelogram solution
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Figure 2. The parallelogram solution.
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Figure 3. Part of the task graph of figure 2 be-
fore and after skewing of the iteration space.
The data, necessary for the computation of
region C by processor i, are represented with
a circle for the main system ( xi & vi) and with
a cross for the perturbations ( Æxji & Ævji ).

Our parallelogram solution is illustrated in Figure 2. The
iteration space is partitioned into strips along the diagonal
direction. Then strips are distributed cyclically over thepro-
cessors. Hence, between each ortho-normalization, each
processor takes care of parallelogram-shaped tile. The main
problem with this solution is, the complexity of communi-
cated data set. Indeed, the presence of conditional branches
inside the loop, partially due to borders effect, would imply
a non-negligible overhead.

3.3. Second approach: rectangular tiling

As explained in Fig. 4, the iteration space is partitioned
into P horizontal strips that are distributed over theP pro-
cessors. Hence, between each ortho-normalization, each
processor takes care of a rectangle. Because of dependences
the computation of each rectangle requires the results from
the computation of two triangles on the top and on the bot-
tom. The choice here consists on computing those triangles
by the processor (sayi) itself. That corresponds to dore-
dundant work(w(w � 1) more tasks for each tile) because
those two triangles are also computed by the neighbored
processors on top (processori+1) and on bottom (processori � 1). Hence, before each step of computation, each pro-
cessor should get from its neighboring processors the data
(a vector on the top and on the bottom) useful for its com-

3



putation. Then, parallelepiped-shaped tile can be tiled itself
into a triangle and parallelogram-shaped sub-tiles of heighthsous tuile to ensure locality. Sub-tiles are executed from
the bottom to the top.

to processor 2 

processor 2

to processor 0 

redundant work

processor 0

processor 3

processor 2

processor 1

processor 0

cf Figure 5

2

3

1

end

timew
hsub tile

H h

Figure 4. Rectangular tiling solution.

4. Optimal parameters

4.1. Draft of a fuzzy methodology

In the existing literature, most of the work amounts to
partitioning the iteration space of a uniform loop nest into
tiles whose shape and size are optimized according to some
criteria (such as the communication-to-computation ratio).
Shape is usually constrained by the set of dependences,
and size is determined to minimize the latency implied by
a coarse grain computation. Classical approaches aim to
solve analytically this optimization problem entirely allat
once. Instead, we propose to consider the different criteria
separately and treat them in decreasing importance order:

x
x
x
x
x

x
x
x

processor 1

processor 0

processor 1

Figure 5. Part of the task graph of Figure 4.
The data necessary for the computation are
represented with a circle for the main system
(xi & vi), and with a cross for the perturbations
(Æxji & Ævji ).

1. Sequential execution time: even on a sequential pro-
gram, data reuse or absence of conditional branches
can have ahugeimpact on the performances. Hence
our first goal is to optimize the critical computational
kernel performed by each processor. In this context:
for data based computation, tiling should be performed
at least across one direction; if possible, rectangular
tiling should be preferred to trapezoidal ones: borders
effects are minimized, loop bounds are simple.
As an example, in our implementation, we fixed tiles
width to be greater than 20, and sub-tiles height to be
lower than 100. This lead to a speedup over than 4.

2. Express parallelism: too large tiles can involve sub-
sequent latencies, and tiling could kill the parallelism.� Many applications contain recurrences of length

1 over each direction. In this context, tiles should
not be too large and then distributed cyclically or
in a more sophisticated way [4] over the proces-
sors.� Rescheduling tasks inside tiles in addition to
pipelined communications can sometimes restore
the parallelism [12].� Finally, introducing redundant tasks as it is done
here can also restore the parallelism and is some-
times better than skewing the iteration space.

3. Communication overhead: even for perfectly syn-
chronized applications, communication overhead can
be critical. It is not the case of our application here
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where, in practical cases,H is large enough so that
communication time becomes negligible compared to
computation time. However, in many applications,
communication volume per computation volume de-
creases with the size of the tiles [13]. Moreover, it is
usually reported that for small-scale message passing,
the communication latency is a linear function of the
size of the messages. This is not true on the parallel
support we used, but we can suppose that on some well
configured distributed platforms, it might be better to
send one time2l bytes instead of two timesl bytes (be-
cause of the startup). Then, coarse granularity should
lead to better performances.

We call our approach a “fuzzy methodology” because the
goal of each phase is not to minimize an analytical formula
and to provide an exact result (“tiles size should be3:567�0:45”). Instead, we need a result that is less constraint-full
as possible. This idea is well illustrated by Figure 9.

4.2. The parallel support

The platform is made of 2 Piles of PC interconnected
with a Myrinet network namely PoPC and Pom. Those par-
allel resources are part of several other platforms from the
Laboratory for High Performance Computing (see [7, 11]
for more details).The measurements presented in this sec-
tion have been performed on Pom.

4.3. The cache effect

The goal of this section is to show the importance of
tiling on mono-processor, and to evaluate the optimal height
for sub-tiles (hsub tile). For this purpose, we have per-
formed performance measurements on a rectangular itera-
tion space of size100�H , executed on a mono-processor
without any ortho-normalization phase. As one can see
on Figure 6, execution on a non-tiled program shows two
levels of cache: there are three stepsH < HL1 = 300,500 < H < 3000 andH > 5000 corresponding respec-
tively to the cache L1, the cache L2 and the memory.

Hence, for the rest of the experiments, in the caseHP >200, the iteration space will be automatically tiled with tiles
of sizewsub tile � hsub tile = w � 100.

We then performed tiling of our sequential program with
parallelogram tiles of sizew � hsub tile: we can remark a
slight overhead (forH > 3000) corresponding to the initial
load of data in the memory at the beginning of each tile.

4.4. Cache reuse versus redundant tasks

We have seen the impact of tiling on the computation
time. Because of the size of cache L1, a good value for
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Figure 6. Time in seconds to perform one
computational unit. For domains of sizeH > 5000, the speed-up is more than 4.3.

the tiles height ishsub tile = 100. Experiments presented
in this section show that a simple model (computation
time=calculation time + memory access) provides a good
approximation. However, we will see in the next section
that the impact of communications per column is smaller
than 200 times the average execution of one task. More for-
mally,

communication time for one column
average computation time of one column

< 200h = 200PH
Consequently, for domain sizeH � 4000P , communica-
tions will be negligible (5 %).

Hence, for locality purpose, tiles should be as large as
possible. However, as we increasew, the amount of dummy
tasks (w � (w � 1)) are increased and one should find
the best trade-off between providing locality and comput-
ing less dummy tasks. Let us formalize this idea.

Let us denote by�L2 (respectively�Mem) the average
time necessary to fetch a data from cache L2 to cache L1
(respectively from the memory to cache L2); let us also de-
note by�
al
 the average calculation time of one task. Then,
the computation time of a tile (rectangle of sizeh� w plus
two triangles of heightw) is given by the formula (whereÆh>3000 is 1 if h > 3000 and 0 otherwise).T
al
(h;w) ' hw ��(�L2 + Æh>3000�Mem)�� 1w + 2h�+ �1 + 1h (w � 1)� �
al
�
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Figure 7. Influence of the width w on the total
computation time (without any communica-
tions) versus the domain size H for parallel
program executed on three processors.

That can be experimentally observed on Figure 7 for valuesw & 15. Forw . 15, a more precise model of memory ac-
cess than the simple formula(�L2 + Æh>3000�Mem) would
be necessary. But, as we will see on the next section, forh values for whichw should be chosen as small, the com-
munication overhead has a non-negligible impact. In this
context, it becomes hazardous to formulate analytically the
average execution time.

4.5. The communication overhead

In this paragraph, we study the impact of communica-
tions on the computation time. Because our study deals
with small-scale message passing, we might use a simple
model [10] for communication made of two components:
the start-up�, and the communication itselfl� proportional
to its sizel. Usually,� � � , which motivates tiling be-
cause it increases the granularity of computation. Here,
for a domain of sizeW = 4T=dt, tiled with tiles of sizew � h = w � H=P , there areW=w groups of commu-
nications of size proportional tow. If we normalize byW , we obtain a communication cost per column of�w + � .
However, Fig. 8 do not confirm this approach: we see that
communication latency is not a linear function of the mes-
sage length. Also it increases when performed between
data based computations. Further curves and discussions
are provided in [11]:
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Figure 8. Evaluation of the communication
overhead.

4.6. The optimal parameters

From the previous remarks, we can summarize the gen-
eral behavior of the program to the following points:� For a small domain sizeHP , the ”redundant-work”

overhead is very significant. Hence,w should be
smaller than 20. In that context, larger the tiles, smaller
the communication overhead, faster the calculation
time (because of locality), and larger the redundant
work overhead. Here, communication time and cal-
culation time are predominant. The best tiles width is
thenw = 16.� For very large domains, either the ”redundant-work”
overhead and the communication overhead are negligi-
ble. Hence, the best tiles width isw = 4northo = 100.� Between these two extreme cases, it is difficult to de-
fine a formal solution because of the irregularity of the
communication overhead; the best solution might con-
sist on testing all the possibilities (only 25 possibilities
for w) with fixedW = 4 Tdt = 500. Figure 9 reports
the results. If we denote byt
al
(H;w) the normalized
computation time. Also, if for a given value of domain
heightH , we denote bywopt the optimal tile’s width:t
al
(H;wopt) = minw t
al
(H;w). Then, by allow-
ing an error of2%, the minimum bound corresponds
to minfw; t
al
(H;w) < t
al
(H;wopt) � 1:02g
and the maximum bound tomaxfw; t
al
(H;w) <t
al
(H;wopt)� 1:02g.
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Figure 9. Optimal values of w versus H onP = 6 processors.

5. Performance results

In this section, we present performance results obtained
on the clusters described in Section 4.2. Unfortunately, be-
cause no reservation system is available on this machine,
it is extremely difficult to get all the processors together in
a dedicated mode. Hence, we had to dynamically balance
the loads on processors during the execution: the heighthj
of the tile computed by processorPj was chosen to ver-
ify the constraint8j; T
al
(hj ; w; Pj) ' Constant. The
imperfection of the system (miss of reactivity) explains the
irregularity observed on the curves. Moreover, because we
were interested mainly in large domain size, we have re-
stricted the experiments to a tiles’ width ofw = 100. In-
stead, smaller values would have provided better results on
small iteration domains (cf Figure 9). However, results are
still very good.

14 processors from Pom with an average cycle timetseq(pom) = 3:99 � 10�7 and 11 processors from PoPC
with an average cycle timetseq(pop
) = 7:09� 10�7 have
been used. In that case, nor the processors, neither the net-
work are homogeneous. Hence, the work should be load
balanced. In the other hand, we aim at executing the pro-
gram on very large domains, and the communication over-
head between two clusters is not large enough to justify tak-
ing into account the heterogeneity of the network. On a
meta-computing context, partitioning should have be done
hierarchically on each cluster (see [11] for a discussion),
but here we chose to implement our program just as if the
network was homogeneous.

Two curves are represented in Figure 10:� Theaverage execution time per taskcorresponds to the

total execution time divided by the iteration domain
sizeW �H = 500�H .� the extrapolated optimal execution time(horizontal
line) is evaluated as follow: the minimum (over all
possible domain size) average sequential execution
time per tile is measured on one node from the Pom
(denoted bytseq(pom)), and on one node from the
PoPC (denoted bytseq(pop
)). The average sequen-
tial time is then extrapolated by the formula114tseq(pom) + 11tseq(pop
) ' 1:97� 10�8:

Figure 11 represents the speedup for our parallel execution
versus the extrapolated sequential execution.
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Figure 10. Execution time on 25 processors.
The horizontal line represents the extrapo-
lated optimal execution time as defined in the
text.

The execution time curve (Figure 10) contains a step
(aroundH = 3000) that corresponds to the the cache limit:
because sequential execution time curve is roughly identical
but scaled by a factor ofP = 25, the ratio between sequen-
tial execution time and parallel one represented in Figure 10
contains a bump (that exceed the “optimal” value 25).

6. Conclusion

In this paper, we have applied tiling techniques to a prac-
tical problem of dynamical system theory, namely the nu-
merical Lyapunov calculation. This work gave the opportu-
nity to check the veracity of models often used for tiling op-
timizations. In particular communication cost models that
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Figure 11. Speedup for our parallel execution
on 25 processors versus the extrapolated se-
quential execution.

are a simple function of the communicated data volumel
(like �+ l� ) have been shown inaccurate. The major objec-
tive of this article was to present a simple-to-implement yet
very efficient solution for tiling the iteration space (cyclic
and non-cyclic) of explicit integration schemes of differen-
tial equations. This solution can be applied on all algo-
rithms that present a recurrence on all but one directions,
which is the case, in particular, of some SOR and DSP al-
gorithms. The optimization of the tile size has been decom-
posed into different successive phases, sorted in decreasing
importance order, and which have been studied in this ar-
ticle. Our approach differs from classical ones that usually
aim to solve tiling optimization problem in a single step. We
strongly believe that our “fuzzy” approach should be used
by future automatic partitioning algorithms. Finally, except
maybe for the orthonormalization which is quite specific to
our physical study, our implementation is scalable and well-
suited for massively parallel platforms.
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