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Let E be a real Banach space with norm | • | and let E* be the dual space of E with
the norm on E* also denoted by | • |. The duality mapping Jfrom E into the class of
subsets of E* is defined by J(x) = {/e E*: f{x) = \x\2 = | /12} for each xeE, and
for each pair (x,y) e ExE we define <x,;>>_ = inf {f(y): feJ(x)}. Now suppose
that Q is a convex subset of E which is locally closed (i.e., for each z e O there is an
Rz > 0 such that Q.n {xeE: \x — z\ ^ Rz} is closed in E). Throughout the note we
suppose that B and C are functions from [0, 1] x Q. into E which satisfy the following
conditions:

(Cl) B and C are continuous on [0,1] x Q;

(C2) (x-y, B(t, x)-B(t, y)}_ ^ 0 for all (/, x), (t, y) e [0,1] x Q;

(C3) isT is a compact subset of E such that C(t, x)eK for all (t, x) e [0,1] x Q;

(C4) lira inf d(x + h[B(t, x) + C(t, x)]; Q)/h = 0 for all (t, x) e [0, 1] x Q, where

d(y; Q) = inf {|^-A-| : x e Q} for each j e E.

Under the conditions (C1)-(C4) we consider the local existence of solutions to the
initial value problem

u'(t) = B(t, u(t)) + C(t, i/(0), w(0) = z e a (IVP)

In general it seems to be unknown if conditions (C1)-(C4) are sufficient to ensure the
existence of a local solution to (IVP) (even if Q. is open). It is the purpose of this note
to add various additional conditions to (C1)-(C4) in order to guarantee that (IVP) has
a solution. Our results are included in the following

THEOREM. In addition to conditions (C1)-(C4) suppose that at least one of the
following is satisfied:

(C5)i C is uniformly continuous on [0, 1] x Q;

(C5)2 \B(t, x)-B{t, y)\ ^ L\x-y\for all (t, x), (t, y) e [0, l ] x Q and some L > 0;

(C5)3 the dual space E* is uniformly convex;

(C5)4 there is an open set A in E such that A D Q , 5 is defined and uniformly con-
tinuous on [0, 1] x A, and (C2) holds for all (t, x), (t, y) e [0, 1] x A;

(C5)5 the function B+ C is uniformly continuous on [0, 1] x Q.

Then (IVP) has a local solution.

Remark. Three of the results given by the theorem follow directly from known
existence theorems which employ hypotheses involving the measure of non-compact-
ness of bounded subsets of E. If (C5)2 holds, existence follows from results of Szufla
[11] and Cellina [1]; if (C5)3 holds, existence follows from results of Cellina [2]; and if
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(C5)5 holds existence follows from results of Li [5] and Martin [7]. Since the proofs
under conditions (C5)2 and (C5)3 are simpler in the special cases considered in this
paper, we give them here.

Now let {en}i°° be a sequence of positive numbers with lim e,, = 0. Using (Cl),
(C4) and the convexity of Q. we have from [6; Proposition 1] that there is a Te (0, 1]
and an M > 0 such that for each positive integer n there exists a function un [0, T]-> Q
with the properties that (a) wn(0) = z, (b) \un(t) — un(s)\ ^ M\t-s\, and (c)
\un'(t)-B(t,un(t))-C(t,un(t))\ ^ en for all but a countable number of te[0,T].
Moreover, by [6; Proposition 2], if the sequence {wn}i°° converges pointwise to a func-
tion u on [0, T], then u is a solution to (IVP) on [0, T]. Thus for the proof of the
theorem we show that {u,,}^ is uniformly Cauchy on [0, T]. For notational con-
venience let | ? | = sup {\g(t)\: t e [0, T]} for each bounded function g: [0, T]-+ E.
Also, in our proofs we use the facts that if x, y, z e E then

and if v: [0, T] -> E is differentiable at t e (0, T) and p = \v\2, then pj(t) exists and
pj{t) = 2(v(t), t / (0>- (see Kato [3; Lemma 1.3]).

Suppose first that (C5)t holds and let vn(t) = C(t, un(t)) for n ^ 1 and / e [0, T].
By the compactness and uniform continuity of C and the equicontinuity of {u,,}^ on
[0, T], it is immediate from Ascoli's theorem that {v,,}^ has a uniformly convergent
subsequence. Extracting such a subsequence and relabelling, we may assume that

lim ||yn — vm\\ = 0. Thus if n and m are positive integers and p{t) = \un{t) — ujt)\2

n, m-»oo

for all / e [0, T], then for all but a countable number of 16 [0, T] we have

pj{t) = 2{un(t)-uM,un'(0-u
^ 2(un{t)-um{t), B(t, un(t))+vn(t)-B(t, um(t))-vm(t)y_+2\\un-uJ(En + em)
^ 2| |Mn-Mml(|yn-ym|+en + em).

Noting that/?(O) = 0 we obtain

k(>)-",,,(')|2 ^2T\\un-um\\(\\vn-vm\\+en + em) forall te[0,T].

Thus {t/Ji00 is uniformly Cauchy on [0, T] and the existence of a solution to (IVP)
follows.

If C is not uniformly continuous it does not follow in general that {yJi00 is equi-
/• t

continuous. However, if >vn(f) = C(s, un(s)) ds for te[0,T] and n ^ 1, then
Jo

{wn}i°° is equicontinuous. Moreover, if Kx is the closed convex hull of K and
K2 = {tx\ (t, x) e [0, T] x Kx), then K2 is compact and wn(t) e K2 for all t e [0, T] and
n ^ 1. Employing Ascoli's theorem again it may be assumed that {wn}l °° is uniformly
Cauchy on [0, T]. Now if (C5)2 holds it follows easily that if n and m are positive
integers then

J B(s, uJLs)) ds+wn(t)-jB(s, ujs)) ds-wm(t)
0 0

t

L\un(s)-um(s)\ ds+ \\wn-wm\\ +r(eB + e J
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for all t e [0, T]. Applying Gronwall's lemma shows that

and the existence of a solution to (IVP) follows. If (C5)3 holds, the mapping
(x,y)->(x,>>>- is uniformly continuous on bounded subsets of ExE (see Kato
[3; Lemma 1.2]). Also, if/>(/) = \un(t)-wH(t)-um(t) + wm(t)\2 then

+ 21| un - um - wn + wm || (en + em).

Using the uniform continuity of (x, y) ->• <.v, y} _ and the fact that lim | wn — ivm | = 0,
it follows that /l>m~*00

/>_'(/) ^ 2{un(t)-um(t),B(t,un(t))-B(t,um(t))y.+rjntm ^ Vntin,

where lim r)nm = 0. Solving this differential inequality shows that {ttn — wH}l
to and

n,m-*co

hence {w,,}!00 is uniformly Cauchy on [0, T], and we have the existence of a solution to
(IVP). Now let (C5)4 hold. Since A is open, B is uniformly continuous, and

lim ||u>n-H>m|| = 0, we may assume that un(t) — wH(t) + wm(t) e A for all n, m ^ 1,
n,m — oo

and hence if ft,>m(0 = B(t, un(t)-wn(t) + wm(t))-B(t, !/„(*)) then lim \\pn>m\\ = 0.
n,m-* oo

Consequently, ifp(t) = \un(t)-wn(t)-um(t) + wm(t)\2,

P-V) < <un(t)-

-um(t), B(t, un(t)-wn

Again solving this differential inequality establishes existence. For a proof in the case
in which (C5)5 holds we refer the reader to [5] or [7].

A typical situation where these techniques may be applied is integro-differential
equations of the form

18u(t, s)/dt = / (* , s,«(/, s)) + jg(t, s, r, «(/, T)) dr, (t, s) e [0, 1 ]2

u(0,s) = z(s),se[0,1].

If E is any of the spaces C([0,1], U) or Ip([0,1] , U), 1 ^ p < oo, one may define the
operators B and C on Q cz E by

[B(t, u)](s) = f(t, s, u(s)) for all (/, s, it) e [0, 1 ]2 x Q and
I

[C(t, u)](s) = jg(t, s, r, w(r)) dr for all (/, s, it) e [0, I ] 2 x Q.
o

Various conditions insuring that B is continuous and C is completely continuous on
Q. c £"may be found in [4]. The dissipative condition (C2) is valid if r->f(t, s, r) is
non-increasing on U for each (t, s) e [0,1]2. I f /and g are continuous our results apply
in the space E = C([0, 1], U) since C (as well as B) is uniformly continuous on
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bounded subsets. These results also apply when E = Lp([0,1], U), where 1 < p < oo,
since E* is uniformly convex. However, some difficulties may arise for the space
E = L\[0,1], U). For let h: U-* U be continuous and satisfy (i) h(r) = 0 if r ^ 0,
(ii)/?(«) = —nandh(n — n~*) = Oforw = 1,2, ..., and (iii)/iislinear on [ « - l , « —H" 1 ]
and on [«—w"1, n] for;? = 1,2,.... For each u e Z^flQ, 1], U) define

[C«](J) = J /*(W(T)) </T for all s e [0,1].

Since \h(r)\ ^ r and /i is continuous it is easy to see that C is completely continuous.
However, C is not uniformly continuous in any neighbourhood of the origin. For let e
be a positive number and for each positive integer n define <f>n and 0n on [0, 1] by
<j>n(s) = n a n d tn(s) = n-n'1 if ss [0, en"1], and <£n(j) = i/rn(j) = 0 if sefyn'1, 1].
Then | | ^ | l 5 I^JIi ^ £ , ||0n-«AJ|i = e « " 2 , and i C ^ - C ^ J I x = e for n = 1, 2, ....
Thus C is not uniformly continuous on {ueLl([0, 1], U): \\u\\i ^ e} for any e > 0.
Note also that C (or C-yl, where y > 0 and / is the identity on Z/flp, 1], R)) does
not satisfy a dissipative condition in any neighbourhood of the origin. Now let
k: R-> U be continuous and satisfy (i) k(r) = 0 if r < 0, (ii) fc(2") = - 2 " and
fc(r) = - 2 " " 1 if r e t r ^ ' - l ] and n = 2 ,3 , . . . , (iii) Jfe(r) = - r if r e [0,2], and
(iv) k in linear in [2"— 1, 2n] for n = 2, 3, .... Since \k(r)\ ^ r and k is non-increasing,
it follows that if [Bu](s) = k(u(s)) for all s e [0, 1], then B is continuous and dissipative
from Z/ftO, 1], U) into ^([O, 1], U). However, neither B nor B+C is uniformly con-
tinuous in any neighbourhood of the origin. For let e be a positive number and for
each positive integer n define <j>n and $„ on [0, 1] by <f>n(s) = 2" and </»„(.?) = 2 " - 1 for
*e[0,e2-"] and <f>n(s) = +n(s) = 0 for 56(62"", 1]. Then ||^M||l9 I ^ J j < e,
l^n-0n l i = e2"", and I ^ - J B ^ J ^ = e/2forn = 2, 3, .... Thus 5 is not uniformly
continuous, and since lim \C<j>n — C$n\x = 0, we also have that B+C is not uni-

formly continuous. Therefore, none of these results apply when £1 is an open neigh-
bourhood of the origin in Z/GO, 1], U). Of course these results do apply if instead of
^([O, 1], U) we let E be C([0, 1], U) or Lp([0, 1], U) with 1 < p < oo. It is also
interesting to note that our results apply in the case in which E is L1([0, 1], U), if r > 0
and we take Q = {weZ^tO, 1], U): |M(7)| ^ /• for almost all te [0, 1]} (since C is
uniformly continuous on O).

These techniques can also be applied under more general conditions. Let
w. [0, l ]x [0, oo)-> [0, oo) be continuous with o){t,0) = 0 for all te [0,1], and
suppose that the scalar equation ^ ' (0 = w{h <K0)> ^(0) = 0 has only the trivial
solution. Then the dissipative condition (C2) on B may be replaced by

(C2)' <x-y,B(t,x)-B(t,y)>_ ^ \x-y\ co(t, \x-y\) for all (t, x), (t,y) e [0, l]xQ.

We remark also that one may use a more general Lyapunov function than the norm in
place of (C2) as well (see Martin [8], Murakami [9] or Ricciardi and Tubara [10]).
Finally we ask the following question: are conditions (C1)-(C4) sufficient to insure the
local existence of solutions to (IVP)?
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