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1 Introduction

Let S = (s1,...,5m) be a system of finite Borel measures with constant sign
and compact support supp(sx) C R,k = 1,...,m, contained in the real line
consisting of infinitely many points. In [1], it is claimed that some applications
in computer graphics illuminating bodies require the simultaneous evaluation
of the integrals [ f(z)dsy(z),k = 1,..., m. For this purpose, the author pro-
poses a numerical scheme of m quadrature rules all of which have the same
set of nodes.

Let N distinct points 1, . ..,y be given which lie in Co(U}™, (supp(s))), the
smallest interval containing the union of the supports of the measures in the
system S. We say that we have an interpolatory type simultaneous scheme of
quadrature rules for S of order N if

/ (x)dsy(z Z)\;wp z;), k=1,...,m, (1)

7j=1

for all p € Py_1, the vector space of all polynomials of degree at most N — 1,
with coefficients )\ ; appropriately chosen.

Set Q(z) = H;V:l(x—:vj). For p € Py_1, from Lagrange’s interpolation formula
we have

Y Qple)
=X G-

Jj=1

Integrating with respect to s, one has

ds
/p(a:)dsk(:v) / Q’ - it Z)\;wp xj), k=1,...,m,
)

Jj=

with

o Q(x)dsy(z)
= | G- a)

Therefore, given any system of distinct points x4, ..., zy, such a simultaneous
scheme of quadrature rules is always attainable.

The problem consists in the study of the convergence properties of such a
scheme of simultaneous quadrature rules for a large class of functions f; for



example, continuous on Co(Uj, (supp(sk))) or analytic on a neighborhood of
this set. That is, we would like to have

N
Nli_fgoz)\zv,k,jf(xN,j) = /f(l’)dSk(x)a k=1,...,m,
j=1

where {zn;},j=1,...,N,N € N, is a triangular scheme of nodes contained
in Co(Up™, (supp(s))) and f is in a sufficiently general class of functions.

Another question of equal importance is connected with the stability of the nu-
merical procedure. For this, it is desirable to have that sup ey Zé\;l ANk | <
00,k =1,...,m, or still more convenient that for each £ and N the coefficients
Ankj.J = 1,..., N, preserve the same sign. In this case, from the quadrature
rule, taking p = 1, we have

sel = | [ dsw@)] =1 3 Avaeal = 3 IAwa

N.k,j N.k.j

As in Gauss-Jacobi quadrature rules one may ask if the nodes x4, ..., zy, may
be taken so that the quadrature formulas are exact in a class of polynomials as
large as possible hoping to get automatically coefficients of equal sign. Unlike
the case when m = 1, we shall see that in general this problem is not well
posed in the sense that it may not have a solution or it may have infinitely
many. The existence of solution may require nodes of multiplicity greater than
1 or that the nodes lie outside Co(U}“, (supp(sk)))-

In this paper we give several results of general nature concerning Gauss—
Jacobi type simultaneous quadrature rules, their connection with Hermite-
Padé approximation, their convergence properties, and rate of convergence.
This is done in section 2. In section 3, we emphasize on the case when the
measures in S are interlinked in a special way. More exactly, when they form
what is called a Nikishin system of measures (see Definition 3 below).

2 Some general results.

As above, let S = (s1,...,8,) be a system of finite Borel measures with
constant sign and compact support supp(sx) C R,k =1,...,m, consisting of
infinitely many points. Let S = (51,...,8n) be the corresponding system of
Markov functions; that is,

§k(z):/d8k(x) kE=1,...,m.

)
z—XT




We define the simultaneous Hermite-Padé approximant of S with respect to

the multi-index n = (n1,...,n,) € Z7 as a vector rational function R, =
(Z’: e Pém) with common denominator @),, that satisfies

i) degQn < [nf=m1+ - +nm, QuFEO,
.. N 1
i) (Quik = Pui)(2) = O (g ) 200, k=Tom.

Integrating along a closed path with winding number 1 for all its interior points
which surrounds supp(s;) and using Fubini’s theorem, it is easy to verify that
Q,, fulfills the following system of orthogonality relations

:/x”@n(w)dsk(a:), v=0,....,np—1, k=1,...,m. (2)

It is said that @),, is a multi-orthogonal polynomial of S relative to the multi-
index n. In the sequel, we assume that (),, is monic. In general, the polynomial
@, is not uniquely determined.

Let E be a subset of the real line R. By Co(FE) we denote the smallest interval
which contains E. The interior of an interval of the real line refers to its interior
in the euclidean topology of R.

Definition 1 We say that a multi-index n is weakly normal for the system S
if Q, is determined uniquely. A multi-index n is said to be normal if any non
trivial solution Q,, of (2) satisfies deg Q,, = \n| If Q. has ezactly |n| simple
zeros and they all lie in the interior of Co(UJL,supp(s;)) the index is called
strongly normal. When all the indices are weakly normal, normal, or strongly
normal the system S is said to be weakly perfect, perfect, or strongly perfect
respectively.

Normality of indices plays a crucial role in applications to number theory and
Hermite-Padé approximation. Obviously, strong normality implies normality,
and it is not hard to prove that normality implies weak normality (see Lemma
1 in [7] where you can also find further discussions on the subject).

¢From ii) it is obvious that P, is the polynomial part of @Q,S;. Therefore,
given @), the polynomial P, j is uniquely determined. For a moment, set

/Q" Z_x" ) gsy(@), k=1,....m.

Using (2) it is straightforward that ii) takes place; thus, this polynomial is in
fact the one defined above. Therefore, if n is weakly normal the polynomials
P, (and consequently R,) are also uniquely determined. If the index n is



strongly normal then

Pn,k(z) i )\n,k,j

where Q,(2) = s (2 — z,,;) and

7j=1

— Tn Qn n dsk )
Ak = lim J / / .(4)
g FTEn.g Qn 2= Q/ xng — Tn ])

Definition 2 The numbers defined by (4) will be called Nikishin— Christoffel

coefficients.

Lemma 1 Let n be strongly normal for the system S = (s1,...,Sm). Then,
foreachk=1,...,m

In

/ ( )dsk Z )\n kjp Tn ]) pE P\n\—i—nk—l )

7j=1

where Py denotes the vector space of all polynomials of degree at most N.

Proof. Fix k € {1,...,m} and assume that p € Pjy1n,—1. Let

U Qu(@plany)
1) = 2 G )@ = 1))

be the Lagrange polynomial of degree |n| — 1 that interpolates p at the zeros
of @Q),,. By the definition of 7 it follows that

p(x) = £(x) = Qn(x)q(x)

where ¢ € P, 1. Therefore, from (2) and (4), we have

0:/( x)dsy(x /p Ydsy(x Zm:pxn] /Q’ ©)dsy(z)

() (T — T4 5) a

||

[ p@)dsi(@) = 3 Aspans)

7=1

which is what we needed to prove. a



Remark 2 In the case of normal indices, for which the zeros are not nec-
essarily distinct, one can obtain a similar quadrature formula exact for all
P € Pinj4ny—1 but on the right hand appear all the derivatives of the polyno-
mial up to the multiplicity of the corresponding zero of Q),, minus one.

Notice that in Lemma 1 we have exactness with respect to each measure at
least of order |n|. Therefore, all such simultaneous quadrature rules are of
interpolatory type. In terms of the Nikishin—Christoffel coefficients, we distin-
guish several cases.

Let A C ZT be a sequence of distinct strongly normal multi-indices and
ke{l,...,m} fixed.

A) Foreachn € Aall A\, ;,j =1,...,|n|, have the same sign.
n|
B) sup > [Annjl < C < .
neAj:l
In|
C) > kgl <Clnl* <00, a€(0,400), neA.
j=1
In|
D) sl < CIn"® < 00, lima(n)log|n/In] = 0.

Jj=1

It is obvious that A) = B) = C) = D). Depending on whether one has A),
B), C), or D) one can prove that

||

lim 3 s (00) = [ 1@)dsi(@), (5)

for different classes of functions f.

We denote Lipg([a,b]),0 < 8 < 1, the class of all complex valued functions f
defined on the interval [a,b] C R such that

[f(@) = W < Clz —yl”, =,y € lab].
We say that f € Lipg([a,b]), 1 < 8 < oo, if the [g]th derivative of f exists and

is in Lipg_(4([a, b]), where [] denotes the integer part of 3. The next lemma
summarizes some results which are fairly well known.

Lemma 3 Let S be a system of measures and A C Z'' a sequence of distinct
strongly normal multi—indices. Set A = Co(Up_, supp(sy)). Then:

e A) implies (5) for all Riemann integrable functions f on Co(A).

e B) implies (5) for all continuous functions f on Co(A).



e C) implies (5) for all f € Lips(Co(A)), 3 > a. Moreover,

-0 (=) "

In|

l/f dsk Z)\nkjf xn])

e D) implies that

1/n|
lim sup (|8, — <lpllx, KcC\A, (7)
N—oo n ||k
where || - |k denotes the sup norm on the compact set K and ¢ denotes the

conformal representation of C\ A onto {w : |w| < 1} such that p(co) = 0 and
¢ (00) > 0. If f is analytic on a neighborhood V' of A (f € H(V)), then

||

i | [ f(@)dsi(x) = 2 Mg ang) P < v (8)

where py =inf{p: 7, CV} and v, ={z: |p(z)] =p},0 < p < 1.

Proof. The first two statements are contained in Theorems 15.2.2 and 15.2.1,
respectively, of [14]. In order to prove the third, notice that for each p € Py, -1,
using the quadrature formula, we obtain

n|

[ Fe)iseta) =3 st n) € [ 110 = a)ldsna)

n|

+ 2 Pl f (@) — p(@ag) < (k] + Clnl*) Ela-1(f) -

=1

;From Jackson’s Theorem (see page 147 in [4]), it is well known that for
f € Lipg(A) we have that Ej,—1(f) < C1/|n|” where C; does not depend on
n € A. From this follows (5) for this class of functions when g > a with the
given estimate for the error.

Let us prove (7). Since n is strongly normal, from ii) we have that

. P 1
Gt =0 () 2o
and
§k — Pn’k
¢|n|+1 € H(C\ A)



Set v, = {z : |¢(2)| = p},0 < p < 1. Using D), it follows that
Pn,k

~

Sk —

< Cp|n|a(n) )

Tp

n

where C), is a constant which depends on the curve 7, but not on n. Therefore,

(5 = 22)(2)
PITH(z)

Cp|n|a(n)
p\n|+1

) z€7p7

By the maximum principle

(=) "
< Oplnla(n) T , R €& EXt('Vp>7

Pk
0 )(2)

n

(8k —

where Ext(7,) denotes the unbounded connected component of the comple-
ment of ,. Fix a compact set K C C\ A and take p sufficiently close to 1 so
that K C Ext(y,). It follows that

[n|+1
P,
-~ K < Cp‘n‘a(n) (HQOHK> )
P

Sk —

nlK

Thus, using the assumption on the sequence of numbers {«(n)}, it follows
that

1/|n
_mﬁ”'<omm>
K P ’

limsup |5,

nen n

and letting p — 1, we find that

1/In]
< leplle -

lim sup ||S —

neA

n,k
@n

K

To conclude let us prove (8). Using (3), Cauchy’s integral formula, and Fubini’s
Theorem, it follows that

n|

/f Jdsi(@ Z)\"kjf (Tns) = 2%2//z—ded8 2

In| P P,
_ZA,%,W.;W, 1) dz-m/f(z)(§k— 4)()de.

-7 (3 Z— Xp.i
]71 v n,J




Therefore,

a ~ Pnk
|/f(l’)d5k(ﬂ?) =2 Ak f @ng)l < Clflls, ISk — 0, e
j=1 n

where C' denotes the length of v, divided by 27. This inequality and (7)
immediately give (8). O

Remark 4 In the first three statements of Lemma 3 the assumption on f
may have been given on Co(supp(sy)) instead of all A. This is so because any
function Riemann integrable, continuous, or Lips on Co(supp(sy)) may be
extended within the same class respectively to A. In this case, the quadrature
formula applied to a function defined on Co(supp(sg)) must be understood as
its application to any of its extensions to A pertaining to the same class.
Since the integral depends only on the values of the function on Co(supp(sy))
this means that the nodes lying in A\ Co(supp(sy)) give no contribution to
the approzimate evaluation of the integral. From the practical point of view
it is better to think that the function is extended with value zero outside of
Co(supp(sk)) though this extension does not necessarily preserve the class in
the second and third cases. Concerning the statements following assumption
D) one cannot say the same because analytic functions cannot be extended
at will. Nevertheless, we point out that in the proof we only use that V is a
neighborhood of an interval [a,b] containing the zeros of the polynomials Q,,
and the support of the measure sy. Therefore in relations (7) and (8) one can
substitute A by [a,b]. These remarks will be used in the statement and proof
of Theorem 1 below without special notice.

In general, it is difficult to guarantee strong normality of a multi-index and
even then it is more complicated to verify one of the conditions A)-D). For
the moment, we will restrict our attention to a sufficiently general system of
measures and a special selection of multi-indices for which strong normality
and some of the conditions A)-D) are fulfilled.

Let o be a finite positive Borel measure supported on a compact subset of
R and S = (s1,...,8,) be such that dsi(x) = wi(z)do(x),wy € Li(0),k €
{1,...,m}, where each wy, preserves the same sign on supp(c). Whenever it
is convenient we use the differential notation of a measure. Let A, C ZT' be
the sequence of multi-indices of the form N = 0,...,0,N,0,...,0),Ne€Z,,
and the number N is placed in the kth component of the multi-index. We
have

Theorem 1 Let S and Ay be as indicated above. All multi—indices in Ay are
strongly normal. For the index k, A) takes place. Consequently, (5) holds
for all bounded Riemann integrable function f on Co(supp(sy)) and if f €



Lips(Co(supp(sk))), 3 > 0, then

N

l/f Jsi(x) = 3 Ag

Jj=1

o).

If for some k' € {1,...,m}, we have that

/2
|wye ()2 '
Ck,k’ = ( 76&7(1’) < 00, (10)
|wi ()]
then
N —
> gl = Crw/lsilN, N € Ay, (11)
j=1

and for all f € Lips(Co(supp(sw))), 3 > 1/2,

N 1
|/f Jdsp (@ le Al =0 (]W-é) ' (12)
We also have
1/2N
limsup ||8 — —2F <|lellx, K c T\ Co(supp(sy)), (13)
N—oo ﬁ K
and
1/N
lim sup ||5p — —— <llellx, K CC\ Co(supp(sk)), (14)
N—oo QN

where ¢ denotes the conformal representation of C\ Co(supp(sy)) onto {w :
|w| < 1} such that p(00) = 0 and ¢'(c0) > 0. If [ is analytic on a neighborhood
V' of Co(supp(c)) (f € H(V)), then

N
| F@)dse) = 3o N, o 1 < (15)
7=1
and
N
hm |/f Ydsw(z) — > A5 flag NN < py, (16)
7j=1

10



where py =inf{p:~, CV} and v, ={z: |p(2)| =p},0<p < 1.

Proof. We only need to prove that for the index k, property A) takes place
and that for an index &’ for which (10) holds (11) takes place and then make
use of Lemma 3.

Fix N € A,. From i) and (2) we have that @5 is the Nth orthogonal poly-

nomial with respect to the measure s;. Therefore, Q5 has exactly |f\7 | =
simple zeros in the interior of Co(supp(sk)) as needed to affirm that n is
strongly normal.

Fix j € {1,...,N}. Taking p(z) = (Q5(z)/Q% (25 ;) (@ — x5, ))? in Lemma 1
one sees that

Nows = | (Q, ) - )) ds(x) .

Therefore, all )‘]\7k .73 = 1,..., N, have the same sign as the measure s.
The convergence of the corresponding quadrature for all Riemann integrable
functions follows from the first assertion of Lemma 3 and (9) is a consequence

of the third statement in Lemma 3.

Take k' € {1,...,m} such that (10) is satisfied. From (4)

|wi.(z)[do(x) <

et

Nk”_/|Q’ x—:z:~)

1/2

%ule) ) 4 ol ),
I/(%(%J)(%%,ﬂ)d"() ( () 0@ ) = Gl

Using this estimate and once more the Holder inequality, it follows that
N N 1/2
Z |/\1\7,kf,j| < Ck,k"/ﬁ Z |/\ﬁ,k7j| = Ck,k’\/m
Jj=1 j=1

as we needed to prove.

Now, (12), (14), and (16) are direct consequences of (6), (7), and (8) respec-
tively taking into consideration that all the zeros of Q5 lie on Co(supp(sy))
and that from (10) supp(s},) C supp(sg). To prove (13) and (15) one follows

11



the same scheme noticing that for the index k£ one has

Ps 1
Qx z

With this we conclude the proof of this theorem. O

3 Nikishin systems.

In order to study more general classes of indices for which strong normality
and convergence of the simultaneous quadrature rules take place, we further
restrict the class of systems of measures under consideration.

Nikishin systems of measures were introduced in [13]. For them a large class of
indices are known to be strongly normal. Such systems are defined as follows.
We adopt the notation introduced in [10] which is clarifying.

Let 01 and oy be two measures supported on R and let Ay, Ay denote the

smallest intervals containing supp(c) and supp(oy) respectively. We write
A; = Co(supp(c;)). Assume that A; N Ay = ) and define

dO'Q(t)
T —t

(01, 09)(x) = / dov(z) = Ga(x)don ().

Therefore, (01, 02) is a measure with constant sign and support equal to that
of 1.

Definition 3 For a system of closed intervals Aq,...,A,, contained in R
satisfying Aj_1 N A; = 0,7 = 2,...,m, and finite Borel measures o1, ...,0n

with constant sign and Co(supp(o;)) = A;, we define by induction

(01,00,...,05) =(01,{02,...,05)), Jj=2,...,m.

We say that S = (s1,...,58m) = N(o1,...,0m), where

81:<0-1>:0-17 82:<0-17O-2>7"')3m:<0-17"‘7O-m>7

is the Nikishin system of measures generated by (o1, ...,0,).

Remark 5 All the results that follow hold true if in the definition of a Nikishin
system we only require that the interior (in R) of Aj_1NA;, 7 =2,...,m, be
empty as long as the corresponding measures s;,j = 1,...,m, are all finite.

12



This allows consecutive intervals A; to have a common end point. We restrict
generality in order to simplify the arguments in the proofs.

Notice that all the measures in a Nikishin system have the same support,
namely supp(oq). For Nikishin systems of measures all multi-indices n satis-
fying 1 <i < j <m = n; <n;+ 1 are known to be strongly normal. This
result was originally proved in [5]. More recently, an extension for so called
generalized Nikishin systems was given in [10]. When m = 2, from the results
in [3] it follows that the system is strongly perfect (a detailed proof may be
found in [5]). In [2], the authors were able to include in the set of strongly
normal indices all those for which there do not exist 1 <17 < j < k < m such
that n; < n; < ng. This special class of multi-indices will be denoted Z7(x)
in the sequel. For m = 3, in [7] the authors prove that the system is strongly
perfect.

In [13] the numbers )\, ; ; were introduced for the study of the convergence
properties of the Hermite-Padé approximants of a Nikishin system of two
functions. Let us denote

For(2) = (Qnsk — Poi)(2), k=1,....m.

In [3] (see Lemmas 4-6), it was proved that the functions F, j satisfy certain
orthogonality relations on the second interval Ay = Co(supp(os)). The follow-
ing lemma summarizes these results and we refer to the original source for the
proof. We wish to stress that the range of degrees for which (20) and (21) below
are indicated here to hold is a bit larger than in the statement of the original
Lemma 6 in [3]. Nevertheless, the proof is exactly the same. In that paper
the authors were not concerned with the signs of the Nikishin—Christoffel co-
efficients; therefore, they slightly simplified the statement in favor of brevity.
Before going on with the lemma we need some additional notation.

Let 1 <i<j<m. Set

Si,j: <Ui;---7aj>7 (Sj,j:Uj>-

It is well known (see Appendix in [12]) that there exists a first degree polyno-
mial £; ; and a finite positive Borel measure 7; j, Co(supp(7; ;)) C Co(supp(s; ;))
such that

1
— =L;(z) +7i(2).
SZ’](Z) ’L»J( ) Zv]( )
We associate to each function F, x,k = 1,...,m, a Nikishin system of m —
1 measures S¥ = (sk ... s%) = N(ok,...,0F) whose generating measures

13



satisfy supp(af) C Co(supp(o;)) and do not depend on n. We preserve the

notation introduced above meaning that s¥ = (o%,...,0}),j = 2,...,m. In

particular, all the measures of these m Nikishin systems have their support
contained in A,. The expression of the generating measures will be given in

the lemma.

Lemma 6 Let n = (nq,...,n,) be a multi-index. With the function F,; we
associate the Nikishin system

St = (s3,...,55) = (dog, widoy, ..., wl doy) = N(oa,...,0m)

with respect to which the following orthogonality relations hold

/(thml)(m)dsjl.(x) —0, degh; <min(ni,n;—1), j=2,...,m.(17)
With F), o we associate

S% = (s5,...,52) = (d7og, w3dTe s, . .., W2 dTe o) = N (792,09d03,04,...,0m)
with respect to which we have

/<h2Fn,2)(x>dS§<x) = 07 deg h2 < min<n1 - 17 ng — 2) ) (18>

and

/(thn,g)(a:)ds?(x) =0, degh; <min(n, —1,n;—1), j=3,...,m.(19)

Finally, for each k,3 < k < m, the function F, j is associated with the Nikishin
system,

Sk = (Sg, e ,S]:n) = (Tg,k, w’;dTg’k, e ,U)Z;dTng) =

N(Tzk, 52,kd7'3,k7 S >5k71,kd7—k,ka Sk,kd0k+1> Ok4+2,- - - 7O_m)
which satisfies

/(h]Fnk)(x)dsf(x) =0,degh; <min(ny — 1,...,n;_1 — 1,n, — 2),

i=2,... .k, (20)

and

14



/(h]Fnk)(x)dsf(x) =0,degh; <min(n, —1,n; — 1),

j=k+1,....,m. (21)

The next lemma is Theorem 3.1.3 in [6], where the proof may be followed.
There, it is used to obtain a result similar to Lemma 6 stated above.

Lemma 7 Let S' = (s3,...,s.) = N(o2,...,0m) and k € {2,...,m} be

r m

fixed. Then, the following formulas take place.

1 ~k

_ 22
ey = L) ). (22)
sz
Ai():aj+§§+1(z)+cj§§(z)> J=2, k=1, (23)
5,(2)

and

5H(2)
i =kl 24
GO e+, J=k+lom (24)

where a; and c; denote certain constants, Ly is a first degree polynomial, and
the measures sf are as defined in Lemma 6.

Definition 4 Letw;,j =1,...,m, be continuous functions with constant sign
on an interval [a,b] of the real line. It is said that (wy, ..., wy,) forms an AT
system for the index n = (nq,...,ny) on [a,b] if no matter what polynomials
hi,..., hy one chooses with degh; < n; — 1,5 =1,...,m, not all identically
equal to zero, the function

Hu(x) = Hn(ha, s hni @) = I (2)wi(2) + - -+ + o (2)win () -

has at most |n| — 1 zeros on [a,b] (degh; < —1 forces h; = 0). The system
(w1, ..., wy) forms an AT system on [a,b] if it is an AT system on that interval
for alln € Z.

Theorem 2 Let S* = (si,...,s)) = N(o2,...,0m) be an arbitrary Nikishin

r m

system of m — 1 measures and let n = (n,...,ny,) € Z7(x) (the class of
all multi—indices such that there do not exist 1 < i < 7 < k < m such that

ni < nj < ng). Then, the system of functions (1,85,...,5}) forms an AT

system for the index n on any interval [a,b] disjoint from Co(supp(o2)).

Proof. We will proceed by induction on m € N which represents the number
of functions in (1,5}, ...,38L). For m = 1 the system of functions reduces to

r m

15



1 and n € Z, (%) = Z, may be any non-negative integer. This case is trivial
because any polynomial of degree < n — 1 can have at most n — 1 zeros in the
whole complex plane unless it is identically equal to zero. Let us assume that
the statement is true for m — 1, m > 2, and let us show that it also holds for
m.

Suppose that (1,53,...,5.,) is not an AT system for an index n € Z7 (%)

on an interval [a, b] disjoint from Co(supp(o2)). Then there exist polynomials
hy;,degh,, < n;—1,% = 1,...,m, not all identically equal to zero, such
that H,, = h,, + hp,Ss + ... + hy,,, S5 has at least |n| zeros on [a,b] counting
multiplicities. Let W,,,deg W,, > |n|, be a monic polynomial whose zeros are

zeros of H,, lying on [a, b]. Therefore,

Ha(z) 1
Wale) (@) (z|"M> € H(C\ Co(supp(os))), 2z — o0, (25)
where M = max{n; — 1,ns —2,...,n,, — 2}.

Assume that M = n; — 1. From (25) we have that

2"Hn(z 1
I/I/_n(i)): <Z2), Zz— 00, I/:O,...7|7’L|—7’L1—1.

Let I' be a closed integration path with winding number 1 for all its interior
points such that Co(supp(oz)) C Int(I') and [a,b] C Ext(I'). Here, and in
the following, Int(I") and Ext(I") denote, the bounded and unbounded con-
nected components, respectively, in which I' divides the complex plane. From
Cauchy’s Theorem, it follows that

_ L zan(z)dzzll/zu(hmég +"'+h”’”§’1")(z)dz,
2mi J W, (z) 2mi J W, (2)
v=0,...,|n] —n; — 1.
Substituting 83, ..., 3. by their integral expressions, using Fubini’s Theorem,
and Cauchy’s integral formula, we obtain (wj1 =383;,]=3,...,m, if m > 3)
Y(hpy 4 Bl + ..+ by, wl
0:/1' Uins + Sw%‘/:(x) * mwm)(x)dag(:v), v=0,...,|n] —ny —1.

Since dog(z)/W,(x) is a measure with constant sign on suppos, it follows
that Ny, + hp,ws +. ..+ hy,, wl must have at least |n| —ny changes of sign on
Co(supp(oz)). According to our induction hypothesis the system (1, w3, ..., w})

m
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forms an AT system on Co(supp(oz)) for the index (no,...,n,) € Z7 (%)
since (w3, ..., w}) is a Nikishin system supported on Co(supp(c3)) which is
disjoint from Co(supp(cz)) (if m = 2 the system of functions reduces again to
1 and the conclusion is trivial). Therefore, h,, + hp w3 + ... + hy,, wk cannot

change signs more than [n| — n; — 1 times on Co(supp(ag)) and we arrive to
a contradiction.

Let us consider the case when M =n;—2,k € {2,...,m}. In case that this is
true for several k, we choose the smallest one. Notice that with this selection
and using that n € Z7(x), it follows that

ny 2 Mg =0 2Nk (26)

(this is the only place in the proof where we use that n € Z7(x)). From (25)
we have

>, z—00, v=0,....|n]—np—1.

Let I" be as before. From Cauchy’s Theorem

1 / 2" (Mg + hpyS5 + oo o+ By, 52 ) (2)

0= —
2ri J (GLW,)(2)

Using Lemma 7 in the previous relation and Cauchy’s Theorem, it follows that

dz, v=0,...,]n]—np—1.

_ L Zy(hnl (‘C’f + 32 ng CL] + Sj+1 + C] ]))(Z)
0= om F/ W, () i+ Z omi / Wo(2)

LC| 2Y (ha, (aj + §f))(z)dz _

i 2m J W, (2)
I EAOFET U IC P Ry E U T
i 2mi Who(2) 271 W, (2)

r r

m 1 th~
> ,/Z(]SJ(Z)dz, v=0,...,|n] —np—1.
' r

Substituting 85, ..., 3% by their integral expressions, using Fubini’s Theorem,
and Cauchy’s integral formula, we obtain (for the definition of the functions

17
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w;?,j =3,...,m, look back to Lemma 6 and set w; = 1)

0 — / xlj( ‘];;21(]?'”]'—1 + thnj)u);'f + hnk_1wll: + Z;'n:k—&-l hnjwf)(‘r) drs k(l')

Wa(z) 7 ’

foreachv = 0,...,|n|—ng—1. Since dry ,(z) /W, (x) is a measure with constant
sign on supposy, it follows that

N k—1 m

Ho=) (hn;_, + cjhnj)w;C + hnk_lw’,j + Z hnjw;C (27)

Jj=2 j=k+1

must have at least |n| — ny changes of sign on Co(supp(os)).
For k = 2, Zf;% is an empty sum and H, reduces to hy,, + g w3
Using that (1,w3,...,w?) forms an AT system on Co(supp(cz)) for the index
(n1,ns, ..., nm) € Z7 (%) we readily arrive to a contradiction (if m = 2 the

system of functions reduces to 1 and the conclusion is trivial).

For n € Z7 (%) and k > 3, on account of (26), deghy, , + cjhy, < nj_1,j =
2,...,k—1. According to our induction hypothesis the system (1, w¥, ..., wk)

forms an AT system on Co(supp(oz)) for the index (n1,...,nj_1,j11,. .., ) €
Z77 (%) since (wf, ..., wk)) is a Nikishin system supported on Co(supp(os))

which is disjoint from Co(supp(2)). Therefore, H,, can change signs on Co(supp(os))
at most |n| — ng — 1 times. With this contradiction we conclude the proof. O

Previously, it was known that (1,5}, ...,5} ) forms an AT system for all multi-
indices n € Z4 such that ¢ < j implies that n; < n;+1. It is easy to check that
this class of multi-indices is strictly contained in Z7'(x). In fact, the existence
of i« < j < k such that n;, < n; < n, implies that n; > n; + 1. On the other
hand, it is easy to find multi-indices in Z' () for which n; > n;+1 with i < j.
In [7] it was proved that (1,353,53) is an AT system on any interval disjoint
from Co(supp(os)) (for all multi-indices n € Z3). It is not known whether or
not this property extends for m > 3.

We are ready for the proof of the following result.

Theorem 3 Let S = (s1,...,8m) = N(o1,...,0,) be an arbitrary Nikishin
system of m measures and let n = (n1,...,ny) € Z7(x). We set k = 1 if
ng—1 =M = max{n; — 1,ny — 2,...,n, — 2} or k is the first index in
{2,...,m} such that ny, —2 = M. There ezists a monic polynomial W,y of
degree |n| — ng whose zeros are simple and lie in the interior of Co(supp(cs))
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such that

0= /x”Qn(x) dsy(z)

ka(l') ’

v=0,1,...,|n|—1. (28)

Therefore, Q,, has exactly |n| simple zeros in the interior of Co(supp(oy)). All
indices in 77 (%) are strongly normal. We have the remainder formula

Wii(2) [ (QQn)(x) dsi(z)
(QQn)(z) / Wn,k<$) z—x (29>

Pn,k:
Q@n

o~

(8K —

)(2) =

where @ denotes an arbitrary polynomial of degree < |n|. Taking Q = @, in
(29), it follows that F,, /W, has no zeros in C\ Co(supp(cy)). In particular,
this function has constant sign on Co(supp(o2)). Finally,

n|

p(z) _ p(Tn,;)
/ Wi (2) dsy(z) = ]z:; )\n,k,jm y D€ Pop—1, (30)

and

Qn(2) )dsk("”) j=1,...,|n].(31)

)\"»kvj - Wn’k(xn’j>/ (Q;m(xnd)(x - In,j) Wn’k<m> ’

Therefore, all the Nikishin—Christoffel coefficients associated with P, /@
have the same sign as the measure s, and

|n|

> Akl = Isel - (32)
j=1

Proof. If £ = 1, from (17) and the assumption on the multi-index n, it follows
that

0= /(thn,l)(x)ds;(x), degh; <nj—1, j=2,....m.
For k = 2, using (18)-(19), and the assumption on the multi-index n, it follows
that

0— / (hoFo)(z)ds2(z), deghs <my—1,

and

oz/(thn,Q)(x)dsi(x), degh; <nj—1, j=3,...,m.
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Finally, if £ € {3,...,m} from (20)-(21) and the assumption on the multi-
index n, it follows that

0= /(thn,g)(x)dsf(:p), degh; <n;j1—1, j=2,...k

and

0:/(thn,2)(£E)dS§($), degh; <n;—1, j=k+1,....m.

In any case, we have that

0= / F () (hy + haw? + - + hpwk (2)drog (), (33)

where degh; <mn;_; —1,2<j<k,anddegh; <n; —1,k <j<m.

Denote by n(k) the multi-index in Z7~!(x) obtained from n deleting its kth
component. By Lemma 7, the assumption on n , and the selection of k we know
that the system (1,w5, ... wk) forms an AT system on Co(supp(as)) for the
multi-index n(k) = (n1,...,Nk—1, Nk, - .., Ny). Using (33), it follows that F,,
has at least |n| —ny sign changes on Co(supp(o2)) (later, when we obtain (29),
we see that in fact it has exactly that many sign changes). This means that
P, x/Qy is the |n|th Padé approximant that interpolates Sk, [n| +ng + 1 times
at z = oo and (at least) |n| — ny times at the points where F), ; equals zero
on Co(supp(oq)). All the assertions of the theorem are direct consequences of
this fact (see [9]). For convenience of the reader we proceed with the proof.

Select |n| — ny, simple zeros of F),  in the interior of Co(supp(oz)) and take
these points as the zeros of the polynomial W, ;. Since deg W), ;. > |n| — ng,
from ii)

v 1 _
Zhk _ o <> € H(C\ Co(supp(e1))), z—o00, v=0,...,|n|—1
Wn,k 22

Let ' be a closed integration path with winding number 1 for all its inte-
rior points such that Co(supp(oy)) C Int(I') and Co(supp(oq)) C Ext(T).
By Cauchy’s Theorem, Fubini’s Theorem and, Cauchy’s Integral Formula, we
obtain

0= i 2" n,k(z)dz _ 1/ZV(Qn§kZ)(Z)dZ:/Z‘VQn(IL’) S/Zkk((a;z)) ’

v=0,...,|n|—1,
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as claimed in (28). Hence, @), has exactly |n| simple zeros in the interior of
Co(supp(o1)). Since each n € Z7(x) has a component k as indicated in the
statement of the theorem, all such indices are strongly normal.

Take @ € Pj,. From ii)

QFn,k’
Wn,k

= 0(2) € HET\ Cofsupp(c)

By Cauchy’s Integral Formula, Cauchy’s Theorem, and Fubini’s Theorem, we
obtain that

QFui(z) 1/(QFn,k)(Q dg _1/ (QQn51)(C) d¢
Wor(C) 2= 2mi S Wak(Q) 2—=¢

Wor(z) — 2mi J
_ [Q90)w) dsta
Wor(z) z—a’

which is equivalent to (29).

Notice that for any p € Py |1, using ii)

P, —
WZ? - <§k - Qk> =0 <z12> € H(C\ Co(supp(o1))), z— o0.

Using the integral expression of S, the partial fraction decomposition (3) of
P, 1/Qn, Cauchy’s Theorem, Fubini’s Theorem, and Cauchy’s Integral For-
mula, we have

0:1,/ p(2) /dSk(I) _%M dz
271 £ Wn,k(z) 2= j=1 2= Tn,j
||

_fop@)  P(Tng)
_/ W, (x)d () ;A"”“Wn,k(xn,j)’

which is (30). Taking p = (Qn(2)/Q, (7)) (x — z,;))? in (30), we obtain (31)
and this obviously implies that the coefficients A, ; ; have the same sign as sy.
Using this and Lemma 1 with p = 1 we obtain (32). The proof is complete. O

JFrom Theorems 2 and 3 we can deduce some interlacing properties of zeros.
For this we need one more property relative to orthogonal polynomials with
respect to a Markov system of functions. A system of N real continuous func-
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tions {uq, ..., u,} is said to form a Markov system on an interval (a, b) if there
do not exist constants cy, ..., cy, not all identically equal to zero, such that

N
Z Cju;
j=1

has more than N — 1 zeros on (a,b) (for more details on Markov systems
see [12]). The next lemma is a reformulation of the Theorem appearing in
[11]. There, it is stated for polynomials orthogonal to a Markov system with
respect to the Lebesgue measure. Here, we state it for an arbitrary Borel
measure supported on an interval of the real line. For this more general case,
the proof is basically the same except for some minor details.

Lemma 8 Let o be a finite Borel measure with constant sign supported on an
interval of the real line. Let {uy,...,un} be a Markov system of functions on
Co(supp(o)). Let py be a polynomial of degree < N not identically equal to
zero such that

Oz/uj(x)pN(x)dU(az), j=1,...,N.

Then degpy = N and the zeros of py are simple and lie in the interior of
Co(supp(o)). Assume that pyi1 is a polynomial of degree N + 1 with real
distinct zeros which satisfies

Oz/uj(x)pNH(x)da(a:), j=1,....N.

Then between any two consecutive zeros of pyi1 lies a zero of py.

Proof. Set

U1<t1) Ug(tl) UN(tl)
U1<t2) Ug(tg) UN(tQ)

U1<tN) UQ(tN) s UN(tN)
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and

VN1

NN
Vit te, .. ty) =

N1

Let [a,b] = Co(supp(0)),C = [a, b, and T = {(t1,to,...,tn) 1 a <t <ty <
<ty < b}

That py has exactly N simple zeros in the interior of Co(supp(o)) is a direct
consequence of {uy,...,ux} being a Markov system on that set. From this
property it is also easy to see that py is uniquely determined by the orthogo-
nality relations. Take py with leading coefficient equal to 1. Then, there exists
A # 0 such that

N N1 1

[tNuy(t)do(t) [t ug(t)do(t) -+ [ui(t))do(t)

ft%uN(tN)da(tN) ft{ViluN(tN)dO'(tN) v fUN(tN>dO'(tN>

since the polynomial defined by the determinant satisfies the same system of
orthogonality relations and is not identically equal to zero. Hence,

pN<t) = /\/Ul(tl)UQ(tQ) ce UN(tN)VN+1<t, tl, N ,tN)dO'(tl) cee dO'(tN) .
C

Taking into consideration that Viyyi(¢,¢1,...,tx) = 0 whenever t; = t;,1 <
1,7 < N, from the integral above we obtain that

pn(t) = )\/Zul(tn)uﬂtiz) coun (i )V (B tiy, - tiy)do(ty) -+ - do(ty)

where the sum extends over all N! permutations of (1,2,..., N). Rearranging
the rows in the determinant defining Vi1 (¢,%;,, ..., tiy) so as to get the com-
mon factor Viyy1(t,1,...,ty) in the sum above and using the definition of a
determinant, it follows that

pN<t) = /\/MN(tl, e 7tN)VN+1(ta tl, R 7tN)dO'(t1) e dO‘(tN) =
T
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)\/MN(tl, ANVt t) P (D) do(ty) - - do(t)

where Py(t) = [[\L,(t — t;), since Vyi1(t, t1, ..., tn) = Vi(t, ... . tn)Pn(2).
This integral representation for py is the main ingredient in the proof. (The
only difference in the arguments used here as compared to those employed in
[11] is that in deducing the integral representation of py we use that Vj,y; is
identically equal to zero on C'\ 7 whereas D. Kershaw uses that the Lebesgue
measure of C'\ 7 is zero.)

N+1

Let us write pyi1(z) = IL2

that

(x—x;). The rest of the proof reduces to showing
D) [ Mt t)Vaclta, o ) Py(g)dor () - do(ty) =
T

/MN<t177tN>VN(t177tN)P]%/($J)dU(t1)dU(tN)7 J= 1a7N+1
T

To this end you can follow the same arguments used in [11] pages 88-90. Once
this is proved, on account of the integral representation for py and the fact
that My (t1,...,tn)VN(t1,...,ty) has constant sign on 7 we conclude that

Pvi1(x;) and py(x;) either have the same sign for j = 1,..., N 4 1 or have
opposite signs at all these points. From Bolzano’s Theorem it follows that the
interlacing property holds. a

Now, we can state the following.

Corollary 9 Let S = (s1,...,8y) = N(o1,...,0m) be an arbitrary Nikishin
system of m measures. Let n € Z7'(x), and k be as indicated in Theorem 3
then between any two consecutive zeros of Q,, lies a zero of P, i. Let us denote
by n, the vector which is obtained adding 1 to one of the components of n and
let Q. be the multiple orthogonal polynomial corresponding to n. Assume
that ny € Z7'(x), then between any two consecutive zeros of @y, there is a
zero of Qn all lying in the interior of Co(supp(o1)).

Proof. From Theorem 3, we know that the coeflicients A, ;,7 = 1,...,|n|,
all have the same sign. Let z,, ; < x,, j+1 be two consecutive zeros of @),,. Using
(3), taking limit from the right at =, ; and from the left at z,, ;11 one obtains
infinities with different sign. Therefore, P, ; must have an intermediate zero.

;From the definition of @, and @, , we have that both of these polynomials
are orthogonal to the system of functions

ni—1 _1 no—1_1 1 nm—1_1

1,...,z 1S9y ..., T 8oy ey Sy T Sy, -
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relative to the measure ;. According to Theorem 2, S* forms an AT system
for the index n € Z'(*) on any interval [a, b] disjoint from Co(supp(cz)). In
particular, this implies that the functions with respect to which @,, and @,
are orthogonal form a Markov system on the interval Co(supp(c;)). On the
other hand, Theorem 3 asserts that @, and @, have exactly |n| and |n|
simple zeros, respectively, contained in the interior of Co(supp(oy)). From
Lemma 8 it follows that between any two consecutive zeros of @, lies a zero
of Q,. O

JFrom Theorem 3 we obtain the following consequence which generalizes
Corollary 2 in [3].

Corollary 10 Let S = (s1,...,8m) = N(01,...,0m) be an arbitrary Nikishin
system of m measures. Let A C ZT(x) be an infinite sequence of distinct
multi—indices such that for all n € A the kth component is as it was chosen
in Theorem 3. Then, for each n € A the coefficients A\, j,7 = 1,...,|n|,
preserve the same sign. For each compact set K C C\ Co(supp(cy)), there
exists k(K) < 1 such that

2 1/2In|
lim sup ||5 — —= < k(K), (34)
neA Qn K
where || - ||k denotes the sup-norm on K,

R(K) = suplel - t € Co(supp(as)) U {00},

and @; denotes the conformal representation of C \ Co(supp(cy)) onto the
open unit disk such that p(t) = 0 and ¢}(t) > 0. For each bounded Riemann
integrable function f on Co(supp(oy))

||

11mz/\nkjfxm /f Vs (), (35)

and if f € Lips(A), 3 > 0, then

In

l/f dsk Z/\nkjf xn,j)

_0 (Inllﬁ> | (36)

Finally, if f € H(V'), where V is a neighborhood of Co(supp(cy)), then

I

lim / F(a)dsy (2 ZAW Flan )|V < gy (37)
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where ky = inf{k(v,) : v, C V} and v, = {2 : |po(2)| = p},0 < p < 1. If
ke{2,...,m} and ny + 1 = ny for all n € A then (34) — (37) also hold for

the first component.

Proof. That for each n € A and k as stated above the Nikishin-Christoffel
coefficients preserve the same sign is a consequence of the last statement in
Theorem 3. Using (3) and (32), we have that for each compact set K C

C\ Co(supp(ay))

‘ Bo(2)

Qn(2)
where [si| = | [dsg(x)| and d(K) = inf{|z — z| : z € K,z € Co(supp(o1))} >
0. Therefore the family of functions {5, — ]Z;n’“ },n € A, is uniformly bounded
on each compact subset K of C\ Co(supp(ay)) by 2|si|/d(K).

|s]

Take v,,0 < p < 1, so that Co(supp(o2)) C Ext(7,). Set W, x(2) = H‘;l:';n’“(z—
Yn,;), where W, ;. is the polynomial given in Theorem 3. Then

—~ P,k
H 5k — 5

2|
>~ d(%)5(%)2‘”|+1 )

e

In|+ng+1 Inl ng
oo [1;=

(pyn \J

where

0(7,) = nf{|gi(2)] - 2 € 7, t € Co(supp(oz)) U {oo}} .

Considered as a function of the two variables z and ¢, it is easy to verify that
|oi(2)] is continuous in C’. Hence d(7,) > 0 since 7, N Co(supp(os)) = 0.
Fix a compact set K € C\ Co(supp(o;)) and take p sufficiently close to 1
so that K C Ext(y,). Since the function under the norm sign is analytic in
C\ Co(supp(ay)), from the Maximum Principle it follows that the same bound
holds for all z € K. Consequently,

n|—n 2|n|+1
§k_ Pn,k: 2|5k| || \n|+nk+1| ll_[kgp ||K 2|Sk| (H(K)> " '
Qn |~ d0yp)o(7, )21 1Y o T () \0(y)
Therefore,
P | k(K
limsup ||5; — — <
neA QTL K 5(’7P)
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Because of the continuity of |¢:(2)] in c’, lim, .; 6(7,) = 1 and (34) follows.
That x(K) < 1 is also a consequence of the continuity of |¢:(2)| in c’

Formulas (35) and (36) are consequences of the first and third statements of
Lemma 3. Formula (37) is derived following the same scheme as for proving (8)
taking into consideration that here we have the more precise estimate given
by (34).

Concerning the last statement, we only comment that in that case both indices
1 and k satisfy the conditions of Theorem 3 for all indices in A. The existence of
such sequences of multi—indices is guaranteed by the sequence {(N,..., N, N+
1,...,N+ 1)}, N € Z,, where the jump in value is produced in the kth
component. Other less trivial examples of such sequences are easy to construct
from elements in Z7 (x). O

Unfortunately, it is not possible to have more than two components k €
{1,...,m} satisfying the conditions of Theorem 3, and if there are two, one
of them must be the first one. But there are other means of obtaining (34) for
more than two components.

Let n € Z7 and k € {1,2,...,m}. We denote by n* = (nf,...,nk) € Z™ the
vector whose components are defined as follows. For k =1

ny ) .]:17
min{n; +1,n;}, 2<j<m.

Ifke{2....,m}

min{ny,...,n;,ny — 1} , 1<j<k,

min{ny, n;} , k<ji<m.

Obviously, n — n* € Z7 and n € Z7'(x) implies that n* € Z7(x). As before
In —ng| = 370, (n; —nl) = |n| — |n*|. Notice that if n € Z7 () and k is as
defined in Theorem 3, then n = n* and |n — n*| = 0.

Theorem 4 Let S = (s1,...,8m) = N(o1,...,0,) be an arbitrary Nikishin
system of m measures and let n = (n,...,n,) € Z7. Assume that n*(k) €
Z77 (), k € {1,...,m}, where n*(k) is the vector obtained deleting from n*
its kth component. Then, there exists a monic polynomial W, . of degree |n*|—
n, = |n®(k)| whose zeros are simple and lie in the interior of Co(supp(os))
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such that

dsg(x)

O:/x”Qn(m)Wk(x), v=0,1,...,|[n* 1. (38)

Therefore, Q,, has at least |n*| simple zeros in the interior of Co(supp(ay)).
We have the remainder formula

Wi (2) / (QQn)() dsi ()
(QQ)(2) /] Wag(z) 2—a’

Pn,k
@n

o~

(8K —

)(2) = (39)

where Q denotes an arbitrary polynomial of degree < |n*|. Additionally, let us

assume that the multi-index n is strongly normal (for example, n € Z7(x)).
Then

In|

X Tn,j
/ PO sy ) = > :An,k,jM P € Plafint|-1 (40)
Jj=1

Wn,k(x) Wn,k(xn,j) ’
and at least (|n| + |n*|)/2 Nikishin—Christoffel coefficients associated with
P, 1/ Qn have the same sign as the measure sy.
Proof. The proof is similar to that of Theorem 3 so we only outline the main

ingredients. From the definition of n* and using Lemma 6, instead of (33) we
get

0= / Fy (@) (ha + hawh + -+ 4 hyok (2)dry i (2) (41)

where deg h; gn?_l —1,2<j <k, and degh; gné?—l,k<j§m.

By Theorem 2 and the assumption on n*(k), we know that the system (1, w5, . ..

forms an AT system on Co(supp(cs)) for the multi-index n*(k). Using (41), it
follows that F,; has at least |n*| — n;, sign changes on Co(supp(oz)). On the
other hand, the number of such sign changes must be finite since F}, , # 0. Se-
lect [n*| —ny, distinet zeros of F,;, on Co(supp(cz)) and take W, ;. as the monic
polynomial with a zero at each one of those points. Since deg W,, , = |n| — ng,
from ii)

v

Wi 22
Now, (38) is obtained as in the proof of (28).
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Take @ € P,). From ii)

F, 1
Q n,k:O<

Wik z) € H(C\ Co(supp(a1))), z— o0,

and (39) is obtained using the same arguments as for (29).

If the multi-index n is strongly normal, from (39) one sees that for any p €
Plaf i+ -1

V[Zk <§k N IZ;;) =0 <212> = H(@\ Co(supp(o1))), 2z —00.

)

Using the integral expression of 5 and the partial fraction decomposition (3)
of P, x/Qn, (40) is obtained as in proving (30).

Let x, be the total number of indices j such that the sign of A, ; coincides
with the sign of the measure sz. Take p = (IT'(x — x,,;))* where I]" denotes
the product over all indices j such that the sign of A, ; ; coincides with the
sign of the measure s;,. Let us suppose that degp = 2x, < |n| + |n*| — 1. We
can substitute this p in (40). On the other hand, it is easy to see that

p() i p(@n )
Sg < an (ZL“) dSk(ZL‘)> 7é sg (]z:l /\an' Wn,k(l‘n,j)) )

where sg(-) denotes the sign of (-), because in the sum all terms cancel out
except those which have different sign with respect to the sign of the integral.
This contradiction means that 2k,, > |n| + |n*| which is equivalent to the last
assertion of the theorem. O

Now we can state the following

Corollary 11 Let S = (s1,...,8n) = N(01,...,0m) be an arbitrary Nikishin
system of m measures. Let A C ZT(x) be an infinite sequence of distinct
multi—indices such that for all n € A and k' fived, 2 < k' < m, we have that
Ny =mng =+ =np_1 and Ny = N1 = ny + 1. Then, for k = 1K' kK + 1
and each n € A the coefficients A\, i ;,7 = 1,...,|n|, preserve the same sign.
Consequently, for k =1,k k' + 1, (34) — (37) hold true.

Proof. It is easy to verify that the components k = 1, k" satisfy the assump-
tions of Theorem 3 and for them Corollary 10 is applicable. For k£ = k'+1 notice
that [n*| = |n| — 1. Using the last statement of Theorem 4, we obtain that for
each n € A at least (|n| + [n*])/2 = |n| — 1/2 coefficients A\, 1,7 = 1,...,|n]
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must have the same sign; that is, all of them have the same sign since this
number is an integer. From this point on we can follow the scheme of the proof
of Corollary 10. a

Remark 12 The type of indices used in Corollary 11 are the only ones for
which we can prove the sign preserving property for three components. For
example, when m = 4 according to Theorem 4 the indices of the form (nq,ny+
1,n1 + 1,n1 + 1) may have one negative Christoffel-Nikishin coefficient for
k = 4 and those of the form (ni,ny,ny + 1,ny + 1) may have a negative
coefficient for k = 2 and it is not hard to see that these are the best possible
choices. Of course, Theorem 4 only gives a sufficient condition for the sign
preserving property. It would be interesting to see if it is possible or not to
have this property for more than three components with appropriately chosen
multi—indices.

Despite of what was said above, we can prove convergence of the simultaneous
quadrature rule for all the components in the class of analytic functions on a
neighborhood of Co(supp(cy)) when the indices are such that the orthogonal-
ity conditions are nearly equally distributed between all the measures.

Theorem 5 Let S = (s1,...,5m) be a Nikishin system of measures. Let A be
an infinite sequence of distinct multi-indices such that there exists a constant
¢ > 0 for which for allm € A and all k =1,...,m, we have ny > %—c and all
indices in A are strongly normal (for example, A C Z}(x)). Then, for each f
analytic on a neighborhood V' of Co(supp(s1)) and each k € {1,...,m}, (34)
and (37) take place.

> _ck=1,...,m,n € A, it follows
= ,m

I

Proof. Under the assumption that ny
from Theorem 1 in [3] that for each k

lim—=35,, KC @\ Co(supp(s1)),

in (logarithmic) capacity on each compact subset K contained in the indicated
region. Since all the indices in A are strongly normal, the zeros of @), lie in
Co(supp(sy)) and using Lemma 1 in [8] it follows that in fact convergence
takes place uniformly on each such compact subset. In particular, we have

that the sequence {%’“} A is uniformly bounded on each compact subset of
n n

C \ Co(supp(cy)). From this point on we can use the arguments employed in
proving (34) and (37) in Corollary 10. O
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