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Abstract
In our previous paper (Axiomatic Differential Geometry II-3) we have
discussed the general Jacobi identity, from which the Jacobi identity of
vector fields follows readily. In this paper we derive Jacobi-like identities
of tangent-vector-valued forms from the general Jacobi identity.

1 Introduction

In our previous paper [20] we presented the general Jacobi identity, from which
the Jacobi identity of vector fields followed readily. The principal objective in
this paper is to show that the Jacobi-like identity of tangent-vector-valued forms
follows no less readily from the general Jacobi identity.

In orthodox differential geometry, establishing the Jacobi identity of vector
fields on a smooth manifold is a trifling exercise, because we are able to identify
vector fields with derivations. Similarly, since we are capable of identifying
tangent-vector-valued forms with derivations of a certain kind over the algebra
of differential form, the Jacobi-like identity of tangent-vector-valued forms is
essentially no less difficult, though somewhat cumbersome, which Frolicher and
Nijenhuis did in the 1950’s.

Within our general framework of axiomatic differential geometry, such luxury
is no longer permitted, so that the significance of the general Jacobi identity
could not be exaggerated. Generally speaking, tangent-vector-valued forms are
defined to be mappings subject to three conditions (the details will be seen in
Section M), namely, the first condition being what might be called the Dirac
condition after Dirac distributions, the second condition being multi-linearity,
and the third condition being anti-symmetry. Our general approach enables us
to discern three levels in which the Jacobi-like identity holds, namely, tangent-
vector-valued forms without multi-linearity or anti-symmetry, those without
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multi-linearity, and those without anti-symmetry. The case of tangent-vector-
valued forms without multi-linearity or anti-symmetry is most fundamental. By
taking Jacobi-like identities of tangent-vector-valued forms of the above three
kinds at once, we get the very Jacobi-like identity that Frolicher and Nijenhuis
provided more than half a century ago.

This paper is organized as follows. After some preliminaries in Section 2]
we review the general Jacobi identity in Section Section Ml is devoted to
two distinct viewpoints towards tangent-vector-valued forms, just as we gave
two viewpoints towards vector fields in . Section[Blis concerned with Jacobi-like
identities of tangent-vector-valued forms. We are working within the axiomatics
of differential geometry in [19], namely, a DG-category

(’C7 R’ T7 a)

2 Preliminaries

2.1 Weil Algebras and Infinitesimal Objects

The notion of a Weil algebra was introduced by Weil himself in [22]. We denote
by W the category of Weil algebras. Roughly speaking, each Weil algebra cor-
responds to an infinitesimal object in the shade. By way of example, the Weil
algebra R[X]/(X?) (=the quotient ring of the polynomial ring R[X] of an inde-
terminate X over R modulo the ideal (X?) generated by X?2) corresponds to the
infinitesimal object of first-order nilpotent infinitesimals, while the Weil algebra
R[X]/(X?3) corresponds to the infinitesimal object of second-order nilpotent in-
finitesimals. Although an infinitesimal object is undoubtedly imaginary in the
real world, as has harassed both mathematicians and philosophers of the 17th
and the 18th centuries (because mathematicians at that time preferred to talk
infinitesimal objects as if they were real entities), each Weil algebra yields its
corresponding Weil functor on the category of smooth manifolds of some kind
to itself, which is no doubt a real entity. By way of example, the Weil algebra
R[X]/(X?) yields the tangent bundle functor as its corresponding Weil functor.
Intuitively speaking, the Weil functor corresponding to a Weil algebra stands
for the exponentiation by the infinitesimal object corresponding to the Weil al-
gebra at issue. For Weil functors on the category of finite-dimensional smooth
manifolds, the reader is referred to §35 of [3], while the reader can find a read-
able treatment of Weil functors on the category of smooth manifolds modelled
on convenient vector spaces in §31 of [4].

Synthetic differential geometry (usually abbreviated to SDG), which is a
kind of differential geometry with a cornucopia of nilpotent infinitesimals, was
forced to invent its models, in which nilpotent infinitesimals were visible. For
a standard textbook on SDG, the reader is referred to [5], while he or she is
referred to [2] for the model theory of SDG constructed vigorously by Dubuc [?]
and others. Although we do not get involved in SDG herein, we will exploit lo-
cutions in terms of infinitesimal objects so as to make the paper highly readable.
Thus we prefer to write Wp and Wp, in place of R[X]/(X?) and R[X]/(X3)



respectively, where D stands for the infinitesimal object of first-order nilpo-
tent infinitesimals, and D- stands for the infinitesimal object of second-order
nilpotent infinitesimals. To Newton and Leibniz, D stood for

{deR|d* =0}

while D5 stood for
{deR|d® =0}

We will write Wye p,.saze p for the homomorphim of Weil algebras R[X]/(X?) —
R[X]/(X?) induced by the homomorphism X — X? of the polynomial ring
R[X] to itself. Such locutions are justifiable, because the category W of Weil
algebras in the real world and the category of infinitesimal objects in the shade
are dual to each other in a sense. Thus we have a contravariant functor W
from the category of infinitesimal objects in the shade to the category of Weil
algebras in the real world. Its inverse contravariant functor from the category
of Weil algebras in the real world to the category of Weil algebras in the real
world is denoted by D. By way of example, Dg(x),(x2) and Dg[x]/(x3) stand
for D and D5 respectively. To familiarize himself or herself with such locutions,
the reader is strongly encouraged to read the first two chapters of [5], even if he
or she is not interested in SDG at all.

We need to fix notation and terminology for simplicial objects, which form an
important subclass of infinitesimal objects. Simplicial objects are infinitesimal
objects of the form

D" {p}
= {(dl, ,dn) e D" | dlldlk =0 (V(Zl, ...,ik) S p)}

where p is a finite set of finite sequences (i1, ..., i) of natural numbers between
1 and n, including the endpoints, with i; < ... < ig. If p is empty, D"{p} is
D™ itself. If p consists of all the binary sequences, then D" {p} represents D(n)
in the standard terminology of SDG. Given two simplicial objects D™{p} and
D™{q}, we define a simplicial object D™{p} & D"{q} to be

D" {p @ q}

where

Py
:pu{(]1+m77]k+m) | (jlv'-'vjk) € q}
W@, 5+m)|1<i<m, 1<j<n}

Since the operation @ is associative, we can combine any finite number of sim-
plicial objects by @ without bothering about how to insert parentheses. Given
morphisms of simplicial objects ®; : D™i{p;} — D™{p} (1 < i < n), there exists
a unique morphism of simplicial objects ® : D™ {p;}®...& D™ {p,} — D™{p}
whose restriction to D™i{p,} coincides with ®; for each i. We denote this ® by
O, & ... 4 D,. We write D(n) for {(d,...,d) € D™ | d;d; =0 for any i # j}.



2.2 Some Conventions

Notation 1 We use the following notations:

1. We write
[A — B

for the exponential BA.
We denote a canonical injection A — B by if.
We denote a canonical projection A — B by ﬂ'g.

An object M is always assumed to be microlinear.

AN

The evaluation morphism [A — B] x A — B is denoted by
€V[A—B]x A

6. We denote by S, the set of permutations of {1,...,p}. Given o € S,, its
signature is denoted by €.

3 The General Jacobi Identity

Proposition 2 The diagram

Oéww (M)
TWp3 9.1 M N TWn2 \f
2
o‘Ww (M) J/ J/ aWiD2 (M)
D(2)
TWo2 M N TWoe) M
1
O‘WiDz (M)
D(2)

18 a pullback diagram, where the assumptive mapping

¢ D? = D*{(1,3),(2,3)}
18

(d1,d2) € D* — (d1,d»,0) € D*{(1,3),(2,3)}

while the assumptive mapping

¥ : D* = D*{(1,3),(2,3)}
18

(dy,d) € D* = (dy,d2,d1ds) € D3{(1,3),(2,3)}

Remark 3 The numbers 1,2 under TVp2 M are given simply so as for the
reader to easily relate each occurrence of TYn2 M in the above Proposition to
its corresponding occurrence in the following Corollary.



Corollary 4 We have
Wp3 _ mWp2 W2
T""p3{as.emn M =T o M X wpey,, T o M
Notation 5 We will write
- W w w
(M) : T2 M XpWpe py L P2 M — TP M
for the morphism
w w
T2 M X owpay,, T P2 M
= Tb3(a.3).@9 M
MWae bis (0,0,4)D3 {(1,3),(2.)}

™, M

Proposition 6 The morphism
w w
T ?2M XpWoe s T 152M
¢ (M)
VP M
and the morphism
w w
T 1132M X W) T ;ﬂM
w w
=T gQM XpWoe gy T 11>2M
¢
VP M

sum up only to vanish, where the numbers 1,2 under TVo2 M are given simply
s0 as for the reader to easily relate each occurrence of T2 M to another.

Proposition 7 The diagram

O‘Wv,? (M)

TWoi(@a.6.01 M _> TWnps M
2
aw,, (M) \ \: aw s (M)
" ‘D3{(2,3)}
TW1133 M — TWbs (2.3} M
aWiDS (M)
D3{(2.3)}

s a pullback diagram, where the assumptive mapping

@3 D3 — D*{(2,4),(3,4)}



18
(d17d27d3) € D3 = (d17d27d370) € D4{(274)7 (374)};

while the assumptive mapping
o7 = D® = DU{(2,4),(3,4)}

18
(dy,dz,ds) € D® = (di,da, ds, dads) € D*{(2,4),(3,4)}
Remark 8 The numbers 1,2 under T"p2 M are given simply so as for the

reader to easily relate each occurrence of TYp3 M in the above Proposition to
its corresponding occurrence in the following Corollary.

Corollary 9 We have

TV M X _w
1

TWns M
T 'D3{(2,3)} M1 2

— TWbt(e0.601 \f

Notation 10 We will write
CH(M) s TV M X, w0, T2 M — T2 M

for the morphism
Wps Wps
T M X wps 0y 0 T M
— TWbtye,a,6.0 M

M)

W 4y ,d2)e D25 (d1,0,0,d2)e DA {(2,4),(3,4)} (

TWn2 M

Proposition 11 The diagram

an,% (M)
TWotia9.6.41 M N TWb3 M
2
O‘st (M) 1 4 AW s (M)
2 *D3{(1,3)}
TWos M — TWb3 (.3 M
1
aw 3 (M)

‘D3 {(1,3)}

18 a pullback diagram, where the assumptive mapping
w3 : D> = DY{(1,4),(3,4)}

8
(dy,dz,d3) € D* s (d1,da,d3,0) € D*{(1,4),(3,4)}



while the assumptive mapping
W3+ D* — DH{(1,4),(3,4)}
18
(dr,d2,ds) € D* = (d1,d, dy, drdy) € D*{(1,4), (3,4)}

Remark 12 The numbers 1,2 under TYo3 M are given simply so as for the
reader to easily relate each occurrence of TYp3 M in the above Proposition to
its corresponding occurrence in the following Corollary.

Corollary 13 We have
Wps Wps
T - MXTWDP,{(LS)}MT D M
= TWot(a.0.6.01 M

Notation 14 We will write
2 (M) : TV M X, w sy, TVPOM = TV02 M

for the morphism
Wps Wps
T M X wosi0; 0 T M
= TWot(a.0.601 M

W dy )€ D25 (0,1 ,0,d9)€ DA {(1,4),(3,4)) (M)

TWn2 M

Proposition 15 The diagram

O‘Wv,g (M)
TWoitaa.cor M = TWps N[
2
ast (M) A 1 QAW s (M)
’ ‘D3 {(1,2)}
TWns M N TWbs1a,21 M
1
aw 3 (M)

‘D3{(1,2)}

18 a pullback diagram, where the assumptive mapping
3 D° = DY{(1,4),(2,4)}
18
(d1,d2,d3) € D+ (dy,d2,d3,0) € D*{(1,4),(2,4)}
while the assumptive mapping
5 : D — DH(1,4),(2,4)}
18

(d1,da,d3) € D* v (dy,d2,d3,d1d2) € D*{(1,4),(2,4)}



Remark 16 The numbers 1,2 under TWo M are given simply so as for the
reader to easily relate each occurrence of TYWo3 M in the above Proposition to
its corresponding occurrence in the following Corollary.

Corollary 17 We have

TWo M X _w
1

TWos M
T D3{(1.2)} M 2

— TWotia,a,c01 M

Notation 18 We will write
Co (M) : TS M X, w4y o, TV02 M = T2 M

for the morphism

TWns M X oW TWns M

D3{(1,2)} )y
= TWb4 (.21 M
M)

AW 4y ,d2)€D25(0,0,d1 ,d)e DA{(1,4),(3,4)} (

TVn2 \f
Notation 19 We will introduce three notations.
1. We will write

(*123;*132)—(*231 T*SQI) (

¢ M): A (M) — TV M
for the composition of morphisms
A(M
3 3 3 3
((T 321 MXTWD3{(2,3)}MT 251 M) X WD) (T 152 MXTWDS{(z,s)}MT 123 M))
T3 M T3 M
321 132
P A (M) = XpWos (2.5} p X W) pf XpWos (2.3} p
T3 M TWns M
231 123
¢r (M) XTWD@e) A ¢r(M):
T3 M T3 M
321 132
| Xrosiesym | X | Xrosies v
T3 M T3 M
231 123

w w
— T2 M X jwp) ,, T2 M

¢ (M) : TV02 M X ow sy, T2 M — TP M



in succession, where A\ (M) denotes

[ TWns M
321
XTWD3{<2,3)}M
TWns M
231
e
T3 M
132
XTWD3{(2,3)} M
TWos M
123
XTWD3®D3M
TWos M
132
XpWos{a.m) p
TWos M
312
x’]%)/va(Q)M XTWDS@DSM
T3 M
213
XpWos (.}
TWo3 M
L 231

2. We will write the morphism

for the composition of morphisms
AN(M
3 3 3 3
((T 1?2 MXTWD3{(1,3)} MT 3?2 M) XTWD@) M (T 2?3 MXTWD3{(1,3)} M 21331 M
TWns M TWn3 M
132 213
VAN (M) - XTWD3{(1,3)}M X1Wb@) 1 XTWD3{(1,3)}M
TWn3 M Wps \f
312 231
¢? (M) XTWD@) A ¢? (M) :
TWn3 M TWns M
132 213
XpWostamyy | XoeWo@ar | X rpstasn i
TWn3 M Wps \f
312 231

w w
— T2 M X jwp) ,, T2 M

XTWDSGBDSM

TWns M
213

X_w
T D3{(1,2)} pf
w

XTWDS{(l,z)} M
TWbs M
312

(ramgran)=Cog) (A () o TP M

¢ (M) : TV02 M X owpsy, T2 M — TP M

m succession.

)




3. We will write the morphism

(L=t ) (e Ay L We

for the composition of morphisms

A(M)
Wp3 Wp3 Wp3
((T e MXTWDS{(l,z)}MT 155 M) X WD) o (T 351 MXTWDS{(l,z)}M
TWos M TWbs M
213 321
FAM) = | XpWhsaay gy | XeWe@ar | X o¥bsiam
TWbs M TWos M
123 312

¢? (M) XTWp@e) um C; (M)

TWbs M TWbs M
213 321
X pWbsia,2)) XeWp(2) pf X pWbsia,2))
TWbs M TWos M
123 312

w w
— T2 M X v ey, TP M

¢ (M) : TV02 M X vy, T2 M — TP M

m Succession.

Theorem 20 (The general Jacobi Identity) The three morphisms

() A () TV
(T () () TV

C(*312;*:521);(*‘123;*213) (M) : A (M) N TWDM

sum up only to vanish.

4 Tangent-Vector-Valued Forms

Notation 21 We write

bt (M)

for
[TV M — TP M|,

while we write (>.1)
=(p,
Quoy (M)

for
™V [T M — M]

10

TVD3 M

312

)



It is easy to see that

Proposition 22 We have
1 =1
st (M) =0 (M)
Notation 23 We write

o ()

for the equalizer of the exponential transpose of
[TWrr M — TVP M| x TP M

EV[TWor M—TWD M xTWDP M

™ M
Mg
M
and that of
[TWrr M — TVP M x TP M

[TWDP M—TWD M| xTYDP M
TTWor M

TP M

M

while we write o)
Q" (M)
for the equalizer of the exponential transpose of
TV [TVP? M — M| x TV M
aw,_p, ([TVP* M — M])

[TVPr M — M| x TV M

EV[TWor M~ M]xTWDP M

M
and that of
TV [TVPP M — M| x TV M

TWD [TWD?P M—M|xTWDr M
Towor pmr

TWDP M

QOW,_, pr (Mg

M

11



It is easy to see that
Proposition 24 We have
,1 _( 71)
Qg) (o) =07y (M)

Notation 25 We write

for the intersection of Qgsl) (M) and the equalizer of the exponential transpose
of
[TWPr M — TP M| x TP M x R

1d[TWDP M—TWb M] x (z) TWDP M xR

[TVPr M — TVP M| x TP M

EV[TWpr M—TWD M]xTWDP M

™Vr M
and that of

[TV M — TVP M x TWP? M x R

EV[TWor M—TWD M]xTWDr M X idp

T™P M xR

(')TWD M xR

_—

T™> M
where

1. The morphism

(-_) . TWor N x R — TVPr M
i/ TWDP M xR

stands for the morphism whose exponential transpose is

TVer M

TWorxk ) g
= [R - TV M|

12



2. The morphism
(Vpwo arxr : TP M x R — TV M
stands for the morphism whose exponential transpose is
VP M
M)

OW(4,a)eD xR—adeD (

TWbxr )1
=[R— T"? M]

Notation 26 We write

for the intersection of 5511931) (M) and the equalizer of the exponential transpose
of

VP [TVPP M — M| x TVPP M x R

idTWD [TWDP M—)M] X (l) TWDp M xR

TP [TVPP M — M| x TP M

idpwp, [TWoP M—M] X AW, p (TWDP M)

TV [TVPr M — M| x TP (TWrr M)
=T ([T M — M| x TP M)

Wp
T EV[TWor M- M]xTWDP M

™" M
and that of

TP [TVPr M — M| x TVP" M x R

idTWD [TWDP M—»M] X aw,_,p (TWDP M) x 1dg

VP [TVPr M — M| x TP (TP M) x R
[TWDP M—M]xT"DP M

w .
T Pevy, X idg

TP M x idg
(')TWDMx]R
_—
™, M

It is easy to see that

13



Proposition 27 We have

3 _( 71)
Qﬁf;)) (M) = Q) (M)

Notation 28 We write

J=

(p,1)
o) ()

for the intersection of Q%l) (M) and the equalizers, with all o € Sy, of the

exponential transpose of
[TWrr M — TVP M| x TP M

id[TWDT’ M—TWp M| X (-7)rwor ar

[TWer M — TP M| x TP M

EV[TWor M—TWD M]xTWDP M

TV M
and that of
[TWrr M — TVP M| x TP M

EV[TWpr M—TWD M| xTWDr M

T™> M

&g
T™> M

where the morphism
(-7)pwor pp : TVPP M — TVPP M
stands for the morphism

TVer M

T™Ver M

We write

(p,1)
Q) (M)

for the intersection of QE%I) (M) and the equalizers, with all o € Sy, of the

14



exponential transpose of
VP [TVPP M — M| x TV M

idpwp, [TWpr M—sm] ¥ (") ewor ur

™V [TVPP M — M| x TP M

idpwp, [TWpr M—sM] X OWisp (TWDP M)

TV [TVPr M — M] x TP (TWrr M)
=T ([T M — M| x TVP" M)

Wp
T EV[TWpr M~ M]xTWDP M

™ M
and that of
VP [TVPP M — M| x TV M

idpw, [TWor M—M] * OWisp (TWDP M)

VP [TVPr M — M| x TP (TWr? M)

Wp
T EV[TWor M M]xTWDP M

™V M

2

™™V M
It is easy to see that

Proposition 29 We have

3 _( 71)
Qéf;)) (M) = Q3 (M)

Notation 30 We write
Q P 1) ( )

(123)

for the intersection of Qg;) (M) and nggl) (M), while we write

—(p,1)
Q ?23) (M)
for the intersection of ﬁg;)) (M) and Qg;) (M).
It is easy to see that

Proposition 31 We have

(p,1
) (M) = O (M)

15



5 The Jacobi Identity in the Frolicher-Nijenhuis
Algebra

5.1 Preparatory Considerations

Let us begin this subsection by adding the following definition to our lexicon.

Definition 32 Given an object M in the category KC and natural numbers p,q,
we define a morphism

Conv)! : [TVPP M — M] x [TVP' M — M| — [TWor+a M — M]
in the category KC to be the exponential transpose of
[TVPr M — M| x [TWP M — M| x TVorta M
= [TWr? M — M] x [TVP1 M — M| x TWprr@Woa pp
= [TWP* M — M| x [TVP? M — M| x TWpe@Wor \f
= [T"WP* M — M] x [T"P* M — M] x TV? (T M)

1d[pwpr pros ] X OWpros ([TV2" M — M]) x idpw,, (TWbi M)

[TVPr M — M| x TP [TVP1 M — M| x TVP? (TP M)
= [TWPr M — M| x TP ([TVP* M — M| x TP M)
id[ ] x TWor ev[

TWDP M—M TYWD4 M—M|xTWD1 M

(TP M — M| x TVPr M

EV[TWor M- M]xTWDP M

M,

while we define another morphism

Convy : [TVPr M — M) x [TVP1 M — M] — [TWorta M — M]

16



in the category KC to be the exponential transpose of
[TWPP M — M| x [TVPe M — M| x TWorta M
= [TVP* M — M| x [T"VP? M — M| x TVor&Woa pf
= [T"P' M — M| x [TV M — M] x TP (TWrr M)

id[TWm M—M] X OWpa_ ([TVPr M — M]) X idgwp, (TWpr M)

[TWPr M — M| x TV [TV M — M| x TPt (TWr? M)
= [T"P1 M — M| x TV ([TWP* M — M] x TVPr M)
ld[ X TWDq ev[

TWD1 M— M| TWbP M—M|xTYWDP M

[TVP1 M — M| x TV M

EV[TWpa M- M]xTWpa M

M

Remark 33 1. Our two convolutions Convéwq and Convp q are reminiscent

of the familiar ones in abstract harmonic analysis and the theory of Schwartz
distributions.

2. In case that p = q = 0, it obtains that
M @Wpr = M @ Wpe = M @ Wpr+a = M
so that
[M @Wpr = M| =M &Wps = M| =[M Wpp+a = M| = [M — M],

in which we have

Conv?)/lq = assys

. M
and the morphism Conv,,

q s identical to the morphism

[M — M| x [M — M]

=[M — M| x [M — M|

[M — M]

where assy; stands for composition.

It should be obvious that

17



Proposition 34 Given natural numbers p,q, the morphism

[TV M — M| x [TV M — M|
Convé\{g
[TWorta M — M]

(.(Tp,q)[Tpr+q MﬁMl

[TWorta M — M]
is identical to the morphism

[TVPr M — M| x [TV M — M|
= [T M — M| x [TVP" M — M|

— M
Conv

q,g
[TWorta M — M],

while the morphism

[TVPr M — M| x [TV M — M|

M
Conv

Pg
[TWorts M — M|
('ap’q)TWDp+qM -
[TWorta M — M|

1s tdentical to the morphism
(TP M — M| x [TVP* M — M]
= [T M — M| x [T"P" M — M|
Convé\fl
[TWorta M — M|

where oy, 4 is the permutation mapping the sequence 1,...,q,q+1,...,p+q to the
sequence ¢+ 1,...,q+p,1,...,q, namely,

o 1 P p+1 ... p+gq
P4 g+1 ... g+p 1 .. ¢

It should be obvious that

18



Proposition 35 Both Conv™ and Conv'  are associative in the sense that,
giwen an object M in the category IC and natural numbers p,q,r, the morphism

[TWer M — M| x [TVP? M — M| x [TV?" M — M]

M .
Conv,, , X 1d[TWDT M—M]

[TWorta M — M| x [TVP" M — M|
[TWortatr M — M]
1s tdentical to the morphism
[TVPr M — M| x [TVP* M — M| x [TV M — M|

id[TWDp M—»M] X Convé\flr

[TVPr M — M| x [TWoetr M — M]

M
Conv,, .,
-

[TWortatr M — M],

and we have a similar identification for Conv'"
Remark 36 This proposition enables us to write
Conv)! o [TWPP M — M| x [TWPIM — M| x [TVP" M — M]
— [TWortatr M — M]

to denote one of the above two identical morphisms without any ambiguity, and
similarly for

Convyy o [TVPP M — M] x [TP" M — M] x [TV>" M — M]
— [TWortatr M — M]
Notation 37 Given a natural number p, we write
[TV M — M], |
idar
for the pullback of
[TVorM — M|, — [T"WrrM — M|
idar
xS + ;
1 — [M — M)
where the right vertical arrow is

lawpe,, — idy] o [TYPP M — M| — [M — M]

1s the canonical projection, while the bottom horizontal arrow is the exponential

transpose of
idpy:1xM=M— M.
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The following proposition should be evident.

Proposition 38 The morphism
[TVer M — M, % [TV M — M]

[TpP M- M|

“ITWor M- M] . id[TquMﬂM]

idpr

[TVPr M — M| x [TV M — M|
Conv,,
[TWorta M — M|

1s tdentical to the morphism
[TV M — M, % [TV M — M]

[TWpPr M— M|

Z[TWDp M—M] x id[TWDq M~ M)|

idpp

[TVPr M — M| x [TV M — M|

4.

Oan

TWorta M — M|

—

Similarly, both of the morphisms
[TVer M — M) x [TV M — M,
[T"WPe M— M)

id[TWDP M—M]

(TP M — M| x [TWP* M — M|
Convg/)[
[TWorta M — M]

and
(TP M — M] x [TVP' M — M],,

dp

[T"Wpe M— M|

] x Z[TWDQ M~ M|

ld[TWDT’ M—M
id]\/(

[TVPr M — M| x [TV M — M|

Conv,,
[TWorta M — M|
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are identical. Besides, the morphism

(TP M — M, % [TV M — M]

id s

[T"pr M—M)| [T"De M—M]
1 X1
[TWpr M—M], [TWpi M—M)].

i idag
[TWVPr M — M| x [TVP* M — M|
Convﬁf[é
[TWorta M — M],

which is identical to the morphism

[TV M — M), > [TV M = M],

[T"pr M— M) [T"pe M— M|

Z[TWDP M—M]|. x Z[TWDq M—M]|.
idps idg

[TVPr M — M| x [TVP M — M|

Conv

2073
[TWorta M — M],

1s to be factored through the canonical injection

[T prtani— M|

Z[TWDP+‘1 M—»M] : [TWDP+QM N M} s N [TWD”+‘7M N M}

idpr

Definition 39 We define a morphism

Prod{) ) o TV [TWer M — M x TVP [TV M — M

(p,m),(g;n

— TWomtn [TWorta M — M|
to be
TV [TVPr M — M| x TVer [TV M — M|
([TWr? M — M]) x

1odmadm g1, dm g )EDM s (dy . dm) €D™

eon ([TP7M = M])

TWomtn [TVPr M — M| x TWorin [TWP M — M]
= TWorin ([TVP? M — M] x [TVP? M — M])

TWpm+n Convg/)[

TWomen [TWorte M — M|,
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while we define a morphism

M

Prodg, ) (gm) : TV [TVPP M — M| x Ve [TVP1 M — M|

— TWomtn [TWorta M — M|
to be

Ve [TV M — M| x TP [TVP' M — M]

Wpp
aw(dl ..... Ay g 150 dpygm ) EDME 5 (dy ., dm)ED™ ([T M — M]) x

([TWr* M — M])

TWomin [TVPP M — M| x TWomir [TVP? M — M]
= TWortn ([TWPP M — M| x [TVP* M — M])
TWom+n Convy.
TWomtn [TWorta M — M]

It should be obvious that

Proposition 40 Both Prod™ and Prod  are associative in the sense that,
giwen an object M in the category K and natural numbers I,m,n,p,q,r, the
morphism

T [TVPr M — M| x TVe™ [TV M — M| x TV [TV M — M|

M .
Prodiy. i) gm) X Mdpwon [xor ai )

TWpm+n [TWDp+qM N M} « TWon [TWDT‘M N M}
mé\ngq,ler),(r,n)
TWpitm+n [TWDp+q+rM N M] (1)

is identical to the morphism

TV [TVPr M — M| x TP [TVP1 M — M| x TV [TV M — M|

id, o M

TVl [TWpr M—M] * Prodig,m),(rn)

TWo! [TWP? M — M| x TWomer [TWpetr M — M|

M
m(1071)1(q+r,m+ng

TWpitmtn [TWDp+q+rM N M] , (2)

and similarly for Pr od”.
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Proof. To prove the first statement, we note that the morphism () is
identical to the morphism

TWo! [TVPr M — M| x TVPm [TVP! M — M| x TP [TV M — M]|

Qyy R . ([TWDZD M —s MD «
(d1sesdpdyp 1o A A mt 15> @fmgn ) ED —(dy,...,d;) €D
Whpa
o ([T M — M]) x
W(d1 ,,,,, disdyg1s A pmodibmg 1A pmgn ) €DV (d) gy, ) ED™
Wpr
aw ([T M — M])
(415 sdpsdip 1y @i dipmp 1o dipmpn ) EDFMEM o (A g 1soidi gy ) ED™

TWottmin [TV M — M| x TVortmin [TVP1 M — M| x TWpttmin [TVP" M — M]
= TWotemin ([TVPP M — M| x [TVP"M — M| x [T">" M — M])

Wpitm+n M ;
"> Conv,,’; X 1d[TWDT M—M]

TWottmin ([TWorta M — M| x [TWP" M — M])

TWpttmitn (Conv%qm)

TWDl+m+n [TWDP+q+TM — M]
while the morphism (2)) is identical to the morphism

To! [TVPP M — M| x TP [TV M — M| x TV [TV M — M|

Qyy R . ([TWDZD M —s MD «
(d1sevdpdy 1o A A mt 10> @fmgn ) ED —(dy,...,d;) €D
Whpa
o ([T™WPe M — M]) x
W(d1 ,,,,, disdygyse A pmodibmg 1 Hpmgn ) €DV (d) gy, ) ED™
Wpr
aw ([T M — M])
(d1ssdpsdip 1y @i dipmp 1o dipmpn ) EDFMEM o (A g yoidi gy g ) ED™

TWDl+m+n [TWDPM — M] X TWDl+m+" I:TWDQM — M} X TWDl+m+n [TWDTM — M}
= TWptemin ([TVPP M — M| x [TVP*M — M| x [TWP" M — M])

Wpoitmtn | M
T"p 1d[TWDpM_>M] x Conv, .

TWottmin ([TVPr M — M| x [TWoetr M — M])

TWpttmtn (@%ﬁr)

TWpltm+n [TWquwM N M]

Therefore the desired result follows directly from Proposition Similarly for
the second statement. m

Remark 41 This proposition enables us to write

M
Prodi, 1y, (g,m),(rn)

: TWot [TVPP M — M| x TV [TVP M — M| x TP [TVP" M — M|
— TWpttmen [TWortatr M — M|
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to denote one of the above two identical morphisms without any ambiguity, and
similarly for

=M
Prodg, 1), (gm),(rn)
: TWot [TVPr M — M| x TP [TVP1 M — M| x TV [TV M — M|

— TWpttmin [TWortatr M — M]

5.2 The First Consideration

In this subsection we are concerned with the Lie algebra structure of 5511931) (M)
Let us begin with

)

S.

Lemma 42 The morphism

_( 71) _( 11)
Q7 (M) x Q) (M)

TWp2 [TWor+ta M — M|
([Tore M — M)

W (ay ,d)€D(2)s (dy ,dz) € D2

TWb () [TWDp+qM N M}

1s tdentical to the morphism

TWp2 [TWor+s M — M|
([TWDp+qM N MD

AW (ay,d)€ D)5 (dy ,dz)€ D2

TWb [TWDp+qM N M}
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Proof. By Proposition B8, the morphism
Q(p 1) ( ) Q(q 1) ( )

(p,1) ( 1)
2(g) (M) xzz(g) (M)

(p,1) (a,1)
Q(117) () gy (M)

(p,1) (g,1)
Q) (M) x Qg (M)
M(an,lg
T2 [TWorta M — M|
is identical to the morphism
(p,1) (q,1)
Qa) (M) x Q7 (M)

(p,1) (q,1)
Qs (M) g (M)

i X i
ant ) Ty ()

G (a0) x g ()

Pf0d<p,1>,<q,1g

TWp2 [TWor+ta M — M|
so that their compositions with the morphism
TWp2 [TWorta M — M|
([TWor+a M — M])

aw(dl,d2)€D(2)>—>(d1,d2)€D2

TVr@ [TWorta M — M|
should evidently be identical. m
Corollary 43 The morphism
(p,1) (q,1)
Q) (M) x Q)7 (M)

(p,1) (q,1)
Q07 (M) g (M)

i X i
ant ) Ty ()

Q(pl (M) x Q(ql (M)
(mml),(q,wPf°d<p71>x<q71>)

T2 [TWorta M — M| x T"Wp2 [TVorte M — M|

is to be factored through the canonical injection

T2 [TWorta M — M] X Vo | T2 [TWorta M — M|

T Drta M— M|
— TWp2 [TWorta M — M| x TWp? [TWorta M — M]
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It is easy to see that

Proposition 44 The factored morphism

_( )1) _( )1)
Qfy (M) x Q57 (M)

— TWp2 [TWor+a M — M| x TWhe) | TWo2 [TWorta M — M|

T Drta M—M]|
in Corollary [£3 followed by the morphism

TWp2 [TWDp+qM N M] XTWD(2)[ ] TWn2 [TWDp+qM — M]

TVprta MM

¢ ([t - M)

VP [TWorta M — M|
is to be factored uniquely into a morphism

_( 71) _( )1) _( + 71)
DM Q) (M) x QT (M) = Q) " (M)

P.q

and the canonical injection

TWD [TWprta M —M]
Z_(P+q,1)

Q(l)

QWY (M) 5 TP [TWorta M — M]
o M

Notation 45 Given £ € [M ® Wpr — M| @ Wpn and 0 € Sy, £7 denotes

(( ) e Wps —a1) @ idwpn ) 3}

where ()vrowpy s ¢ (M @ Wpe — M| — [M ® Wpr — M] denotes the op-
eration

ne€[M®Wpr = M]+—mno (id1\4<§§>1/\/(d1
We will show that the morphism

_( 71) _( )1) _( + 71)
Grh (M) : Q(11)) (M) x Q(?) (M) — Q(11)) (M)

D.q
is antisymmetric in the following sense.
Proposition 46 The morphism
_( 71) _( 71)
Qn (M) x Q) (M)
L M
g (M)

_( + )1)
b " (M) (3)
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and the morphism

sum up only to vanish.

(4)

Proof. This follows easily from Propositions [l and B4L1t is easy to see that

the morphism

_( )1) ( ’ )
Q) (M) x Q) (M)
Soton G en
o () QE")”(M)
ala1) (p,1)

G () < 95" ()

(mm,l),(p,l)a Pmd(q)l)x(pvl))

TWD2 [TWDP+qM N M] XTWD(2)[

& ([T¥orn 0 - 1))

p+q1 (M)

Qo
( )Q(P+q 1)(M)

(p+q,1)
(0)

)

(M)

TWbDrt+a MM

27
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is identical to the morphism

=®1) (g,1)
Q) (M) x Qq (M)
ngj)“(M) Qgg)”(M)

X 1.
(p,1) (a,1)
Q(f) (M) Q(‘j) (M)

_( )1) (7)
Qo) (M) x Q) (M)

Op,q M Ip.q Proa’
<( )ﬁgg)*q’”(M) o Prodg),(p,1), (- )ﬁggjq’”(M) oPr Od(q,l)v(nl))

T2 [TWorta M — M| X Voo | ] T2 [TWor+ta M — M|

TVprta MM

(1o M)

_( + 71)
Quy " (M)

However we know well by Proposition 34] that

This follows from Propositions 4 and 6 in §3.4 of Lavendhomme [5]. More
specifically we have

(€1, &, + ([€2,61] )7
= (6186 — & ® &) + (£86) 7" — (L ®&)7)

= (6186 — & ® &) + (51 ® &y — 51@)52)
[By Proposition ?7]
=0

]
We have the following Jacobi identity.

Theorem 47 The three morphisms

(p,1) a(a.1) a1
Qp (M) x Q)" (M) x Q) (M)

ldﬂ(p 1)(M) X Ll (M)

( ) ) _( +’I‘,1)
by (M) x Qi) (M)

C£;+T‘ (M)
B d

(p+gq+r,1)
an (M), (5)

28



_( 11) _( )1
Q) (M) x Q)
_( 71)

) o1t
(M) x Q) (M)

. L
ldﬁgil)(M) X Cr,;l; (M)

_(Q)l)

O 2

q,7+p

2

iy

(
.Up,q+r)

—~

(p+q+r,1)

—(r+p,1)
1) (M) x Q™"

L1 (M

)

(M)

(M)

op+atr1)
Qfy (M)

)

&)

and

(p+q+r,1)

(M)

(
UT,erq)

(M)

o(p+a+r1)
Q(11)) (M)

=(p+g+r,1)

Q)

sum up only to vanish.

(M)

_(Tvl) ( 71)
Qn) (M) x Q) (M)

(7)

In order to establish the above theorem, we need the following simple lemma,
which is a tiny generalization of Proposition 2.6 of [9].

Lemma 48 The morphism

_( )1) _( )2)

TP [TWD1 M~ M]

idgen (ar) X ¢ ([TWre M — M])

(M)
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is identical to
a1 (9,2) o(2:2)
Q)" (M) x (Q(l) (M) X 2wz [TWbi A1 M] Quy " (M ))
( ) ) _( )2) ( ) ) _( )2)
= (2" 1) x O () v prwoarr g (B 1) x5 (00)

M
Prodg, 1),(q,2) X frw ar-sar) PTO4n1).02)

(p+q 3) ~p+ae.3)
Qa (M) x T"VP3 129} [TWpr+a M- M| Q) (M)

gf ([TWorta M — M)

Q(p+q ,2) (M) ,
while the morphism
(p,2) (p,2) (q,1)
(7 (M) xqworer fgwon vy O35 (M) x O (81)

¢ ([T M - M]) x g 0

_( )1) _( )1)
Q) (M) x Q7 (M)
Prod, 1) (g, )
_( + 72)
Qn (M)
1s identical to
_( 12)
(Q(i)) (M) XWoe) |

a®:2) (g,1)
vor a0 (M) X 05 (1)

)
=(»,2) a@l) =(®:2) a@l)
:(Qu) (M) x Q)" (M )) Xpwoe) [pwoa ) () (M) X Q) (M>)

M M
Prodg,s), (1) Xpwoe pwoa o] PrOd(p.2).4.0)

or+a.3) o(P+a.3)
Qay T (M) X pwna ) fpwopra yyar] 20 (M)

¢ ([T¥Wora M M])

Notation 49 For the sake of the proof of Theorem[{], we introduce the follow-
g six notations:
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1. We write £&123 for the morphism
( 1 _( 71) _(Tvl)
Qp (M) x Q57 (M) x Q) (M)

Prod(y 1) (4,1),01)

(p+gq+7,3)
Q)" (M)

2. We write 132 for the morphism
( ’ ) _( 71) _(Tvl)

—_—M
id~ X PrOd(q,l),(T,l)

Q(P 1)(M)

(p,1) alatnl)
Qqy (M) x Qi)™ (M)

Prodiy ) (gtr1)

Q(p-l-q-i-r ,3) (M

~—

3. We write 213 for the morphism

Q(Pl( ) ﬁ(%l( )Xﬁ

Prop),01) X g0 ()

Q(P'HJ:l) ( ) Q(T 1) ( )

Prod(p+q 1),(r, 1g

Q(p+q+r ,3) (M)
4. We write &a31 for the morphism
(p,1) ro1 i) o)
Q(]10) (M )XQ(;I) (M) X 1) (M)

idg x Prodfyy) ;1)

Q(P 1)(M)

(p,1) alatnl)
Q) (M) x Q)™ (M)

Prod(y 1 (gir, 1;

(p+q+r,3)
an (M)
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5. We write €312 for the morphism
( 1 _( 71) _(Tvl)
Qp (M) x Q57 (M) x Q) (M)

Pr Od(p 1) (q 1) X ld l(r 1)(M)

Q(p+q 1) ( ) Q(T 1) ( )

PI’Od(p+q 1),(r, 1g

(p+q+7,3)
Q) (M)

6. We write £321 for the morphism

( 1 (71) _(Tvl)
Qp (M) x Q57 (M) x Q) (M)

Pmd(p,l),(q,l),(r,lz

Q(;D+q+7“ ,3) (M

~—

Lemma 50 We have the following statements:
1. The morphism
( ) ) _( 71) _(Tvl)
QL (M) x Q7 (M) x Q) (M)
(€123, 132
Q(p-‘rq-i-r %)) (M) x Q(p-‘rq-i-r ,3) (M)

is to be factored uniquely through the canonical injection

ﬁ P+q+r 3) (M) X W s oy [T et ao] ﬁgylo;tqwﬁ) (M)
Qé’fi T ) < QT ()
nto
amt o) < (a) < o ()
Q(ZD+¢I+T ,3) (M) X W oy [T ot Mo ﬁg:;rqw,s) (M)

2. The morphism
( ) ) _( 71) _(Tvl)
QL (M) x Q7 (M) x Q) (M)
(231,321
APtatr,3)

Q(;D+q+7” 3) (M) X Q(l) (M)
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is to be factored uniquely through the canonical injection

opt+a+r,3) (p+q+r 3)
Q(1) (M) ><TWD?’{(Q 3)} [T pptatr M*}M] Q (M)

(p+q+7,3) (p+q+7,3)
= Q) (M) x Q)T (M)
imnto
Qpl)( ) Q(ql ( ) Q(Tl)( )
&@+atn,3) &P+a+n,3)
- Q(l) (M) X pWDs (2,3} [TWDp+q+r M—»M] Q(l) (M) 9)
. The morphism
(p,1) —(q,1) —(r,1)
Qp (M )XQ(Z) (M )><91) ( )

(&231,&213
Q(ZD‘HH’T ,3) ( ) Q(ZD‘HH’T ,3) (M)

is to be factored uniquely through the canonical injection

ﬁg;rqqtr,s) (M) X Wi [T s ao] ﬁg)nLqur,S) (M)
Q(;D+q+r ,3) ( ) Q(;D+q+r ,3) (M)
nto
o a0 < Y ) x g ()
S (M) x an o (o)

T D3{(1,3)} [TWDp+q+T M—)M]

. The morphism

o () x " () < QY (1)
(€312, €132

Q(;D+q+?“ :3) (M) x Q(;D+q+r ,3) (M)

is to be factored uniquely through the canonical injection

(p+q+r,3) =(P+q+r,3)

Quy D) X w0 [porterrago] H) (M)
Q(P+q+r ,3) (M) x Q(;D+q+r ,3) (M)
mnto
an” () x 2 () < 90 (a1
Qg;—qﬂ ? (M) X pWpsa1,9) [TWDp+q+T M—>M] ﬁEz;)Jrq-lrr,S) (M) (11)
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5. The morphism
( ) _( 71) _(Tvl)
Qp (M) x Q)" (M) x Q)7 (M)
(&312,&132
Q(ZD‘HH’T ,3) ( ) Q(ZD‘HH’T ,3) (M)

is to be factored uniquely through the canonical injection

ﬁgz;;rqﬂﬁ) (M) X pWps(,2)} [TV pr+atr M- M] ﬁg;ﬁng) (M)
= 0ET (g o)
mto
i () > () < ()
= OO0 % s 0y frvomsaseara 0 M) (12)
6. The morphism
o () < QY ) <0 ()

(€312, €132
Q(ZD‘HH’T ,3) ( ) Q(ZD‘HH’T ,3) (M)

is to be factored uniquely through the canonical injection

ﬁg;rq”ﬁ) (M) ><TWD‘“{(l 2)} [T Dptatr M%M] ﬁgfjﬁng) (M)
S aE gy o)
mto
ag” o0 <0 (00 <9 ()
= T 0D % s frvomrasearoa B0 | ) (13)
Notation 51 We introduce the following six notations:
1. The composition of (&) with
AT M) X g 0 prworasr g an) S0 (M)

CT ([TWDp+q+rM N MD

=(p+q+r,2)
Qn (M)

is denoted

*123;*132

¢
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2. The composition of (@) with

(p+q+7,3) =(p+q+7,3)

Q(l) (M) ><TWD3{(2,3)} [TWDp+q+r M—»M] Q(l) (M)
CT ([TWquwM N MD
—=(p+q+7,2)
Qn (M)
is denoted 4
<*231 T*321
3. The composition of ({I0) with
~(p+ag+r,3) &(p+g+r,3)
Q) (M) XTWDS{(L?’)}[TWDP‘FQ‘FTM*}M] Q) (M)
CE ([TWDPH”M N MD
_( + +T>2)
an (M)
is denoted 4
C*zslg*zls
4. The composition of (I1l) with
=(p+gq+7,3) =(p+q+7,3)
Q(l) (M) XTWD3{(1,3>}[TWDp+q+rM_>M] Q(l) (M)
C2 ([TWDp+q+rM N MD
=(p+g+r,2)
ah " (M)
is denoted _
C*SlQ;*lSQ
5. The composition of ({I3) with
&(p+g+r,3) &(p+g+r,3)
Q(1) (M) XpWps (1,9} [TWDp+atr M—M)| Q(1) (M)

Cé ([TWquwM N MD

_( + +T>2)
an (M)

is denoted

*312 %321
3

¢
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6. The composition of [I3) with

(p+q+7,3)

= , =(p+q+7,3)
Q) (M) x_w QT ()

T D3 {(1.3)} [TVDptatr M— M] (1)

CE ([TWDp+q+rM N MD

=(p+q+7,2)
Q(11)) ! (M)

is denoted

*123 —*213
3

¢

Lemma 52 We have the following three statements:

1. The morphism

( 1 _( >1) _(T>1)
Qp (M) x Q57 (M) x Q) (M)

*123**132 *231 —*321
¢ o0
3

Q(ZD‘HH’T ,2) ( ) Q(ZD‘HH’T ,2) (M)

is to be factored through the canonical injection

&Pt+g+n2) =(+g+r2
Q) (M) X pwp) [TWDr+atr M- M]

(p+q+r,2) (p+q+r,2)
-5 " (M) x Q)" (M)

nto

1) aa.1) (r.1)
Qp()XQ(Z)()Q (M)

Q(p+q+r ,2) (M) % (p+q+7,2) (

19 M)

TVD(2) [TWDrtatr M—M
2. The morphism
( ) ) _( 71) _(Tvl)
QL (M) x Q7 (M) x Q) (M)

*231 %213 *312 %132
¢ 2,0

(p+q+7,2)
an (M) x

(p+q+r,2)
< Q) (M)

is to be factored through the canonical injection

Q(p-i-q-i-r ,2)

=(o+g+r,2)
Qp ! (M) x 1) (M)

TVD(2) [TWDr+a+r M— M|
Q(ZD‘HH’T ) ( ) Q(ZD‘HH’T ,2) (M)
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nto

1) oa.1) (r.1)
Qp()XQ(Z)()Q (M)

&P+a+nr2)

=(o+q+7,2)
Q(l) (M) X prd

TVD(2) [TWDp+q+rM_,M] Q(1) (M)

3. The morphism

(p,1) o@D ro1UL)
Q(]10) (M) x Q(;Z) (M) x Q) (M)

*312 %321 *123 %213
¢ 2,0 s
3

Q(ZD‘HH’T ) ( ) Q(ZD‘HH’T ) (M)

is to be factored through the canonical injection

g P+q+T 2) (M) ~ ﬁglf;rq-‘r’l‘,z) (M)

TVD(2) [TWDr+a+r M— M|
N Q(ZD‘HH’T ) ( ) Q(ZD‘HH’T ,2) (M)

nto

1) oa.1) (r.1)
Qp()XQ(Z)()Q (M)

Q(P‘HH‘T ,2) (M) « Q(P‘HH‘T ,2) (M)

TV [TWDrtatr M— M|

Notation 53 We introduce the following three notations:

1. The composition of (I4]) with

—(p+q+r,2) —(p+q+r,2)
Q P q (M) XTWD(Q) [TWDP“PFTMHM] Q(i)) q (M)
e (o)
—(p+q+r,1)
an (M)
is denoted _ _ '
C(*123T*132)—(*231T*321)
2. The composition of (I1) with
= ++T2) —(p+q+r,2)
Qi (rra (M) X pwpa) [TVDp+atr M- M] Q(Zf) ! (M)

¢ ([ereen = M))

_( + +T>1)
an (M)

is denoted

(*231—*213)—(*312 —*132)
2 2

¢
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3. The composition of (18) with

=(p+q+r.2) +q+7,2)
Q P ! (M) XTWD(z)[ Q(11)) ! (M)

TVDr+atr M— M|

¢ ([ = M)

—(p+q+nr,1)
an (M)

is denoted
(*312—*321)—(*123 —*213)
3 3

¢

Now we are ready to present a proof of Theorem [7}
Proof. (of Theorem H7)). By the morphisms (B)-(7) are identical to the
morphisms

(*123 T*lsz)—(*zm T*321)

¢
¢
¢

respectively. Therefore Theorem [47] follows from Theorem [

*031 —* — (%312 —*
( 2312 213) ( 3122 132)

*g10—* — (%123 —%
( 3123 321) ( 1233 213)

5.3 The Second Consideration
In this subsection we are concerned with the Lie algebra structure of ﬁg;)) (M)’s,

where p ranges over natural numbers. It is easy to see that

Lemma 54 The morphism
(p,1) (q,1)
Q(]102) (M) x Q((112) (M)
anven ot o)

(1)

X 1
1 1
‘gl oy " EE) ()

(p,1) (q,1)
Q) (M) x Q) (M)

¢to(mr
g (M)
Q(p+q 1) (M)
18 to be factored uniquely through the canonical injection

opta,1)
Q) (M) . gP+aD) (M) — Q(10+q 1) (M)

i
(p+a,1) 12
aried an -T2

into a morphism

( 1 _( 11) _( + 71)
Q(Z) (M) x Q5 (M) = Q35" (M)



Notation 55 The morphism in (I8) is denoted

_( )1) ( ) ) ( + )1)
2 (M) Qfyy (M) x Q) (M) = Qfy" (M)

Proposition 56 The morphism
( ’ ) _( 71)
Qi) (M) x Q35 (M)
Gyt (M)
aPtel)

Q2 (M)

and the morphism

_( )1) _( 71)
=1y (M) x Q5 (M)
(o2 (M)

)ﬁ(?+q,1) (M)

sum up only to vanish.
Proof. This follows directly from Proposition 46, m

Theorem 57 The three morphisms

(ps a@l) a1
Q(1172) (M) x Qfy) (M) x Qo) (M)
Ly
idg Q) () X Cqr (M)

( I ) _( +’I‘,1)
Q) (M) x Q)" (M)
Cprttyr (M)

(p+gq+r,1)
Qo (M)
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a®1) &) =(r,

Q) (M) x Qs (M) x Qpy) (M)
=(a,1) (1) 1)

= Oy (M) x Qiyy (M) x Q5 (M)

: L
ldﬁgtlz,zl))(M) X Cr,;l) (M)

2

_( )1) _(T+ 71)

(?2) (M) x Q(12)p (M)
bz (M)
TP ¢

q,7+p

'

(p+q+r,1)
(12) (M)

.Up,q+r)

- 9

glp+atn1)
QU ()

=(p+g+r,1)
Oz (M)

and

(Txl) _( )1) _( )1)
= Qs (M) x Q) (M) x Qs (M)
. L
oy % G (M)

—(p+q+r,1)
Qo) (M)

Or,p+a)_
( )QETJ)Q*T‘,I)(M)

(p+q+r,1)
(12) (M)

sum up only to vanish.

2l

Proof. This follows directly from Theorem [47. =

5.4 The Third Consideration
(p
1

In this subsection we are concerned with the Lie algebra structure of ﬁ(
where p ranges over natural numbers.

1)

5 (M),

Notation 58 We introduce the following notations:

1. We denote by
o1 o1
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the morphism

ol
Q(i) ( )
Z : 2(171) M)
€S,

_( )1)
QQ) (M)

where S, is the group of permutations of the set {1,2,...,n}.

2. We denote by
(p+q,1) (p+q,1)
APR QT (M) —» Q) (M)

the morphism
Q(p+q 1) (M)
(1/plq!) AP*
e
Q(p-i-q,l) (M)
3. We denote by
(p+gq+r,1) (p+gq+r,1)
APFLET Q)T (M) - Oy T (M)

the morphism

Q P+‘1+"" 1) (M)

(1/p.q!r!) APTatr

(p+q+r,1)
" (M)

2l

It is easy to see that

Lemma 59 The morphism

(»1) (a.1)
Qs (M) x Q33 (M)
Qv an Qo)

7
(p.1) (a.1)
15y (M) 5 (M)

(p,1) (g,1)
Q1) (M) xQfy (M)



1s to be factored uniquely through the canonical injection

QYA Seta) S+aD)
i pran) : 9(11)3)q (M) — Q(117) ! (M) (17)
Qg (M)
mto a morphism
a(p.1) a(a.1) ~(r+ae,1)
Q(fg) (M) x Q(Zs) (M) — Q(?g)q (M) (18)

Notation 60 The morphism in (I8) is denoted

_( 71) _( 11) _( + 71)
o (M) = Qs (M) x Qi) (M) — Q)" (M)
where FIN stands for Frélicher and Nijenhuis.

Lemma 61 Given o € Sy, the morphism

DI D
I8 =
G

o

2

—~

=

1s tdentical to the morphism
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Proof. By mimicking the familiar token in establishing the antisymmetry
of wedge products of differential forms in orthodox differential geometry. m

Proposition 62 The morphisms

and

sum up only to vanish.

(p,1) (g,1)
Q(fg) (M) x Q(Zg) (M)

G ()
e

(p+a,1)
Qs (M) (19)

_( )1) _( )1)

Qi) (M) x Q3 (M)
_( )1) ( ) )

= Q1) (M) x Q3 (M)

e

-

ﬁ p+q 1)

(— )

Qi () (20)

(M)

S

Proof. The morphism (I9) followed by the canonical injection (I7) is iden-

tical to the morphism

(p, (g,
Q(1173) (M) x Q(?3) (M)
apton ol
bsp.1) o)

Q3 (M) Q5 (M)

(p,1) (g,1)
Q) (M) x Q7 (M)
Corg (M)

SLCEER

p,q

Q(p-i-q,l) (M)
Ap+q

P.q
—

aw e (o (21)
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by definition, while the morphism (20) followed by the canonical injection ()

is identical to the morphism
a1
Q(13) (M
iﬁ(p,l)(M)
ﬁ(p’l)(M)

) X

(q,1)
Q((113)( )
QE?)U(M)

(q,1)
Q35 (M)

_( 71)
Q) (M) x

(p+a,1)
Qa7 (M)

(q,1)
< Q) (M)

o i)
(. P q)ﬁg)ﬂbl)(M)

Q(p+q 1) (M)

p+q
Ap,q
—

(p+q,1)
Q(117) ()

(22)

by Lemma [61l The sum of (21 and (22)) vanishes by dint of Proposition Fl so
that the sum of (I9) and (20)) also vanishes. m

Lemma 63 The morphism

(p,1) ol a0
Q(?3) (M )Xst (M )XQ(13 (M)
anPan oo o alt o
b5t Q(q ) ZQu Yy

(13) (M) (13) (M) (13) ( )

( ) ) _( >1) _(Tvl)
Q(11)) (M) x Q(?) (M) x Q) (M)
ldsz@ i (a1) X (gt (M)

a1 olat+r1)

O ( ) x Q1) (M)
1dQ(p 1)(M X Ag:‘;r

( I ) _( +’I‘,1)
Q(’{) (M) xQ(i)

CpL,;nLT (M)
—
nglﬂ;rqw 1)

pFq+r
A;D,q+r
—_

Q(ZD‘HH’T ,1) (M)

(M)

(M)
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1s tdentical to the morphism

_( 71) _( 11) (’I"l
Q(?3) (M) ><Q(113 (M )XQ(13 (M)

.ﬁ(Pvl)(M) Z(q 1)(M) l(T‘ 1)(M)

—El)m t ( 1) i <r 1
Q(fé) (M) 52(33) (M) Q1ay) (M)
a1 o) a1
Q(11)) (M) x Q(?) (M) x Q(1) (M)
. L

1d§g;1)(M) X q.; (M)

a1 =lg+r1)

Qn (M) xQfy " (M)

C;f:tlz-i-r (M)

=(p+q+r,1)

ahy (M)

A

nglv;-q-‘rr,l) (M)

Proof. By mimicking the familiar token in establishing the associativity of
wedge products of differential forms in orthodox differential geometry. m

Theorem 64 The three morphisms
(p,1) (g,1) —(r,1)
Qizy (M) x Q) (M) x Qi (M)

ldQ(p 1)(M) CF:ivm (M)

(p,1) = +r 1)
Q(]103) (M) x Qg 4 (M)
Cpats (M)
g
(p+q+7,1)
Qs (M) (23)
a.1) =(q,1) —(r,1)
Qi) (M) x Qs (M) x Q35 (M)
(g, A1) (p,1)
Q(?3) (M) x Q5 (M) x Q1) (M)
X (s (M)

id—(q,1)
5y (M)

—(a.1) (p+m1)
Q) (M) x Qg (M)

Qagy (M) (24)
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and

_( >1) _( >1)
Qs (M) x Q3 (M) x Q

a1
= Q3 (M

: FNi3
ids(r,1) X M
Q3 (M) P:q ( )

=) (ptq,1)
Qi) (M) x Qg™ (M)

¢EN ()
-

7,p+q

(p+q+r,1)
(13)

_l)r(p-i-q)

2l

(M)

—~

|

(p+g+m,1)
(13)

)

(M)

sum up only to vanish.

_( 11)
) x Qs (M) x Q)

o)
(13) (M)

(a,1)

(M)

(25)

Proof. The morphism (23) followed by the canonical injection (I7)) is iden-

tical to the morphism

(p,1) 1) —(r,1)
Q(]103)( )XQq (M )XQ(ls( )
ng)l)(M) Qo ol o
. Y () X1 Q(q Y (A1) ZQu D)

(13) (13) (13)

(p,1) (g,1) —(r,1)
QL (M) x Q7 (M) x Q) (M)
ldQ(P 1)(M Cq.r ( )

pt+q+r
D5q,T

&P+a+r1)

Q) (M)

46
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by dint of Lemma [63] The morphism (24]) followed by the canonical injection
(@) is identical to the morphism

=(p.1) =(a.1) (1)
Q) (M) x Qs (M) x Q3 (M)

l(P U(M) 7((1 U(M) 70 U(M)

(1)
1 7’ 1 1
sy (M) 921’39<M> 213))<M>

a®1) o(@1) a1
Q(11)) (M) x Q(?) (M) x Q(1) (M)
(¢,1) —(r,1) (p,1)
—Qq (M )XQ(1) (M) x Qp (M)
L
ldﬁgil)(M) X CT;) (M)

(a,1) (p+r1)
1) (M) x Q)" (M)

ipir (M)

q,p+r

O 2l

{O

p+q+r 1) (M)

—_

Op, q+r)QEp)+q+r,1)(M)
1

(p+q+r,1)
) (M)

pF+q+r
D,q,T

2l

oY p+q+T 1) (

an M) (27)
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by dint of Lemmas [61] and [63 with &,, .., = (—1)P(¢*"). The morphism (23]
followed by the canonical injection (IT) is identical to the morphism

a®1 ale1) oD
Q) (M) x Qs (M) x Q3 (M)
antan o alnon o ag o)
(7' 1)(M)

)
(p,1) ( 1)
Qs (M) Q(gs) (M) Q13

a®1) oa1) 1)
Q(11)) (M) x Q(?) (M) x Q(1) (M)
—(, 1) p 1) (g,1)
=Q0) (M) x Q)" (M) x Q) (M)
ldﬁgsl)(M) X Cp,q ( )

—(r1) (p+a,1)
Qu) (M) < Q™ (M)
‘e (M)

q,p+r

'

+a)_
)ng;rq+r,l) (M)

=(p+g+r,1)
Qn (M)

pF+q+r
D,q,T

—(p+q+r,1)
an (M) (28)

by dint of Lemmas 1] and 63 with €, ,, = (—=1)"®*?. The sum of the three
morphisms (26)-([28)) vanishes thanks to Theorem @7, so that the sum of the
three morphisms ([23)-(25) also vanishes. m

5.5 The Fourth Consideration
(p,1)

In this subsection we are concerned with the Lie algebra structure of 5(123) (M)’s,
where p ranges over natural numbers. It is easy to see that

Lemma 65 The morphism

a®1 (g,1)
Q(11)23) (M) x Q((1123) (M)
anyon a0

1
(p,1) (q,1)
Q(If23)(M) 9(323)(M)

_( 11) 11)
Qs (M) x Qs (M)
FN-

pa (M)

2T

_( + 71)
Q" (M)
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1s to be factored uniquely through the canonical injection

ﬁ§f$q V() '—(p-i-q,l) (M) = Q(;D-i-q,l) (M)

i :
Qg;’% 1)(M) (123) (13)
into a morphism
a®1) (q,1) (p+q,1)
Q(11723)( ) X Q((1123 (M) — 9(11023(1 (M) (29)

Notation 66 The morphism (29) is denoted

125 a1 (g,1) (p+q.1)
Cpatzs (M) : Q(11723)( ) % Q((1123 (M) — 9(11023(1 (M)

D.q
Proposition 67 The morphisms
re1ty) (q,1)
Q(?m)( ) X 9(323)( )
G (1)
Ly

P,q
=(p+q,1)
Oty (M)
and
_( )1) ( ’ )
Q(11)23) (M) x Q(Zzs) (M)
(g,1) (p,1)
Q((1123) (M) x Q(11)23) (M)
C;?;)Vlm (M)
Sy

=(Pta,1)
Qfasy” ()

(=™

sum up only to vanish.
Proof. This follows directly from Proposition 62 =
Theorem 68 The three morphisms
(p,1) —=(q,1) —(r,1)
Q(]1023 (M) x (1123)( ) % Q(123) (M)

1d§(p 1) X CFNIQS ( )
(122)

(p, ~g+r,1)
Q(11723 (M) x Q(?23) (M)
Cpats (M)

Sy

(p+q+r,1)
Q(123) (M)
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_( 71) _( s _( 11)
= Q(({23) (M) x Q123 (M) x Q(11)23) (M)

FNy23
ldﬁggzl?,))(M C ( )
(gq,1) (p+7,1)
Q(?23) (M) x Q(11723) (M)
e )

=(p+g+r,1)
Qlasy (M)
(-1 ):D(q-i'r)

;

(p+q+r,1)
G123y (M)

2l

and
a1 aa1)
Q(123) (M) x Q(123 (M) X Q 123) (M)
—(r,1) 1)
= Q123 (M) x Q 123 (M) x (1123) (M)

FNia3
1d— i X M
5122) (M) P:q ( )

—(r1) (p+a,1)
Q103) (M) x Q(zljzsq (M)
¢l (M)

BAAZA R T

,p+q
—(p+q+nr,1)
Qs ()
( ) r(p+q)

¥

=(p+q+r,1)
Q(11)23(1) (M)

sum up only to vanish.

Proof. This follows directly from Theorem [64l =
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