
Presentation and Stru
ture of SubstitutesValuationsMeir Bing Daniel Lehmann Paul Milgrom�Abstra
tWe propose two di�erent methods for presenting (gross-) substitutesvaluations. Ea
h provides short des
riptions for a family of substitutesvaluations. We also show that any substitutes valuation de�nes ultra-metri
s on the set of items and that substitutes valuations are 
losedunder k-satiation.1 Ba
kgroundIn [4℄, Kelso and Crawford introdu
ed the notion of a substitutes valuation forpro�t-maximizing �rms in a model with dis
rete inputs (workers). They studiedthe labor market generated by �rms whose preferen
es 
on
erning teams ofworkers were des
ribed by su
h a valuation. They showed that, when workers aresubstitutes, a 
ertain mat
hing pro
ess always 
onverges and that the resultingmat
hing and wages 
onstitute a Walrasian equilibrium.The study of substitutes valuations and their impli
ations has been pursuedby many. Several authors obtain results showing that the substitutes 
ondi-tion is ne
essary for important e
onomi
 
on
lusions. Gul and Sta

hetti [3℄and Milgrom [6℄ showed that, given any valuation that is not substitutes, one
an spe
ify very simple substitutes valuations for the other agents to 
reatean e
onomy in whi
h no Walrasian equilibrium exists. Similarly, Ausubel andMilgrom [1℄ show that if any given valuation is not substitutes, then one mayspe
ify simple substitutes valuations for the other agents su
h that the Vi
kreyout
ome does not lie in the 
ore.Various authors have also studied the 
hara
terization of substitutes val-uations. Gul and Sta

hetti prove that several 
onditions, most importantlytheir single improvement property, are equivalent to the substitutes 
ondition.provided a number of new 
hara
terizations of the family of substitutes valua-tions. Ausubel and Milgrom 
hara
terize substitutes valuations as the duals ofsubmodular pro�t fun
tions. In [2℄, Fujishige and Yang proposed a very power-ful 
hara
terization of substitutes valuations as M#-
on
ave fun
tions. Other�Bing and Lehmann: S
hool of Engineering, Hebrew University, Jerusalem 91904, Israel.Milgrom: Dept. of E
onomi
s, Stanford University, Stanford, CA 94305-6072.1



important results about substitutes valuations and their algorithmi
 propertiesmay be found in [8, 9, 12, 5℄. Most notable are the fa
ts that substitutes valu-ations are 
losed under 
onvolution, also 
alled OR, and that, given pri
es forthe items, the problem of �nding a preferred bundle under those pri
es 
an besolved in polynomial time in the ora
le model, that the problem of �nding anoptimal allo
ation amongst substitutes agents is solvable in polynomial time andthat substitutes valuations have zero measure amongst submodular valuations.Noti
e, though, that no polynomial time algorithm is known that 
an 
he
k inthe ora
le model whether a valuation is substitutes. The question of how manysubstitutes valuations exist on n items is also a diÆ
ult open question.These works imply that several problems of e
onomi
 importan
e 
an besolved in an elegant and e�e
tive way when the agents exhibit valuations thatare substitutes. In all of the me
hanisms proposed, agents must des
ribe theirsubstitutes valuation. It is therefore important to �nd intuitive and 
on
iseformalisms that will enable agents to des
ribe su
h valuations, guaranteeing thatsu
h valuations are indeed substitutes. In this paper two su
h formalisms areproposed. The �rst one des
ribes a valuation as a sum of symmetri
 substitutesvaluations de�ned on some hierar
hy among the items. The se
ond one des
ribesa valuation as a 
ompound expression of 
onvolutions and k-satiation operationson unit-demand valuations.Se
tion 2 des
ribes setting, notations and previous results. Se
tion 3 showsthat a 
anoni
al ultra-metri
 may be atta
hed to any substitutes valuation. Thisis a motivation only for Se
tion 4 that proposes to des
ribe substitutes valuationsby an ultra-metri
, i.e. a hierar
hy, and symmetri
 substitutes, i.e., submodular,valuations on the sets of the hierar
hy. Not all substitutes valuations 
an bedes
ribed in this way. Se
tion 5 de�nes the k-satiation operation and showsthat substitutes valuations are 
losed under k-satiation. Se
tion 6 proposes todes
ribe substitutes valuations as 
ompound expressions formed by applying
onvolution and k-satiation to unit-demand valuations. Su
h des
riptions mayreasonably �t the values atta
hed by a �rm to any possible set of workers.2 SettingWe 
onsider a �nite set X . A valuation on X is a real fun
tion v : X �! Rsu
h that:� Normality v(;) = 0� Monotoni
ity if A � B � X then v(A) � v(B).In the sequel A, B, . . . will always denote subsets of X , and x, y, . . . willdenote elements of X . The set A [ fxg will be denoted A+ x and the setA� fxg will be denoted A� x. A valuation v is symmetri
 if its value dependsonly on the 
ardinality of its argument: if j A j=j B j, then v(A) = v(B). Themarginal valuation, given a bundle A, of an element x 2 X �A is: v(x j A) def=2



v(A [ fxg)� v(A). A valuation v is submodular if, for any A � B and for anyx 62 B, we have v(x j A) � v(x j B).De�nition 1 Given a ve
tor of real item pri
es ~p = (p1 : : : pm), the surplus ofa set of items S relative to these pri
es is de�ned as v(S j ~p) = v(S)�Pi2S pi.A set S is a preferred set of v at pri
es ~p if v(S j ~p) = maxT v(T j ~p), i.e., Smaximizes the surplus. The demand set of v at pri
es ~p is the set of all preferredsets D(v j ~p) = fS j v(S j ~p) = maxT v(T j ~p)g.The substitutes property mandates that in
reasing the pri
e of an item willnot de
rease the demand for any other item: i.e., if an item i is in a preferredset at pri
es ~p, then in
reasing pj for some j 6= i, will still have item i in somepreferred set.De�nition 2 A valuation v is said to be substitutes if for any pri
e ve
tors ~pand ~q � ~p (
oordinatewise 
omparison), if S = fj 2 X j pj = qjg and A 2 D(v j ~p),then there exists A0 2 D(v j ~q) su
h that S \A � A0. The 
lass GS is set of allvaluations that satisfy the substitutes property.Lemma 1 If v is substitutes, then the marginal valuation v(� j A) on X �A isalso substitutes, for any A � X.A valuation is substitutes if and only if it satis�es the single improvementproperty. This 
ondition states that a non-preferred set 
an always be improved(in terms of its surplus) by deleting at most one element from it and insertingat most one element into it.Lemma 2 (Gul and Sta

hetti(1999)) A valuation v satis�es the substi-tutes property if and only if for any ~p and A 62 D(v j ~p), there exists A0 su
hthat j A0 �A j� 1 and j A�A0 j� 1 and v(A0 j ~p) > v(A j ~p).The substitutes property is stronger than submodularity.Lemma 3 (Gul and Sta

hetti(1999)) A valuation that satis�es the substi-tutes property is submodular.It was shown in [5℄ that, in fa
t, substitutes valuations have zero measureamongst submodular valuations.De�nition 3 (Murota and Shioura [11℄) A valuation v is M#-
on
ave ifand only if for any A;B � X and any x 2 A�B1. either v(A) + v(B) � v(A� x) + v(B + x),2. or there exists some y 2 B �A su
h that v(A) + v(B) �v(A� x+ y) + v(B � y + x).It is easy to show that any M#-
on
ave valuation is substitutes. Fujishigeand Yang [2℄ prove the 
onverse: any substitutes valuation is M#-
on
ave. Themain interest of this de�nition is that it does not involve universal quanti�
ationover pri
es. This de�nition is pri
e-free.3



3 The ultra-metri
 de�ned by a substitutes val-uationGiven any substitutes valuation v, we shall de�ne a distan
e on X , and we shallshow that this distan
e is an ultra-metri
. This ultra-metri
 de�nes a hierar
hy(that is, a tree of subsets) in the usual way. This hierar
hy will, hopefully, someday lead to a representation result for substitutes valuations. At this point intime, it only serves as a motivation for the de�nition of S-valuations in Se
tion 4.Sin
e, when v is substitutes, the marginal valuations v(� j A) are also sub-stitutes, we in fa
t, de�ne an ultra-metri
 on X �A for every A � X.Let R1 denote the set of nonnegative real numbers with in�nity: R1 def=R+ [ f+1g.De�nition 4 Let v be a substitutes valuation on X. Let �v ; dv : X �X �! R1be de�ned by:� �v(x; x) def= +1, dv(x; x) def= 0 for any x 2 X, and� �v(x; y) def= v(x) + v(y)� v(x+ y), dv(x; y) def= 1=�v(x; y) for any x; y 2 X,x 6= y.Note that the last + in the de�nition of � above is not addition but union.When the valuation v is 
lear, we shall write � for �v and d for dv . Thequantity �(x; y) = v(x) + v(y)� v(x+ y) is nonnegative sin
e v is submodular.It measures the de�
it in additivity of the pair (x; y) with respe
t to v.Lemma 4 If v is substitutes, then dv is an ultra-metri
 on X.Proof: Sin
e v is submodular, for any x; y 2 X �(x; y) � 0 and therefored(x; y) 2 R1. If x 6= y, d(x; y) > 0 and therefore d(x; y) = 0 i� x = y. Clearly:d(x; y) = d(y; x). To prove that d is an ultra-metri
, it remains to show thatd(x; y) � max(d(x; z); d(z; y)). Noti
e that, if x; y; z are pairwise distin
td(x; y) > d(x; z), �(x; z) > �(x; y) , (1)v(z)� v(x+ z) > v(y)� v(x + y), v(x j y) > v(x j z)By Claim 1 of [5℄, then, if x 6= z, d(x; y) > d(x; z) implies v(y j x) = v(y j z) andtherefore d(y; x) = d(y; z). The 
ase x = z is easily dealt with.Given an ultra-metri
 d on X one 
an �nd a number l and an equivalen
erelation � on X su
h that, for any a; b 2 X,� if a 6� b, then d(a; b) = l and� if a � b, then d(a; b) < l. 4



The relation � de�nes a partition of X that provides the upper layer of ahierar
hi
al de
omposition of X . Ea
h of the elements of the partition 
an thenbe partitioned further in a similar way, de�ne a hierar
hy as de�ned below inSe
tion 4.We do not know how to relate the ultra-metri
 d onX and the di�erent ultra-metri
s dA on subsets A of X de�ned by the marginal valuations v(� j X �A).4 S-presentationsWe shall now des
ribe a way of presenting substitutes valuations: we presenta valuation as a sum of symmetri
 valuations and therefore su
h presentationsare 
alled S-presentations. S-presentations de�ne S-valuations whi
h form astri
t sub-family of GS. We re
all that a symmetri
 valuation is substitutes i�it is submodular, i.e., 
on
ave. Gul and Sta

hetti [3℄ remarked that additively
on
ave valuations were substitutes. We extend their remark.Intuitively, 
onsider an employment servi
e. The potential employees 
omewith a natural tree-stru
ture, i.e., a hierar
hy. For example the potential em-ployees 
an be 
lassi�ed into: do
tors, nurses and 
leaners. Ea
h of those maybe further 
lassi�ed into: male nurses and female nurses for example, or 
ardi-ologists, on
ologists and pediatri
ians. The value of a given team of employeesfor the �rm may be evaluated as a (submodular) fun
tion of the number of do
-tors, plus a (submodular) fun
tion of the number of nurses, plus a (submodular)fun
tion of the number of 
leaners minus some (supermodular) fun
tion of thetotal size of the team a

ounting for the 
ost of pro
essing them.De�nition 5 A family H of subsets of X is a hierar
hy i�, for any h; h0 2 Hsu
h that h \ h0 6= ;, either h � h0 or h0 � h.We assume that a hierar
hy on X is given and that, for every h 2 H, asymmetri
 submodular valuation on h, vh is given. Note that vh is substitutes.Note that vh(A) depends only on j A \ h j, the 
ardinality of A \ h. The fun
tionA 7! vh(A) is a GS valuation. The following lemma spells out the parti
ularproperty of su
h valuations.Lemma 5 Suppose that vh is a symmetri
 submodular valuation on h. LetA;B � X, x 2 A�B. Then vh(A) + vh(B) > vh(A� x) + vh(B + x) impliesthat x 2 h and j (A�B) \ h j�j (B �A) \ h j.Proof: First, noti
e that if x 62 h, vh(A) = vh(A � x) and vh(B + x) = vh(B).Assuming now that x 2 h,vh(A) + vh(B) > vh(A� x) + vh(B + x)() vh(x j A� x) > vh(x j B)()j (A�x)\h j<j B\h j()j A\h j�j B\h j()j (A�B)\h j�j (B�A)\h j :5



De�nition 6 Any hierar
hy H and symmetri
 submodular valuations vh on hde�ne a valuation v by: v(A) = Xh2H vh(A): (2)A fun
tion v de�ned in su
h a way, for some hierar
hy H and some symmetri
submodular valuations vh, is obviously a valuation and will be said to be anS-valuation.Theorem 1 Any S-valuation is M#-
on
ave.The theorem follows immediately from the following lemma. The same re-sult had been obtained previously by Murota [10℄ (see p. 141, laminar 
onvexfun
tions).Lemma 6 Let a hierar
hy H on a �nite set X, and a symmetri
 submodularvaluation vh on h be given for every h 2 H. Let the valuation v be de�ned byEquation 2 and let A;B � X and x 2 X su
h that x 2 A�B. Then,1. either, for every h 2 H, vh(A) + vh(B) � vh(A� x) + vh(B + x),2. or there exists some y 2 B �A su
h that, for every h 2 H, vh(A) + vh(B) �vh(A� x+ y) + vh(B � y + x).Theorem 1 follows dire
tly from Lemma 6, by Equation 2. The lemma isproved in Appendix 6.In Theorem 1 the assumption thatH is a hierar
hy 
annot be dispensed with:suppose one gets one unit for re
ruiting a minority and one unit for re
ruiting afemale. If the 
andidates are a minority male MM (of 
ost 0:1), a non-minorityfemale F (of 
ost 0:1) and a minority female MF (of 
ost 0:5) one will preferthe team fMM;Fg but if the 
ost of MM in
reases to 0:5 one will prefer thesingleton fMFg, 
ontradi
tion the substitutes property.Not all GS valuations are S-valuations: a 
ounter-example has been foundbut 
annot be presented here for la
k of spa
e. Indeed the 
ounter-exampleshows an H-valuation (see Se
tion 6) that is not an S-valuation.In fa
t the proof of Theorem 1 shows that all S-valuations satisfy two in-teresting properties. The �rst one is a strengthened form of M#-
on
avity: forany A;B � X and any x 2 A�B1. either j A j>j B j and v(A) + v(B) � v(A � x) + v(B + x),2. or there exists some y 2 B � A su
h that v(A) + v(B) � v(A � x+ y) + v(B � y + x).We do not know whether all substitutes valuations satisfy this property.Another property satis�ed by all S-valuations is the following: for anyA;B � X su
h that j A j> j B j, there is some x 2 A�B su
h that v(A) + v(B) �v(A� x) + v(B + x). We do not know whether all substitutes valuations satisfythis property. 6



5 Closure under k-satiationIn [3℄, Gul and Sta

hetti noti
ed that the k-satiations of additively separableor additively 
on
ave valuations were substitutes (GS). We prove the more gen-eral result: the 
lass of substitutes valuations (GS) is 
losed under satiation.A strengthening of the Single Improvement property will be proved �rst and,for this purpose, the M#-
on
avity 
hara
terization of substitutes valuationsobtained by Fujishige and Yang in [2℄ will be used.First, we need a strengthening of the single-improvement property.Lemma 7 Let A;B � 
 be su
h that A�B 6= ; and B �A 6= ;. Let v be anM#-
on
ave valuation. There are items x 2 A�B and y 2 B �A su
h thatv(A) + v(B) � v(A� x+ y) + v(B � y + x).A se
ond lemma is then needed. It says that if a bundle A of k elementsis not one of the preferred bundles amongst bundles of size k, then one maydrop some element of A and add some element not in A to get a bundle stri
tlypreferred to A.Lemma 8 Let v be an M#-
on
ave valuation, ~p a pri
e ve
tor and u~p the as-so
iated net utility fun
tion. Let A � 
 and let k =j A j. Assume there is someB � 
, j B j� k su
h that u~p(B) > u~p(A). Then, either one 
an �nd somex 2 A, y 62 A su
h that u~p(A) < u~p(A� x+ y), or one 
an �nd some x 2 Asu
h that u~p(A) < u~p(A� x).We may then 
on
lude.Theorem 2 If v is an M#-
on
ave valuation, its k-satiation, vk is M#-
on
ave,for any k.Proof: We show that vk satis�es the Single Improvement property. By [2℄, thisimplies that vk is M#-
on
ave. Let ~p be a pri
e ve
tor. Sin
e vk is monotone, itis enough to 
onsider nonnegative pri
es. There is therefore a preferred bundleS for w~p the net utility asso
iated with vk that is of size at most k and we havevk(S) = v(S). Let A be a bundle that is not preferred for w~p. We must showthere exists a bundle stri
tly preferred to A under w~p whose Hausdor� distan
efrom A is at most 2.Let u~p be the net utility asso
iated with v. If the size of A is stri
tly lessthan k, then w~p(A) = u~p(A) and, sin
e w~p(S) � u~p(S), A is not preferred foru~p. By the Single Improvement property for v, there is therefore some bundleB, at distan
e at most 2 from A su
h that u~p(B) > u~p(A). But B has size atmost k and u~p(B) = w~p(B).If the size of A is equal to k, we may apply Lemma 8, to the M#-
on
avevaluation v and we are through.If the size of A is stri
tly larger than k, there exists some stri
t subsetA0 � A of size k su
h that vk(A) = v(A0). If there is some x 2 A�A0 for7



whi
h px > 0, then w~p(A� x) > w~p(A) and we have proved our 
laim. Oth-erwise w~p(A) = w~p(A0). Therefore A0 is not a preferred bundle. We may applyLemma 8 to A0. If there is some x 2 A0 su
h that w~p(A0 � x) > w~p(A0), thenw~p(A� x) � w~p(A0 � x) > w~p(A0) = w~p(A):If there are x 2 A0 and y 62 A0 su
h that w~p(A0 � x+ y) > w~p(A0), then, if y 62 A,we have: w~p(A� x+ y) � w~p(A0 � x+ y) > w~p(A0) = w~p(A);and if y 2 A we havew~p(A� x) � w~p(A0 � x+ y) > w~p(A0) = w~p(A):6 H-presentationsMat
hing algorithms su
h as those des
ribed in [7℄ assume that �rms 
an de-s
ribe their valuations for bundles of potential employees (or 
ontra
ts) and thatthose valuations are substitutes. We shall present here a way �rms may des
ribe
omplex valuations that are guaranteed to be substitutes: H-presentations.Consider a simpli�ed version of the re
ruitment problem fa
ed by a hospital.The problem is to atta
h a numeri
al value to any subset of a pool of potentialemployees (all employees will be 
alled do
tors for simpli�
ation). The hospital
omprises a number of basi
 units, su
h as Pediatri
s, Internal Mede
ine1, In-ternal Mede
ine2, et
 ... Those basi
 units form a hierar
hy, su
h as: Hospital,Building1, Building2, West wing of Building1, East wing of Building2, et
 ...Ea
h of the potential employees has a spe
i�
 utility in ea
h of the basi
 units:Dr. White has value 10 in Pediatri
s, but only value 2 in Obstetri
s. Ea
h ofthe units in the hierar
hy, in
luding the basi
 units and the whole hospital havea limit on the number of do
tors they 
an employ: not more than 132 do
torsin the West wing of Building3. An allo
ation of do
tors to the basi
 units isfeasible if those limits are all satis�ed. The value of an allo
ation of do
tors tothe basi
 units is the sum of the utilities of the individual do
tors in the unitthey are assigned to.The value of any set of do
tors is the value of the best feasible allo
a-tion of those do
tors. Su
h a presentation of a valuation will be 
alled anH-presentation. Noti
e that any des
ription of the type des
ribed above is short,i.e. polynomial in the number of do
tors and basi
 units. The re
ruitment prob-lem, and the valuation fun
tion, may be des
ribed by an Integer Programmingproblem. Let D be the set of do
tors, U the set of basi
 units and H � 2U isa hierar
hy. Given aij the value of do
tor i in unit j, and a maximal size bh forevery h 2 H,Maximize Pi2D;j2U xij aij , under the 
onstraints:1. Pj2hPi2D xij � bh for every h 2 H,8



2. Pj2U xij � 1 for every i 2 D, and3. xij 2 f0; 1g.The �rst 
onstraint expresses that no more than bh do
tors may work in thebasi
 units of wing h and the se
ond 
onstraint expresses that a do
tor maywork in at most one basi
 unit.Lemma 9 The valuation de�ned an H-presentation is substitutes.This follows from the fa
t that, negle
ting the number limitations, any basi
unit de�nes a linear (OS in the language of [5℄) valuation, therefore substitutes.The number limitations on the basi
 units de�ne k-satiations of substitutes(here linear) valuations, therefore substitutes valuations, by Theorem 2. Thejuxtaposition of a number of units de�nes a valuation that is the 
onvolution(OR in the language of [5℄) of the valuations for the spe
i�
 units. By Theorem 5,there, GS is 
losed under OR and this valuation is substitutes. Again, applyingnumber limitations boils down to 
onsidering the k-satiation of a substitutesvaluation and leaves us with a substitutes valuation.An H-presentation de�nes the value of a bundle as the solution of an op-timization problem: �nd the value of the best feasible allo
ation. This opti-mization problem is equivalent to a weighted max-
ow problem: a max-
owproblem in whi
h edges have both a 
apa
ity and a weight and one wants tomaximize the weight of the 
ow, subje
t to the 
apa
ity 
onstraints. Su
h prob-lems have integral optimal solutions and 
an be solved in polynomial time, see,for example [13℄ p. 191.We have been able to �nd some S-valuation that 
an be shown not to be anH-valuation, thus separating the two 
lasses and showing that not all substitutesvaluations are H-valuations.Referen
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h that x 2 A�B. Then,1. either, for every h 2 H, vh(A) + vh(B) � vh(A� x) + vh(B + x),2. or there exists some y 2 B �A su
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h vh(A) + vh(B) >vh(A� x) + vh(B + x). We have:vg(A) + vg(B) > vg(A� x) + vg(B + x) (3)and 8h 2 H, su
h that x 2 h, h � g, we havevh(A) + vh(B) � vh(A� x) + vh(B + x): (4)10



From (3), by Lemma 5, x 2 g andj (A�B) \ g j � j (B �A) \ g j : (5)Sin
e x 2 (A�B) \ g, the set (B �A) \ g is not empty. We shall take the ywhose existen
e we assert from (B �A) \ g, but not all su
h ys are suitable.Our 
hoi
e will be in two phases. First we 
hoose some arbitrary 
andidatey 2 (B �A) \ g and in a further step we may de
ide to modify our 
hoi
e.Noti
e, �rst, that, for any y 2 (B �A) \ g and for any h 2 H, the followingholds.1. If x 62 h and y 62 h, then A� x+ y \ h = A \ h and B � y + x \ h = B \ hand therefore vh(A) + vh(B) = vh(A� x+ y) + vh(B � y + x).2. If x 2 h and y 2 h, then, sin
e x 2 A�B and y 2 B �A, j (A� x+ y) \ h j=j A \ h j and j (B � y + x) \ h j= j B \ h j. Therefore again, vh(A) + vh(B) =vh(A� x+ y) + vh(B � y + x). Note that all his for whi
h hi � g are inthis 
ategory, but that there may be other su
h his, for whi
h hi � g.3. If x 2 h and y 62 h, then, we must have h � g and, by (4), vh(A) + vh(B) �vh(A� x) + vh(B + x). But (A� x+ y) \ h = (A� x) \ h and (B � y + x) \ h =(B + x) \ h and therefore vh(A) + vh(B) � vh(A� x+ y) + vh(B � y + x).All the above holds for any y 2 (B �A) \ g. To be able to deal su

essfullywith those h 2 H for whi
h x 62 h but y 2 h, we shall need to be more spe
i�
with the y 2 (B �A) \ g that we want to 
hoose.For the moment, 
hoose any y 2 (B �A) \ g. The elements of H that 
on-tain y form a 
hain. This 
hain 
ontains g. Let us de�neF = fh 2 H j x 62 h; y 2 hg.The elements of F form a 
hain and they are all stri
t subsets of g. We shalldistinguish two 
ases.Case 1: 8h 2 F ; (B �A) \ h = (B �A) \ g: (6)In other terms, all the 
andidate y's of g are still in every set of F . Thisis the 
entral 
ase. In this 
ase, the y we have 
hosen is suitable, and wedo not need to modify our 
hoi
e. In our study of 
ase 2 we shall showthat, if y does not satisfy Condition 6, one 
an always �nd some y0 thatdoes. Indeed, for any h 2 F , by Condition 6, j (B �A) \ h j= j (B �A) \ g j.By (5), j (B �A) \ g j � j (A�B) \ g j. Sin
e h � g, and x 2 (A�B) \ gbut x 62 h, j (A�B) \ g j> j (A�B) \ h j. We 
on
lude that j (B �A) \ h j>j (A�B) \ h j, therefore j B \ h j> j A \ h j, and j (B � y) \ h j� j A \ h j. Fi-nally, vh(y j B � y) � vh(y j A) and vh(A) + vh(B) � vh(A+ y) + vh(B � y).But, sin
e x 62 h, vh(A+ y) = vh(A� x+ y) and vh(B � y) = vh(B � y + x).We 
on
lude that, as desired, vh(A) + vh(B) � vh(A� x+ y) + vh(B � y + x).Case 2: There is some h 2 F su
h that (B �A) \ h � (B �A) \ g. Sin
e Fis a 
hain, there is a largest element f in F for whi
h this happens. We have:(B �A) \ f � (B �A) \ g (7)11



and 8h 2 F ; if h � f then (B �A) \ h = (B �A) \ g: (8)In this 
ase, we must 
hange our 
hoi
e of y and we shall take any y0 su
h thaty0 2 (B �A) \ g but y0 62 f . But su
h a y0 is an element of (B �A) \ g thatfalls into 
ase 1 and we are done.Lemma 7 Let A;B � 
 be su
h that A�B 6= ; and B �A 6= ;. Let v be anM#-
on
ave valuation. There are items x 2 A�B and y 2 B �A su
h thatv(A) + v(B) � v(A� x+ y) + v(B � y + x).Proof: By assumption, there is some x0 in A � B and therefore, by M#-
on
avity, either there is some y 2 B �A su
h thatv(A) + v(B) � v(A � x0 + y) + v(B � y + x0);and the result is proved, or we havev(A) + v(B) � v(A� x0) + v(B + x0);i.e., v(x0 j A� x0) � v(x0 j B). By assumption, there is some y0 in B � A andtherefore, either there is some x 2 A�B su
h that v(B) + v(A) � v(B � y0 + x) + v(A� x+ y0),and the result is proved, or we havev(B) + v(A) � v(B � y0) + v(A+ y0);i.e., v(y0 j B � y0) � v(y0 j A). But, then, by Lemma 3, we have:v(x0 j A� x0) � v(x0 j B) � v(x0 j B � y0)and v(y0 j B � y0) � v(y0 j A) � v(y0 j A� x0):Therefore v(x0 j A� x0) + v(A � x0) + v(y0 j B � y0) + v(B � y0) �v(x0 j B � y0) + v(A � x0) + v(y0 j A� x0) + v(B � y0)and v(A) + v(B) � v(A� x0 + y0) + v(B � y0 + x0):Lemma 8 Let v be an M#-
on
ave valuation, ~p a pri
e ve
tor and u~p the as-so
iated net utility fun
tion. Let A � 
 and let k =j A j. Assume there is someB � 
, j B j� k su
h that u~p(B) > u~p(A). Then, either one 
an �nd somex 2 A, y 62 A su
h that u~p(A) < u~p(A� x+ y), or one 
an �nd some x 2 Asu
h that u~p(A) < u~p(A� x). 12



Proof: Let S be one of the preferred bundles among all bundles of size at mostk that is 
losest to A for the Hausdor� distan
e d(A;B) = j A�B j + j B �A j.By assumption, u~p(A) < u~p(S) and therefore A 6= S.Let us show that A� S is not empty. If it were, we would have A � S, butwe have j S j� j A j and A 6= S.Assume now, �rst, that S � A is not empty. We may apply Lemma 7. Letx 2 A� S, y 2 S �A be su
h thatv(A) + v(S) � v(A� x+ y) + v(S � y + x):By subtra
ting the pri
es of the items 
on
erned from both sides, we see that:u~p(A) + u~p(S) � u~p(A� x+ y) + u~p(S � y + x):But u~p(S) � u~p(S � y + x), u~p(S) � u~p(A� x+ y) and u~p(A) < u~p(S). We
on
lude that� either u~p(A) < u~p(A� x+ y) and we are through,� or u~p(S � y + x) = u~p(S), but this 
ontradi
ts our assumption that nopreferred bundle of su
h size is 
loser to A than S.Finally, assume that S �A is empty, and S � A sin
e A 6= S. Consider anyx 2 A� S: u~p(S) > u~p(S + x)sin
e j S + x j� k and S + x is 
loser to A than S. Therefore:px > v(x j S) � v(x j A� x)by submodularity and u~p(A� x) > u~p(A).
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