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Abstract. In this paper, we present a novel use of the formal specification lan-
guage Z for the construction of constraint problem models. These Imode
then be refined into constraint programs. Z's expressiveness latabilty is
proven by contrasting Z with three existing abstract constraint languaggs
by, successfully and efficiently, specifying numerous constrainogtichisation
benchmark problems in Z. These specifications have been publishedimiae
library, which also contains three toolkits which support the specificatica of
variety of problem types.

1 Introduction

The formal specification language and publicly availabdedard Z [1] can be usefully
used to integrate constraint modelling in the standardvsoé design cycle [2]. In this
paper, we further show that Z is on a par with, if not more pdwéhan, current ab-
stract constraint languages such as OP1.ESRA and ESSENCE (discussed later).
The main difference that distinguishes our line of rese&imim these languages is the
fact that Z is a truespecificationlanguage, whereas the mentioned languages are de
factoimplementatiodanguages whose abstraction level has been increasedyingar
degrees. The benefits of seperating specification from imgheation in modelling con-
straint problems, discussed in detail in [2], can be sunmsedras follows: (a) a formal
specification can serve as a means of communication withim@ehing community,
(b) it can also interact with computer tools to help prove sadfy that a constraint
problem is, syntactically and semantically, covered by a@ehdc) and finally, it allows
higher-level abstractions of model formulations.

The remainder of this paper is structured as follows. Aftsummary of relevant
features of Z in section 2, we briefly show in section 3 how t®Ziso model constraint
problems. In section 4, we contrast Z with three existingralss constraint languages.
We then discuss how Z specifications can be refined into @insprograms in section
5.

2 A Brief Summary of Z

Z is a typed formal specification language based on firstroiafic and Zermelo-
Fraenkel set theory. Z has been standardised as ISO/IEGasthh3568:2002. In this
section we shall only present the key features of Z, and tefgl] for further de-

tails. The main elements of a Z specification are given setepatic definitions and
schemasGiven setare uninterpreted name references to sets. For example,



[WarehousesSupplier$

introduces the setd/arehouseand Supplierswith a scope global to the specification.
An axiomatic definitioralso has a global scope and consists of a declaration part and
an optional predicate part separated by a horizontal lite. Main use of axiomatic
definitions is for introducing constants and constant maggi For example, to define

a constant mappingquarewe can write:

square: N — N
vn:Nesquardn) =nx*n

Several type constructors, e.g. tuples, Cartesian pradut(finite) power-sets, are
provided by default, as well as common mathematical datastyguch as relations,
functions, sequences and bagsséhemais used in order to design composite data
types. Like axiomatic definitions, schemas consist of aatatibn and a predicate part,
but declared constants and variables are locally-scopsdhéma defines a type which
can be referenced via the name of the schema. The schemadaeidve referred to as
SQPAIR

— SQPAIR
Xy:N

y = squaréx)

Schemas can be combined into new ones usingpleeatorsof the schema calculus
such as logical connectives and quantifiers.

A typein Z is either a given set or a composite typecémposite typés one of:
(a) thepowersetof a type, (b) theCartesian producbf several types, (c) thechema
product typeof several types.

The schema type is expressed{as : Ti; ...; X, : Tn) wherex; is a variable
identifier andT; its type.

3 Z-Based Constraint Modelling

Constraint satisfaction problems (CSPs) are usually defasea triple (X,D,C) of vari-
ables X, domains D and constraints C formulated over X. Imtlagority of constraint
(logic) programming languages, the constraints in C canxpeessed as quantified for-
mulae of first-order logic. This allows a representation arfistraint satisfaction prob-
lems in Z by single schemata where the elements of X and D armioed in the
declaration part and the constraints in C in the predicate pa

__CSP
X1 : D15 <o+ 5% : Dn

... constraints. . .




The specification of constrained optimisation problems®@eS) in Z uses schemas
as types of variables. Let the constraints of a CIOBe expressed by a schel@&P
as before. Then a generic way of specifyifign Z is via the following schema.

__CSOP
objective: CSP— 7
solution: CSP

vV c: CSPe objectivéc) = . ..
objectivesolution) = min(objectivdCSH))

In the above we have supposed minimisation. For maximisagplacemax by
min.

3.1 Example

To illustrate the specification of CSPs and CSOPs, we useubealtiver scheduling
problem pr ob022 of the CSPLib benchmark library [3]).

We are given a set of tasks and a set of shifts, each coveringsesof the tasks
and each with an associated, uniform cost. The shifts nebd fmartitioned such that
each task is covered exactly once and the objective is tomseithe total number of
shifts required to cover the tasks. The sets of interedieaiesandshifts

| tasksshifts: F N
defined here as finite sets of natural numbers. A driver s¢basidefined as follows:

__Driver_Schedule
coverage shifts— [ tasks
allocate: iseq shifts

coverage allocatepartition tasks

The functioncoverages part of the instance data and denotes the possible subsets

of tasks The only decision variable iallocate an injective sequence shifts (shifts
can appear at most once).

The composition ofllocate with coverageyields a sequence of subsetstagks
The built-inpartition operator of Z [1, p. 122] asserts that this sequence of ssiissat
partition of the setasks We continue with th@ptimisation partof the problem.

__Optimisation Part
objective: Driver_Schedule— N
solution: Driver_Schedule

Vds: Driver_Schedule objectivéds) = #(dsallocate)
objectivésolution = min(objectiveDriver_Schedulp)




Theobjectivefunction maps each element of the solutionBaver_Schedulénto
the number of shifts represented as the cardinality ofallecate variable. The last
expression states that the elemealutionof the solution set must have the minimal
value for theobjectivefunction.

3.2 The Online Library

We omit further examples since part of this research workdsraprehensive online
library [4] containing 67 fully specified problem instancéscluding 33 benchmark
problems from CSPLib [3], as well as three comprehensivesttaimt toolkits. Each
problem specification introduces the problem, often disesis concrete implementa-
tion and data examples in addition to literature referenaed presents one or more
fully specified Z models. Every Z specification has been tgipeeked (using the fuzz
type checket and the Z-Eves prove?). The BTEX source code is made available for
further processing.

The toolkits provide common abstractions for constraintleiting, concrete sup-
port for the scheduling domain, and a toolkit for global doaists.

4 Zvs. Other Abstract Languages

In this section we study three abstract constraint langaiagd contrast their available
data types, vocabulary and constraint expressions wittegponding facilities in Z.
This serves to demonstrate that Z is on a par with, if not mokeepful than, current
abstract constraint languages.

4.1 TheF language

The salient feature of th& language [5] is the use abnstrained function variables
Several of the other language features were inspired by @Ptirhization Program-
ming Language) [6]. Basidata typesof F are integer and set of integers. A Cartesian
product operatorx) is provided for the construction of compound types.

Expressionsand formulae inF are built from constants, input and decision vari-
ables. The basic operatorsinhave obvious Z counterparts.

As in OPL,decision variablesre identified using the keywonrdar . Table 1 sum-
marises the elements that are peculiar taAHanguage and relates each of these to Z's
counterpart. In these declaratioRsis a function variable an&/ can be of type integer
or an integer set type.

The parenthesised expressions in the second-last andabtrobw of table 1 refer
to partial surjections and injections respectively. Table 2 showsé#ugienceonstructs
in F and their representation in Z. I, there is a distinction between sequences of
fixed and bounded length. In Z, the sequence length can becexfeia an additional
constraint.

L hitp://spivey.oriel.ox.ac.uk/mike/fuzz/ (accessed 12 Apr 06)
2 http://lwww.ora.on.ca/z-eves/ (accessed 12 Apr 06)



Table 1. Function variables iF and their counterpart in Z

[Concept | F expressiofZ expression
F is a total function F:V—WIF:V—W
F is a partial function F:Vi—mWI|F:V+W
Function application F(i) F(i)

Set of elements that have im-_, ,. e

agej underF i ) FrY
Membership (i,J) €F (i,)) eF

{ieV(3jeW)(,j) € F} [domair(F) |domF
{ie W(3ieV)(i,j) € F} [ranggF) ran F

F is surjective surjectivéF)[F : V— W (F : V -» W)
F is injective injectivg(F) |[F:V>—W(F :V W)
F is bijective bijectiveg(F) [F:V>—>»W

Table 2. Sequences iff and their representation in Z

[Concept | F expressior]|Z declaratiofiZ constraint
fixed-length sequence |S: sedV,k) ||S:seqV #S=k
bounded-length sequen&e bsedV, k)||S: seqV #S<k

length of a sequence |length(S) #S
i-th element ofS S(i) S(i)
range range(S) ran(S)

[permutatiorP over setV [P : perm(V) [[P:iseqV [ran(P) = V]

We omit specific examples of ttf€ language since detailed comparisons of Z &nd
models of the following problems can be found in the onlibedry [4]: graph colouring
problem,pr ob006, pr ob007, pr ob015, pr ob022, pr ob024, pr ob030, andpr 0b034
of CSPLib.

4.2 The ESRA language

ESRA (Executable Symbolism for Relational Algebf&] is a constraint language
which builds upon previous work on extensions for OPL @RJESRA is called a
relational languageas it allows relations and functions to appear as decisicahlas.
The main characteristics of ESRA are that it provides: (aqta dype for (functional)
relations, (b) finite-domain constraints only, (c) no setes, nested sets or multisets,
(d) no negation, recursion or unbounded quantification. dgpam (called anode)
is a sequence of domain, constant, and decision-variallard¢ions, followed by a
constraint section; all without separators. Figure 1 shawsodel forpr ob028 [4].
Domain declarations are marked by the keywdedn and specify named subsets
of the predefined numerical domaiisandZ (callednat andi nt, respectively). A
primitive domaincan be an extensionally or an intensionally specified sed, sat of
names.



dom Varieties Blocks

cst r,k,AeN

var BIBD : Varieties x* Blocks

sol ve

V(vi < Vo € VarietiegcouniA)(i € Blocks| BIBD(vy, i) A BIBD(vz, 1))

Fig. 1. Balanced Incomplete Block Design (BIBD) in ESRA

Intensionally specified sets can be introduced using sepoemension or as integer
ranges using tha...b notation in analogy to ZCompound domaingse one of the
constructors from table 3.

Table 3.Relations in ESRA

[Concept [ESRA expressign
General relatiofA "M x™2 B
Partial function/A /—M2 B
Total function |A —M2 B
Subset variableA M;

The product constructoA M:xM2 B creates aelation over the set#\, B. Each of
the identifiersM;, My denotes either a single integer (cf. table 3) or a set of arteg
The semantics of the product constructor are as followsekery elemena € A, the
number of elementb € B that are related ta must be in (or equivalent tdyl; and
conversely, for everp € B, the number of elements € A that are related tb must
be in (or equivalent toM,. When omittedM;, M, default toN. The next two construc-
tors in table 3 are specialisations of the product construshich denoteunctional
relations whereM, retains its sense. A further special case isshieset variable con-
structorwhich denotes the set of all subsets of a giverdsehose cardinalities appear
as elements dfl;.

Constant declarations can be used for instance data. @tsata declared after the
cst keyword and are related to the corresponding domains ugtimgrec’ for scalars
or ‘" (with the meaning ofC) for sets and relations.

Variable declarations are, as in OPL, identified by the kegwar and follow the
same conventions as the declarations of constants. In@udit projection clause can
be adjoined to the declaration of a relation variable.

Constraint declarations appear as quantified formulaaguke operators and con-
nectives shown in table 4.

Quantified statementre similar to Z's, wher&is a set expression arRlan op-
tional predicate part. The expression ¢@dcorresponds tétSin Z. For cardinality
constraints ESRA provides the syntactic sugeoun{M;)(x € Set| Condition) in
place of the equivalent expressioard({x € Set| Condition}) € M;. Theaggregate
operator X’ iterates over a set expressisi P, summing the values of the expressfon
for the elements of this set.



Table 4.Basic expressions in ESRA

Arithmetic|+, —, *, /, %, abs
Set-basedcardS), °, —, /—
Relational|<, <, =, #, >, >

Logic true, false A, V, =, <, &
QuantifiedvVS| P, 3S|P

Aggregatg Xgp f, count

Expressing ESRA within Z All of the basic ESRA constructs (table 3 and 4) have
immediate counterparts in Z, or can be defined within Z angpereided in one of our
toolkits. For example, we define tiadsolute value functioas follows:

abs == A\z:Zeif z> 0then zelse —z

The aggregate operato’gp f sums up the images undeof each element in the
set specified by the expressisn P. In considering such an operator, it is important to
note that the collective whole of these images fornimagrather than a set (sindeis
not necessarily injective). We have therefore realiseddt@wing modular solution in
our toolkit:

1. a ‘bag mirroring operator||—|| which does the same as relational image, but hon-
ours repeated values by returning a HafS|| which containd (s) foralls€ S
2. abag sum operato¥’ : bagZ — 27

The details are omitted here and can be found in the mainitadlkur online library.
Next is theproduct operator(table 3) to construct binary relations from two given
sets. We first constrailil;, M to be finite sets of natural numbers, using an axiomatic
definition.

‘ Ml,Mgiﬂ:N

The product constructor can be defined in Z usingeaeric schemawhereA, B are
passed as schema parameters. The constructor— _ in the declaration section is
defined to be a finite function whose return type is a relaiorA < B.

:[AvB]
_X—_:(PAXFM; x FMy x PB) - (A<= B)
VR:A«>B ¢ R=AMxM2B &

Va:domR; b:ranR e #({a} <R) e M; A
#(R>{b}) € My

The multiplicity constraintson this relation are declared as cardinality constraints
on the respective domain and range restrictions of thatioeleSince the definitions of
(partial)functionsdo not add any new information, we use short abbreviatiomitieins
in terms of the above schema:



A —M g —— A{l}yM2 B
A 7L>M2 B == A{()..l}XM2 B

Last is the definition of theubset variable constructdor a given sefA.

= A
_ _:(PAXFM;) —PA

VS:PA|S=AM; e #Sc M,

Further demonstration of the mapping of ESRA into Z can badoim our online
library for pr ob010, pr ob013, andpr ob028 [4].

4.3 The ESSENCE language

ESSENCE is an abstract constraint language used to writéfispéions for automated
refinement by the CONJURE system [8]. A number of ESSENCE elesrare avail-
able online®.

An ESSENCE specification is structured in a manner simildinab of ESRA, con-
sisting of six different sections (some optional, multipkctions of the same type al-
lowed) introduced by keywords, which are listed in table 5.

Table 5. Sections of an ESSENCE specification

[Keyword [Section contents [Optional
gi ven parameters, instance data e
wher e restrictions on parameters e
letting constants .
find decision variables

[ m ni | maxi ] m si ng|objective function

such t hat problem constraints

Figure 2 shows the Golomb ruler problgmob006 [4] in ESSENCE.

gi ven n: int

wher e n>0

letting bound be 2"

find Ticks set(size n) of 0..bound

m ni m si ng max(Ticks
such that V{i,j} C Ticks - V{k,1} C Ticks -
{i.i} #{k 1} — [i=j| # k1|

Fig. 2. Golomb ruler problem in ESSENCE

% http://lwww.cs.york.ac.uk/aig/constraints/AutoModel/ (accessed 12D8pr



Elementary data types in ESSENCE have obvious countelipa£tsTable 6 shows
the compound data types of ESSENCE and their representatiiiThese compound
data types have several different modes of representati@n fror instance, our main
toolkit supports bounded sets as well as a variety of magpes, cf. online library.

Table 6. Compound types of ESSENCE and their representation in Z

[ESSENCE |Z declaration Z constraint
S: set(size n) of T S:PT #S=n

S: set(maxsize n) of T S:PT #S<n

M mset(size n) of T M :bag T sizéM) =n
M nset (maxsize n) of T M : bagT sizédM) <n
P. partition of T P:seqT P partition T
F:A—B F:A+B

M matri x[1 ndexed by M:lix - xlhb—

li,...,0] of T T

Problem parameters are introduced bydheen keyword and declare the types of
instance data for the problem. Concrete instance datas/aligenot part of the spec-
ification and are, as in ESRA and OPL, to be provided elsewHdrewher e clause
can provide further assertions and restrictions on thetidpta. The et ti ng section
is similar to thecst section in ESRA where assignment of values to constantsthises
keywordbe. Thefi nd section declares decision variables and hence serves larsimi
purpose to the@ar keyword used in OPLF and ESRA. Expressions are built from the
operators shown in table 7_{" is used for cardinality as well as absolute value and
‘_—" denotes exponentiation.

Table 7.Basic expressions in ESSENCE

Arithmetic|+, —, *, /, ||, =
Set-based|S|, C, C, N, U
Relational| <, <, =, #, >, >

Logic 2, AV, o o) —
QuantifiedVv, 3

Aggregate X, min, max AllDifferent

Expressing ESSENCE within Z The expression of ESSENCE constructs in Z is
straightforward. Representation of compound data typshadsvn in table 6. Absolute
value, exponentiation, integer division, as well as the speratory’ and aralldifferent
macro are part of our toolkit.



Inthe ESSENCE repository, avariant partiti on(size n) of Tisalsoused.
This can be realised in Z with the additional constr&ipt: ran P e #p = n.

The specification of the SONET problem in the online libraoptins a detailed
study of an ESSENCE model in contrast with the correspondingdel.

4.4 Advantages of Z over the compared languages

The comparisons presented in section 4, show that not oy Aallow for very con-
cise and straightforward constructs in the compared lagegiabut that it also allows
for its extension, either on the type side by declaring reiwarfree types, or on the op-
erator side, using generic axiomatic definitions. Z's iemerextensibility through the
use of user-definable toolkits such as those we make awaitabline, and illustrated
in figure 3, gives it an advantage over the compared langu&gesly, one of the main
differences that distinguishes our line of research froes¢hlanguages is the fact that
Z is a truespecificationlanguage, whereas the mentioned languages are ddiguie
mentationanguages whose abstraction level has been increasedyingdegrees.

z
Base Language

i | Mathematical Constraints 3 | !
! Toolkit Toolkit | ! l !
| o F ESRA | | ESSENCE| |
! ! '| Toolkit Toolkit Toolkit !
" | Global Constraints Scheduling o !
| Toolkit Toolkit | | !
:\\ Language Extension : :\\ Language Embedding /‘

Fig. 3. The use of toolkits for extending and embedding the base language

5 Refining Z Specifications

Refinement in general involves finding suitable waysrgflementinghe specified con-
straint problem model. For instance, it may not be necedsargfine a specification
which involves sequences if the target platform supportstained array variables.
The beauty of choosing Z is that these aspects of refinemertieaesolved within Z
itself. All that is necessary is to identify the desired dataes and then refine thab-
stract specificatiorinto a moreconcrete specificatiopupporting the target data types
as illustrated in figure 4.
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\ |

| | .

} Intermediate ‘ Translation Source Imple[nenltation
| | Representation { Code eve

| \

\ Scope of Z /)

o TP = J

Fig. 4. Specification and Refinement in Z

This entails proof obligations that have to be dischargeatiter to show that both
specifications have the same models. In smaller cases thibenabvious, and in larger
cases it can be assisted by proof environments such as Z\Witaghe same technique
we can also generate, in the interestedfundant modellingmultiple concrete refine-
ments of the same specification and decide upon the chammetinstraints. This aspect
shows one of the benefits of using abstract specifications ntiLich to the benefit of
this work that currently the literature on refinement is jfeshting. Hence, in discussing
refinement options, we will provide pointers to the assediditerature.

1. Refining Sets: If the target language supports set vasafd.g. llog Solver, or
Eclipse) then refinement of set-based constructs is imreediherwise, there ex-
ist two common ways of refining set variables, the charastieriunction represen-
tation and the explicit representation [9].

2. Refining Relations: The refinement of relation variabteBwestigated in several
places of the literature, e.g. in [10]. If the target langaiagpportsi-dimensional
arrays of constrained decision variables, table 8 showsptiens for refining a
relationR C S, x- - - x §,: ann-dimensional arrai,, representing the characteristic
functionyr of R, or an 6 — 1)-dimensional arra$M,, ranging over subsets &,.
The particular case dfinary relationsis shown in table 9. The array hames were
chosen with regard to refining functions, which use the sdmreetoptions:

— a l-dimensional arralyd; of set variables indexed b
— a 2-dimensional arralyds representing the characteristic functigg
— a l-dimensional array of set variables indexed 8.
3. Refining Functions: Hnich studied the refinement of vagigpes of functions, and
of sequences as special case, in depth [5]. The refinemeitteshior a function



Table 8.Refinement of am-ary relationR

[Array[Index [Range Condition ]
Ma |S X --- xS [{0,1}Mn[s1]---[s1] = xr(St---,%)

(s1,--.,%) € R & s1 €
Mo [S7 X S PS [sMyfsi]- - [sva]

Table 9. Refinement of a binary relatidRC A x B

[Array| Index|Rang¢Condition |
Fdi| A | PB |[Fdija = (beB] (a,b) € R}
Fd> |A x B|{0, 1}|Fdz[a,b] = xr(a,b)

S| B |PA|SH={acA|(ab)eR}

f : A — B are in principle the same as for binary relations, with tHéowzng
differences:
— Fd; is a conventional array, ranging ov@instead ofP B.

— TheFd, representation requires a constrdint > o Fds[a, b] for eacha €
A

— Sis required to be a partition & (S partition A in Z).
4. Refining Multisets: The type oflsag Sin Z is that of apartial functionfrom Sinto
N;. It can be represented bytatal function k: S — N such thats(x) = 0 if x

does not appear in the bag. Table 10 presents the most conaga@obstructs in Z
[1], wherex is any element o§.

Table 10.Notation for common bag operations

|Z Syntax_ | Semantics [Name |
X1, ..., %] B bag display

Bfx bs(x) occurrence count
XEB bs(x) > 0 bag membership
B.CB (Vx € S) By #x < B x |sub-bag relationship

6 Related Work

The use of publicly available software standards to suppamstraint problem mod-
elling, and of Z in particular, is novel. The only relateefiture reference that could be
found is [11], which uses Z to define the semantics of objeetrted constraint systems
in the configuration domain. Apart from pursuing differebjextives, the main differ-
ence to [11] is that our approach employs Z to specify thelprolas such, independent
of problem domain (configuration) and programming paradjghject orientation).



7 Conclusion

In this paper, we have discussed the successful use of Z dsstma@ and expressive
specification language for CSOPs. We have considered thoeatrabstract constraint
languages and contrasted these with the proposed use oéZcincase it was possible
to easily express the constructs of these languages withimig confirms that using
Z as a basis for specifying constraint problems oftetequate and expressive support
It is interesting to observe that many of the currently faeouabstractions have been
used before. As early as 1978, the ALICE system offered stppooCartesian prod-
uct, set, relation, function, and matrix types, among &li#2]. A strong argument in
favour of Z in this context is that such abstractions are agrtbe elementary language
primitives (a matrix type is provided by our toolkit), anchet constructions can be
assembled from primitives. A wide variety of benchmark CS®Bve been specified
using Z and contrasted with other language specificatiolhsuh Z specifications have
been made available online. Finally, we discussed how Z teazhn be refined into
models which are closer to the implementation languagerdllythis paper presents a
strong argument for the use of Z to specify constraint proisle
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