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Abstract. In this paper we describe iterative algorithms for numerical so-
lution of linear least-squares problems. They are based on combinations between
an extension, with relaxation parameters for the classical Kaczmarz’s projections
method (obtained by one of the authors in a previous work) and approximate or-
thogonalization techniques due to Z. Kovarik. We prove that the new algorithms
converge to any solution of an inconsistent and rank-defficient least-squares prob-
lem (with respect to the choice of the initial approximation), the convergence being
much faster than for classical Kaczmarz - like methods. Numerical experiments
on a first kind integral equation are described in the last section of the paper.
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1 Extended Kaczmarz and Kovarik methods

Let A be a real m x n matrix and b € IR™. We shall denote by A’, (A);, (A)/,
r(A), R(A), N(A),b; the transpose, i-th row, j-th column, rank, range, null
space of A and i-th component of b, respectively (all the vectors that appear
being considered as column vectors). The notations p(B),o(B) will be used
for the spectral radius and spectrum of a (square) matrix B and || A || will
be the spectral norm of A defined by || A ||?= p(A'A) = p(AA"). Ps(z) will
be the orthogonal projection of x onto the vector subspace S with respect to
the Euclidean scalar product and the associated norm, denoted by < -, - >
and || - ||, respectively. We shall consider the linear least-squares problem :
find z* € IR"™ such that

|| Az* — b ||= min! (1)
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It is well known (see e.g. [1]) that the set of all (least-squares) solutions of (1),
denoted by LSS(A;b) is a nonempty closed convex subset of IR™ containing
a unique solution with minimal norm, denoted by x;s. More than that, we

have
1" € LSS(A;b) & A'Ax* = Al (2)

and if by = Ppra)(b), then LSS(A;b) = S(A;b4), where by S(A:;ba) we
denoted the set of all (classical) solutions of the (consistent) system Az = by.
We shall also suppose that the rows and columns of A satisfy

(A) 0, i=1...om; (AY£0, j=1,....n. (3)

Then, for o, w # 0 two given real numbers we can define the linear applica-
tions (matrices)

(s A b :x_w<l‘,(A)i>—bi '
il i) I w
pilos Ary) =y — <||y(’ (;1)“; (A), (5)
K(w;A;b;x) = (fio...o fm)(w; A; by 2), (6)
D(a; A; y) (pro...00n)(a; Asy), (7)
Pe(e) = o — w2 L) >(A>z, Q° = Py... P2 0

||( )i |2

and R“ the real n X m matrix of which i-th column (R¥) is given by

with Py = I (the unit matrix). These applications have the following prop-
erties (for the proof see [6]).

Proposition 1 (i) We have
K(w; A;byx) = QY2+ R*b, Q“+ RA=1, Ry € R(A"), Vy € IR™. (10)
(i) N(A) and R(AY) are invariant subspaces for Q¥ and
Q“ = Py(ay® Q. Pn1)@Q“ = Q“Pyay =0, (11)
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where Q¥ is the linear application defined by

Q“ = Q" Prat). (12)
(iii) N(A") and R(A) are invariant subspaces for ®* = ®(«a; A;+) and
O = Py(an @ 9%, Pyan®® = & Pyay =0, (13)
where ®* = ®(a; A; ) is the linear application defined by
O = O Py 4. (14)
(iv) The applications Q¥ and ®° satisfy
Qe <1, || & <1 (15)

The following algorithm (described by the author in [6]) is an extension of
the classical Kaczmarz’s projections method with relaxation parameters: let
20 € R",y° =b; for k=0,1,... compute

yk-l—l _ @(a; A; yk), ﬁk+1 — b yk+1, 2R — K(w; A; ﬁk+1; ;r:k) (16)
In [6] the following results were proved.
Proposition 2 (i) Let G¥ be the n x m matriz defined by
GY = (I-Q“)"'R”. (17)
Then, for any a,w € (0,2), any matriz A satisfying (3), b € R™ and 2° € IR"
the sequence (x%)y>o generated with the algorithm (16) converges and

lim LEk = PN(A)(lEO) + waA- (18)

k—oo

(ii) We have the equalities
LSS(A;b) = {Pyay(2”) + G¥ba, 2° € R"}; xps = G¥Dy. (19)

Remark 1 The first and third steps from (16) are no more (succesive) or-
thogonal projections onto the hyperplanes generated by the columns and rows
of A, as in [7] (for « = w = 1). But, it can be easily proved that closer to
90° are the values of the angles between columns and rows of A, faster will
be the convergence of the algorithm (16).
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With respect to the above Remark 1 we shall present in what follows two
”approximate orthogonalization” algorithms proposed by Z. Kovarik in [4]
for matrices with linearly independent rows. Let (aj)r>o be the sequence of
positive real numbers
1 (2k)!

and (gx)k>1 a sequence of positive integers.

Algorithm (A) Start with Ay = A and recursively define the matrices
Hy and Ay by

Qg

H, =1 A AL, Fk:]‘f‘alHk‘F---_"a%ngk’ (21)

Apyr =Ty Ap, k> 0. (22)

Algorithm (B) Start with Ay = A and recursively define the matrices
Ky and A;, by

Ky =21+ A A) 1, Tpy=1+K, (23)

and Ay as in (22), with Ty, from (23).
Let A, be the m x n matrix defined by

Ao = [(AANT]* 4, (24)

where by BT we denoted the Moore-Penrose pseudoinverse of the matrix B
(see e.g. [1]). We shall suppose that

| AA" [|=[] A"A [|= p(AA") < 1. (25)

In [11] and [8] we applied the above algorithms to an arbitrary rectangular
matrix A. The following result was proved.

Proposition 3 If (25) holds, then the sequence of matrices (Ag)g>o0 gener-
ated with one of the algorithms (21) - (22) or (23), converges to Ax.

Remark 2 If A has linearly independent rows then we can replace the pseu-
doinverse [(AAY)2]* in (24) by the classical inverse [(AAY)2]™" and it can be
proved that A has, in this case, mutually orthogonal rows (see [{]). This is
no longer true for a general rectangular A, but an improvement is obtained
concerning the angles between rows of As, by comparing them with the angles
between the rows of the initial matriz A; (see e.g. the numerical experiments

from [11] and [8]).
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Remark 3 The condition (25) is not restrictive. It can be fullfiled by an
appropriate scalling of the elements of the matrixz A, e.g. of the form pA,
where p € IR\ {0}. This kind of scalling does not affect the set LSS(A;b).

2 Preconditioned Kaczmarz algorithm with
relaxation parameters

Unfortunately, it is well known (both, from theoretical and experimental con-
siderations; see e.g. [1] and references therein) that projections methods as
(16) have slow convergence. From this view point and taking into account
the above Remarks 1 and 2, we can think at a ”combination” between (16)
and one of the Kovarik’s algorithms (A) and (B). In such a combination, Ko-
varik’s methods would have to action as a ”preconditioner” for the extended
Kaczmarz one (16). This can be done (at least) in one of the following two
ways.
Algorithm A1 - Preprocessing preconditioning

Part I. Set Ag = A, 0° =b, Hy=1— AgA, or Ko=2(I+ AgA)™" =1
and let NKO > 1 be an integer. For £ = 0,1,..., NKO — 1 apply the
transformations

Apyr = TpAy, b =T ", (26)

with T’y from (21) or (23), respectively and Hj, or K}, updated as in (32), and
obtain Axgo and bNFO,
Part II. Perform NEK sweeps with the Kaczmarz-extended algorithm (16)
( NKE > 1) with respect to Aygo and bVEO,

Algorithm A2 - Dynamic preconditioning
Let 2° € IR", Ay = A, b° = b and

HO =1- A()Ag or KU == 2([ + A()Aé)il — I (27)
Step 1. Compute A, and b**! by
Apyr = TpAy, b =T %, (28)

with Iy from (21) or T'y from (23), respectively.
Step 2. Compute y**! and g**+! by

yk+1 — (I)k+1(oz; Ak+1; bk+1), (29)
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BRHL — phtl ket (30)
Step 3. Compute the next approximation z**! by
oM = K (w; Apgy; BFY ) (31)
and update Hy or Ky to Hy, or Ky, respectively by
Hyppy=1—ApiApy or Ky =214+ Agn A ) ' — 1 (32)

Remark 4 The step (29) means succesive application of ®(a; Agyq;-)
(k +1) - times to the initial vector b*+*, i.e.

P (; Ap oy 0PN = (B(as Apyr: ) 0.0 B(as Ay ) (P, (33)

Remark 5 Because the matrices T'y and By are (SPD), we can easily ob-
tain that, if (25) holds and (Ag)g>o is the sequence defined with the above
algorithms (A) or (B), then

N(Ap) = N(4), N(4;) = N(A"). (34)

and
LSS(A;b*) = LSS(A;b), V k> 0. (35)

(see also [3])

In what follows we shall prove the convergence of the above defined pre-
conditoned algorithms A1 and A2. Concerning the first one, the following
convergence result is true.

Theorem 1 Let a,w € (0,2), € an arbitrary positive real number and z° €
IR" an arbitrary initial approrimation. Then, for any positive integer N KO
it exists a positive integer NKE (depending on a,w,e and NKO) and a
least-squares solution of (1), z* € IR™ (depending on w,x° and NKO) such
that, if (z*)k>0 is the sequence generated in the second part of A1l (with
respect to 2°, Axyko and bYNEO) then

| ¥ — 2 [|[<e, VE> NKE. (36)
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Proof. Let o,w,e, 2° and NKO be arbitrary fixed, b} X9, GNK9# as in
Section 1 (17) and

(17), respectively, but with respect to Aygo and VK9 instead of A and
b and z* € IR" defined by

x* — PN(ANKO)(«TO) + GNKO,waKO (37)

ANko®

In [6] we proved that z* € LSS(Angko; bV 9) and (z*)g>¢ converges to z*.
From this we obtain (36) and together with the equalities (35) we complete
the proof.

Remark 6 We may expect that for bigger wvalues of NKO we shall get
smaller values for NKE (considered as the smallest integer for which (36)
holds).

Concerning the algorithm A2 in [3] we proved its convergence for the partic-
ular case @« = w = 1 and in [9] in the case of consistent problems as (1) (in
this case, the algorithm (16) has the simplfied form

" = K (w; A; by b,

Vk > 0). Using the ideas from these results, we shall prove convergence in
the general inconsistent case for (1) and for arbitrary values of o, w € (0, 2).
For this, let Qf,@f, op, &)g,Rf and G% be the matrices defined as in (8),
(12), (7), (14), (9) and (17), respectively, but with Ay from (28) instead of
A, 0¥ as in (28) and V% defined by

bY, = Pray(b"). (38)

Then, as in [3] and using the relations (10) - (19) we obtain the following
result.

Proposition 4 Let a,w € (0,2) be arbitray fizved and Q‘gc,ég‘o and RY are
the matrices defined as in (12), (14) and (9), respectively, but with A from
(24) instead of A. Then

kll)rgo Qr = Q% kll)rglo oy = D7, kll)rgoR =Ry.. (39)
Moreover the sequence (b )i>o is bounded.

The following result proves the convergence of the algorithm A2.
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Theorem 2 For any a,w € (0,2) and any initial approzimation z° € IR,
the sequence (x%)y>o generated with the algorithm (27)-(32) converges and

lim 2% = Py(a)(2°) + G¥ba. (40)

k=00
Moreover, x1g is obtained as limit in (40) if and only if z° € R(A").
Proof. Let k > 0 be arbitrary fixed and b* € IR™ defined by
bi = Py(a)(b"). (41)
Then, from (38) and [7] we obtain
o =bh @bk (42)
and
LSS(Ap; 0*) = {Py(ay(2°) + Gebhy, 2" € R"}, x5 = Gybly, = G“ba. (43)

Let now 2 € IR™ be arbitrary fixed. Following the proof of Lemma 3 from
[10] it results

Py (2") = Py(ay(a®) = Pyay(2®), V k> 0. (44)

and using this together with (10), (31), (11), (??), (30), (42), (29), (13) and
(41) we get the equalities

SEk+1 — (PN(A)(SEO) + waA) =

Qi a[r* = (Pyay(2°) + G¥ba)] + Ry (B = b5, (45)
and 3
BB = (Do), (46)

Now, if 2* € IR™ is defined by ( see (40)) z* = Py(a)(2°) + G*b4, then from
(45) and (46) we obtain
gt = G — o) - B (B PO, Y E >0 (47)

k+1

By iterating this equality and taking norms we obtain
2" =2 | < Q- QY Il 2® —a* || +
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J

[y K v (48)

Apg1

From now one, the proof follows exactly the same way as in [3], also using
the relations (see (15))

1Q¢ <1, [1ef <1, VE>0, Q%<1 % [<1.  (49)

We now may conclude our investigations with the following consequence of
the above Theorems 1 and 2.

Corollary 1 In the corresponding hypothesis, for any 2° € IR™ the sequence
(l'k)kz[) generated with one of the algorithms A1 or A2 converges to a solu-
tion of the problem (1). Moreover, it converges to the minimal norm solution
rrs if and only if 2° € R(AY).

3 Numerical experiments

We considered in our numerical experiments, as model problem, the following
first kind Fredholm integral equation (see e.g. [2] and [12]): find
z*(t) € L*([0,1]) such that

(T2)(s) = /Ulk(s,t) w(t)dt = y(s), s € [0, 1], (50)
where
1
k(s,t) = \/1 T 1)2, y(s) =2s —1+w(s), t,s €[0,1], (51)
In((2s—1)+4/1+(25—1)2)
w(s) = 251 , 8705
(%) { 1, s =10.5 52)

and L?([0,1]) is the vector space of Lebesgue square integrable functions
f:[0,1] — IR equiped with the norm

I £ o=/ [ (F0)2a (53)
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If, by R(T),R(T)* we denote the range of T and its orthogonal comple-
ment in L%([0, 1]), respectively, then the function y from (51)-(52) (which is
differentiable on (0,1)) satisfies

y e R(T) @ R(T) = D(T™), (54)

(w(s) = (T'xo)(s), with g : [0,1] — [0, 1] defined by z¢(t) = 1,Vt € [0,1]),
where D(T") is the domain of the Moore-Penrose pseudoinverse of T. Then,
we reformulated the problem (50) in the least-squares sense as follows (see
2]): find z € L*([0,1]) the minimal Z?([0, 1]) - norm solution of

| Tz =y |[£2(0,1))= min! (55)

We discretized the problem (55) using the least-squares collocation algorithm
described in [2], i.e. for two given integers m,n(m,n > 2) we considered the
points s;,0; € [0,1],i=1,...,m, j=1,...,n

si:m_laaj:n_la (56)
the m x n real matrix A,
. 1
(A)ig = [ Klsirt) Koy, 1) dt (57)
0
and the vector b € IR™
(0)i = y(si)- (58)

But, because the integrals in (57) can not be exactly computed, we approxi-
mated them using the rectangles quadrature formula ("midle point”) with 16
equally spaced points in [0, 1]. If we denote by A the m x n matrix obtained
by these approximations, then, instead of the ”exact” discrete problem as-
sociated to (55), i.e. find P € IR™ the minimal Euclidean norm solution
of

| Az®” — b ||= min!, (59)

we considered the ”approximate” discrete problem (of the form (1)) : find
z¢ € IR" the (computed) minimal Euclidean norm solution of

|| Az — b ||= min!. (60)
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Remark 7 Ifby 2", j = 1,...,n we denote the components of the minimal
norm solution P from (59) and X%? € L*([0,1]) is defined by

n

X PP (¢ Z “k(o;,t), t €]0,1], (61)

then the following approzimation result holds (see [2] and [5]):

i = X |20,y = 0 (62)
(where x is the minimal norm solution from (55)). Thus, bigger are m and
n in (56), better will approzimate X P the exact solution x from (55).

Remark 8 The approzimation made by using x° from (60) instead of x*PP
from (59) is directly related to the numerical integration used in (57). In our
case, because the kernel k(s,t) in (51) is smooth enough, we observed that the
above mentioned rectangle quadrature formula (with 16 equally spaced points
in [0,1]) gave an enough good approzimation.

The problem (60) is (very) ill-conditioned. For its numerical solution we
considered the (standard) Tikhonov regularization technique (see e.g. [2]):
find z7,, € IR" such that

| Axfog — 0| +7 [ 27y [|= min! (63)

where 7 is the regularization parameter. We used in our experiments only
the algorithm A1 (see also Remark 9 below) and the following stopping tests:
- for Part 1

| A = Ap [Joo< 107° (64)

(which gave us a "good” value for NKO (see Remark 6));
- for Part 1I

<e (65)
[Ezasy|

(for different values of € - see the comments below). This gave us the smallest
NKE (see again Remark 6). We used this kind of "relative error” stopping
test because the values of the components of the exact (and computed) solu-
tions were (very) big numbers in comparison with the entries of the matrices
arising during the iterative procedure.
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In our tests we used only Kovarik’'s Algorithm (B) (for tests using
Algorithm (A) see [3], [9], [10], [13]). The optimal value of the regularizing
parameter v in (63) was determined by numerical tests and found equal
to 107 ™. For this value, the relative (exrer) and absolute (exaer) errors,
computed with the formulas
|| T — xf"eg ||00

errer = Tz | ., exaer =|| z° — xﬁeg Il oo (66)

had the values from Table 1 (we must take into account the fact that, for the
"square” case (m = n), the components of the ”regularized” exact solution
xt,, from (60) were of order 10'?, and in the "rectangular” case (n =9,m >
n) these values were of order 10° — 10°). In the 5-th column of Table 1 we
present the minimal numbers of iterations for the stopping test (64). In the
columns 6 and 7 of Table 1 we described the minimal numbers of iterations
to fullfil the stopping test (65) with Part IT of the algorithm A1 for o = 1
and the two indicated values for w. We observe a small improvement with
respect to these two different choices.

Remark 9 Unfortunately, only the algorithm A1 could be used for the (good)
value o = 10~ of the reqularizing parameter. The algorithm A2 was totally
unstable for such small values of v. The last (minimal) value for which it
could be used was v =10"% (see also the numerical results from [3]).
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Table 1 Numerical experiments with algorithm Al

m n exrer exaer iter. (refeq27) w=1 w=0.8
9 9 0.002 6600 23 1 1
17 17 0.004 274 o4 7 6
33 33 0.008 71 95 13 9
65 65 0.02 53 26 17 11
129 129 0.33 2384 o7 19 13
257 257 0.49 5712 o8 22 16
513 513 0.55 10* 29 24 19
17 9 1077 0.02 23 7 5
33 9 1077 0.3 54 15 10
65 9 1077 0.08 04 29 20
129 9 1077 0.002 95 58 39
257 9 1077 0.004 95 116 77
513 9 10°¢ 0.03 26 230 150
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