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t. In this paper we des
ribe iterative algorithms for numeri
al so-lution of linear least-squares problems. They are based on 
ombinations betweenan extension, with relaxation parameters for the 
lassi
al Ka
zmarz's proje
tionsmethod (obtained by one of the authors in a previous work) and approximate or-thogonalization te
hniques due to Z. Kovarik. We prove that the new algorithms
onverge to any solution of an in
onsistent and rank-deÆ
ient least-squares prob-lem (with respe
t to the 
hoi
e of the initial approximation), the 
onvergen
e beingmu
h faster than for 
lassi
al Ka
zmarz - like methods. Numeri
al experimentson a �rst kind integral equation are des
ribed in the last se
tion of the paper.AMS Subje
t Classi�
ation : 65F10 , 65F20.Key words and phrases : in
onsistent least-squares problems, Ka
zmarz'siteration, relaxation parameters, approximate orthogonalization, pre
ondi-tioning.1 Extended Ka
zmarz and Kovarik methodsLet A be a real m�n matrix and b 2 IRm. We shall denote by At; (A)i; (A)j,r(A); R(A); N(A); bi the transpose, i-th row, j-th 
olumn, rank, range, nullspa
e of A and i-th 
omponent of b, respe
tively (all the ve
tors that appearbeing 
onsidered as 
olumn ve
tors). The notations �(B); �(B) will be usedfor the spe
tral radius and spe
trum of a (square) matrix B and k A k willbe the spe
tral norm of A de�ned by k A k2= �(AtA) = �(AAt). PS(x) willbe the orthogonal proje
tion of x onto the ve
tor subspa
e S with respe
t tothe Eu
lidean s
alar produ
t and the asso
iated norm, denoted by < �; � >and k � k, respe
tively. We shall 
onsider the linear least-squares problem :�nd x� 2 IRn su
h that k Ax� � b k= min! (1)150



It is well known (see e.g. [1℄) that the set of all (least-squares) solutions of (1),denoted by LSS(A; b) is a nonempty 
losed 
onvex subset of IRn 
ontaininga unique solution with minimal norm, denoted by xLS. More than that, wehave x� 2 LSS(A; b), AtAx� = Atb (2)and if bA = PR(A)(b), then LSS(A; b) = S(A; bA), where by S(A; bA) wedenoted the set of all (
lassi
al) solutions of the (
onsistent) system Ax = bA.We shall also suppose that the rows and 
olumns of A satisfy(A)i 6= 0; i = 1; : : : ; m; (A)j 6= 0; j = 1; : : : ; n: (3)Then, for �; ! 6= 0 two given real numbers we 
an de�ne the linear appli
a-tions (matri
es) fi(!;A; b; x) = x� !< x; (A)i > � bik (A)i k2 (A)i; (4)'j(�;A; y) = y � �< y; (A)j >k (A)j k2 (A)j; (5)K(!;A; b; x) = (f1 Æ : : : Æ fm)(!;A; b; x); (6)�(�;A; y) = ('1 Æ : : : Æ 'n)(�;A; y); (7)P !i (x) = x� !< x; (A)i >k (A)i k2 (A)i; Q! = P !1 : : : P !m (8)and R! the real n�m matrix of whi
h i-th 
olumn (R!)i is given by(R!)i = 1k (A)i k2P !1 P !2 : : : P !i�1((A)i); (9)with P !0 = I (the unit matrix). These appli
ations have the following prop-erties (for the proof see [6℄).Proposition 1 (i) We haveK(!;A; b; x) = Q!x+R!b; Q! +R!A = I; R!y 2 R(At); 8 y 2 IRm: (10)(ii) N(A) and R(At) are invariant subspa
es for Q! andQ! = PN(A) � ~Q!; PN(A) ~Q! = ~Q!PN(A) = 0; (11)151



where ~Q! is the linear appli
ation de�ned by~Q! = Q!PR(At): (12)(iii) N(At) and R(A) are invariant subspa
es for �� = �(�;A; �) and�� = PN(At) � ~��; PN(At) ~�� = ~��PN(At) = 0; (13)where ~�� = ~�(�;A; �) is the linear appli
ation de�ned by~�� = ��PR(A): (14)(iv) The appli
ations ~Q! and ~�� satisfyk ~Q! k< 1; k ~�� k< 1: (15)The following algorithm (des
ribed by the author in [6℄) is an extension ofthe 
lassi
al Ka
zmarz's proje
tions method with relaxation parameters: letx0 2 IRn; y0 = b; for k = 0; 1; : : : 
omputeyk+1 = �(�;A; yk); �k+1 = b� yk+1; xk+1 = K(!;A; �k+1; xk): (16)In [6℄ the following results were proved.Proposition 2 (i) Let G! be the n�m matrix de�ned byG! = (I � ~Q!)�1R!: (17)Then, for any �; ! 2 (0; 2), any matrix A satisfying (3), b 2 IRm and x0 2 IRnthe sequen
e (xk)k�0 generated with the algorithm (16) 
onverges andlimk!1xk = PN(A)(x0) +G!bA: (18)(ii) We have the equalitiesLSS(A; b) = fPN(A)(x0) +G!bA; x0 2 IRng; xLS = G!bA: (19)Remark 1 The �rst and third steps from (16) are no more (su

esive) or-thogonal proje
tions onto the hyperplanes generated by the 
olumns and rowsof A, as in [7℄ (for � = ! = 1). But, it 
an be easily proved that 
loser to90Æ are the values of the angles between 
olumns and rows of A, faster willbe the 
onvergen
e of the algorithm (16).152



With respe
t to the above Remark 1 we shall present in what follows two"approximate orthogonalization" algorithms proposed by Z. Kovarik in [4℄for matri
es with linearly independent rows. Let (ak)k�0 be the sequen
e ofpositive real numbers ak = 122k (2k)!(k!)2 ; k � 0 (20)and (qk)k�1 a sequen
e of positive integers.Algorithm (A) Start with A0 = A and re
ursively de�ne the matri
esHk and Ak+1 byHk = I � AkAtk; �k = I + a1Hk + : : :+ aqkHqkk ; (21)Ak+1 = �kAk; k � 0: (22)Algorithm (B) Start with A0 = A and re
ursively de�ne the matri
esKk and Ak+1 by Kk = 2(I + AkAtk)�1 � I; �k = I +Kk (23)and Ak+1 as in (22), with �k from (23).Let A1 be the m� n matrix de�ned byA1 = [(AAt) 12 ℄+A; (24)where by B+ we denoted the Moore-Penrose pseudoinverse of the matrix B(see e.g. [1℄). We shall suppose thatk AAt k=k AtA k= �(AAt) < 1: (25)In [11℄ and [8℄ we applied the above algorithms to an arbitrary re
tangularmatrix A. The following result was proved.Proposition 3 If (25) holds, then the sequen
e of matri
es (Ak)k�0 gener-ated with one of the algorithms (21) - (22) or (23), 
onverges to A1.Remark 2 If A has linearly independent rows then we 
an repla
e the pseu-doinverse [(AAt) 12 ℄+ in (24) by the 
lassi
al inverse [(AAt) 12 ℄�1 and it 
an beproved that A1 has, in this 
ase, mutually orthogonal rows (see [4℄). This isno longer true for a general re
tangular A, but an improvement is obtained
on
erning the angles between rows of A1 by 
omparing them with the anglesbetween the rows of the initial matrix A; (see e.g. the numeri
al experimentsfrom [11℄ and [8℄). 153



Remark 3 The 
ondition (25) is not restri
tive. It 
an be full�led by anappropriate s
alling of the elements of the matrix A, e.g. of the form �A,where � 2 IR n f0g. This kind of s
alling does not a�e
t the set LSS(A; b).2 Pre
onditioned Ka
zmarz algorithm withrelaxation parametersUnfortunately, it is well known (both, from theoreti
al and experimental 
on-siderations; see e.g. [1℄ and referen
es therein) that proje
tions methods as(16) have slow 
onvergen
e. From this view point and taking into a

ountthe above Remarks 1 and 2, we 
an think at a "
ombination" between (16)and one of the Kovarik's algorithms (A) and (B). In su
h a 
ombination, Ko-varik's methods would have to a
tion as a "pre
onditioner" for the extendedKa
zmarz one (16). This 
an be done (at least) in one of the following twoways.Algorithm A1 - Prepro
essing pre
onditioningPart I. Set A0 = A; b0 = b, H0 = I � A0At0 or K0 = 2(I + A0At0)�1 � Iand let NKO � 1 be an integer. For k = 0; 1; : : : ; NKO � 1 apply thetransformations Ak+1 = �kAk; bk+1 = �kbk; (26)with �k from (21) or (23), respe
tively and Hk or Kk updated as in (32), andobtain ANKO and bNKO.Part II. Perform NEK sweeps with the Ka
zmarz-extended algorithm (16)( NKE � 1) with respe
t to ANKO and bNKO.Algorithm A2 - Dynami
 pre
onditioningLet x0 2 IRn, A0 = A, b0 = b andH0 = I � A0At0 or K0 = 2(I + A0At0)�1 � I: (27)Step 1. Compute Ak+1 and bk+1 byAk+1 = �kAk; bk+1 = �kbk; (28)with �k from (21) or �k from (23), respe
tively.Step 2. Compute yk+1 and �k+1 byyk+1 = �k+1(�;Ak+1; bk+1); (29)154



�k+1 = bk+1 � yk+1: (30)Step 3. Compute the next approximation xk+1 byxk+1 = K(!;Ak+1; �k+1; xk) (31)and update Hk or Kk to Hk+1 or Kk+1, respe
tively byHk+1 = I � Ak+1Atk+1 or Kk+1 = 2(I + Ak+1Atk+1)�1 � I: (32)Remark 4 The step (29) means su

esive appli
ation of �(�;Ak+1; �)(k + 1) - times to the initial ve
tor bk+1, i.e.�k+1(�;Ak+1; bk+1) = (�(�;Ak+1; �) Æ : : : Æ �(�;Ak+1; �))(bk+1): (33)Remark 5 Be
ause the matri
es �k and Bk are (SPD), we 
an easily ob-tain that, if (25) holds and (Ak)k�0 is the sequen
e de�ned with the abovealgorithms (A) or (B), thenN(Ak) = N(A); N(Atk) = N(At): (34)and LSS(Ak; bk) = LSS(A; b); 8 k � 0: (35)(see also [3℄)In what follows we shall prove the 
onvergen
e of the above de�ned pre-
onditoned algorithms A1 and A2. Con
erning the �rst one, the following
onvergen
e result is true.Theorem 1 Let �; ! 2 (0; 2), " an arbitrary positive real number and x0 2IRn an arbitrary initial approximation. Then, for any positive integer NKOit exists a positive integer NKE (depending on �; !; " and NKO) and aleast-squares solution of (1), x� 2 IRn (depending on !; x0 and NKO) su
hthat, if (xk)k�0 is the sequen
e generated in the se
ond part of A1 (withrespe
t to x0, ANKO and bNKO) thenk xk � x� k� "; 8 k � NKE: (36)
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Proof. Let �; !; ", x0 and NKO be arbitrary �xed, bNKOANKO , GNKO;! as inSe
tion 1 (17) and(17), respe
tively, but with respe
t to ANKO and bNKO, instead of A andb and x� 2 IRn de�ned byx� = PN(ANKO)(x0) +GNKO;!bNKOANKO : (37)In [6℄ we proved that x� 2 LSS(ANKO; bNKO) and (xk)k�0 
onverges to x�.From this we obtain (36) and together with the equalities (35) we 
ompletethe proof.Remark 6 We may expe
t that for bigger values of NKO we shall getsmaller values for NKE (
onsidered as the smallest integer for whi
h (36)holds).Con
erning the algorithmA2 in [3℄ we proved its 
onvergen
e for the parti
-ular 
ase � = ! = 1 and in [9℄ in the 
ase of 
onsistent problems as (1) (inthis 
ase, the algorithm (16) has the simpl�ed formxk+1 = K(!;A; b; xk);8k � 0). Using the ideas from these results, we shall prove 
onvergen
e inthe general in
onsistent 
ase for (1) and for arbitrary values of �; ! 2 (0; 2).For this, let Q!k ; ~Q!k ;��k ; ~��k ; R!k and G!k be the matri
es de�ned as in (8),(12), (7), (14), (9) and (17), respe
tively, but with Ak from (28) instead ofA, bk as in (28) and bkAk de�ned bybkAk = PR(Ak)(bk): (38)Then, as in [3℄ and using the relations (10) - (19) we obtain the followingresult.Proposition 4 Let �; ! 2 (0; 2) be arbitray �xed and ~Q!1; ~��1 and R!1 arethe matri
es de�ned as in (12), (14) and (9), respe
tively, but with A1 from(24) instead of A. Thenlimk!1 ~Q!k = ~Q!1; limk!1 ~��k = ~��1; limk!1R!k = R!1: (39)Moreover the sequen
e (bkAk)k�0 is bounded.The following result proves the 
onvergen
e of the algorithm A2.156



Theorem 2 For any �; ! 2 (0; 2) and any initial approximation x0 2 IRn,the sequen
e (xk)k�0 generated with the algorithm (27)-(32) 
onverges andlimk!1xk = PN(A)(x0) +G!bA: (40)Moreover, xLS is obtained as limit in (40) if and only if x0 2 R(At).Proof. Let k � 0 be arbitrary �xed and bk� 2 IRm de�ned bybk� = PN(Atk)(bk): (41)Then, from (38) and [7℄ we obtainbk = bkAk � bk� (42)andLSS(Ak; bk) = fPN(Ak)(x0) +G!k bkAk ; x0 2 IRng; xLS = G!k bkAk = G!bA: (43)Let now x0 2 IRn be arbitrary �xed. Following the proof of Lemma 3 from[10℄ it results PN(Ak)(xk) = PN(A)(xk) = PN(A)(x0); 8 k � 0: (44)and using this together with (10), (31), (11), (??), (30), (42), (29), (13) and(41) we get the equalitiesxk+1 � (PN(A)(x0) +G!bA) =~Q!k+1[xk � (PN(A)(x0) +G!bA)℄ +R!k+1(�k+1 � bk+1Ak+1): (45)and �k+1 � bk+1Ak+1 = �( ~��k+1)k+1(bk+1Ak+1): (46)Now, if x� 2 IRn is de�ned by ( see (40)) x� = PN(A)(x0) +G!bA, then from(45) and (46) we obtainxk+1 � x� = ~Q!k+1(xk � x�)�R!k+1( ~��k+1)k+1(bk+1Ak+1); 8 k � 0: (47)By iterating this equality and taking norms we obtaink xk+1 � x� k � k ~Q!k+1 k : : : k ~Q!1 kk x0 � x� k +157



kXj=1(k ~Q!k+1 k : : : k ~Q!j+1 kk ~��j kjk R!j kk bjAj k)+k R!k+1 kk ~��k+1 kk+1k bk+1Ak+1 k : (48)From now one, the proof follows exa
tly the same way as in [3℄, also usingthe relations (see (15))k ~Q!k k< 1; k ~��k k< 1; 8 k � 0; k ~Q!1 k< 1; k ~��1 k< 1: (49)We now may 
on
lude our investigations with the following 
onsequen
e ofthe above Theorems 1 and 2.Corollary 1 In the 
orresponding hypothesis, for any x0 2 IRn the sequen
e(xk)k�0 generated with one of the algorithms A1 or A2 
onverges to a solu-tion of the problem (1). Moreover, it 
onverges to the minimal norm solutionxLS if and only if x0 2 R(At).3 Numeri
al experimentsWe 
onsidered in our numeri
al experiments, as model problem, the following�rst kind Fredholm integral equation (see e.g. [2℄ and [12℄): �ndx�(t) 2 L2([0; 1℄) su
h that(Tx)(s) = Z 10 k(s; t) x(t)dt = y(s); s 2 [0; 1℄; (50)wherek(s; t) = 1q1 + (2s� 1)2(2t� 1)2 ; y(s) = 2s� 1 + w(s); t; s 2 [0; 1℄; (51)w(s) = 8<: ln((2s�1)+p1+(2s�1)2)2s�1 ; s 6= 0:51; s = 0:5 (52)and L2([0; 1℄) is the ve
tor spa
e of Lebesgue square integrable fun
tionsf : [0; 1℄ �! IR equiped with the normk f kL2([0;1℄)= sZ 10 (f(t))2dt: (53)158



If, by R(T ); R(T )? we denote the range of T and its orthogonal 
omple-ment in L2([0; 1℄), respe
tively, then the fun
tion y from (51)-(52) (whi
h isdi�erentiable on (0; 1)) satis�esy 2 R(T )? � R(T ) = D(T+); (54)(w(s) = (Tx0)(s), with x0 : [0; 1℄ �! [0; 1℄ de�ned by x0(t) = 1; 8t 2 [0; 1℄),where D(T+) is the domain of the Moore-Penrose pseudoinverse of T . Then,we reformulated the problem (50) in the least-squares sense as follows (see[2℄): �nd x 2 L2([0; 1℄) the minimal L2([0; 1℄) - norm solution ofk Tx� y kL2([0;1℄)= min! (55)We dis
retized the problem (55) using the least-squares 
ollo
ation algorithmdes
ribed in [2℄, i.e. for two given integers m;n(m;n � 2) we 
onsidered thepoints si; �j 2 [0; 1℄, i = 1; : : : ; m; j = 1; : : : ; nsi = i� 1m� 1 ; �j = j � 1n� 1 ; (56)the m� n real matrix Â,(Â)ij = Z 10 k(si; t) k(�j; t) dt (57)and the ve
tor b 2 IRm (b)i = y(si): (58)But, be
ause the integrals in (57) 
an not be exa
tly 
omputed, we approxi-mated them using the re
tangles quadrature formula ("midle point") with 16equally spa
ed points in [0; 1℄. If we denote by A the m� n matrix obtainedby these approximations, then, instead of the "exa
t" dis
rete problem as-so
iated to (55), i.e. �nd xapp 2 IRn the minimal Eu
lidean norm solutionof k Âxapp � b k= min!; (59)we 
onsidered the "approximate" dis
rete problem (of the form (1)) : �ndx
 2 IRn the (
omputed) minimal Eu
lidean norm solution ofk Ax
 � b k= min!: (60)159



Remark 7 If by xappj ; j = 1; : : : ; n we denote the 
omponents of the minimalnorm solution xapp from (59) and Xapp 2 L2([0; 1℄) is de�ned byXapp(t) = nXj=1xappj k(�j; t); t 2 [0; 1℄; (61)then the following approximation result holds (see [2℄ and [5℄):limm;n!1 k x�Xapp kL2([0;1℄)= 0 (62)(where x is the minimal norm solution from (55)). Thus, bigger are m andn in (56), better will approximate Xapp the exa
t solution x from (55).Remark 8 The approximation made by using x
 from (60) instead of xappfrom (59) is dire
tly related to the numeri
al integration used in (57). In our
ase, be
ause the kernel k(s; t) in (51) is smooth enough, we observed that theabove mentioned re
tangle quadrature formula (with 16 equally spa
ed pointsin [0,1℄) gave an enough good approximation.The problem (60) is (very) ill-
onditioned. For its numeri
al solution we
onsidered the (standard) Tikhonov regularization te
hnique (see e.g. [2℄):�nd x
reg 2 IRn su
h thatk Ax
reg � b k +
 k x
reg k= min! (63)where 
 is the regularization parameter. We used in our experiments onlythe algorithmA1 (see also Remark 9 below) and the following stopping tests:- for Part I k Ak+1 � Ak k1� 10�6 (64)(whi
h gave us a "good" value for NKO (see Remark 6));- for Part II k xk+1 � xk k1k xk+1 k � � (65)(for di�erent values of � - see the 
omments below). This gave us the smallestNKE (see again Remark 6). We used this kind of "relative error" stoppingtest be
ause the values of the 
omponents of the exa
t (and 
omputed) solu-tions were (very) big numbers in 
omparison with the entries of the matri
esarising during the iterative pro
edure.160



In our tests we used only Kovarik's Algorithm (B) (for tests usingAlgorithm (A) see [3℄, [9℄, [10℄, [13℄). The optimal value of the regularizingparameter 
 in (63) was determined by numeri
al tests and found equalto 10�14. For this value, the relative (exrer) and absolute (exaer) errors,
omputed with the formulasexrer = k x
 � x
reg k1k x
 k ; exaer =k x
 � x
reg k1 (66)had the values from Table 1 (we must take into a

ount the fa
t that, for the"square" 
ase (m = n), the 
omponents of the "regularized" exa
t solutionx
reg from (60) were of order 1013, and in the "re
tangular" 
ase (n = 9; m >n) these values were of order 105 � 106). In the 5-th 
olumn of Table 1 wepresent the minimal numbers of iterations for the stopping test (64). In the
olumns 6 and 7 of Table 1 we des
ribed the minimal numbers of iterationsto full�l the stopping test (65) with Part II of the algorithm A1 for � = 1and the two indi
ated values for !. We observe a small improvement withrespe
t to these two di�erent 
hoi
es.Remark 9 Unfortunately, only the algorithmA1 
ould be used for the (good)value � = 10�14 of the regularizing parameter. The algorithm A2 was totallyunstable for su
h small values of 
. The last (minimal) value for whi
h it
ould be used was 
 = 10�8 (see also the numeri
al results from [3℄).Referen
es[1℄ A. Bj�or
k, Numeri
al methods for least squares problems, SIAMPhiladelphia, 1996.[2℄ H. W. Engl, Regularization methods for the stable solution of inverseproblems, Surv. Math. Ind. 3 (1993), pp. 71{143.[3℄ D. J. Evans, C. Popa, Proje
tions and pre
onditioning for in
onsistentleast-squares problems, to appear in Intern. J. Comp. Math., 2001.[4℄ Z. Kovarik, Some iterative methods for improving orthonormality, SIAMJ. Numer. Anal., 7(3) (1970), pp. 386{389.[5℄ M. Z. Nashed, G. Wahba, Convergen
e rates of approximate least squaressolutions of linear integral and operator equations of the �rst kind, Math.of Comput., vol. 28(125)(1974),pp. 115-129.161



[6℄ C. Popa, Extensions of blo
k-proje
tions methods with relaxation param-eters to in
onsistent and rank-deÆ
ient least-squares problems, B I T,38(1) (1998), pp. 151-176.[7℄ C. Popa, Chara
terization of the solution set of in
onsistent least-squaresproblems by an extended Ka
zmarz algorithm, Korean J. Comp. Appl.Math., 6(3) (1999), pp. 523{535.[8℄ C. Popa, Extension of an approximate orthogonalization algorithm toarbitrary re
tangular matri
es, Preprint nr. 18 (1998), Institute of Math.of the Romanian A
ademy, Bu
harest; to appear in Linear Alg. Appl.,2001.[9℄ C. Popa, A fast Ka
zmarz-like solver for linear least squares problems,Pro
eedings of GAMM'99 Intern. Congress, ZAMM, vol. 80 Supplement3(2000), pp. S811-S812.[10℄ C. Popa, A fast Ka
zmarz-Kovarik algorithm for 
onsistent least squaresproblems, Korean J. Comp. Appl. Math., vol. 8(1)(2001), pp. 9-26.[11℄ C. Popa, An iterative method for improving orthogonality of rows and
olumns of arbitrary re
tangular matri
es, to appear in Intern. J. Com-puter Math., 2001.[12℄ C. Popa, On numeri
al solution of �rst kind Fredholm integral equations,to appear in Revue Roumaine Math. Pures Appl., 2001.[13℄ C. Popa, Ka
zmarz's algorithm - Extensions and pre
onditioning, thisjournal, vol. 2(2)(2000), pp. 70-78.Elena Peli
an graduated Fa
ulty of Mathemati
s and Computer S
ien
e at the"Ovidius" University of Constanta, Romania, where she is tea
hing as assistant professorsin
e 1999. In the same time she is a Ph.D student at Institute of Applied Mathemati
sof the Romanian A
ademy of S
ien
es, Bu
harest. Her resear
h interests are 
on
ernedwith eÆ
ient numeri
al solvers for integral equations of the �rst kind.Constantin Popa graduated Fa
ulty of Mathemati
s and obtained the Ph.D at theUniversity of Bu
harest, Romania. Sin
e 1990 he is tea
hing at the "Ovidius" Universityof Constanta, having now a full professor position. He had two DAAD resear
h grants inGermany (Kiel and Augsburg) and a one year postdo
 grant (1996-1997) at Departmentof Mathemati
s, Weizmann Institute, Israel. His resear
h interests are 
entered on pre
on-ditioning te
hniques, iterative solutions of least - squares formulations and regularizationte
hniques for inverse problems. 162



Table 1 Numeri
al experiments with algorithm A1m n exrer exaer iter: (refeq27) ! = 1 ! = 0:89 9 0.002 6600 53 1 117 17 0.004 574 54 7 633 33 0.008 71 55 13 965 65 0.02 53 56 17 11129 129 0.33 2384 57 19 13257 257 0.49 5712 58 22 16513 513 0.55 104 59 24 1917 9 10�7 0.02 53 7 533 9 10�7 0.3 54 15 1065 9 10�7 0.08 54 29 20129 9 10�7 0.002 55 58 39257 9 10�7 0.004 55 116 77513 9 10�6 0.03 56 230 150
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