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tIn ensemble (or bulk) quantum 
omputation, all 
om-putations are performed on an ensemble of 
omputersrather than on a single 
omputer.Measurements of qubitsin an individual 
omputer 
annot be performed; instead,only expe
tation values (over the 
omplete ensemble of
omputers) 
an be measured. As a result of this limita-tion on the model of 
omputation, many algorithms 
an-not be pro
essed dire
tly on su
h 
omputers, and mustbe modi�ed. We provide modi�
ation of the fault toler-ant quantum 
omputation proto
ols to enable pro
essingon ensemble quantum 
omputers.1. Introdu
tionQuantum 
omputing is a new type of 
omputingwhi
h uses the properties of quantum me
hani
s to 
on-stru
t fast algorithms to solve several important prob-lems. For example, Shor's quantum algorithm [22℄ forfa
toring large numbers is exponentially faster thanany known 
lassi
al algorithm. Similarly, by utiliz-ing Grover's algorithm [12℄, it is possible to sear
h adatabase of size N in time O(pN), 
ompared to O(N)in the 
lassi
al setting.Nu
lear Magneti
 Resonan
e (NMR) 
omputing,�rst suggested by Cory, Fahmy and Havel [10℄, andby Gershenfeld and Chuang [11℄, is 
urrently one ofthe most promising implementations of quantum 
om-puting. Several quantum algorithms involving only few

qubits have been demonstrated in the laboratory set-ting [10, 11, 9, 13, 17, 23℄. In su
h NMR systems, ea
hmole
ule is used as a 
omputer. Di�erent qubits in the
omputer are represented by spins of di�erent nu
lei.Many identi
al mole
ules (in fa
t, a ma
ros
opi
 num-ber) are used in parallel; hen
e, there is an ensemble ofquantum 
omputers. This model is 
alled the ensem-ble or bulk quantum 
omputation model. In su
h bulkmodels, ea
h operation is applied to ea
h 
omputer inthe ensemble. Qubits in a single 
omputer 
annot bemeasured, and only expe
tation values of ea
h parti
-ular bit over all the 
omputers 
an be read out.The impossibility of performing measurements onthe parti
ular qubits of individual 
omputers 
ausessevere limitations on ensemble quantum 
omputation.In parti
ular, for quantum 
ryptography tasks, ensem-ble quantum 
omputers appear to be useless. It wasgenerally assumed that rather simple strategies of de-laying (or avoiding) measurements 
an be used to by-pass these limitations, in order to enable the implemen-tation of all quantum algorithms. We show here thatthe existing strategies are insuÆ
ient for fault toler-ant 
omputation, and we develop novel strategies thatresolve this problem.In this paper, we restri
t ourselves to issues re-lated solely to the ensemble{measurement prob-lem. The results here are vital for bulk 
omputation;in addition, the spe
i�
 results obtained regarding uni-versal and fault tolerant sets of gates are also importantfor other implementations of quantum 
omputing de-vi
es where redu
ing the number of measurements re-quired for 
omputation is desired.



2. The measurement in ensemble quan-tum 
omputationThe measurement pro
ess in quantum me
hani
s
an be des
ribed simply as follows: To measure thestate of a qubit, say j i = �j0i + �j1i in the 
om-putation basis (j0i; j1i), one measures the Hermitianoperator (the observable)�z = � 1 00 �1 �to get the out
ome �0 = 1 with probability j�j2 and�1 = �1 with probability j�j2. In an NMR ensemblemodel, the 
orresponding qubit in every 
omputer ismeasured simultaneously, resulting in the expe
tationvalue, i.e., the out
ome of the measurement is a signalof strength proportional to j�j2 � j�j2.The inability to measure bits in individual 
omput-ers pre
ludes using measurements to reset bits. A sim-ple way to reset a bit is to measure it and 
ip it ifthe out
ome is j1i. Sin
e ea
h 
omputer in the en-semble will have a di�erent out
ome, this is impos-sible on an ensemble 
omputer. Algorithmi
 
oolinghas been proposed to reset bits in ensemble 
omput-ing settings[20, 7℄.The measurement pro
ess lies at the heart of allquantum information pro
essing and 
omputing pro-to
ols and algorithms, and hen
e, needs to be 
arefullyaddressed in any proposed implementation s
heme.Clearly, when the out
ome of a measurement is ex-pe
ted to be the same on ea
h of the 
omputers, theensemble measurement is as good as the standard (sin-gle 
omputer) measurement. Usually, this is not the
ase. In fa
t, to the best of our knowledge, the follow-ing two proto
ols 
annot be implemented on an ensem-ble quantum 
omputer due to the measurement issue:Random number generator (RNG): One 
an easily
reate an RNG Using a single qubit. To 
reate a bi-nomial probability distribution with parameter p, oneprepares a state ppj0i + p1� pj1i, and measures inthe 
omputational basis to obtain the desired RNG.This, as far as we know, 
annot be done on an en-semble quantum 
omputer, where only the expe
tationvalue p�0 + (1� p)�1 
an be monitored.Teleportation: Standard teleportation 
an easily beperformed on a three qubit quantum 
omputer. Stri
tlyspeaking however, it 
annot be performed on an ensem-ble quantum 
omputer. This is be
ause a dire
t Bell-state measurement of the ensemble quantum 
omputeris 
omputationally useless: ea
h 
omputer will yield arandom result (of the Bell measurement), and on aver-age the out
ome is (1=2)�0+(1=2)�1 for ea
h of the twomeasured qubits; hen
e, there is no way to de
ide how

to rotate the third qubit in ea
h individual 
omputer.Yet, a \fully-quantum teleportation" of the type sug-gested in [8℄ 
an be, and has been [17℄, performed onan ensemble quantum 
omputer: in this fully-quantumteleportation, the measurement of an individual 
om-puter is never monitored, and a 
lassi
ally-
ontrolledrotation of the third qubit is repla
ed by a quantum
ontrol operation, in whi
h the 
ontrol qubits dephasebefore being used.To better appre
iate the measurement problem itis instru
tive to review the basi
 anatomy of a quan-tum 
omputer. At a very high level, a quantum algo-rithm 
an be des
ribed as a set of unitary transfor-mations to be applied to an n-qubit system, followedby a measurement of m of the qubits to obtain a 
las-si
al m-bit output. The m-bit 
lassi
al output is ei-ther (i) One of many possible \
orre
t" or \ good" an-swers. For example, a database sear
h using Grover'salgorithm will return one of the entries satisfying thequery. If there are multiple possible query hits, thenevery time the algorithm is run, it will return any oneof the hits with equal probability. Thus, in ensemblequantum 
omputing, even though all the 
omputersdo identi
al operations, they will have di�erent out-
omes after the measurement pro
ess, and one 
annotget one 
orre
t answer by the reading pro
ess we de-s
ribed. (ii) The m-bit output is either the \desired"or \good" solution or it is a spurious or \bad" 
andi-date, and the whole pro
ess has to be repeated again.For example, in Shor's fa
torization algorithm the mea-surement pro
ess yields an integer, whi
h a set of 
las-si
al operations 
an pro
ess to verify whether it yieldsthe 
orre
t answer (i.e., the order of the input inte-ger) or not. The probability that the output will yieldthe 
orre
t answer is su
h that one is guaranteed to ob-tain su
h an output in a few number of repeated exe
u-tions of the algorithm. Again, in the 
ase of ensemblequantum 
omputing di�erent 
omputers will yield dif-ferent results, and the task of identifying the 
orre
tanswer needs to be addressed.If the role of measurements was restri
ted to onlythe two 
ases des
ribed above then it is not that dif-�
ult to 
ome up with solutions to the measurementproblem for ensemble quantum 
omputation. However,there are other \hidden" uses of the measurement pro-
ess, parti
ularly involving error 
orre
tion and faulttoleran
e, during the exe
ution of the algorithm (i.e.,during the part that we broadly des
ribed as involv-ing only unitary operations) that are a lot harder toaddress. In this paper, we solve the problem of per-forming fault-tolerant ensemble quantum 
omputationthat had remained unanswered.We next brie
y review some of the strategies that



one 
an adopt to su

essfully over
ome the measure-ment problem in ensemble quantum 
omputers, whi
hin turn will allow us to point out why the existing ap-proa
hes will not work for the fault tolerant 
omputingproblem, addressed in this paper.1. Let us 
onsider the 
ase, where the measurementoutput is pro
essed/used in one of the followingways (i) The 
lassi
al output is pro
essed to de-termine whether it yields the \desired" out
omeor not. For example, in Shor's algorithm the out-put is pro
essed to determine if it yields the or-der or not. (ii) The 
lassi
al output is used to per-form spe
i�
 unitary operations on the rest of thequbits, as in the 
ase of quantum error-
orre
tion.This 
ase was re
ognized in the seminal work ofGershenfeld and Chuang [11℄. The most e�e
tives
heme is to simply delay (or even avoid) the mea-surements, and in
orporate the post-measurementpro
essing step into the quantum algorithm, as a
ontrolled operation.In the 
ase of Shor's algorithm one 
an per-form the 
lassi
al 
omputation ne
essary to ver-ify whether the 
andidate output generates a 
or-re
t order or not. After these operations, the an-swer is yes or no, and all the 
omputers withthe \yes" answer, will have the same answer, i.e.,the desired order. However, the 
omputers with\no" answers, will have di�erent answers after thepost-measurement pro
essing steps. We 
an solvethe problem posed by the interferen
e due to the\bad" 
andidates by repla
ing bad results withrandom data, whi
h will not interfere on averagewith the reading of the \good" result. Previouswork by Gershenfeld and Chuang [11℄ noted thatShor's fa
torization algorithm 
an be implementedon ensemble quantum 
omputers, by in
orporatingthe post-measurement pro
essing steps into thequantum algorithm. However, Shor's algorithm onensemble 
omputers su�ers also from problem ofgenerating a number of \bad" solutions, and hen
ethe modi�ed algorithm suggested in [11℄ is not suf-�
ient. The algorithm requires a further modi�-
ation (the randomizing-bad-results strategy) inorder to work in the general 
ase. Alternatively,one might be able to 
ontrol-repeat the 
ompu-tation in 
ase the 
lassi
al veri�
ation part showsthat the algorithm yielded a bad output. Unfortu-nately, su
h strategy is not easily implementableand 
annot be easily justi�ed; furthermore it leadsto a mu
h longer 
omputation pro
ess, and hen
eto higher sensitivity to errors.2. The algorithm has more than one 
orre
t �nal out-
ome and the measurement pro
ess dire
tly yields

one of the 
orre
t solution [e.g., Grover's sear
halgorithm with several solutions that we alreadypointed out℄. First, note that for a measurementmodel where all the 2n states of an n-qubit sys-tem 
an be distinguished, the multiple-solutions
ase is not a problem. However, su
h a s
heme isnot pra
ti
al for any algorithm involving even tensof qubits, and the exponential resolution require-ment makes it no better than a 
lassi
al 
omputer.[6℄ suggests modi�
ations for s
alable measure-ment pro
esses (i.e., where measurement is doneone qubit at a time) so that problem due to themultiple sear
h outputs 
an be resolved. One so-lutions involves making multiple sear
hes on thesame 
omputer and then sorting the results. Thisway with high probability the 
omputers will havethe same sorted list.It is fair to say that it was generally assumed thatthe strategy of delaying measurements (as in 
ase (1)above) 
ould be used to save all quantum algorithms.However, as pointed out in both the above-mentioned
ases, delaying measurements by 
ontrol operationssolves only some of the problems, and both the Shorand Grover algorithms require strategies that are verydi�erent and were not 
onsidered expli
itly in prior lit-erature. The measurement problem be
omes even morea
ute in the 
ase of fault-tolerant 
omputations, whi
his the subje
t of this paper. The s
hemes proposed sofar for quantum fault tolerant 
omputation provide anin
omplete set of gates, i.e., a set of gates that is notuniversal for quantum 
omputation. In order to 
om-plete the set to a universal set, the s
hemes use inter-a
tions with an
illa qubits, whi
h are then measured[21, 16, 19℄. Ea
h su
h measurement is followed by anappli
ation of a unitary operation, Uj , that depends onthe out
ome of the measurement (j). A dire
t s
hemefor removing su
h measurements (followed by the re-quired unitary operations Uj), and repla
ing them by
ontrolled operations, �(Uj), will not in general be re-alizable. This is be
ause, �(Uj) might not be realizableby the in
omplete set of fault tolerant gates. For exam-ple, if one attempts to remove measurements in Shor'ss
heme for fault tolerant realization of To�oli gate [21℄,then the 
orresponding 
ontrolled operations would it-self require To�oli gates! We believe that this issue wasnot expli
itly addressed in previous works. The rest ofthis work will des
ribe how an analysis of error propa-gation and a 
areful usage of 
lassi
al reversible 
ir
uits
an allow one to delay measurements in a fault toler-ant manner, and allow for fault tolerant NMR quan-tum 
omputing.



3. Review of Fault Tolerant QuantumComputingThe idea of quantum fault tolerant 
omputation [21,3, 16, 14, 19℄ 
an be des
ribed brie
y as follows. Sup-pose that we have a (noise-less) quantum 
ir
uit Cwhi
h we want to simulate by a noisy quantum 
om-puter. On the noisy quantum 
omputer, instead of 
ir-
uit C we perform a fault tolerant 
ir
uit eC. The phys-i
al bits j0i and j1i are repla
ed by logi
al bits j0iLand j1iL, where these are some entangled states of ablo
k of physi
al qubits. While C operates on physi-
al qubits representing the data, in the 
ir
uit eC alloperations are performed on logi
al qubits whi
h areerror-
orre
tion-en
oded data, i.e., ea
h data qubit ora set of data qubits is represented as a blo
k of qubitsthat belongs to some quantum error{
orre
ting 
ode.Then ea
h operation of C performed by a gate gj issimulated by a pro
edure (sub-
ir
uit) egj in the 
ir
uiteC su
h that in egj ea
h 
omputation transforms 
ode-words to 
odewords. In order to avoid a

umulation oferrors, after ea
h 
omputation in egj a 
orre
tion pro-
edure is performed to 
orre
t any error that is intro-du
ed in that 
omputation. Thus, in the fault tolerant
ir
uit eC ea
h 
omputation step is followed by a 
or-re
tion step.The operations on the en
oded qubits introdu
e alarge number of additional gates and qubits, and, un-less one is 
areful, it is possible that more errors are in-trodu
ed than 
an be 
orre
ted by the 
ode. To avoidany su
h 
atastrophi
 a

umulation of errors, it is de-sirable that the operations in the fault tolerant 
ir-
uits prevent \spreading of errors" by making sure thatea
h gate error 
auses at most a single error in ea
hblo
k. It is useful now to review how errors propa-gate in quantum 
ir
uits. For example, 
onsider theCNOT (
ontrolled{not) gate whi
h performs the oper-ation jai
 jbit 7! jai
 ja� bit in the 
omputation basis;for the rest of this paper, we shall drop the subs
ripts
 (
ontrol) and t (target) and designate the 
ontrol bitas the one on the left side. Clearly, applying the CNOToperation from one bit to many target bits 
an propa-gate one bit error from the 
ontrol bit to all the targetbits. On the other hand, applying CNOT from many
ontrol bits to one target bit 
an propagate one phaseerror from the target bit to all the 
ontrol bits. It iseasy to observe this \ba
k" propagation of the phaseerrors: if a phase error happens on the se
ond (tar-get) qubit in the state (j0i + j1i) 
 (j0i + j1i) and aCNOT is applied after, we will get(j0i+ j1i)
 (j0i � j1i)CNOT�! j0i 
 (j0i � j1i) + j1i 
 (j1i � j0i)

= (j0i � j1i)
 (j0i � j1i)whi
h results in a phase error in the 
ontrol qubit.Hen
e, fault tolerant 
omputation requires that thisgate be applied only in the 
ase where the 
ontrol qubitjai and the target qubit jbi belong to di�erent blo
ks.This error-propagation phenomenon is also true forother 
ontrolled operations, and this motivated a suf-�
ient 
ondition for fault toleran
e: only perform bit-wise or transversal1 operations on qubits within a 
ode.It is, however, not a ne
essary 
ondition for fault tol-eran
e, and 
areful 
onstru
tions may allow one to ap-ply 
ontrol gates from many 
ontrol bits onto one tar-get bit, without destroying the fault tolerant 
omputa-tion.Therefore, to a
hieve a quantum fault tolerant 
om-putation, it is enough to show that a universal set ofquantum gates 
an be 
onstru
ted with only bit-wiseand transversal operations on a quantum 
ode. Quan-tum fault tolerant s
hemes usually (see, e.g., [21, 19℄)depend on measurements to ensure that the set of theoperations permissible on en
oded data is a
tually auniversal set. Re
all that we 
annot depend on mea-surements in ensemble 
omputers, but must still 
re-ate a universal set to a
hieve fault toleran
e. Some ofthe gates in the universal set do not require measure-ments, e.g., the operations H , �1=2z , and CNOT. [For a
lass of 
odes 
alled CSS 
odes [21℄, H , �z , and CNOT
an simply be a
hieved by performing the same gatebit-wise on the individual qubits (e.g., H is a
hieved on
ode words via applying H on individual qubits), whilethe bit-wise �1=2z yields a ��1=2z logi
al gate, hen
e re-quires an additional step of bit-wise �z, to yield the de-sired logi
al gate.℄ In previous works [21, 4, 5℄ at leastone gate in the universal set requires measurements.That's bad for ensemble 
omputers. We now presenttools that will allow us to 
reate a measurement-freeuniversal quantum fault tolerant set of gates.4. Measurement-free Quantum FaultTolerant GatesThere is always a simple s
heme that potentially al-lows one to postpone measurements of an
illa qubitsin quantum 
omputation. Unfortunately, the simples
heme never works in the 
ase of generating univer-sal fault tolerant gates. In fault tolerant 
omputationand error re
overy, often a measurement is followed by1 By transversal operations, we mean operations that a
t on atmost one qubit in any 
ode blo
k. For instan
e, a gate appliedfrom the �rst bit of one 
odeword and the �rst bit of a se
ond
odeword, and se
ond bit of one 
odeword and a se
ond bit ofa se
ond 
odeword, and so fourth.



an operation Uj 2 if the out
ome of the measurementis 1. As explained in Se
tion 2, the s
heme for delay-ing the measurement 
an be su

essfully implementedonly if the measurement followed by a Uj operation
an be repla
ed by 
ontrolled-Uj (denoted �(Uj)) inthe set of available measurement{free operations; i.e.,
ontrol operations whi
h 
an be implemented on en-
oded data fault tolerantly and dire
tly without us-ing any measurements. However, in the s
hemes pro-posed so far, the required 
ontrol operations �(Uj) arenot implementable in a dire
t fault tolerant manner.For instan
e, in Shor's fault tolerant set of gates [21℄, ameasurement is required for the preparation of a Tof-foli gate, but a To�oli gate is required if we want todelay that measurement. This is be
ause the measure-ment is followed by a CNOT operation, and hen
e 
anonly be repla
ed by a 
ontrolled{CNOT, whi
h is a Tof-foli gate. This seems like a 
at
h-22 situation! 3The solution 
omes from the vital observation thatsome operations need prote
tion only from the bit er-rors, and do not need to use full quantum 
odes: byrepla
ing the quantum an
illa (in a logi
al basis j0iLand j1iL) by a \
lassi
al an
illa" in a \
lassi
al" basisj~0 i = j0 � � � 0i and j~1 i = j1 � � � 1i, we 
an use the 
lassi-
al an
illa to perform �(Uj) in a fault tolerant manner.This 
an be done in the two 
ases where the the Tof-foli gate is required for Shor's fault tolerant set of gates,and the �(�1=2z ) gate required for the basis of [4℄. One
an interpret the 
lassi
al basis as the 
lassi
al repe-tition 
ode. We 
all the an
illa in these states \
lassi-
al" sin
e we are not 
on
erned with phase errors onthese bits. A 
lassi
al error-
orre
tion 
ode 
an 
or-re
t bit errors in the 
lassi
al an
illa. Despite the fa
tthat phase errors are not 
orre
ted in the 
lassi
al an-
illa, we found that the use of su
h a 
lassi
al an
illais still good enough for our purpose.4.1. Repla
ing Measurements of En
odedAn
illa QubitsIn the following, we shall repla
e the measurementof the quantum an
illa followed by the operation Ua
ting on the quantum data, by a sequen
e of opera-tions: we 
opy the two basis states of a quantum an-
illa into a 
lassi
al an
illa, we perform 
lassi
al error2 Uj 
an be performed fault tolerantly using the given, non-universal, set of operations.3 Similarly, in the fault tolerant universal set of gates suggestedin [4℄, the generation of the �1=4z gate without measurementsleads toa 
at
h-22problem;a�1=2z gate (whi
h follows themea-surement) needs to be repla
ed by a �(�1=2z ) gate, whi
h is notavailable as long as the �1=4z gate is not available.


orre
tion on the 
lassi
al an
illa, and we use the 
las-si
al an
illa as a 
ontrol bit for performing the opera-tion �(Uj) with the quantum data as the target bit.The measurement of the quantum an
illa in the orig-inal proto
ol 
an be done as follows [19℄: measure ea
hof the physi
al qubits, and perform a 
lassi
al error 
or-re
tion on the out
ome of this measurement to deter-mine the state of the an
illa. For example, if the 7-bitCSS 
ode [21℄ is used to en
ode data, then a measure-ment will yield a (possibly 
orrupted) 
odeword of a
lassi
al 7-bit Hamming 
ode. After 
lassi
al error 
or-re
tion, if the parity of the 
odeword is even, then thean
illa has 
ollapsed to the state j0iL; otherwise, it has
ollapsed to the state j1iL. Classi
al error 
orre
tion isenough to prote
t the output bit b, be
ause phase er-rors before a measurement will not 
hange the out
omeprobabilities.In Figure 1, we represent a 
ir
uit that 
omputesoperation N1 for the seven{bit CSS 
ode, where N1stands for Eq.(1) with only one bit of the 
lassi
al an-
illa. The an
illa bits labeled syndrome are used to pre-vent the spread of one bit error from the quantum an-
illa into the 
lassi
al bit. These bits are exa
tly theparity 
he
k of the syndrome of the 7-bit Hamming
ode. Only two errors (in any of the inputs, the gatesor the time steps) shall yield an error in the 
lassi
albit.The 
ir
uit N1 
ips the bit b if the quantum an
illa(a
ting here as a 
ontrol bit) is j1iL, and does noth-ing otherwise. This 
ir
uit operates properly as long asthere is up to one bit error in the quantum data (there
an a
tually be an unlimited number of phase errors).Note that phase errors in the lower part will spread tothe quantum an
illa. This is of no 
onsequen
e, how-ever, sin
e the quantum an
illa never intera
ts with thequantum data in later stages. Bit errors in the quan-tum an
illa are important, sin
e the pro
ess is repeatedn times; hen
e, bit errors, 
reated in the quantum an-
illa at initial stage of N1, will spread errors into thenext bits of the 
lassi
al an
illa. Fortunately, bit errorsare not transmitted from the 
lassi
al to quantum se
-tion, and the quantum an
illa 
annot be disturbed bya bit error in bits of the 
lassi
al an
illa or the syn-drome an
illa.As a step toward removing the measurement fromthe original proto
ol, we propose a new gate that 
opiesan en
oded quantum an
illa word onto a 
lassi
al an-
illa: N : 8>><>>: j0iL 
 j~0 i �! j0iL 
 j~0 i;j0iL 
 j~1 i �! j0iL 
 j~1 i;j1iL 
 j~0 i �! j1iL 
 j~1 i;j1iL 
 j~1 i �! j1iL 
 j~0 i: (1)



t t t t t t t
hhhhhhh

t t t thhhh
t t t thhhh hhhh

t t t t hhhhhttt hhh
8>>>>>><>>>>>>:
odeword
j0ij0ij0ij0i )jsyndromeijbiFigure 1. The operation N1. Note that the 
ir
uit shows the generation of only one 
lassi
al target bit jbi;the operations on the last bit have to be repeated to generate multiple target bits.Let N be a unitary operation that implements theabove transformation. In the next se
tion we show thatthe 
omplete N operation 
an be done fault tolerantly.In se
tions 4.4 and 4.5, the operation N will enable usto 
onstru
t gates for universal fault tolerant 
ompu-tation, without measurement.4.2. The operation N : quantum-to-
lassi
al
ontrolled{NOTThe N operation \
opies" the en
oded quantum bitonto the en
oded 
lassi
al an
illa. The repetition 
ode
an only 
orre
t for bit errors in the 
lassi
al an
illa,but one must be sure that the 
lassi
al an
illa 
an stillbe used to perform �(Uj) without putting the quan-tum data in jeopardy. Perhaps 
ounter-intuitively, thisis not a problem, sin
e phase errors are transmittedfrom target bit to 
ontrol bit, hen
e 
annot be trans-mitted from the 
lassi
al an
illa (
ontrol) to the quan-tum data (target). This leads to the most interestingaspe
t of our s
heme: the data in the 
lassi
al repe-tition 
ode, or any 
lassi
al fun
tion of this data, 
ana
t as 
ontrol bits in a bit-wise 
ontrolled-U operationonto quantum data.In the 
omplete N 
ir
uit, the N1 
omputation onthe bottom four bits is repeated at most n times, wheren is the number of qubits in a 
odeword. At ea
h rep-etition stage, the syndrome bits are dis
arded, and an-other bit bi is 
reated (i 2 1 : : : n). In prin
iple, the syn-drome bits 
ould be ignored, reset, or measured. Thesebits will not a�e
t the operation beyond their use as aform of error dete
tion in the 
odeword. The bits bi arethen 
orre
ted (to yield the 
lassi
al 0 or 1) using a ma-jority vote.

In order to redu
e the number of operations (andhen
e improve the fault tolerant threshold), we onlyneed to use a repetition 
ode that will su

essfully re-
over from k0 errors. On
e this number k0 is equal to,or greater than, the number of errors, k, that the quan-tum 
ode 
an 
orre
t for, we may stop. For a probabil-ity p of an error (per gate, per input bit, and per de-lay line), the resulting error rate of this 
ir
uit is O(p2),as required for fault tolerant 
omputation. The thresh-old 
an easily be 
al
ulated by 
ounting the potentialpla
es for two errors, and the threshold 
an be mu
himproved by enhan
ing the parallelism, and by repeat-ing N1 only 2k + 1 times (e.g., with the 7-bit quan-tum 
ode, that is n = 7, whi
h 
orre
ts k = 1 error, itis enough to repeat the 
ir
uit 3 times, 
orre
t the out-
ome using a majority vote, and then 
opy the resultinto seven bits).Later, in se
tions 4.4 and 4.5, we show 
ases where,indeed, the operations between the 
lassi
al an
illa andthe quantum data 
an be performed bit-wise, whilethe same operations 
annot be performed bit-wise be-tween quantum an
illa and the quantum data (as thenaive solution of delaying measurements would havesuggested).Note that the quantum data may add phase errorsto the repetition 
ode, but that is of no 
on
ern to us,sin
e the 
lassi
al repetition 
ode also loses phase 
o-heren
e in the measured 
ase. If there are t bit errors inthe repetition 
ode, it will result in t errors in the quan-tum data. Fortunately, bit errors are 
orre
ted in therepetition 
ode. Hen
e, the operation N enables one to
reate universal bases without measurement.



eU Hy eU
ipyj u
� j�0i+ � j�1i1p2 (j~0 i+ j~1 i)j0i j�0iFigure 2. Preparing an eigenve
tor.4.3. Creating the spe
ial states requiredfor fault tolerant universal 
omputa-tion, without using a measurementIn se
tions 4.4 and 4.5 we des
ribe how to 
onstru
tgates to produ
e a universal set without measurement.In both of those se
tions, we will make use of \spe-
ial states" whi
h enable the 
onstru
tion of the gate.In this se
tion we des
ribe a general method to pro-du
e these spe
ial states under general 
ir
umstan
es.On
e presented, the des
riptions in se
tions 4.4 and 4.5be
ome mu
h simpler.Assume that a quantum 
ode of length n is used foren
oding data. Suppose that U 2 U(2l) [for our pur-pose it is enough to 
onsider up to three qubits (l = 3)operations℄, and eU = U
n is the unitary operation onthe 
odewords obtained by applying U bit-wise. Sup-pose that eU has eigenve
tors j�0i and j�1i su
h thateU j�0i = j�0i and eU j�1i = � j�1i :Then the quantum 
ir
uit in Figure 2 outputs theeigenve
tor j�0i if the input state is � j�0i+ � j�1i forany �, �. In �gure 2, eU
ip is a unitary operation thatmaps j�0i on j�1i and vi
e versa. The operations �(eU)(i.e., the 
ontrolled{eU), and H are applied bit-wise.This s
heme is pra
ti
al if it is possible to preparea state � j�0i+ � j�1i, where the values of � and � donot matter. In this 
ir
uit the �rst line is a single paritybit, and ea
h of the se
ond and third inputs are blo
ksof n qubits, 
ontaining the 
at-states lines and the spe-
ial state lines, respe
tively. The third gate, the CNOTgate whi
h we 
all here P , is a parity gate whi
h 
al
u-lates the parity of the 
at-state lines and puts the re-sult in the parity bit. This is done by a sequen
e ofCNOTs from ea
h 
ontrol bit onto one target bit. The�gure only demonstrates the 
reation of one parity bitj�0i in an unprote
ted manner as far as a bit error inthe parity bit is 
on
erned. The real 
ir
uit is a bit dif-ferent: The operations �(eU), H and P , are repeated ntimes, ea
h time with fresh 
at-states and a fresh par-ity bit (but on the same spe
ial state's lines). Then amajority vote is 
al
ulated on the parity bits, in order

to redu
e the probability that an error in a 
at state orin the parity bit will ruin the result. Then the n parityresults are 
orre
ted, so that the probability of two er-rors be
omes low [that is, of order O(p2)℄. Finally, theparity result is used to 
ontrol eU
ip in a bit-wise man-ner, so that the spe
ial state is 
reated via a fault tol-erant operation.4.4. Fault tolerant �z1=4 without measure-ment.We show here a modi�ed version of the originalmethod for implementing �z1=4 on 
odewords [4℄ whi
hdoes not use measurements. Using the method de-s
ribed in Se
tion 4.3, we need to prepare the followingstate j 0i = 1p2 �j0iL + e i�4 j1iL� :This state 
an be prepared with a 
ir
uit of form givenin Figure 2. For this purpose, let eU = e i�4 �x�z�z1=2and j 1i = 1p2 �j0iL � e i�4 j1iL�. Then eU j 0i = j 0i,eU j 1i = � j 1i, and U
ip = �z . Finally, see that j0i =1p2 (j 0i+ j 1i). Note, as required in se
tion 4.3, botheU and U
ip are in the dire
tly fault tolerant set. Hen
ewe have all the requirements of the previous se
tion,and thus we may use that method to 
reate j 0i.Now we are ready to des
ribe the fault tolerant �z1=4without measurement. The 
ir
uit in Figure 3 showsthe fault tolerant implementation of �z1=4 on a 
ode-word jxiL. In this 
ir
uit, N is the unitary operationde�ned in (1). Apart from repla
ing the standard mea-surements by the N 
ir
uit, this �gure is exa
tly thesame as the one drawn in [4℄ to implement the �z1=4gate. In this �gure ea
h input in fa
t denotes a blo
kof qubits, and operations are bit-wise.4.5. Fault tolerant To�oli without mea-surementThe more 
onventional (and more 
ompli
ated) setof universal fault tolerant gates 
ontain the To�oli in-



Nth �z 12tj~0 ij 0ijxiL �z1=4 jxiL9>=>; 1p2 (j0iL j~0 i+ e i�4 j1iL j~1 i)Figure 3. Fault tolerant �z1=4 without measurement.
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Figure 4. Fault tolerant To�oli without measurement.stead of the �z1=4. We show expli
itly how to imple-ment To�oli on en
oded data without using any mea-surement. This s
heme is a modi�ed version of Shor'soriginal method for implementing To�oli on 
odewords[21℄, and is similar to the one applied to �z1=4.In Shor's method (as in the other basis we haveshown) a preparation of a spe
ial state is required,hen
e we �rst prepare the statejANDi = 12 �j000iL + j010iL + j100iL + j111iL� ; (2)without using measurement, based on our s
heme pre-sented in Se
tion 4.3..To get jANDi we let U = �(�z)
 �z , and we 
hose��AND � = 12 �j001iL + j011iL + j101iL + j110iL�:Then eU jANDi = jANDi, eU ��AND � = � ��AND �,U
ip = I 
 I 
 �x, and1p2 �jANDi+ ��AND �� = ( eH 
 eH 
 eH) j000iL :Note, as required in se
tion 4.3, both eU and U
ip arein the dire
tly fault tolerant set. Hen
e we have all the

requirements of the previous se
tion, and thus we mayuse that method to 
reate jANDi.A di�erent solution to this step was given (indepen-dently) by D. Aharonov and M. Ben-Or [2℄. Our pro-
edure for 
onstru
ting the fault tolerant To�oli gateis presented in Figure 4. In this 
ir
uit N is the uni-tary operation de�ned in (1); apart from repla
ing thestandard measurements by our N 
ir
uit, this �gureis exa
tly the same as the one drawn by Preskill [19℄to des
ribe Shor's way of obtaining the To�oli gate.Note that in this �gure ea
h input represents a blo
kof qubits and operations on these blo
ks are de�ned inthe natural way. Also note that the �rst three top out-puts of this 
ir
uit are in a tensor produ
t with the restof the outputs.5. Error re
overy in the error 
orre
tionpro
essStandard error 
orre
tion 
an be viewed as a 
om-putation with more than one good answer, and thus



belongs to 
ase (1) dis
ussed in Se
tion 2. On di�er-ent 
omputers in the ensemble the syndrome of the er-ror will be di�erent, and thus is not unique. In thestandard error 
orre
tion pres
ription, measurement isused to 
ollapse the an
illa qubits 
ontaining the in-formation as to whi
h error o

urred (the syndrome).Then these syndrome bits are pro
essed by a 
lassi-
al reversible algorithm to determine the errors, anda unitary operation to 
orre
t the error is applied tothe data qubits by the output bits of the 
lassi
al algo-rithm. In the measurement-free 
ase, the an
illa qubitsneed not be measured, and the 
lassi
al subroutine (fol-lowing the measurement) 
ould be in
orporated intothe original quantum algorithm.The standard error 
orre
tion operations require theuse of a universal set of 
lassi
al gates (e.g. NOT,CNOT, To�oli). As in Se
tion 3, for the 
lassi
al partof the 
omputation we do not 
are about phase errors,and as su
h we do not need the full power of quantumfault toleran
e in this part of the 
omputation. Hen
e,the te
hniques of Se
tion 3 
an be applied so that the
lassi
al subroutine is 
arried out on a 
lassi
al 
ode.The state of the an
illa qubits 
an be �rst 
opied ontoa 
lassi
al repetition 
ode using the N gate. Now 
las-si
al reversible 
omputation 
an be performed on therepetition 
ode and then a 
ontrol operation 
an beperformed on the quantum data to 
orre
t for the er-rors.Sin
e phase errors from the 
lassi
al sub-
ir
uit willnot propagate to the quantum data, using repetition
odes to 
orre
t for any bit errors in the sub-
ir
uitis suÆ
ient. The observation that phase errors 
annotpropagate from the \
lassi
al" part of the 
omputationallows one to fault tolerantly repla
e quantum To�oligates by 
lassi
al ones in the error re
overy pro
ess.6. Con
luding RemarksTo summarize, we showed that running algorithmson bulk (ensemble) 
omputers is not always straight-forward. We modi�ed fault toleran
e proto
ols so thatthey 
an run on ensemble 
omputers, su
h as NMRquantum 
omputers, where individual qubit measure-ment is not available.In a prior work, addressing fault tolerant 
ompu-tation, Aharonov and Ben{Or [3℄ have observed thatthe measurements required for fault tolerant 
ompu-tation 
an be substituted by reversible 
lassi
al 
ir-
uits performing 
ontrolled operations. D. Aharonovalso sent us a manus
ript[1℄ with results regarding Tof-foli gate whi
h are very similar to those obtained here.Knill, La
amme, and Zurek [15℄ followed a di�erent ap-proa
h that potentially does not require measurements.

However, to the best of our knowledge, a proof of uni-versal fault tolerant 
omputation via their approa
h isnot available. In parti
ular, a measurement-free imple-mentation of the Hadamard gate using that approa
hhas not been demonstrated. Finally, Peres [18℄ alsodis
usses the possibility of measurement{free en
odingand de
oding pro
edures in quantum error{
orre
tion.However, in his s
heme the quantum information istransformed to a single qubit, and his method is notsuitable for fault tolerant 
omputation.We are thankful to Dorit Aharonov for many helpfulremarks.This work was supported in part by grants fromthe Revolutionary Computing group at JPL (
ontra
t#961360), and from the DARPA Ultra program (sub-
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