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tWe give a general framework for developing the least model semanti
s, �xpoint semanti
s,and SLD-resolution 
al
uli for logi
 programs in multimodal logi
s whose frame restri
tions
onsist of the 
onditions of seriality (i.e. 8x 9y Ri(x; y)) and some 
lassi
al �rst-order Hornformulas. Our approa
h is dire
t and no restri
tion on o

urren
es of 2i and 3i is required. Weapply the framework for a large 
lass of basi
 serial multimodal logi
s, whi
h are parameterizedby an arbitrary 
ombination of generalized versions of axioms T , B, 4, 5 (in the form, e.g.,4 : 2i� ! 2j2k�) and I : 2i� ! 2j�. Another part of the work is devoted to programmingin multimodal logi
s intended for reasoning about multi-degree belief, for use in distributedsystems of belief, or for reasoning about epistemi
 states of agents in multi-agent systems.For that we also use the framework, and although these latter logi
s belong to the mentioned
lass of basi
 serial multimodal logi
s, the spe
ial SLD-resolution 
al
uli proposed for themare more e�e
tive. We also apply the obtained results for multimodal dedu
tive databases.We present modal relational algebras and advan
ed 
omputational methods like the magi
-settransformation for multimodal dedu
tive databases.1 Introdu
tionModal and temporal logi
s are used to reason about knowledge, belief, a
tions, 
hanges, et
. Manyauthors have proposed modal and temporal extensions for logi
 programming (see [31, 16℄ forsurveys1). In modal logi
 programming, Balbiani et al [4℄ have given a de
larative semanti
s andan SLD-resolution 
al
ulus for a 
lass of modal logi
 programs in the logi
s KD , T , and S4. Thework requires that the modal operator 2 does not o

ur in bodies of programs and goals. In [7℄,Baldoni et al have given a framework for developing de
larative and operational semanti
s for logi
programs in multimodal logi
s whi
h have axioms of the form [t1℄ : : : [tn℄�! [s1℄ : : : [sm℄�, where [ti℄and [sj ℄ are universal modal operators parameterized by terms ti and sj , respe
tively. In that work,existential modal operators are disallowed in programs and goals. The mentioned works dire
tly usemodal formulas. An alternative approa
h is based on translation of modal logi
 programs to 
lassi
allogi
 programs. Debart et al [14℄ have applied a fun
tional translation te
hnique for logi
 programsin multimodal logi
s whi
h have a �nite number of modal operators 2i and 3i of any type amongKD, KT , KD4, KT4, KF and intera
tion axioms of the form 2i�! 2j�. The te
hnique is similarto the one used in Ohlba
h's resolution 
al
ulus for modal logi
s [30℄. Extra parameters are addedto predi
ate symbols to represent paths in the Kripke model, and spe
ial uni�
ation algorithms areused to deal with them. In [29℄, Nonnengart has proposed an approa
h based on relational andfun
tional translation. The approa
h uses a

essibility relations for translated programs, but withoptimized 
lauses for representing properties of the a

essibility relations, and it does not modifyuni�
ation. Nonnengart [29℄ has applied the approa
h for modal logi
 programs in all of the basi
1The works [29, 7, 28℄ on modal logi
 programming are not 
overed by the surveys.1



serial monomodal logi
s KD , T , KDB , B , KD4, S4, KD5, KD45, and S5. He has also given anexample in a multimodal logi
 of type KD45.In our re
ent work [28℄, we have developed the least model semanti
s, a �xpoint semanti
s, andan SLD-resolution 
al
ulus in a dire
t way for modal logi
 programs in all of the above-mentionedserial monomodal logi
s. We have also extended the SLD-resolution 
al
ulus for the almost serialmonomodal logi
s KB , K5, K45, and KB5. Important properties of our approa
h, in 
omparisonwith [4, 7℄, are that no restri
tion on o

urren
es of 2 and 3 is required and the semanti
s areformulated 
losely to the style of 
lassi
al logi
 programming (as in Lloyd's book [22℄). One ofthe main goals of this work is to extend the results and generalize the methods of our mentionedwork for multimodal logi
s. Note that, in multimodal logi
 programming, the work [7℄ by Baldoniet al 
onsiders only so 
alled in
lusion multimodal logi
s and programs without existential modaloperators; and using the translation approa
h, the work [14℄ by Debart et al does not 
onsidersymmetri
 multimodal logi
s (i.e. the ones with the axiom B or 5).In this work, we give a general framework for developing the least model semanti
s, �xpoint se-manti
s, and SLD-resolution 
al
uli for logi
 programs in multimodal logi
s whose frame restri
tions
onsist of the 
onditions of seriality (i.e. 8x 9y Ri(x; y)) and some 
lassi
al �rst-order Horn formu-las. Our approa
h is dire
t and no restri
tion on o

urren
es of 2i and 3i is required. We apply theframework for a large 
lass of basi
 serial multimodal logi
s, whi
h are parameterized by an arbi-trary 
ombination of generalized versions of axioms T , B, 4, 5 (in the form, e.g., 4 : 2i�! 2j2k�)and I : 2i� ! 2j�. Another part of the work is devoted to programming in multimodal logi
sintended for reasoning about multi-degree belief, for use in distributed systems of belief, or for rea-soning about epistemi
 states of agents in multi-agent systems. For that we also use the framework,and although these latter logi
s belong to the mentioned 
lass of basi
 serial multimodal logi
s, thespe
ial SLD-resolution 
al
uli proposed for them are more e�e
tive. We also apply the obtainedresults for multimodal dedu
tive databases. We present modal relational algebras and advan
ed
omputational methods like the magi
-set transformation for multimodal dedu
tive databases.To illustrate our approa
h of de�ning semanti
s for multimodal logi
 programs, let us 
onsideran example. Let the base logi
 be the multimodal logi
 KD(m), G =  31t(x) be a goal and P theprogram 
onsisting of the following 
lauses:�1 = 31p(a) �2 = 21(22q(x) p(x) )�3 = 21(32r(x)  p(x);22q(x) )�4 = 2122( s(x)  q(x); r(x) )�5 = 21( t(x) 32s(x) )When building a KD(m)-model graph M for P , to realize �1 at the a
tual world � we 
onne
t� to a world w via the a

essibility relation R1 and add p(a) to w. The edge 
onne
ting � to w is
reated due to 31p(a), so we 
an label it by hp(a)i1 (a labeled form of 31). The world w 
an beidenti�ed by � and the edge from � , so it 
an be denoted by the sequen
e �hp(a)i1. If we denote �by the empty sequen
e then w = hp(a)i1. Apart from building M , we want to represent the model
orresponding to M by a set I of atoms. To keep the information that p(a) is true at w, we addthe atom hp(a)i1p(a) to I . To realize �2 at � , 22q(x)  p(x) is added to w, and then 22q(a) isalso added to w. To keep the fa
t that 22q(a) belongs to w, we add hp(a)i122q(a) to I . Notethat I 
ontains both hp(a)i1p(a) and hp(a)i122q(a). Apply the rule �3 to I , then I should 
ontainalso hp(a)i132r(a), whi
h is then repla
ed by hp(a)i1hr(a)i2r(a) due to a similar reason as for �1.Sin
e I 
ontains both hp(a)i122q(a) and hp(a)i1hr(a)i2r(a), after applying �4, I should 
ontainalso hp(a)i1hr(a)i2s(a). Finally, applying �5 to I , we get also hp(a)i1t(a). In general, instead ofbuilding a model graph for P we 
an build su
h a set I of atoms, whi
h is 
alled a model generator.The set IKD(m);P = fhp(a)i1p(a); hp(a)i122q(a); hp(a)i1hr(a)i2r(a); hp(a)i1hr(a)i2s(a); hp(a)i1t(a)gis the least set of ground atoms whi
h 
an be derived from P in KD(m) in this way. This set isobtained as the least �xpoint of a 
ertain operator TKD(m);P and is 
alled the least KD(m)-modelgenerator of P .Given a model generator I , we 
an 
onstru
t the standard KD(m)-model for it by building amodel graph. During the 
onstru
tion, to realize a formula hEii� at a world w, where E is aground 
lassi
al atom, we 
onne
t w via the a

essibility relation Ri to the world identi�ed by the2



sequen
e whEii and add � to that world. We realize a formula 2i� at a world w by adding � toevery world rea
hable from w via Ri. To guarantee the 
onstru
ted model graph to be the smallest,ea
h new world is 
onne
ted via ea
h a

essibility relation to an empty world at the time of its
reation. It 
an be shown that the standard KD(m)-model of IKD(m) ;P is a least KD(m)-model of P .Now let us give an SLD-refutation of P [ fGg in KD(m). By the 
ontent of IKD(m);P , the
omputed answer should be fx=ag. The SLD-refutation should tra
e ba
k the pro
ess of deriving theatom hp(a)i1t(a) of IKD(m);P from P . As a KD(m)-resolvent of G and �5, we derive a new goal G1 = 3132s(x). As a KD(m)-resolvent of G1 and �4, we derive the goal G2 =  3132(q(x) ^ r(x)).This goal is not desired, as it 
ontains a formula but not atoms in its body. To over
ome thisproblem, the (existential) modality 3132 should be �xed �rst, e.g., to be
ome hXi1hY i2, then thegoal G2 
an be rewritten to  hXi1hY i2q(x); hXi1hY i2r(x). The labeling should be done in twosteps as follows: the goal G =  31t(x) is �rst repla
ed by G0 =  hXi1t(x), the next goal in thederivation is G1 = hXi132s(x), whi
h is then repla
ed by G01 = hXi1hY i2s(x), and then G2 = hXi1hY i2q(x); hXi1hY i2r(x) is derived from G01 and �4. We 
an then strengthen G2 to G3 = hXi122q(x); hXi1hY i2r(x). Resolving G3 with �2, we obtain G4 =  hXi1p(x); hXi1hY i2r(x).Now resolve G4 with �1. As explained in the 
onstru
tion of IKD(m) ;P , the atom 31p(a) in the headof �1 
an be treated as hp(a)i1p(a). Thus, resolving G4 with �1 results in G5 =  hp(a)i1hY i2r(a)and an mgu fx=a;X=p(a)g. Further steps are given in the following table. Note that for simpli
itywe have ignored renaming variables.Goals Input Clauses Mgu0sG =  31t(x)G0 =  hXi1t(x)G1 =  hXi132s(x) �5 "G01 =  hXi1hY i2s(x)G2 =  hXi1hY i2q(x); hXi1hY i2r(x) �4 "G3 =  hXi122q(x); hXi1hY i2r(x)G4 =  hXi1p(x); hXi1hY i2r(x) �2 "G5 =  hp(a)i1hY i2r(a) �1 fx=a;X=p(a)gG6 =  hp(a)i1p(a); hp(a)i122q(a) �3 fx6=a; Y=r(a)gG7 =  hp(a)i122q(a) �1 "G8 =  hp(a)i1p(a) �2 fx8=agempty 
lause �1 "This work is organized as follows: In Se
tion 2, we give basi
 de�nitions for multimodal logi
sand introdu
e labeled modal operators together with their semanti
s. In Se
tion 3, we de�ne theMProlog language for multimodal logi
 programming and show that it is as expressive as the generalmodal Horn fragment. In Se
tion 4, we give a framework for multimodal logi
 programming: wede�ne �xpoint semanti
s, the least model semanti
s, and SLD-resolution for MProlog programsin a general level, giving a list of input de�nitions and a list of expe
ted lemmas and theorems.Soundness and 
ompleteness of SLD-resolution are proved using lemmas that 
an be easily 
he
kedfor 
on
rete s
hemata of semanti
s of MProlog. The main theorem remained to be proved is theone stating that the �xpoint semanti
s 
oin
ides with the least model semanti
s. In Se
tion 5, weuse the framework to spe
ify a s
hema for semanti
s of MProlog in the mentioned 
lass of basi
serial multimodal logi
s and prove its 
orre
tness. With the same style, in Se
tion 6 (resp. 7) wegive s
hemata for semanti
s of MProlog in multimodal logi
s intended for reasoning about multi-degree belief (resp. for use in multi-agent systems). In Se
tion 8, we study the 
ase when existentialmodal operators are disallowed in MProlog programs and goals. Se
tion 9 is devoted to multimodaldedu
tive databases: we de�ne the query language MDatalog, prove its PTIME data 
omplexityin some logi
s, and present modal relational algebras and 
omputational methods. Dis
ussion and
on
lusion are given in Se
tion 10.
3



2 Preliminaries2.1 De�nitions for Quanti�ed Multimodal Logi
sA language for quanti�ed multimodal logi
s is an extension of the language of the 
lassi
al predi
atelogi
 with the modal operators 2i and 3i, for 1 � i � m (where m is �xed). If m = 1 then weignore subs
ript i beside 2 and 3. The modal operators 2i and 3i 
an take various meanings.For example, 2i 
an stand for \it is believed with degree i" and 3i for \it is possible at degree i".In this 
ase we have logi
s for reasoning about multi-degree belief. As another example, 2i standsfor \the agent i believes" and 3i for \it is 
onsidered possible by agent i", and we have logi
s formulti-agent systems. Operators 2i are 
alled universal modal operators, while 3i existential modaloperators.De�nition 2.1 A term is de�ned indu
tively as follows: a variable is a term; a 
onstant symbol isa term; if f is an n-ary fun
tion symbol and t1; : : : ; tn are terms, then f(t1; : : : ; tn) is a term.De�nition 2.2 A (well-formed modal) formula is de�ned indu
tively as follows:� If p is an n-ary predi
ate symbol and t1; : : : ; tn are terms, then p(t1; : : : ; tn) is a formula,
alled a 
lassi
al atom.� If � and  are formulas, then so are (:�), (� ^  ), (� _  ), (�!  ), (2i�), and (3i ).� If � is a formula and x is a variable, then (8x:�) and (9x:�) are formulas.We also write � �  for (�!  ) ^ ( ! �).The terminologies \free o

urren
e of variable", \
losed formula", \ground term", \groundformula" are de�ned as usual as for the 
lassi
al predi
ate logi
.The set of all ground terms is 
alled the Herbrand universe and denoted by U . The set of allground 
lassi
al atoms is 
alled the Herbrand base and denoted by B.If � is a formula, then by 8(�) we denote the universal 
losure of �, whi
h is the 
losed formulaobtained by adding a universal quanti�er for every variable having a free o

urren
e in �. Similarly,9(�) denotes the existential 
losure of �, whi
h is obtained by adding an existential quanti�er forevery variable having a free o

urren
e in �.The modal depth of a formula �, denoted by mdepth(�), is the maximal nesting depth of modal-ities o

urring in �. For example, the modal depth of 2i(3jp(x) _ 2kq(y)) is 2.We now de�ne Kripke models, model graphs, and the satisfa
tion relation.De�nition 2.3 A Kripke frame is a tuple hW; �;R1; : : : ; Rmi, whereW is a nonempty set of possibleworlds, � 2W is the a
tual world, and Ri is a binary relation on W , 
alled the a

essibility relationfor the modal operators 2i, 3i. If Ri(w; u) holds then we say that the world u is a

essible fromthe world w via Ri.A frame hW; �;R1; : : : ; Rmi is said to be 
onne
ted if every one of its worlds is dire
tly orindire
tly a

essible from the a
tual world via the a

essibility relations, i.e. for every w 2W thereexist w0 = �; w1; : : : ; wk�1; wk = w with k � 0 su
h that (wi; wi+1) 2 R1[ : : :[Rm for all 0 � i < k.De�nition 2.4 A �xed-domain Kripke model with rigid terms, hereafter simply 
alled a Kripkemodel or just a model, is a tuple M = hD;W; �;R1; : : : ; Rm; �i, where D is a set 
alled the domain,hW; �;R1; : : : ; Rmi is a Kripke frame, and � is an interpretation of 
onstant symbols, fun
tionsymbols and predi
ate symbols. For a 
onstant symbol a, �(a) is an element of D, denoted alsoby aM . For an n-ary fun
tion symbol f , �(f) is a fun
tion from Dn to D, denoted also by fM . Foran n-ary predi
ate symbol p and a world w 2 W , �(w)(p) is an n-ary relation on D, denoted alsoby pM;w.De�nition 2.5 A model graph is a tuple hW; �;R1; : : : ; Rm; Hi, where hW; �;R1; : : : ; Rmi is aKripke frame and H is a fun
tion that maps ea
h world of W to a set of formulas.4



Every model graph hW; �;R1; : : : ; Rm; Hi 
orresponds to a Herbrand model M =hU ;W; �; R1; : : : ; Rm; �i spe
i�ed by: 
M = 
, fM (t1; : : : ; tn) = f(t1; : : : ; tn), and pM;w(t1; : : : ; tn) �(p(t1; : : : ; tn) 2 H(w)), where t1; : : : ; tn are ground terms. We will sometimes treat a model graphas its 
orresponding model.De�nition 2.6 LetM be a Kripke model. A variable assignment (w.r.t. M) is a fun
tion that mapsea
h variable to an element of the domain of M . The value of a term t w.r.t. a variable assignmentV is denoted by V (t) and de�ned as follows: If t is a 
onstant symbol a then V (t) = aM ; if t is avariable x then V (t) = V (x); if t is f(t1; : : : ; tn) then V (t) = fM (V (t1); : : : ; V (tn)).De�nition 2.7 Given some Kripke model M = hD;W; �;R1; : : : ; Rm; �i, some variable assignmentV , and some world w 2 W , the satisfa
tion relationM;V;w � � for a formula � is de�ned as follows:M;V;w � p(t1; : : : ; tn) i� pM;w(V (t1); : : : ; V (tn));M;V;w � :� i� M;V;w 2 �;M;V;w � � ^  i� M;V;w � � and M;V;w �  ;M;V;w � � _  i� M;V;w � � or M;V;w �  ;M;V;w � �!  i� M;V;w 2 � or M;V;w �  ;M;V;w � 2i� i� for all v 2 W su
h that Ri(w; v), M;V; v � �;M;V;w � 3i� i� for some v 2W , Ri(w; v) and M;V; v � �;M;V;w � 8x:� i� for all a 2 D, (M;V 0; w � �),where V 0(x) = a and V 0(y) = V (y) for y 6= x;M;V;w � 9x:� i� there exists a 2 D su
h that M;V 0; w � �,where V 0(x) = a and V 0(y) = V (y) for y 6= x.If M;V;w � � then we say that � is true at w in M w.r.t. V . We write M;w � � to denote thatM;V;w � � for every V . We say that M satis�es �, or � is true in M , and write M � �, if M; � � �.For a set � of formulas, we 
all M a model of � and write M � � if M � � for every � 2 �.A logi
 
an be de�ned by a set of well-formed formulas, a 
lass of admissible interpretations,and a satisfa
tion relation. The 
lass of admissible interpretations for a modal logi
 L is oftenspe
i�ed by restri
tions on Kripke frames admissible for L. We refer to su
h restri
tions by L-framerestri
tions and 
all frames with su
h properties L-frames.De�nition 2.8 We 
all a model M with L-frame an L-model. We say that � is L-satis�able if thereexists an L-model of �, i.e. an L-model satisfying �. A formula � is said to be L-valid and 
alledan L-tautology if � is true in every L-model. For a set � of formulas, we write � �L � and 
all � alogi
al 
onsequen
e of � in L if � is true in every L-model of �.If as the 
lass of admissible interpretations we take the 
lass of all Kripke models (with norestri
tions on the a

essibility relations) then we obtain the quanti�ed multimodal logi
 K(m).This logi
 is axiomatized by the following system:� axioms for the 
lassi
al predi
ate logi
 (without identity)� the K-axioms: 2i(�!  )! (2i�! 2i )� the Bar
an formula axioms: 8x:2i�! 2i8x:�� the axioms de�ning 3i : 3i� � :2i:�� the modus ponens rule: � �!   � the generalization rule: �8x:�� and the modal generalization rules: �2i�Note that the 
onverse Bar
an formula 2i8x:� ! 8x:2i� is a 
onsequen
e of this axiomatizationsystem. Every logi
 whose axiomatization is an extension of the system K(m) is 
alled a normalmultimodal logi
. For further introdu
tion to modal logi
s, we refer the reader to the books [11, 17,9℄. 5



2.2 A Class of Basi
 Serial Multimodal Logi
sIn general, a normal multimodal logi
 
an be 
hara
terized by axioms that are added to the systemsK(m). Let's 
onsider a 
lass, denoted by BSMM , of basi
 serial multimodal logi
s. A BSMMlogi
 is a normal multimodal logi
 parameterized by relations AD=1, AT=1, AI=2, AB=2, A4=3,A5=3 on the set f1; : : : ;mg, where the numbers on the right are arities and AD is required to befull. These relations spe
ify the following axioms:2i�! 3i� if AD(i)2i�! � if AT (i)2i�! 2j� if AI(i; j)�! 2i3j� if AB(i; j)2i�! 2j2k� if A4(i; j; k)3i�! 2j3k� if A5(i; j; k)It 
an be shown that the above axioms 
orrespond to 
ertain properties (listed below) of thea

essibility relations in the sense that by adding some of them to the system K(m) we obtainan axiomatization system whi
h is sound and 
omplete with respe
t to the 
lass of admissibleinterpretations that satisfy the 
orresponding restri
tions on the a

essibility relations.Axiom Corresponding Condition2i�! 3i� 8u 9v Ri(u; v)2i�! � 8u Ri(u; u)2i�! 2j� Rj � Ri�! 2i3j� 8u; v (Ri(u; v)! Rj(v; u))2i�! 2j2k� 8u; v; w (Rj(u; v) ^ Rk(v; w)! Ri(u;w))3i�! 2j3k� 8u; v; w (Ri(u; v) ^ Rj(u;w)! Rk(w; v))For a BSMM logi
 L, we de�ne the set of L-frame restri
tions to be the set of the restri
tions
orresponding to the tuples of the relations AD, AT , AI , AB, A4, A5. Then the axiomatizationsystem L is sound and 
omplete with respe
t to the 
lass of L-models. For a survey on axiomatizationsystems for �rst-order modal logi
s and methods for proving their soundness and 
ompleteness, werefer the reader to Garson's work [18℄.We will sometimes use BSMM to denote an arbitrary logi
 belonging to the BSMM 
lass.2.3 Multimodal Logi
s about BeliefTo re
e
t properties of belief, one 
an extend the system K(m) with some of the following axioms:Name S
hema Meaning(D) 2i�! :2i:� belief is 
onsistent(I) 2i�! 2j� if i > j subs
ript indi
ates degree of belief(4) 2i�! 2i2i� belief satis�es positive introspe
tion(4s) 2i�! 2j2i� belief satis�es strong positive introspe
tion(5) :2i�! 2i:2i� belief satis�es negative introspe
tion(5s) :2i�! 2j:2i� belief satis�es strong negative introspe
tionThe following logi
 systems are intended for reasoning about multi-degree belief:KDI4s = K(m) + (D) + (I) + (4s)KDI4 = K(m) + (D) + (I) + (4)KDI4s5 = K(m) + (D) + (I) + (4s) + (5)KDI45 = K(m) + (D) + (I) + (4) + (5)The axiom (I) gives 2i� the meaning \� is believed with degree i". It 
an be written as 3j�! 3i�if i > j. If we read 3i� as \it is possible at degree i that �", then the higher is degree, the weakeris possibility. A solution for this problem is reading 3i� as \it is possible weakly at degree i that6



�". The axioms (5) are 
ontroversial as they are quite strong. For this reason, we study also KDI4and KDI4s. Note that the axiom (5s) is true in KDI4s5.For multi-agent systems, subs
ripts beside 2 and 3 stand for agents. For distributed systemsof belief we 
an use the logi
 systemKD4s5s = K(m) + (D) + (4s) + (5s)In this system, agents have full a

ess to belief bases of ea
h other. They are members of a unitedsystem and viewed as \friends". In another kind of multi-agent systems, agents are \opponents"and they play against ea
h other. Ea
h agent tries to simulate epistemi
 states of others. Toprogram for an agent one may need to use modal operators of other agents. One of suitable logi
sfor this problem is: KD45(m) = K(m) + (D) + (4) + (5)To 
apture 
ommon belief of a group of agents, one 
an extend the logi
 KD45(m) with modaloperators for groups of agents and some additional axioms. Suppose that there are n agents andm = 2n � 1. Let g be an one-to-one fun
tion that maps every natural number less than or equalto m to a nonempty subset of f1; : : : ; ng. Suppose that an index 1 � i � m stands for the groupof agents whose indexes form the set g(i). We 
an adopt the axioms (D), (4), and additionally(Ig) : 2i�! 2j� if g(i) � g(j) (i.e. i indi
ates a group that 
ontains the group identi�ed by j), and(5a) : :2i� ! 2i:2i� if g(i) is singleton (i.e. i stands for an agent). Thus, for reasoning aboutbelief and 
ommon belief, we 
an use the following system:KD4Ig5a = K(m) + (D) + (4) + (Ig) + (5a)Note that all of the logi
s mentioned in this subse
tion belong to the BSMM 
lass. As spe
i�

ases of the BSMM 
lass, their axioms 
orrespond to the following properties of the a

essibilityrelations: Axiom Corresponding Condition(D) 8u 9v Ri(u; v)(I) Rj � Ri if i > j(Ig) Rj � Ri if g(i) � g(j)(4) 8u; v; w (Ri(u; v) ^ Ri(v; w) ! Ri(u;w))(4s) 8u; v; w (Rj(u; v) ^ Ri(v; w)! Ri(u;w))(5) 8u; v; w (Ri(u; v) ^ Ri(u;w)! Ri(w; v))(5s) 8u; v; w (Rj(u; v) ^ Ri(u;w)! Ri(v; w))(5a) as for (5) if g(i) is singleton2.4 Ordering Kripke ModelsA formula is in the negative normal form if it does not 
ontain the 
onne
tive !, and ea
h of itsnegations o

urs immediately before a 
lassi
al atom. Every formula 
an be transformed to theequivalent negative normal form in the usual way.De�nition 2.9 A formula is 
alled positive if its negative normal form does not 
ontain negation.A formula is 
alled negative if its negation is a positive formula.De�nition 2.10 A model M is said to be less than or equal to N , write M � N , if for any positiveground formula �, if M satis�es � then N also satis�es �.The relation � in the above de�nition is a pre-order2.De�nition 2.11 Let M = hD;W; �;R1; : : : ; Rm; �i and N = hD0;W 0; � 0; R01; : : : ; R0m; �0i be Kripkemodels. We say that M is less than or equal to N w.r.t. a binary relation r �W �W 0, and writeM �r N , if the following 
onditions hold:2i.e. a re
exive and transitive binary relation 7



1. r(�; � 0).2. 8x; x0; y Ri(x; y) ^ r(x; x0)! 9y0 R0i(x0; y0) ^ r(y; y0), for all 1 � i � m.3. 8x; x0; y0 R0i(x0; y0) ^ r(x; x0)! 9y Ri(x; y) ^ r(y; y0), for all 1 � i � m.4. For any x 2W , x0 2 W 0 su
h that r(x; x0), and for any ground 
lassi
al atom E, if M;x � Ethen N; x0 � E.In the above de�nition, the �rst three 
onditions state that r is a bisimulation of the frames ofM and N . Intuitively, r(x; x0) states that the world x is less than or equal to x0.Lemma 2.1 If M �r N then M � N .This lemma 
an be proved by indu
tion on the length of � that, if � is a ground formula andM;w � � then N;w � �.2.5 Notations, Labeled Modal Operators, and Uni�
ationThroughout this work, we will use the following notations:� > { the truth symbol, with the usual3 semanti
s;� D, E, F { 
lassi
al atoms or >;� X , Y { variables for 
lassi
al atoms or >, 
alled atom variables;� hEii { 3i labeled by E;� hXii { 3i labeled by X ;� r { 2i, 3i, hEii, or hXii, 
alled a modal operator;� 4 { a sequen
e of modal operators, whi
h 
an be empty and is 
alled a modality;� A, B { formulas of the form E or rE, 
alled simple atoms;� �, � { formulas of the form 4E, 
alled atoms;� �,  { labeled formulas (i.e. formulas that may 
ontain hEii and hXii), whi
h will be simply
alled formulas.A ground formula is rede�ned to be a formula with no variables and no atom variables. A 
losedformula is rede�ned to be a formula with no atom variables and no free o

urren
es of variables.A modal operator is said to be ground if it is 2i, 3i, or hEii with E being > or a ground 
lassi
alatom. A ground modality is a modality that 
ontains only ground modal operators. A labeled modaloperator is a modal operator of the form hEii or hXii. A modality is said to be universal if it
ontains only universal modal operators.Re
all that a simple subs
ript like i beside 2, 3, hEi, or hXi indi
ates the kind (i.e. degree/agentnumber) of the modal operator. We use su
h subs
ripts beside r for the same aim. To distinguisha number of modal operators we use supers
ripts of the form (i), e.g. 2(1), 2(2), r(i), r(i0).Denote EdgeLabels = fhEii j E 2 B [ f>g and 1 � i � mg. The semanti
s of hEii for Ebeing > or a ground 
lassi
al atom is spe
i�ed by the following de�nition.De�nition 2.12 Let M = hD;W; �;R1; : : : ; Rm; �i be a Kripke model. A 3-realization fun
tionon M is a partial fun
tion � : W � EdgeLabels ! W su
h that if �(w; hEii) = u, then Ri(w; u)holds and M;u � E. Given a 3-realization fun
tion �, a world w 2 W , and a ground formula �,the satisfa
tion relation M;�;w � � is de�ned in the usual way, ex
ept that M;�;w � hEii i��(w; hEii) is de�ned and M;�; �(w; hEii) �  . We write M;� � � to denote that M;�; � � �. Fora set I of ground atoms, we write M;� � I to denote that M;� � � for all � 2 I ; we write M � Iand 
all M a model of I if M;� � I for some �.3i.e. it is always true that M;V;w � > 8



De�nition 2.13 Let � and �0 be 3-realization fun
tions on a model M . We say that � is anextension of �0 if whenever �0(w; hEii) is de�ned then �(w; hEii) = �0(w; hEii).De�nition 2.14 A 3-realization fun
tion � on M is said to be maximal if �(w; hEii) is de�nedwhenever M;w � 3iE.We now give de�nitions for substitution and uni�
ation.De�nition 2.15 A substitution � is a (�nite or in�nite) set of the form fx1=t1; x2=t2; : : : ;X1=E1; X2=E2; : : : ; Y1=Z1; Y2=Z2; : : :g, where x1; x2; : : : are distin
t variables, t1; t2; : : : are terms,X1; X2; : : : ; Y1; Y2; : : : are distin
t atom variables, and for any element v=s of the set, s is dis-tin
t from v. The set fx1; x2; : : :, X1; X2; : : : ; Y1; Y2; : : :g is 
alled the domain of � and denotedby Dom(�). � is 
alled a ground substitution if the set fY1; Y2; : : :g is empty, t1; t2; : : : are groundterms, and E1; E2; : : : are ground 
lassi
al atoms. The substitution given by the empty set is 
alledthe identity substitution and denoted by ".An expression is either a term or a formula. Let � = fv1=s1; v2=s2; : : :g be a substitution and �an expression. Then ��, the instan
e of � by �, is the expression obtained from � by simultaneouslyrepla
ing ea
h o

urren
e of vi in � by si. For example, if � = p(x; y; a) and � = fx=y; y=f(x; b)g,then �� = p(y; f(x; b); a). If S is a set of expressions, then by S� we denote the set f�� j � 2 Sg.Let � and 
 be substitutions. Let Æ = fv=(s
) j v=s 2 �g [ fv=s j v=s 2 
 and v =2 Dom(�)g.Then the 
omposition �
 is the substitution obtained from Æ by deleting every element v=s withs = v. Here are some properties of substitutions: if �; 
; Æ are substitutions and � is an expression,then �" = "� = �, (��)
 = �(�
), and (�
)Æ = �(
Æ).De�nition 2.16 Let � and 	 be expressions. We say that � is a variant of 	 if there existsubstitutions � and 
 su
h that � = 	� and 	 = �
.De�nition 2.17 Let S be a �nite set of expressions. A substitution � is 
alled a uni�er for S ifS� is singleton. A uni�er � for S is 
alled a most general uni�er (mgu) for S if, for ea
h uni�er 
of S, there exists a substitution Æ su
h that 
 = �Æ. If there exists a uni�er for S then S is said tobe uni�able.The well-known uni�
ation theorem says that if S is a �nite uni�able set of expressions, thenthere exists an mgu for S, whi
h 
an be e�e
tively 
omputed (see, e.g., [22℄).Atom variables in modal operators of the form hXii are mainly interpreted by substitutions.When a formula � is taken to be semanti
ally 
onsidered, all modal operators hXii in � are treatedas4 h>ii, whi
h is formalized by the following de�nition.De�nition 2.18 Given a Kripke model M , a 3-realization fun
tion �, and a labeled formula �without quanti�ers, we write M;� � 8
(�) to denote that for any substitution � whi
h substitutesevery variable by a ground term and does not substitute atom variables, M;� � � � Æ>, whereÆ> = fX=> j X is an atom variableg. By M � 8
(�) we denote M;� � 8
(�) for some �. For aformula set � and a formula � (maybe in the form 8
( )), we write � �L � to denote that for anyL-model M , if M � � then M � �.The quanti�er 8
 is introdu
ed be
ause 3-realization fun
tions are de�ned using Herbrand baseand we do not want to restri
t only to Herbrand models. Suppose that there are enough 
onstantsymbols, for example, in�nitely many. Then, be
ause a BSMM logi
 L has a 
omplete axiomati-zation, for � being a �nite formula set and � a formula { both without labeled modal operators,� �L 8(�) i� � �L 8
(�).4Atom variables appear only in goal bodies (see De�nition 3.4). In the negation of a goal (i.e. a query) they areexistentially quanti�ed. Hen
e it is suÆ
ient to 
hoose some 
on
rete values for them. Furthermore, as we will see,the modal operator h>ii plays the role of 2i; and if X remains at the end as an unsubstituted atom variable thenhXii intuitively also plays the role of 2i. 9



3 Positive Multimodal Logi
 ProgramsIn [28℄ we presented a logi
 programming language 
alled MProlog for monomodal logi
s. In thisse
tion, we extend this language for multimodal logi
s, using the same name for the new one. Thede�ned language is as expressive as the general Horn fragment in the 
onsidered multimodal logi
s.For L being one of the multimodal logi
s about belief, we adopt some restri
tions on MPrologto obtain L-MProlog. The restri
tions do not redu
e the expressiveness of the language and area

eptable from the pra
ti
al point of view. This se
tion is free from labeled modal operators,hereby we assume that formulas in this se
tion do not 
ontain labeled modal operators.In the 
lausal notation, we write 4(�  1; : : : ;  n) to denote the formula 8(4(�_: 1 _ : : :_: n)), where �,  1, . . . ,  n are positive formulas not 
ontaining quanti�ers.De�nition 3.1 A program 
lause is a formula of the form4(A B1; : : : ; Bn)where 4 is a (possibly empty) sequen
e of universal modal operators, n � 0, and A, B1, . . . , Bnare formulas of the form E, 2iE, or 3iE with E being a 
lassi
al atom. 4 is 
alled the modal
ontext, A the head, and B1; : : : ; Bn the body of the program 
lause.De�nition 3.2 The 
lause with empty head and empty body is 
alled the empty 
lause and denotedby �.De�nition 3.3 An MProlog program is a �nite set of program 
lauses.De�nition 3.4 An MProlog goal atom is a formula of the form 4E or 43iE, where 4 is a(possibly empty) sequen
e of universal modal operators. An MProlog query is a formula of the form9(�1 ^ : : :^ �k), where �1, . . . , �k are MProlog goal atoms. An MProlog goal is the negation of anMProlog query, written in the form  �1; : : : ; �k.If P is an MProlog program, Q = 9(�1 ^ : : :^�k) is an MProlog query and G = �1; : : : ; �k isthe 
orresponding goal, then P �L Q i� P [fGg is L-unsatis�able. For the proof of this statement,just note that G = 8(:(�1 ^ : : : ^ �k)).When the base logi
 is intended for reasoning about multi-degree belief, it has little sense towrite a program 
lause in the form 2i2j� or a goal in the form  2i2j� or  2i3j�. Besides,in the logi
s KDI4s5 and KD4s5s we have the tautology r(1)r(2)� � r(2)�. For these reasons,we introdu
e some restri
tions for MProlog programs and goals in these logi
s.De�nition 3.5 For L 2 fKDI4s;KDI4;KDI4s5;KDI45;KD4s5sg, an MProlog program is
alled an L-MProlog program if its program 
lauses have modal 
ontext with length bounded by 1,an MProlog goal is 
alled an L-MProlog goal if its goal atoms are in the form 4E with j4j � 1.In the logi
 KD45(m), we have the tautologies 2i2i� � 2i� and 2i3i� � 3i�. In KD4Ig5a,these two equivalen
es hold for the 
ase when g(i) is singleton. So, we introdu
e some restri
tionsfor MProlog programs and goals in KD45(m) and KD4Ig5a.De�nition 3.6 An MProlog program is 
alled a KD45(m)-MProlog program if the modal 
ontextsof its program 
lauses do not 
ontain subsequen
es of the form 2i2i. An MProlog goal is 
alleda KD45(m)-MProlog goal if ea
h of its goal atoms 4E satis�es the 
ondition that 4 does not
ontain subsequen
es of the form 2i2i or 2i3i. KD4Ig5a-MProlog programs and goals are de�nedsimilarly with the 
ondition that g(i) is singleton.For L not mentioned in the two above de�nitions, no restri
tions on the form of L-MPrologprograms and goals are adopted.De�nition 3.7 An (L-)MProlog-2 program (resp. goal) is an (L-)MProlog program (resp. goal)that does not 
ontain existential modal operators 3i.10



An extension of MProlog, 
alled eMProlog, is de�ned in the same way as in [28℄ and stands forthe general Horn fragment.De�nition 3.8 A formula � without quanti�ers is 
alled a non-negative modal Horn formula (with-out quanti�ers) if one of the following 
onditions holds:� � is a 
lassi
al atom;� � =   �, where  is a non-negative modal Horn formula and � is a positive formula (in thenegative normal form);� � = 2i , or � = 3i , or � =  ^ �, where  and � are non-negative modal Horn formulas.De�nition 3.9 An eMProlog program is a �nite set of formulas of the form 8(�), where � is anon-negative modal Horn formula without quanti�ers. An eMProlog query is a formula of the form9(�), where � is a positive formula without quanti�ers. An eMProlog goal is the negation of aneMProlog query.We de�ne below answers and 
orre
t answers.De�nition 3.10 Let P be an MProlog (resp. eMProlog) program and G an MProlog (resp. eM-Prolog) goal. An answer � for P [ fGg is a substitution for variables of G (i.e. if x1; : : : ; xn areall variables of G, then � = fxi1=t1; : : : ; xik=tkg for some 1 � i1 < : : : < ik � n and some termst1; : : : ; tk).De�nition 3.11 Let L be a multimodal logi
, P an MProlog (resp. eMProlog) program, Q = 9(�)an MProlog (resp. eMProlog) query and G the 
orresponding goal (i.e. G = :Q). Let � be ananswer for P [ fGg. We say that � is a 
orre
t answer in L for P [ fGg if P �L 8(� �).The following proposition states that MProlog and L-MProlog, where L is one of the 
onsideredmultimodal logi
s, have the same expressiveness as eMProlog.Proposition 3.1 Let L be a BSMM logi
. For any eMProlog program P and any eMProlog goalG, there exist an MProlog program P 0 and an MProlog goal G0 su
h that:� Every 
orre
t answer in L for P [ fGg is a 
orre
t answer in L for P 0 [ fG0g and vi
e versa.� If L 2 fKDI4s;KDI4;KDI4s5;KDI45;KD4s5s;KD45(m);KD4Ig5ag, then P 0 is an L-MProlog program and G0 is an L-MProlog goal.� P 0 and G0 
an be obtained from P and G in polynomial time.See Appendix A for the proof of this proposition.4 A Framework for Multimodal Logi
 ProgrammingAs standard semanti
s for 
lassi
al de�nite logi
 programs there are the least model semanti
s,the �xpoint semanti
s and the SLD-resolution 
al
ulus (a pro
edural semanti
s). See Minker'swork [24℄ for a survey and the works by Lloyd [22℄ and Apt [3℄ for foundations of 
lassi
al logi
programming. In this se
tion, we give a general framework for developing su
h mentioned semanti
sfor L-MProlog programs. The base logi
 L is required so that the set of L-frame restri
tions 
onsistsof 8x 9y Ri(x; y) (seriality), for 1 � i � m, and some 
lassi
al �rst-order Horn 
lauses. We provethe main results using 
ertain lemmas and theorems, whi
h are really dependent on L and left as\to be proved". For a spe
i�
 logi
 L, lemmas and theorems with that remark need to be provedto guarantee 
orre
tness of the main theorems w.r.t. that logi
.
11



4.1 Model GeneratorsIn 
lassi
al logi
 programming, the dire
t 
onsequen
es operator TP a
ts on sets of ground atoms.It 
omputes \dire
t" 
onsequen
es of the input set using the program 
lauses of P . The operatoris monotoni
 and 
ontinuous and has the least �xpoint, whi
h is a set of atoms and forms the leastmodel of P . In modal logi
 programming, to obtain a similar result we �rst have to de
ide whatis the domain of the dire
t 
onsequen
es operator TL;P . Naturally, we still want it to be the 
lassof sets of atoms. But what is an atom in this 
ase? When applying TL;P , if we obtain some atomof the form 43iE, then to simplify the task we want to label the modal operator 3i. Labelingallows us to address the 
hosen world(s) in whi
h this parti
ular E must hold. A natural way is tolabel 3i by E to obtain hEii. Thus, an output/input of TL;P 
onsists of atoms of the form 4E,where 4 is a sequen
e of modal operators of the form 2i or hF ii, with E, F being ground 
lassi
alatoms. For the reason that the least �xpoint of TL;P should represent a least L-model of P , we 
allinputs/outputs of TL;P model generators.De�nition 4.1 A model generator is a set of ground atoms not 
ontaining 3i, h>ii, >.Be
ause an atom in L may be redu
ible to some more 
ompa
t form, for ea
h spe
i�
 L we willde�ne the L-normal form of modalities. It is possible that there are no restri
tions on the L-normalform of modalities.De�nition 4.2 A modality is in the L-normal labeled form if it is in the L-normal form and doesnot 
ontain modal operators of the form 3i or h>ii. An atom is in the L-normal (labeled) form ifit is of the form 4E with 4 in the L-normal (labeled) form. An atom is in the almost L-normallabeled form if it is of the form 4A with 4 in the L-normal labeled form.Example 4.1 De�ne that a modality is in the KDI4s5-normal form if its length is 0 or 1. Thenthe modalities 2i and hEii are in the KDI4s5-normal labeled form, while 2i2j , 3i and h>ii arenot. Atoms E, 2iE and hEiiF are in the KDI4s5-normal labeled form, while 2i2jE, 3iE andh>iiE are not. Atoms E, 2iE, 3iE, 2i2jE, 2i3jE and hF iiE are in the almost KDI4s5-normallabeled form, while 3i2jE and 2i2j2kE are not.De�nition 4.3 An L-normal model generator is a set of ground atoms in the L-normal labeledform.An L-normal model generator I is expe
ted to represent an L-model. This spe
i�
 model is
alled the standard L-model of I . It should 
ontain only (positive) information that 
ome from I .This means that the standard L-model of I should be a least L-model of I .Given an L-normal model generator I , we 
an 
onstru
t a least L-model for it by building anL-model graph realizing I (
f. [26℄). Formulas of the form 2i� are realized in the usual way; aformula of the form hEii� is realized at a world w by 
onne
ting w to a world identi�ed by whEiivia Ri and adding � to that world. To guarantee the 
onstru
ted model graph to be the smallest,ea
h new world is 
onne
ted via ea
h Ri to an empty world at the time of its 
reation. Sometimes,the a

essibility relations are extended to satisfy all of the L-frame restri
tions. We want, however,to give a more de
larative de�nition of the standard L-model of an L-normal model generator I .The part spe
i�
 to L is extra
ted into ExtL and SerialL, where ExtL(I) is an L-normal modelgenerator that is a superset of I , and SerialL is a set of atoms of the form 4h>ii> with 4 beinga universal modality. The standard L-model of I is then de�ned using ExtL(I) and SerialL ina uni�ed way, independently of L. The set SerialL is intended to guarantee that, for every worldw and 1 � i � m, w will be 
onne
ted to a world whi
h is \less than or equal to" every worlda

essible from w via Ri.De�nition 4.4 De�ne SerialL = f4h>ii> j 1 � i � m and 4 is a universal modality su
h that4h>ii is in the L-normal formg.A forward rule is a s
hema of the form � ! �, while a ba
kward rule is a s
hema of theform �  �. A rule 
an be a

ompanied with some 
onditions spe
ifying when the rule 
an be12



applied. We use forward rules to spe
ify the operators ExtL and SatL (needed for de�ning �xpointsemanti
s) and use ba
kward rules as meta-
lauses when dealing with SLD-resolution 
al
uli. Inpra
ti
e, 
onditions for applying a ba
kward rule 
an be atta
hed to the body of the rule, and ingeneral, a ba
kward rule 
an be of the form (�  �; �;  ) with � and  being 
onjun
tions of
lassi
al atoms. In this work, we just take the de�nition that a ba
kward rule is of the form � �.De�nition 4.5 The operator ExtL is spe
i�ed by a �nite set of forward rules. Given an L-normalmodel generator I , ExtL(I) is the least extension of I that 
ontains all ground atoms in the L-normallabeled form that are derivable from some atom of I using the rules spe
ifying ExtL.Note that ExtL(I) is an L-normal model generator if so is I .De�nition 4.6 Let I be an L-normal model generator. The standard L-model of I is de�nedas follows. Let W 0 = EdgeLabels� (i.e. the set of �nite sequen
es of elements of fhEii j E 2B [ f>g and 1 � i � mg), � = �, H(�) = ExtL(I) [ SerialL. Let R0i � W 0 �W 0 and H(u), foru 2W 0, u 6= � , be the least sets su
h that:� if hEii� 2 H(w), then R0i(w;whEii) and fE;�g � H(whEii);� if 2i� 2 H(w) and R0i(w;whEii), then � 2 H(whEii).Let Ri, for 1 � i � m, be the least5 extension of R0i su
h that fRi j 1 � i � mg satis�es all therestri
tions of L-frames, not 
ounting seriality (whi
h is 
ared by SerialL). Let W be W 0 withoutworlds not rea
hable dire
tly nor indire
tly from � via the a

essibility relations Ri. We 
all themodel graph hW; �;R1; : : : ; Rm; Hi the standard L-model graph of I , and its 
orresponding modelM the standard L-model of I . fR0i j 1 � i � mg is 
alled the skeleton of M . By the standard3-realization fun
tion on M we 
all the 3-realization fun
tion � de�ned as follows: if R0i(w;whEii)then �(w; hEii) = whEii, else �(w; hEii) is unde�ned.De�nition 4.7 If a modality 4 is obtainable from 40 by repla
ing some (possibly zero) ri by 2ithen we 
all 4 a 2-lifting form of 40. If 4 is a 2-lifting form of 40 then we 
all an atom 4� a 2-lifting form of40�. For example, 2122hp(a)i122q(b) is a2-lifting form of hXi1hp(
)i2hp(a)i132q(b).The following lemma will be used to prove, among others, Lemma 4.2.Lemma 4.1 Let I be an L-normal model generator and M = hW; �;R1; : : : ; Rm; Hi the standardL-model graph of I. Let w = hE1ii1 : : : hEkiik be a world of M and 4 = w be a modality. Then for� not 
ontaining >, � 2 H(w) i� there exists a 2-lifting form 40 of 4 su
h that 40� 2 ExtL(I).This lemma 
an be proved by indu
tion on the length of w in a straightforward way.The following lemma states that De�nition 4.6 is admissible (i.e. the standard L-model of I isreally an L-model of I).Lemma 4.2 (to be proved) Let I be an L-normal model generator, M the standard L-model ofI, and � the standard 3-realization fun
tion on M . Then M is an L-model and M;� � I.Theorem 4.3 (to be proved) The standard L-model of an L-normal model generator I is a leastL-model of I.4.2 Fixpoint Semanti
sWe now return to the dire
t 
onsequen
es operator TL;P . Given an L-normal model generator I ,how 
an TL;P (I) be de�ned? Basing on the axioms of L, I is �rst extended to the L-saturation of I ,denoted by SatL(I), whi
h is a set of atoms. Next, L-instan
es of program 
lauses of P are appliedto the atoms of SatL(I). This is done by the operator T0L;P . The set T0L;P (SatL(I)) is a model5the least extension exists due to the assumption that all L-frame restri
tions not 
on
erning seriality are 
lassi
al�rst-order Horn formulas 13



generator but not ne
essary in the L-normal form. Finally, the normalization operator NFL 
onvertsT0L;P (SatL(I)) to an L-normal model generator. TL;P (I) is de�ned as NFL(T0L;P (SatL(I))).We will de�ne a pre-order �L between modal operators for ea
h spe
i�
 logi
 L to de
idewhether a given modality is an L-instan
e of another one. We require that 3i �L hEii �L 2i,3i �L hXii �L 2i, and if r �L hEii and r 6= hEii then r �L hXii. As examples, we have thefollowing de�nition.De�nition 4.8 For L being one of the 
onsidered multimodal logi
s, de�ne �L to be the leastre
exive and transitive relation between modal operators su
h that:� 3i �L hEii �L 2i and 3i �L hXii �L 2i,� 2i �L 2j and 3j �L 3i if L 2 fKDI4s;KDI4;KDI4s5;KDI45g and i � j,� 2i �L 2j and 3j �L 3i if L = KD4Ig5a and g(i) � g(j).De�nition 4.9 An atom r(1) : : :r(n)� is 
alled an L-instan
e of an atom r(10) : : :r(n0)�0 if thereexists a substitution � su
h that � = �0� and, for 1 � i � n, r(i) �L r(i0)� (treating r(i0) as anexpression). A modality 4 is 
alled an L-instan
e of 40, and we also say that 40 is equal to ormore general in L than 4 (hereby we de�ne a pre-order between modalities), if 4E is an L-instan
eof 40E for some ground 
lassi
al atom E.The following lemma 
learly holds for �L de�ned as in De�nition 4.8.Lemma 4.4 (to be proved) If a modality 4 is an L-instan
e of a universal modality 40 then40� �L 2i1 : : :2ih�, where 2i1 : : :2ih is a 2-lifting form of 4 and � is a 
lassi
al formula.De�nition 4.10 Let 4 be a universal modality in the L-normal form and 40 a modal 
ontextof an L-MProlog program 
lause. We say that 4 is an L-
ontext instan
e of 40 if 40� ! 4� isL-valid.Observe that if the de
ision problem in the propositional version of L is de
idable then theproblem of 
he
king L-
ontext instan
es is also de
idable. For all of the multimodal logi
s aboutbelief 
onsidered in this work, these two problems are de
idable and the latter is mu
h simpler6.De�nition 4.11 Let � and �0 be program 
lauses with empty modal 
ontext, 4 a universal modal-ity in the L-normal form, and 40 a modal 
ontext of an L-MProlog program 
lause. We say that4� is an L-instan
e of (a program 
lause) 40�0 if 4 is an L-
ontext instan
e of 40 and there existsa substitution � su
h that � = �0�.We now give de�nitions 
on
erning SatL, T0L;P , and NFL.De�nition 4.12 The saturation operator SatL is spe
i�ed by a �nite set of forward rules. Givenan L-normal model generator I , SatL(I) is the least extension of I that 
ontains all ground atoms inthe almost L-normal labeled form that are derivable from some atom in I using the rules spe
ifyingSatL.We expe
t that ea
h rule spe
ifying ExtL is also a rule spe
ifying SatL, whi
h implies ExtL(I) �SatL(I). We require the following property of SatL:Lemma 4.5 (to be proved) Let I be an L-normal model generator, M the standard L-model of I,and � a ground L-MProlog goal atom. Suppose that M � �. Then � is an L-instan
e of some atomof SatL(I).6Let 4 and 40 be as in De�nition 4.10. For L 2 fKDI4s, KDI4, KDI4s5, KDI45, KD4s5s, KD45(m)g andthe L-normal form of modalities de�ned later in Tables 2, 3, 4, 5, 6, and 7, 4 is an L-
ontext instan
e of 40 i�4 =40 or one of the following 
ondition holds:� L 2 fKDI4s5;KD4s5sg and 4 is an L-instan
e of 40;� L = KDI4s, 40 = 2i, and the last modal operator of 4 is 2j with j � i;� L 2 fKDI4;KDI45g, 40 = 2i, 4 is not empty, and every modal operator 2j of 4 satis�es j � i.14



De�nition 4.13 The forward labeled form of an atom � is the atom �0 su
h that if � is of the form43iE then �0 = 4hEiiE, else �0 = �.De�nition 4.14 Let P be an L-MProlog program. The operator T0L;P is de�ned as follows: for aset I of ground atoms in the almost L-normal labeled form, T0L;P (I) is the least (w.r.t. �) modelgenerator su
h that if 4(A  B1; : : : ; Bn) is a ground L-instan
e of some program 
lause of Pand 40 is a maximally general7 ground modality in the L-normal labeled form su
h that 40 is anL-instan
e of4 and40Bi is an L-instan
e of some atom of I (for every 1 � i � n), then the forwardlabeled form of 40A belongs to T0L;P (I).For I being an L-normal model generator, T0L;P (SatL(I)) is a model generator, but not ne
essaryin the L-normal form.De�nition 4.15 The normalization operator NFL is spe
i�ed by a �nite set of forward rules.Given a model generator I , NFL(I) is the set of ground atoms in the L-normal labeled form thatare derivable from some atom of I using the rules spe
ifying NFL.We expe
t that if I is singleton then NFL(I) is also singleton. If there are no 
onditions on theL-normal form of atoms, then the set of rules spe
ifying NFL is empty and NFL(I) = I .De�nition 4.16 De�ne TL;P (I) = NFL(T0L;P (SatL(I))).By de�nition, SatL, T0L;P , and NFL are all in
reasingly monotoni
 and 
ompa
t. Hen
e so isTL;P , and we have the following lemma.Lemma 4.6 The operator TL;P is monotoni
 and 
ontinuous.Denote TL;P "0 = ;, and TL;P "n = TL;P (TL;P " (n� 1)) for n > 0. For P being an L-MPrologprogram, by the �xpoint theorem by Knaster and Tarski, the operator TL;P has the least �xpointTL;P "! = S!n=0 TL;P "n.Notation 4.1 Denote the least �xpoint TL;P " ! by IL;P and the standard L-model of IL;Pby ML;P .De�nition 4.17 Let P be an L-MProlog program. An L-normal model generator I is 
alled anL-model generator of P if TL;P (I) � I .As a property of the least �xpoint, IL;P is the least (w.r.t. �) L-model generator of P .Lemma 4.7 (to be proved) For an L-MProlog program P , P �L IL;P .Lemma 4.8 (to be proved) Let P be an L-MProlog program and I an L-model generator of P .Then the standard L-model of I is an L-model of P .Using these lemmas we 
an derive the following theorem.Theorem 4.9 For an L-MProlog program P , ML;P is a least L-model of P .Proof. By Lemma 4.8, ML;P is an L-model of P . Let M be an arbitrary L-model of P . ByLemma 4.7, M � IL;P . Hen
e, by Theorem 4.3, ML;P � M . Therefore ML;P is a least L-modelof P . 27w.r.t. the pre-order between modalities spe
i�ed in De�nition 4.9
15



4.3 SLD-ResolutionThe �xpoint semanti
s 
an be viewed as a bottom-up method for 
omputing answers. It repeatedlyapplies 
lauses of a given program P in order to 
ompute the set IL;P of fa
ts derivable in L fromthe program. Given an atom � from IL;P , the pro
ess of tra
ing ba
k the derivation of � in L fromP is 
alled top-down, be
ause it redu
es the atom, treated as a goal, to subgoals. A more generalproblem is �nding answers for an L-MProlog goal whi
h are 
orre
t w.r.t. an L-MProlog program.This problem is redu
ed to the previous by uni�
ation and a lifting te
hnique. An SLD-resolution
al
ulus for L-MProlog will be developed to solve the problem.The main work in developing an SLD-resolution 
al
ulus for L-MProlog is to spe
ify a reverseof the operator TL;P . While TL;P a
ts on model generators (with only ground atoms), the expe
tedreverse of TL;P will a
t on goals (with variables). The operator TL;P is a 
omposition of SatL,T0L;P , and NFL. So, we have to investigate reversion of these operators.De�nition 4.18 A goal is a 
lause of the form  �1; : : : ; �k, where �i are atoms.The following de�nition 
on
erns reversion of the operator T0L;P .De�nition 4.19 Let G =  �1; : : : ; �i; : : : ; �k be a goal and � = 4(A  B1; : : : ; Bl) a program
lause. Then G0 is derived from G and � in L using mgu �, and 
alled an L-resolvent of G and �,if the following 
onditions hold:� �i =40A0, with 40 in the L-normal labeled form, is 
alled the sele
ted atom, and A0 is 
alledthe sele
ted head atom.� 40 is an L-instan
e of a universal modality400 and400(A B1; : : : ; Bl) is an L-instan
e of �.� � is an mgu of A0 and the forward labeled form of A.� G0 is the goal  (�1; : : : ; �i�1;40B1; : : : ;40Bl; �i+1; : : : ; �k)�.As a reverse of the operator SatL, we provide the operator rSatL.De�nition 4.20 The operator rSatL is spe
i�ed by a �nite set of ba
kward rules. We say that� = rSatL(�) using an rSatL rule �0  �0 if � � is of the form �0  �0. We write � = rSatL(�)to denote that � = rSatL(�) using some rSatL rule.We require that one of the rSatL rules is the ba
kward labeling rule 43iE  4hXiiE with Xbeing a fresh atom variable. We 
all 4hXiiE a ba
kward labeled form of 43iE.De�nition 4.21 Let G = �1; : : : ; �i; : : : ; �k be a goal. If �0i = rSatL(�i) using an rSatL rule �,then G0 =  �1; : : : ; �i�1; �0i; �i+1; : : : ; �k is derived from G and �, and we 
all G0 a (L-)resolventof G and �, and �i the sele
ted atom (of G).As a reverse of the operator NFL, we provide the operator rNFL.De�nition 4.22 The operator rNFL is spe
i�ed by a �nite set of ba
kward rules. We say that� =� rNFL(�) using an rNFL rule �0  �0 if � is an mgu su
h that ��  � is of the form �0  �0.We write � =� rNFL(�) if � =� rNFL(�) using some rNFL rule.De�nition 4.23 Let G = �1; : : : ; �i; : : : ; �k be a goal. Then G0 is derived from G and an rNFLrule � (in L) using mgu �, and 
alled a (L-)resolvent of G and �, if �i is 
alled the sele
ted atom,�0i =� rNFL(�i) using �, and G0 =  �1�; : : : ; �i�1�; �0i; �i+1�; : : : ; �k�.Observe that rSatL rules and rNFL rules are similar to program 
lauses and the way of applyingthem is similar to the way of applying program 
lauses, ex
ept that for the logi
s 
onsidered in thiswork we do not need mgu's for rSatL rules. We now de�ne SLD-derivation and SLD-refutation.16



De�nition 4.24 Let P be an L-MProlog program and G a goal. An SLD-derivation of P [ fGgin L 
onsists of a (�nite or in�nite) sequen
e G0 = G;G1; : : : of goals, a sequen
e �1; �2; : : : ofvariants of program 
lauses of P , rSatL rules, or rNFL rules, and a sequen
e �1; �2; : : : of mgu'ssu
h that if �i is a variant of a program 
lause or an rNFL rule then Gi is derived from Gi�1 and�i in L using �i, else �i = � and Gi is derived from Gi�1 and (the rSatL rule variant) �i.We require that ea
h �i in the above de�nition does not have any variable whi
h already appearsin the derivation up to Gi�1. This 
an be a
hieved by subs
ripting variables in G by 0 and variablesin �i by i. This pro
ess of renaming variables is usually 
alled standardizing the variables apart(see [22℄). Ea
h �i is 
alled an input 
lause/rule of the derivation.De�nition 4.25 An SLD-refutation (refutation in short) of P [fGg in L is a �nite SLD-derivationof P [ fGg in L whi
h has the empty 
lause � as the last goal in the derivation. If Gn = � then therefutation has length n.De�nition 4.26 Let P be an L-MProlog program and G a goal. A 
omputed answer � in L forP [ fGg is the substitution obtained by restri
ting the 
omposition �1 : : : �n to the variables of G,where �1; : : : ; �n is the sequen
e of mgu's used in an SLD-refutation of P [ fGg in L.4.4 Soundness and Completeness of SLD-ResolutionThis subse
tion 
on
erns soundness and 
ompleteness of SLD-resolution. Informally, an SLD-resolution 
al
ulus is sound if every 
omputed answer for P [ fGg is a 
orre
t answer for P [ fGg,and is 
omplete if for every 
orre
t answer for P [fGg there exists a 
omputed answer for P [fGgthat is more general.De�nition 4.27 We say that an atom � is derivable from � using rSatL (resp. (i) rNFL, (ii) rSatLand rNFL) if there exists a sequen
e of atoms �0; : : : ; �k with k � 0, �0 = � and �k = �su
h that for every 1 � i � k, �i = rSatL(�i�1) (resp. (i) �i =�i rNFL(�i�1) for some �i,(ii) �i = rSatL(�i�1) or �i =�i rNFL(�i�1) for some �i).The main results are proved using the following expe
ted properties of rSatL and rNFL:Lemma 4.10 (to be proved) Let 4 and 40 be ground modalities in the L-normal labeled form.Let B be an atom of the form E, 3iE, or 2iE, and B0 an atom of the form E, 3jE, hXijE, or2jE. Suppose that 4 is an L-instan
e of 40 and B is an L-instan
e of B0. Then 40B0 is derivablefrom 4B using rSatL.Lemma 4.11 (to be proved) Let � 2 SatL(f�g) or � 2 NFL(f�g). Then there exists an atom�0 and a substitution � su
h that � = �0�, the domain of � 
onsists of fresh atom variables, and �0is derivable from � using rSatL and rNFL.Lemma 4.12 (to be proved) Let � = rSatL(�), M be an L-model, � a 3-realization fun
tionon M , and � a substitution. Suppose that M;� � 8
(�0�) for some 2-lifting form �0 of �. ThenM;� � 8
(�0�) for some 2-lifting form �0 of �.Lemma 4.13 (to be proved) Let � =Æ rNFL(�), M be an L-model, � a maximal 3-realizationfun
tion on M , and � a substitution. Suppose that M;� � 8
(�0�) for some 2-lifting form �0 of �.Then M;� � 8
(�0Æ�) for some 2-lifting form �0 of �.4.4.1 SoundnessWe �rst prove the following auxiliary lemma.Lemma 4.14 Let M be a Kripke model, � a 3-realization fun
tion on M , and � a substitution.Suppose that 4(1); : : : ;4(l) are 2-lifting forms of 4 and M;� � 8
((4(1)B1^ : : :^4(l)Bl)�). Thenthere exists the most general L-instan
e 40 of 4(1); : : : ;4(l), whi
h is a 2-lifting form of 4 andsatis�es M;� � 8
((40B1 ^ : : : ^40Bl)�). 17



Proof. Let h = j4j. For 1 � j � l and 1 � k � h, let r(j;k) be the modal operator at positionk of 4(j), and r(k) the modal operator at position k of 4. Let ik be the number indi
ating thekind of the modal operator r(k). If r(j;k) = 2ik for all 1 � j � l, then let r(k0) = 2ik , else letr(k0) = r(k). Let 40 = r(10) : : :r(h0). Clearly, 40 is the most general L-instan
e of 4(1); : : : ;4(l)and is a 2-lifting form of 4.Be
ause that for 1 � j � l, 4(j) is a 2-lifting form of 40 and M;� � 8
((4(j)Bj)�), it
an be proved by indu
tion on k that M;� � 8
((r(10) : : :r(k0)>)�), for 1 � k � h. It followsthat M;� � 8
((40>)�). Be
ause 4(j) is a 2-lifting form of 40, for 1 � j � l, and M;� �8
((4(1)B1 ^ : : : ^4(l)Bl)�), we 
on
lude that M;� � 8
((40B1 ^ : : : ^40Bl)�). 2The soundness theorem is based on the following lemma:Lemma 4.15 Let P be an L-MProlog program and G =  �1; : : : ; �k a goal. Then for every
omputed answer � in L for P [ fGg there exists a goal G0 =  �01; : : : ; �0k su
h that �0i is a2-lifting form of �i, for 1 � i � k, and P �L 8
((�01 ^ : : : ^ �0k)�).Proof. Let M be an arbitrary L-model of P and � a maximal 3-realization fun
tion on M . Let therefutation of P [fGg in L 
onsist of a sequen
e G0 = G;G1; : : : ; Gn of goals, a sequen
e �1; : : : ; �nof variants of program 
lauses of P , rSatL rules, or rNFL rules, and a sequen
e �1; : : : ; �n of mgu's.Let � be the 
omputed answer. We prove by indu
tion on n that for every 1 � i � k there exists a2-lifting form �0i of �i su
h that M;� � 8
((�01 ^ : : : ^ �0k)�).Suppose that n = 1. This means that G =  �1 with �1 = 40A0, A0 is the sele
ted head atom,and the empty 
lause is an L-resolvent of G and some input 
lause �1 = 4(A ). By Lemma 4.4,P �L 8(2i1 : : :2ihA), where 2i1 : : :2ih is a 2-lifting form of40. If A0 is of the form 2iE or E, thenA0�1 = A�1, and P �L 8(2i1 : : :2ihA0�1). Suppose that A0 = hF iiE0 or A0 = hXiiE0. Thus A is ofthe form 3iE. Let A00 = hEiiE (the forward labeled form of A). We have A0�1 = A00�1 = hE00iiE00for some E00. Sin
e P �L 8(2i1 : : :2ihA), we have P �L 8(2i1 : : :2ih3iE00). It follows thatM;� � 8
(2i1 : : :2ihhE00iiE00), hen
e M;� � 8
(2i1 : : :2ihA0�1). Hen
e, for �01 = 2i1 : : :2ihA0, wehave M;� � 8
(�01�).Next suppose that the result holds for 
omputed answers whi
h 
ome from refutations of lengthless than n. There are the following 
ases: G1 is derived from G and an rSatL/rNFL rule variant,or G1 is an L-resolvent of G and a variant of some program 
lause of P . The 
ase G1 is derived fromG and an rSatL rule variant immediately follows from the indu
tive assumption and Lemma 4.12.Suppose that G1 is derived from G and an rNFL rule variant, �i is the sele
ted atom and it isrepla
ed by � =�1 rNFL(�i). We haveG1 =  �1�1; : : : ; �i�1�1; �; �i+1�1 : : : ; �k�1By the indu
tive assumption, there exist a 2-lifting form �0j of �j , for 1 � j � k and j 6= i, and a2-lifting form �0 of � su
h thatM;� � 8
((�01�1 ^ : : : ^ �0i�1�1 ^ �0 ^ �0i+1�1 ^ : : : ^ �0k�1)�2 : : : �n)We have M;� � 8
(�0�2 : : : �n). Hen
e, by Lemma 4.13, there exists a 2-lifting form �0i of �i su
hthat M;� � 8
(�0i�1�2 : : : �n). Therefore M;� � 8
((�01 ^ : : : ^ �0k)�).Now suppose that G1 is derived in L from G and an input 
lause � = 4(A  B1; : : : ; Bl)(l � 0), the sele
ted atom is �i = 40A0, and A0 is the sele
ted head atom. We haveG1 =  (�1; : : : ; �i�1;40B1; : : : ;40Bl; �i+1; : : : ; �k)�1By the indu
tive assumption, there exists a goalG01 =  (�01; : : : ; �0i�1;4(10)B01; : : : ;4(l0)B0l; �0i+1; : : : ; �0k)�1su
h that M;� � 8
((�01 ^ : : : ^ �0i�1 ^4(10)B01 ^ : : : ^4(l0)B0l ^ �0i+1 ^ : : : ^ �0k)�)18



where �0j is a 2-lifting form of �j , for 1 � j � k and j 6= i, and 4(j0)B0j is a 2-lifting form of 40Bjwith j4(j0)j = j40j, for 1 � j � l. Let 2i1 : : :2ih be a 2-lifting form of 40, and 400 be the mostgeneral L-instan
e of 4(10), . . . , 4(l0) if l > 0, whi
h exists due to Lemma 4.14, and be 2i1 : : :2ihotherwise. By Lemma 4.14, 400 is a 2-lifting form of 40, and M;� � 8
((400B01 ^ : : : ^400B0l)�) ifl > 0. Sin
e M is an L-model of P , by Lemma 4.4, we have M � 8(2i1 : : :2ih(B1 ^ : : :^Bl ! A)).Hen
e M;� � 8
((400A)�) (be
ause 2i1 : : :2ih is a 2-lifting form of 400, B0j is a 2-lifting formof Bj , and L is a serial modal logi
). Let A00 be the forward labeled form of A. It follows thatM;� � 8
((400A00)�). Sin
e A0�1 = A00�1, by 
hoosing �0i = 400A0, we have that �0i is a 2-liftingform of �i and M;� � 8
((�01 ^ : : : ^ �0k)�). This 
ompletes the proof. 2Theorem 4.16 (Soundness of SLD-Resolution) Let P be an L-MProlog program and G an L-MProlog goal. Then every 
omputed answer in L for P [fGg is a 
orre
t answer in L for P [fGg.Proof. Let G =  �1; : : : ; �k, where ea
h �i is of the form 4E or 43E, with 4 being a universalmodality. Let � be a 
omputed answer in L for P [ fGg. Sin
e L is a serial modal logi
, by Lemma4.15, we have P �L 8
((�1 ^ : : : ^ �k)�). Assume that the signature 
ontains enough 
onstantsymbols, for example, in�nitely many. Then it follows that P �L 8((�1 ^ : : : ^ �k)�). Hen
e � is a
orre
t answer in L for P [ fGg. 24.4.2 CompletenessWe use a standard method to prove 
ompleteness of our SLD-resolution 
al
ulus (
f. [22, 21℄). Ingeneral, 
ompleteness of a resolution 
al
ulus is �rst proved for the ground version and then liftedto the 
ase with variables. The 
ow of this se
tion follows Lloyd [22℄. The proofs of Lemmas 4.17,4.18, 4.22 and Theorem 4.23 are very similar to the ones given for 
lassi
al logi
 programming inLloyd's book and are presented in Appendix A.We �rst de�ne unrestri
ted SLD-refutation and give the mgu lemma and the lifting lemma,whi
h are proved in Appendix A.De�nition 4.28 An unrestri
ted SLD-refutation in L is an SLD-refutation in L, ex
ept that wedrop the requirement that the substitutions �i be most general uni�ers. They are only required tobe uni�ers. In an unrestri
ted SLD-resolution, if a goal Gi is derived from Gi�1 and an rSatL rulevariant, then �i 
an be arbitrary and Gi = G0i�i, where G0i is the goal derived from Gi�1 and thatrSatL rule variant in the usual way.Lemma 4.17 (Mgu Lemma) Let P be an L-MProlog program and G a goal. Suppose that P[fGghas an unrestri
ted SLD-refutation in L. Then P [ fGg has an SLD-refutation in L of the samelength su
h that, if �1; : : : ; �n are the uni�ers from the unrestri
ted refutation and �01; : : : ; �0n aremgu's from the refutation, then there exists a substitution 
 su
h that �1 : : : �n = �01 : : : �0n
.Lemma 4.18 (Lifting Lemma) Let P be an L-MProlog program, G a goal, and � a substitution.Suppose there exists an SLD-refutation of P [ fG�g in L. Then there exists an SLD-refutation ofP [fGg in L of the same length su
h that, if �1; : : : ; �n are the mgu's from the refutation of P [fG�gand �01; : : : ; �0n are the mgu's from the refutation of P [ fGg, then there exists a substitution 
 su
hthat ��1 : : : �n = �01 : : : �0n
.The following lemma is an essential part of the 
ompleteness proof.Lemma 4.19 Let P be an L-MProlog program and � 2 IL;P . Then P [ f �g has an SLD-refutation in L.Proof. We prove by indu
tion on n that if � 2 TL;P "n, then P [ f �g has an SLD-refutationin L. This assertion obviously holds for n = 0 sin
e TL;P "0 = ;.Suppose that the assertion holds for (n� 1) in the pla
e of n. Let � 2 TL;P "n. There exist avariant � =4(A B1; : : : ; Bk) of a program 
lause of P , with k � 0, a substitution �, modalities40 and 400, ground atoms 
1; : : : ; 
k 2 TL;P "(n� 1), and ground atoms �1; : : : ; �k, �0 su
h that:19



� �i 2 SatL(f
ig), for 1 � i � k;� �i =4(i)B0i and Bi� is an L-instan
e of B0i, for 1 � i � k;� 400(A B1; : : : ; Bk) is an L-instan
e of the input 
lause �;� 40 is in the L-normal labeled form and is an L-instan
e of 4(1); : : : ;4(k);400;� �0 =40A0�, where A0 is the forward labeled form of A;� � 2 NFL(f�0g).By Lemma 4.11, there exist atoms �00, 
01; 
02; : : : ; 
0k, and ground substitutions Æ0; : : : ; Æk withdisjoint domains su
h that:� �00 is derivable from � using rSatL and rNFL, and �0 = �00Æ0,� 
0i is derivable from �i using rSatL and rNFL, and 
i = 
0iÆi, for 1 � i � k.Let Æ = Æ1 : : : Æk if k > 0, and Æ = " otherwise. By the indu
tive assumption, P [ f 
ig has arefutation in L, for 1 � i � k. Sin
e 
0iÆ = 
0iÆi = 
i, it follows that P [ f 
0iÆg has a refutation inL. Hen
e P [ f (
01; : : : ; 
0k)Æg has a refutation in L, sin
e 
0iÆ are ground. By the lifting lemma,P [ f 
01; : : : ; 
0kg has a refutation in L. Sin
e 
0i is derivable from �i using rSatL and rNFL, itfollows that P [ f �1; : : : ; �kg has a refutation in L.For 1 � i � k, if B0i is of the form hF ihE then let �0i = 4(i)hXihE and �i = fX=Fg, whereX is a fresh atom variable; else let �0i = �i and �i = ". Let �0 = �1 : : : �k if k > 0, and �0 = "otherwise. Sin
e �i = �0i�0, P[f (�01; : : : ; �0k)�0g has a refutation in L. Hen
e, by the lifting lemma,P [ f �01; : : : ; �0kg has a refutation in L. Therefore, by Lemma 4.10, P [ f 40B1�; : : : ;40Bk�ghas a refutation in L. The goal  40B1�; : : : ;40Bk� is an unrestri
ted L-resolvent of  �0 and �.Hen
e, by the mgu lemma, P [ f �0g has a refutation in L. This means that P [ f �00Æ0g has arefutation in L. By the lifting lemma, P [ f �00g has a refutation in L. Sin
e �00 is derivable from� using rSatL and rNFL, we 
on
lude that P [ f �g has a refutation in L. 2Corollary 4.20 Let P be an L-MProlog program and � 2 SatL(IL;P ). Then P [ f �g has anSLD-refutation in L.Proof. There exists � 2 IL;P su
h that � 2 SatL(f�g). By Lemma 4.11, there exist an atom �0and a substitution � su
h that � = �0� and �0 is derivable from � using rSatL and rNFL. Sin
e� 2 IL;P , by Lemma 4.19, P [ f �g has a refutation in L. This means that P [ f �0�g has arefutation in L. By the lifting lemma, P [ f �0g has a refutation in L. Consequently, P [ f �ghas a refutation in L. 2Lemma 4.21 Let P be an L-MProlog program and � a ground L-MProlog goal atom su
h thatML;P � �. Then P [ f �g has an SLD-refutation in L.Proof. By Lemma 4.5, � is an L-instan
e of some �0 2 SatL(IL;P ). By Corollary 4.20, P [ f �0ghas an SLD-refutation in L. If �0 is of the form E,43iE, or42iE then, by Lemma 4.10, P [f �ghas an SLD-refutation in L. If �0 is of the form4hF iiE then, by the lifting lemma, P[f 4hXiiEghas an SLD-refutation in L, where X is a fresh atom variable. By the assumption about �L, � isalso an L-instan
e of 4hXiiE. Hen
e, by Lemma 4.10, P [ f �g has an SLD-refutation in L. 2For the main theorem, we need another auxiliary lemma, whose proof uses Lemma 4.21 and ispresented in Appendix A.Lemma 4.22 Let P be an L-MProlog program and � an L-MProlog goal atom. Suppose that 8(�)is a logi
al 
onsequen
e in L of P . Then there exists an SLD-refutation of P [f �g in L with theidentity substitution as the 
omputed answer.The following 
ompleteness theorem follows from the above lemma and the lifting lemma. Itsproof is given in Appendix A.Theorem 4.23 (Completeness of SLD-Resolution) Let P be an L-MProlog program and Gan L-MProlog goal. For every 
orre
t answer � in L for P [ fGg, there exists a 
omputed answer
 in L for P [ fGg and a substitution Æ su
h that � = 
Æ.20



L = BSMM; L-MProlog�L is de�ned by De�nition 4.8.No restri
tions on the L-normal form of modalities.No rules spe
ifying NFL and rNFL.Rules spe
ifyingExtL and SatL4hEii�!43i�42i�!43i�42i�!4� if AT (i)4�!43i� if AT (i)42i�!42j� if AI(i; j)43j�!43i� if AI(i; j)4�!42i3j� if AB(i; j)43i2j�!4� if AB(i; j)42i�!42j2k� if A4(i; j; k)43j3k�!43i� if A4(i; j; k)43i�!42j3k� if A5(i; j; k)43j2k�!42i� if A5(i; j; k)rSatL 43i� 4hXii� where X is a fresh atom variable4ri� 42i�plus a rule � � for ea
h k-th rule � ! � spe
ifying SatL,k � 3, with the same a

ompanying 
onditionTable 1: A s
hema for semanti
s of BSMM -MProlog4.5 SummaryWe have given a general framework for developing �xpoint semanti
s, the least model semanti
s,and SLD-resolution 
al
uli for L-MProlog programs. The base logi
 L is required so that the L-frame restri
tions 
onsist of 8x 9y Ri(x; y) (seriality), for 1 � i � m, and some 
lassi
al �rst-orderHorn 
lauses.De�nition 4.29 By a s
hema for semanti
s of L-MProlog we mean a table of de�nitions of theL-normal form of modalities and �L plus rules spe
ifying the operators ExtL, SatL, NFL, rNFL,rSatL. We say that su
h a s
hema is 
orre
t if all the results of this se
tion hold for L-MPrologw.r.t. that s
hema.To show 
orre
tness of a s
hema, we have to prove the lemmas and theorems marked as \to beproved", i.e. Theorem 4.3 and Lemmas 4.2, 4.4, 4.5, 4.7, 4.8, 4.10 { 4.13.5 A S
hema for Semanti
s of BSMM-MPrologIn this se
tion, let L be a BSMM logi
. In Table 1, we give a s
hema for semanti
s of BSMM -MProlog. The �rst rule spe
ifying rSatL is a generalized version of the ba
kward labeled rule andit is dual to the �rst rule spe
ifying SatL. The remaining rules spe
ifying SatL and rSatL dire
tly
ome from the axioms. The s
hema given in Table 1 suggests a general method for translatingaxioms of a given modal logi
 into an SLD-resolution 
al
ulus for that logi
.Theorem 5.1 The s
hema for semanti
s of BSMM-MProlog is 
orre
t.21



We now prove this theorem. Lemmas 4.4 and 4.10 { 4.13 
an be easily veri�ed. To provethe remaining lemmas and theorems we need extended L-model graphs (de�ned below) and someproperties of them.De�nition 5.1 Let I be an L-model generator. Let Ext0L be the operator su
h that Ext0L(I) is theleast set of atoms 
ontaining I and 
losed w.r.t. the rules spe
ifying ExtL. The extended L-modelgraph of I is de�ned in the same way as the standard L-model graph of I but with Ext0L(I) in thepla
e of ExtL(I).We have ExtL(I) � Ext0L(I).Lemma 5.2 Let I be an L-model generator, M the standard L-model graph of I, and M 0 theextended L-model graph of I. Then M 0 has the same frame as M , and furthermore, if M =hW; �;R1; : : : ; Rm; Hi and M 0 = hW; �;R1; : : : ; Rm; H 0i then for any w 2 W , H(w) � H 0(w) andH 0(w) �H(w) is a set of formulas 
ontaining some unlabeled existential modal operators.The proof of this lemma is straightforward.The following lemma is similar to Lemma 4.1 and its proof is also straightforward.Lemma 5.3 Let I be an L-normal model generator and M = hW; �;R1; : : : ; Rm; Hi the extendedL-model graph of I. Let w = hE1ii1 : : : hEkiik be a world of M and 4 = w be a modality. Then for� (resp. A) not 
ontaining >, � 2 H(w) (resp. A 2 H(w)) i� there exists a 2-lifting form 40 of 4su
h that 40� 2 Ext0L(I) (resp. 40A 2 SatL(I)).Lemma 5.4 Let I be an L-normal model generator and M = hW; �;R1; : : : ; Rm; Hi the extendedL-model graph of I. Then for any w and u su
h that Ri(w; u): i) if 2i� 2 H(w) then � 2 H(u),ii) if � 2 H(u) then 3i� 2 H(w).Proof. Let fR0j j 1 � j � mg be the skeleton of M . We prove this lemma by indu
tion on thenumber of steps needed to obtain Ri(w; u) when extending fR0j j 1 � j � mg to fRj j 1 � j � mg.Consider the �rst assertion. Suppose that 2i� 2 H(w). By Lemma 5.3, there exists a 2-liftingform 4 of w su
h that 42i� 2 Ext0L(I). Sin
e Ri(w; u) holds, there are the following 
ases to
onsider:� Case u = whEii and R0i(w;whEii) : The assertion holds by the de�nition of M .� Case AT (i) holds and u = w : Sin
e 42i� 2 Ext0L(I), we have 4� 2 Ext0L(I), and byLemma 5.3, � 2 H(u).� Case AI(i; j) holds and Ri(w; u) is 
reated from Rj(w; u) : Sin
e 42i� 2 Ext0L(I), we have42j� 2 Ext0L(I), and by Lemma 5.3, 2j� 2 H(w). Hen
e, by the indu
tive assumption,� 2 H(u).� Case AB(j; i) holds and Ri(w; u) is 
reated from Rj(u;w) : Sin
e 2i� 2 H(w), by theindu
tive assumption, 3j2i� 2 H(u). By Lemma 5.3, there exists a 2-lifting form 40 of usu
h that 403j2i� 2 Ext0L(I). Thus 40� 2 Ext0L(I). Hen
e, by Lemma 5.3, � 2 H(u).� Case A4(i; j; k) holds and Ri(w; u) is 
reated from Rj(w; v) and Rk(v; u): Sin
e 42i� 2Ext0L(I), we have 42j2k� 2 Ext0L(I), and by Lemma 5.3, 2j2k� 2 H(w). Hen
e, by theindu
tive assumption, 2k� 2 H(v) and � 2 H(u).� Case A5(j; k; i) holds and Ri(w; u) is 
reated from Rj(v; u) and Rk(v; w): Sin
e 2i� 2 H(w),by the indu
tive assumption, 3k2i� 2 H(v). Hen
e, by Lemma 5.3, there exists a 2-liftingform 40 of v su
h that 403k2i� 2 Ext0L(I). Hen
e 402j� 2 Ext0L(I), and by Lemma 5.3,2j� 2 H(v). By the indu
tive assumption, it follows that � 2 H(u).Consider the se
ond assertion. Suppose that � 2 H(u). By Lemma 5.3, there exists a 2-liftingform4 of u su
h that4� 2 Ext0L(I). Sin
e Ri(w; u) holds, there are the following 
ases to 
onsider:22



� Case u = whEii and R0i(w;whEii) : Sin
e � 2 H(u), either 2i� or hEii� belongs to H(w).Denote the formula by �. By Lemma 5.3, there exists a 2-lifting form 40 of w su
h that40� 2 Ext0L(I). Hen
e 403i� 2 Ext0L(I), and by Lemma 5.3, 3i� 2 H(w).� Case AT (i) holds and u = w : Sin
e 4� 2 Ext0L(I), 43i� 2 Ext0L(I), and by Lemma 5.3,3i� 2 H(w).� Case AI(i; j) holds and Ri(w; u) is 
reated from Rj(w; u) : Sin
e � 2 H(u), by the indu
tiveassumption, 3j� 2 H(w). By Lemma 5.3, there exists a 2-lifting form 40 of w su
h that403j� 2 Ext0L(I). Thus 403i� 2 Ext0L(I). Hen
e, by Lemma 5.3, 3i� 2 H(w).� Case AB(j; i) holds and Ri(w; u) is 
reated from Rj(u;w) : Sin
e 4� 2 Ext0L(I), we have42j3i� 2 Ext0L(I). Hen
e, by Lemma 5.3, 2j3i� 2 H(u). By the indu
tive assumption, itfollows that 3i� 2 H(w).� Case A4(i; j; k) holds and Ri(w; u) is 
reated from Rj(w; v) and Rk(v; u): Sin
e � 2 H(u),by the indu
tive assumption, 3k� 2 H(v) and 3j3k� 2 H(w). By Lemma 5.3, there existsa 2-lifting form 40 of w su
h that 403j3k� 2 Ext0L(I). Thus 403i� 2 Ext0L(I), and by theLemma 5.3, 3i� 2 H(w).� Case A5(j; k; i) holds and Ri(w; u) is 
reated from Rj(v; u) and Rk(v; w): Sin
e � 2 H(u),by the indu
tive assumption, 3j� 2 H(v). By Lemma 5.3, there exists a 2-lifting form40 of v su
h that 403j� 2 Ext0L(I). Thus 402k3i� 2 Ext0L(I), and by the Lemma 5.3,2k3i� 2 H(v). Hen
e, by the indu
tive assumption, 3i� 2 H(w). 2Proof of Lemma 4.2 By the de�nition, M is an L-model. Let M 0 = hW; �;R1; : : : ; Rm; Hi bethe extended L-model graph of I . It 
an be proved by indu
tion on the length of � that for anyw 2 W , if � 2 H(w), then M 0; �; w � �. The 
ases when � is a 
lassi
al atom or � = hEii� aretrivial. The 
ase when � = 2i� is solved by Lemma 5.4. Hen
e M;� � I .Proof of Theorem 4.3 Let M = hW; �;R1; : : : ; Rm; Hi be the standard L-model graph of I , �the standard 3-realization fun
tion and fR0i j 1 � i � mg the skeleton of the standard L-modelof I . By Lemma 4.2, M is an L-model of I . Let N = hD;W2; �2; S1; : : : ; Sm; �i be an arbitraryL-model of I and �2 a 3-realization fun
tion on N su
h that N; �2 � I [ SerialL.Let r �W �W2 be the least relation su
h that, for all w, w2, u2, E, i:� r(�; �2);� if r(w;w2) and R0i(w;whEii) hold, and �2(w2; hEii) is de�ned, then r(whEii ; �2(w2; hEii));� if r(w;w2) and Si(w2; u2) hold, then r(wh>ii; u2).Note that if r(w;w2) and Si(w2; u2) hold, then for u = wh>ii we have r(u; u2) and Ri(w; u).We prove that M �r N . We �rst show that if r(u; u2) and � 2 H(u) then N; �2; u2 � �. Weprove this by indu
tion on the length of u. Suppose that r(u; u2) holds and � 2 H(u). The 
aseu = � is trivial. Let u = whEii and indu
tively assume that the assertion holds when u is repla
edby w. There are two 
ases:� u2 = �2(w2; hEii), r(w;w2), and R0i(w;whEii), for some w2 2 W2; or� E = >, r(w;w2), and Si(w2; u2), for some w2 2W2.Consider the �rst 
ase. Sin
e � 2 H(u), either 2i� 2 H(w) or hEii� 2 H(w). By the indu
tiveassumption, either N; �2; w2 � 2i� or N; �2; w2 � hEii�. Hen
e, N; �2; �2(w2; hEii) � �, whi
hmeans that N; �2; u2 � �.Consider the se
ond 
ase. Sin
e � 2 H(u), it follows that 2i� 2 H(w). By the indu
tiveassumption, N; �2; w2 � 2i�, and hen
e N; �2; u2 � � sin
e Si(w2; u2).23



We now show that if r(w;w2) and R0i(w;whEii) hold then �2(w2; hEii) is de�ned. The 
aseE = > is trivial. Suppose that r(w;w2) and R0i(w;whEii) hold, and E 6= >. Thus, there existshEii� 2 H(w) for some �. Hen
e N; �2; w2 � hEii� and �2(w2; hEii) is de�ned. Therefore, these
ond 
ondition in the above de�nition of r 
an be simpli�ed to \if r(w;w2) and R0i(w;whEii) holdthen r(whEii ; �2(w2; hEii))".It is straightforward to prove by indu
tion on the number of steps needed to obtain Ri(w; u)when extending fR0j j 1 � j � mg to fRj j 1 � j � mg that if Ri(w; u) then: i) if r(w;w2) then thereexists u2 su
h that r(u; u2) and Si(w2; u2); ii) if r(u; u2) then there exists w2 su
h that r(w;w2)and Si(w2; u2). We give here only the base 
ase, when u = whEii : i) Suppose that r(w;w2) holds.We have R0i(w;whEii), hen
e �2(w2; hEii) is de�ned. The assertion holds for u2 = �2(w2; hEii).ii) Suppose that r(u; u2) holds. By the de�nition of r, there exists w2 su
h that r(w;w2) and(Si(w2; u2) or u2 = �2(w2; hEii)). It is 
lear that the assertion holds for su
h w2.We have proved that r satis�es all the 
onditions to guarantee M �r N . This together withLemma 4.2 implies that M is a least L-model of I .Proof of Lemma 4.5 Let hW; �;R1; : : : ; Rm; Hi be the extended L-model graph of I ,4 a modalityof the form 2i1 : : :2ik , and w = h>ii1 : : : h>iik . Suppose that � is of the form 4E. Sin
e M � �,we have M;w � E. Hen
e, by Lemma 5.3, 4E 2 SatL(I). Now suppose that � is of the form43iE. Sin
e M � �, we have M;w � 3iE. By Lemma 5.4, 3iE 2 H(w). Hen
e, by Lemma 5.3,43iE 2 SatL(I).Proof of Lemma 4.7 Let M = hD;W; �;R1; : : : ; Rm; �i be an arbitrary L-model of P and �a maximal 3-realization fun
tion on M . It is straightforward to prove by indu
tion on n thatM;� � TL;P " n. In fa
t, if M;� � TL;P " n, then M;� � SatL(TL;P " n), and hen
e M;� �T0L;P (SatL(TL;P " n)). Sin
e NFL(I) = I for any I , it follows that M;� � TL;P (TL;P " n).Therefore M;� � IL;P .Proof of Lemma 4.8 Let I 0 be the least extension of I su
h that, if 4� is a program 
lauseof P , � = (A  B1; : : : ; Bn), and  is a ground instan
e of �, then 4p 2 I 0, where p isa fresh 0-ary predi
ate symbol. Let M and M 0 be the extended L-model graphs of I and I 0,respe
tively. Clearly, these model graphs have the same frame. Let M = hW; �;R1; : : : ; Rm; Hi andM 0 = hW; �;R1; : : : ; Rm; H 0i.Let 4� be a program 
lause of P , � = (A  B1; : : : ; Bn), and  a ground instan
e of �. ByLemmas 4.2 and 5.2, M 0 � 4p . To prove that M � P it is suÆ
ient to show that for any w 2W ,if p 2 H 0(w) then M;w �  . Suppose that p 2 H 0(w).Let 400 = w and 40 = 2i1 : : :2ik be a 2-lifting form of 400 . By Lemma 5.3, some 2-liftingform of 400p belongs to SatL(I 0). This 2-lifting form must be 40p . Thus 40p 2 SatL(f4p g).Hen
e 4p !40p is L-valid and the program 
lause 40 is a ground L-instan
e of 4�.Let  = (A0  B01; : : : ; B0n) and suppose that M;w � B0i for all 1 � i � n. We show thatM;w � A0. If B0i is of the form 2jE, then by Lemma 5.3, some 2-lifting form of 400h>ijE belongsto SatL(I). If B0i is of the form3jE, then by Lemma 5.4, 3jE 2 H(w). Hen
e, by Lemma 5.3, some2-lifting form of400B0i belongs to SatL(I). Consequently, some 2-lifting form � of400A00, where A00is the forward labeled form of A0, belongs to T0L;P (SatL(I)). Sin
e T0L;P (SatL(I)) = TL;P (I) � I ,by Lemma 4.2, we have that M;� � �, where � is the standard 3-realization fun
tion on M . Hen
eM;w � A0. We have shown that M;w �  and 
ompleted the proof.6 Programming about Multi-degree BeliefTo reason about multi-degree belief we 
an use the multimodal logi
s KDI4, KDI4s, KDI4s5,and KDI45. Re
all that, in these logi
s, 2i� stands for \� is believed at degree i" and 3i� standsfor \it is possible weakly at degree i that �". In this se
tion, we give s
hemata for semanti
s ofMProlog in the mentioned logi
s and prove their 
orre
tness. We also present an example in thelast subse
tion. 24



L = KDI4s; L-MProlog�L is de�ned by De�nition 4.8.No restri
tions on the L-normal form of modalities.No rules spe
ifying NFL and rNFL.Rules spe
ifyingExtL 42i�!42j� if i > j (1)42i�!42j2i� (2)SatL the rules spe
ifying ExtL plus4rr0E !43iE if 3i �L r0 (3)rSatL 43iE  4hXiiE for X being a fresh atom variable (4)4ri� 42j� if i � j (5)43iE  43jE if i > j (6)4r2i� 42i� (7)43iE  4hXij3iE for X being a fresh atom variable (8)Table 2: A s
hema for semanti
s of KDI4s-MProlog6.1 S
hemata for Semanti
s of MProlog in KDI4s and KDI4In this subse
tion, let L denote either KDI4s or KDI4. In Table 2, we give a s
hema for semanti
sof KDI4s-MProlog. The rule (1) in that s
hema follows from the axiom (I); the rules (2) and(7) are based on the axiom (4s); the rules (3) and (8) are based on the reverse of the axiom (4s),i.e. 3j3i�! 3i�; the rule (5) is based on the axioms (D) and (I); and �nally, the rule (6) followsfrom the reverse of the axiom (I), i.e. 3j�! 3i� if i > j.In Table 3, we give a s
hema for semanti
s of KDI4-MProlog. The rule (1) in that s
hemafollows from the axiom (I); the rules (2) and (7) are based on the axiom (4); the rules (3) and (8)are based on the reverse of the axiom (4), i.e. 3i3i� ! 3i�; the rule (5) is based on the axioms(D) and (I); and �nally, the rule (6) follows from the reverse of the axiom (I).The s
hemata given in Tables 2 and 3 are formulated so that they 
an use the proofs given inthe Se
tion 4. However, the SLD-resolution 
al
uli 
an be modi�ed to be more e�e
tive. Whenresolving a goal with an input 
lause, if we relax the 
ondition that the mgu � uni�es the sele
tedhead atom A0 with the forward labeled form A00 of the head of the input 
lause, but only requirethat � is a most general substitution su
h that A0�, A00� have the same 
lassi
al atom and A0� is anL-instan
e of A00�, then the rules (5) and (7) in both of the s
hemata 
an be 
ombined and repla
edby: 4rr0i�  42i� for KDI4s; and 4rir0j�  42k�, where k = max(i; j), for KDI4. It
an be shown that every SLD-refutation in one of the original 
al
uli 
an be simulated in the new
orresponding 
al
ulus by another one with the same 
omputed answer. This means that the newSLD-resolution 
al
uli are sound and 
omplete, provided that so are the original 
al
uli.Theorem 6.1 The s
hemata for semanti
s of KDI4s-MProlog and KDI4-MProlog are 
orre
t.The proof of this theorem is given in Appendix B.6.2 A S
hema for Semanti
s of KDI4s5-MPrologIn this subse
tion, let L denote the logi
 KDI4s5. It 
an be 
he
ked that a 
onne
ted framehW; �;R1; : : : ; Rmi is a KDI4s5-frame i� there are nonempty subsets of worlds W1 � : : : � Wmsu
h that W = f�g [Wm and Ri = W �Wi, for 1 � i � m.25



L = KDI4; L-MProlog�L is de�ned by De�nition 4.8.No restri
tions on the L-normal form of modalities.No rules spe
ifying NFL and rNFL.Rules spe
ifyingExtL 42i�!42j� if i > j (1)42i�!42i2i� (2)SatL the rules spe
ifying ExtL plus4rr0E !43iE if 3i �L r and 3i �L r0 (3)rSatL 43iE  4hXiiE for X being a fresh atom variable (4)4ri� 42j� if i � j (5)43iE  43jE if i > j (6)42i2i� 42i� (7)43iE  4hXij3iE for X being a fresh atom variable and i � j (8)Table 3: A s
hema for semanti
s of KDI4-MPrologIn Table 4, we give a s
hema for semanti
s ofKDI4s5-MProlog. The L-normal form of modalitiesand the rules (2){(5) and (9) in that s
hema are justi�ed by the L-tautology r� � r0r�, wherer and r0 are unlabeled modal operators. The rule (1) follows from the axiom (I), the rule (7) isbased on the axioms (D) and (I), and the rule (8) follows from the reverse of the axiom (I).The s
hema given in Table 4 is formulated so that it 
an use the proofs given in the Se
tion 4.However, the rules (6), (7), (8) of Table 4 
an be simpli�ed by deleting the o

urren
es of 4 andrepla
ing � by E. Furthermore, when resolving a goal with an input 
lause, if we relax the 
onditionthat the mgu � uni�es the sele
ted head atom A0 with the forward labeled form A00 of the head ofthe input 
lause, but only require that � is a most general substitution su
h that A0�, A00� havethe same 
lassi
al atom and A0� is an L-instan
e of A00�, then the rule (7) 
an be deleted. It 
anbe shown that every SLD-refutation in the original 
al
ulus 
an be simulated in the new 
al
ulusby another one with the same or a more general 
omputed answer. This means that the newSLD-resolution 
al
ulus is sound and 
omplete, provided that so is the original 
al
ulus.Theorem 6.2 The s
hema for semanti
s of KDI4s5-MProlog is 
orre
t.We now prove this theorem. Lemmas 4.4 and 4.10 { 4.13 
an be easily veri�ed.Proof of Lemma 4.2 By the de�nition, M is an L-model. Let fR0i j 1 � i � mg be the skeleton ofM . We prove by indu
tion on the length of � that for any w 2 W , if � 2 H(w), then M;�;w � �.The 
ases when � is a 
lassi
al atom or � = hEiiF (and w = �) are trivial. Consider the remaining
ase when � = 2iE and w = � . Let u be a world su
h that Ri(�; u) holds. We show that E 2 H(u).Sin
e Ri(�; u), umust be of the form hF ij for some F and j � i. Sin
e 2iE 2 H(�), by the de�nitionof ExtL, we have 2jE 2 H(�), and hen
e E 2 H(u).Proof of Theorem 4.3 Let M = hW; �;R1; : : : ; Rm; Hi be the standard L-model graph of I , �the standard 3-realization fun
tion and fR0i j 1 � i � mg the skeleton of the standard L-modelof I . By Lemma 4.2, M is an L-model of I . Let N = hD;W2; �2; S1; : : : ; Sm; �i be an arbitraryL-model of I and �2 a 3-realization fun
tion on N su
h that N; �2 � I [ SerialL.We �rst show that if R0i(�; hEii) holds then �2(�2; hEii) is de�ned. The 
ase E = > is trivial.Suppose that R0i(�; hEii) holds and E 6= >. Thus, there exists hEii� 2 H(�) for some �. Hen
e26



L = KDI4s5; L-MProlog�L is de�ned by De�nition 4.8.A modality is in the L-normal form if its length � 1.Rules spe
ifyingExtL 2iE ! 2jE if i > j (1)SatL the rules spe
ifying ExtL plus2iE ! 2m2iE (2)hF iiE ! 2m3iE (3)NFL rr0E ! r0E if r0 is of the form 2i or hEii (4)rNFL rE  hXijrE if r is of the form 2i or hEiiand X is a fresh atom variable (5)rSatL 43iE  4hXiiE for X being a fresh atom variable (6)4ri� 42j� if i � j (7)43iE  43jE if i > j (8)rr0E  r0E if r0 is of the form 2i or 3i (9)Table 4: A s
hema for semanti
s of KDI4s5-MPrologN; �2; �2 � hEii�, and �2(w2; hEii) is de�ned.Let r �W �W2 be the least relation su
h that, for all w, w2, u2, E, i:� r(�; �2);� if R0i(�; hEii) holds then r(hEii; �2(�2; hEii));� if r(w;w2) and Si(w2; u2) hold, then r(h>ii; u2).We prove that M �r N . If r(w;w2) and Si(w2; u2) hold, then for u = h>ii we have r(u; u2)and Ri(w; u). We pro
eed by showing that if r(u; u2) and � 2 H(u) then N; �2; u2 � �. The 
aseu = � is trivial. Suppose that u = hEii, r(u; u2), and � 2 H(u). There are two 
ases:� u2 = �2(�2; hEii) and R0i(�; hEii); or� E = >, r(w;w2), and Si(w2; u2), for some w, w2.Consider the �rst 
ase. Sin
e � 2 H(u), either 2i� 2 H(�) or hEii� 2 H(�). Hen
e, N; �2; �2 �2i� or N; �2; �2 � hEii�. It follows that N; �2; u2 � �.Consider the se
ond 
ase. Sin
e � 2 H(u), it follows that 2i� 2 H(�). Hen
e, N; �2; �2 � 2i�.Sin
e r(w;w2) and Si(w2; u2), it 
an be shown that u2 is dire
tly or indire
tly rea
hable from �2(via the a

essibility relations Sj , 1 � j � m). Hen
e Si(�2; u2) holds, and N; �2; u2 � �.To prove M �r N , it remains to show that if r(w;w2) and Ri(w; u) hold, then there existsu2 2 W2 su
h that r(u; u2) and Si(w2; u2) hold. Suppose that r(w;w2) and Ri(w; u) hold. Itfollows that R0j(�; u) holds for some j � i. Let u = hEij and 
hoose u2 = �2(�2; hEij). Thus wehave r(u; u2). Sin
e r(w;w2), it 
an be shown that w2 is dire
tly or indire
tly rea
hable from �2(via the a

essibility relations Sj , 1 � j � m). Hen
e Si(w2; u2) holds.Proof of Lemma 4.5 If � is of the form E or 2iE, then � 2 ExtL(I) (sin
e M � �), and hen
e� 2 SatL(I). Suppose that � = 3iE. Let hW; �;R1; : : : ; Rm; Hi be the standard L-model graph of27



I . Sin
e M � �, there exists a world u = hF ij of M su
h that j � i and E 2 H(u). By Lemma4.1, some 2-lifting form of hF ijE belongs to ExtL(I). It follows that either 2jE or hF ijE belongsto ExtL(I). Hen
e � is an L-instan
e of some atom from SatL(I).Proof of Lemma 4.7 Let M = hD;W; �;R1; : : : ; Rm; �i be an arbitrary L-model of P and �a maximal 3-realization fun
tion on M . Note that if M;� � rhEiiE then M;� � hEiiE. Itis straightforward to prove by indu
tion on n that M;� � TL;P " n. Therefore M;� � IL;P andP �L IL;P .Proof of Lemma 4.8 Let M be the standard L-model of I and � the standard 3-realizationfun
tion on M . It is suÆ
ient to prove that for any ground L-instan
e 4(A B1; : : : ; Bn) of someprogram 
lause of P , for any w 2 W being an L-instan
e of 4, M;w � (A B1; : : : ; Bn). Supposethat M;w � Bi for all 1 � i � n. We show that M;w � A.Let 40 = w. We �rst show that for any ground simple atom B of the form E, 2iE, or 3iE, ifM;w � B then 40B is an L-instan
e of some atom from SatL(I). Suppose that M;w � B. If B isof the form E, then by Lemma 4.1, some 2-lifting form of 40B belongs to ExtL(I), and hen
e 40Bis an L-instan
e of some atom from SatL(I). If B is of the form 2iE then, by the 
onstru
tion ofM , it follows that 2iE 2 ExtL(I), and hen
e f2iE;2m2iEg � SatL(I), whi
h implies that 40Bis an L-instan
e of some atom from SatL(I). Now 
onsider the 
ase when B is of the form 3iE.Sin
e M;w � 3iE, either 2jE 2 ExtL(I) or hF ijE 2 ExtL(I) for some F and j � i. Hen
e, eitherf2jE;2m2jEg � SatL(I) or fhF ijE;2m3jEg � SatL(I) for some F and j � i. Therefore 40Bis an L-instan
e of some atom from SatL(I).Sin
e M;w � Bi for 1 � i � n, it follows that 40Bi is an L-instan
e of some atom from SatL(I).Consequently, 40A is an L-instan
e of some atom � from T0L;P (SatL(I)). Suppose that � is in theL-normal form. We have � 2 TL;P (I) � I . By Lemma 4.2, we have that M;� � �, and hen
eM;w � A. Now suppose that � is not in the L-normal, i.e. mdepth(�) = 2. Thus A is of theform 2iE or 3iE. Let A0 be the forward labeled form of A. Sin
e A0 2 TL;P (I), by Lemma 4.2,M;� � A0. Hen
e M;w � A.6.3 A S
hema for Semanti
s of KDI45-MPrologIn this se
tion, let L denote the logi
 KDI45. We �rst show that rir0j� � r0j� is L-valid for i � j,where ri and r0j are unlabeled modal operators. Suppose that i � j. There are the following 
ases:� ri = 2i and r0j = 2j : 2i2j� ! 2j� follows from 2i2j� ! 3i2j�, 3i2j� ! 3j2j�,and 3j2j� ! 2j�. For the 
onversion, 2j� ! 2i2j� follows from 2j� ! 2j2j� and2j2j�! 2i2j�.� ri = 2i and r0j = 3j : 2i3j� ! 3j� follows from 2i3j� ! 3i3j�, 3i3j� ! 3j3j�,and 3j3j� ! 3j�. For the 
onversion, 3j� ! 2i3j� follows from 3j� ! 2j3j� and2j3j�! 2i3j�.� ri = 3i and (r0j = 2j or r0j = 3j) : These 
ases are dual to the above 
ases.The above observation suggests that a modalityr(1)i1 : : :r(k)ik is in the L-normal form if i1 > : : : > ik.In Table 5, we give a s
hema for semanti
s of KDI45-MProlog. The rule (1) follows from theaxiom (I); the rule (2) from the axioms (4) and (I); the rule (3) from the axioms (I), (D), and (5)(be
ause 42i2j�!42j2j�, 42j2j�!43j2j�, and 43j2j�!42j�); the rule (4) followsfrom the axiom (4); the rule (5) is based on the axiom (5); the rules (6) and (7) are based on theaxiom (4) (as 43k3kE ! 43kE); the rules (8) and (9) are based on the mentioned observationon the L-normal form of modalities; the rule (11) is based on the axioms (D) and (I); the rule (12)is based on the axiom (I); the rule (13) is dual to the rules (2) and (4); the rule (14) is dual to therule (5); the rule (15) is dual to the rule (3); and �nally, the rule (16) is based on the axiom (4)and dual to the rules (6) and (7).Note that if ri is a maximally general L-instan
e of labeled modal operators r0j and r00k theni = min(j; k). It follows that if 4 is a maximally general L-instan
e of 4(1); : : : ;4(k), whi
h aremodalities in the L-normal labeled form, then 4 is also in the L-normal labeled form.28



L = KDI45; L-MProlog�L is de�ned by De�nition 4.8.r(1)i1 : : :r(k)ik is in the L-normal form if i1 > : : : > ik.The following rules are a

ompanied with the 
ondition that the atomsin both sides are in the L-normal labeled form for rules spe
ifying ExtLand in the almost L-normal labeled form for other rules. (*)ExtL 42i�!42j� if i > j (1)42i�!42i2j� if i > j (2)42i2j�!42j� if i > j (3)SatL the rules for ExtL with the modi�
ation stated in (*), plus42iE !42i2iE (4)4rE !42i3iE if 3i �L r (5)42irjE !43jE if i > j (6)4hF iirjE !43iE if i > j (7)NFL 4rir0jE !4r0jE if r0j is of the form 2j or hEijand i � j (8)rNFL 4rjE  4hXiirjE if rj is of the form 2j or hEij ,X is a fresh atom variable, and i � j (9)rSatL 43iE  4hXiiE for X being a fresh atom variable (10)4ri� 42j� if i � j (11)43iE  43jE if i > j (12)42i2j� 42i� if i � j (13)42i3iE  43iE (14)42i� 42j2i� if i < j (15)43iE  4hXii3iE for X being a fresh atom variable (16)Table 5: A s
hema for semanti
s of KDI45-MProlog
29



Theorem 6.3 The s
hema for semanti
s of KDI4s5-MProlog is 
orre
t.The proof of this theorem is given in Appendix C.6.4 ExamplesExample 6.1 Assume that there are 5 degrees of belief. Consider the program P 
onsisting of thefollowing 
lauses: �1 = 24good in maths(x) maths tea
her(x)�2 = 25(2igood in maths(x) 2imathemati
ian(x))�3 = 23(3igood in maths(x) maths student(x))�4 = 23(3igood in physi
s(x) physi
s student(x))�5 = 22(32good in maths(x) good in physi
s(x))�6 = maths tea
her(John) �7 = 22mathemati
ian(Tom) �8 = 25maths student(Peter) �9 = 25physi
s student(Mike) The index i in the above rules 
an take any value from the range [1..5℄. For the goal 24good in maths(x), in all of the logi
s 
onsidered in this se
tion, we have the 
orre
t an-swer fx = Johng. For the goal  22good in maths(x), in the logi
s KDI4s5 and KDI45, wehave the additional 
orre
t answer fx = Tomg. For the goal  31good in maths(x), in all ofthe logi
s, we have three 
orre
t answers fx = Johng, fx = Tomg, and fx = Peterg. The goal 32good in maths(Mike) su

esses only in the logi
 KDI4s5. We give here an SLD-refutationof P [ f 32good in maths(x)g in KDI4s5 with 
omputed answer fx=Mikeg :Goal Input Clause/Rule, Mgu, Constraints 32good in maths(x) hXi2good in maths(x) (6) hY ijhgood in maths(x)i2good in maths(x) (5); fX=good in maths(x)g hY ijgood in physi
s(x) �5; fx3=xg; j � 2 2jgood in physi
s(x) (7); �; j � 2� �9; fx=MikegIn the above refutation, j 
an take value 1 or 2. In another work, we have implemented MPrologas an additional module to Prolog, and 
onstraints as goal atoms. With that module, we 
an also
onsider, for example, the goals  2igood in maths(x) and  3igood in maths(x).7 Programming in MProlog for Multi-agent SystemsIn this se
tion, we give s
hemata for semanti
s of MProlog in the logi
s KD4s5s, KD45(m), andKD4Ig5a. In these logi
s, 2i� stands for \� is believed by agent i", while 3i� stands for \� is
onsidered possible by agent i". The logi
 KD4s5s 
an be used for distributed systems of belief, inwhi
h agents have full a

ess to belief bases of ea
h other. The logi
s KD45(m) and KD4Ig5a areintended for reasoning about epistemi
 states of agents. In KD4Ig5a, some modal indexes standfor groups of agents, and using them we 
an reason about 
ommon belief.7.1 A S
hema for Semanti
s of KD4s5s-MPrologIn this subse
tion, let L denote KDI4s5. It 
an be 
he
ked that a 
onne
ted framehW; �;R1; : : : ; Rmi is a KD4s5s-frame i� there are nonempty subsets of worlds W1; : : : ;Wm su
hthat W = f�g[W1 [ : : :[Wm and Ri = W �Wi, for 1 � i � m. Note that this property is similarto the KDI4s5-frame restri
tions. The di�eren
e is that the logi
 KD4s5s does not 
ontain theaxiom (I) and in this logi
 we do not have the 
ondition that Wi �Wj for i < j.In Table 6, we give a s
hema for semanti
s ofKD4s5s-MProlog. The L-normal form of modalitiesand the rules (1){(4) and (7) in that s
hema are justi�ed by the L-tautology r� � r0r�, where r30



L = KD4s5s; L-MProlog�L is de�ned by De�nition 4.8.A modality is in the L-normal form if its length � 1.Rules spe
ifyingExtL no rulesSatL 2iE ! 2j2iE (1)hF iiE ! 2j3iE (2)NFL rr0E ! r0E if r0 is of the form 2i or hEii (3)rNFL rE  hXijrE if r is of the form 2i or hEiiand X is a fresh atom variable (4)rSatL 43iE  4hXiiE for X being a fresh atom variable (5)4ri� 42i� (6)rr0E  r0E if r0 is of the form 2i or 3i (7)Table 6: A s
hema for semanti
s of KD4s5s-MPrologand r0 are unlabeled modal operators, while the rule (6) is based on the axiom (D). This s
hemais similar to the s
hema for semanti
s of KDI4s5-MProlog, ex
ept that it does not 
ontain rulesinvolving with the axiom (I). Analogously as for KDI4s5, we 
an prove the following theorem.Theorem 7.1 The s
hema for semanti
s of KD4s5s-MProlog is 
orre
t.The s
hema given in Table 6 is formulated so that it 
an use the proofs given in the Se
tion 4.However, similarly as for the 
ase of KDI4s5, the rules (5) and (6) of Table 6 
an be simpli�ed inthe way that the o

urren
es of 4 in those rules are deleted and � in the rule (6) is repla
ed by E.Furthermore, when resolving a goal with an input 
lause, if we relax the 
ondition that the mgu �uni�es the sele
ted head atom A0 with the forward labeled form A00 of the head of the input 
lause,but only require that � is a most general substitution su
h that A0�, A00� have the same 
lassi
alatom and A0� is an L-instan
e of A00�, then the rule (6) 
an be deleted. It 
an be shown that everySLD-refutation in the original 
al
ulus 
an be simulated in the new 
al
ulus by another one withthe same 
omputed answer. This means that the new SLD-resolution 
al
ulus is also sound and
omplete.An agent should keep all 
lauses that de�ne its epistemi
 states. This means that agent i shouldkeep all 
lauses of the form riE  B1; : : : ; Bn or 2i(A  B1; : : : ; Bn). Furthermore, program
lauses of the form 2i(2jE  B1; : : : ; Bn) with i 6= j have little sense in this kind of multi-agentsystems. It 
an be shown that program 
lauses of that form 
an be disallowed without redu
ingexpressiveness of KD4s5s-MProlog. If we adopt this restri
tion then the rule (4) in Table 6 
anbe modi�ed so that the involved modal operators have the same kind (i.e. agent index). Program
lauses of the form E  B1; : : : ; Bn 
an be kept by a spe
ial agent, whi
h will 
ommuni
ate withusers. Whenever an agent meets a goal atom of the form riE it will require the agent i to solvethe goal riE, and whenever an agent meets a goal atom of the form E (without modal 
ontext)it will require the spe
ial agent to solve the goal  E.
31



Example 7.1 Let P 
onsist of the following 
lauses:agent 1:�1 = 21likes(Jan; 
ola) �2 = 21likes(Piotr; pepsi) �3 = 21(31likes(x; 
ola) likes(x; pepsi))�4 = 21(31likes(x; pepsi) likes(x; 
ola))agent 2:�5 = 22likes(Jan; pepsi) �6 = 22likes(Piotr; 
ola) �7 = 22likes(Piotr; beer) �8 = 22(likes(x; 
ola) likes(x; pepsi))�9 = 22(likes(x; pepsi) likes(x; 
ola))agent 3:�10 = 23likes(Jan; 
ola) �11 = 33likes(Piotr; pepsi) �12 = 33likes(Piotr; beer) �13 = 23(very mu
h likes(x; y) likes(x; y);21likes(x; y);22likes(x; y))agent 
ommuni
ating with users:�14 = very mu
h likes(x; y) 23very mu
h likes(x; y)�15 = likes(x; y) 33very mu
h likes(x; y)�16 = possibly likes(x; y) 3ilikes(x; y)The modal index i in �16 
an take value 1, 2, or 3. Let the base logi
 be KD4s5s. For the goal very mu
h likes(x; y), we have the unique 
omputed answer fx=Jan; y=
olag. For the goal likes(x; y), we have two 
omputed answers fx=Jan; y=
olag and fx=P iotr; y=pepsig. For thegoal  possibly likes(x; y) we have 5 
omputed answers. We give below an SLD-refutation ofP [ f very mu
h likes(x; y)g in KD4s5s :Goal Input Clause/Rule, Mgu very mu
h likes(x; y) 23very mu
h likes(x; y) �14; fx1=x; y1=yg 23likes(x; y);2321likes(x; y);2322likes(x; y) �13; fx2=x; y2=yg 2321likes(Jan; 
ola);2322likes(Jan; 
ola) �10; fx=Jan; y=
olag 21likes(Jan; 
ola);2322likes(Jan; 
ola) (7) 2322likes(Jan; 
ola) �1 22likes(Jan; 
ola) (7) 22likes(Jan; pepsi) �8; fx7=Jang� �57.2 A S
hema for Semanti
s of KD45(m)-MPrologIn this subse
tion, let L denote the logi
 KD45(m). Re
all that this logi
 is intended for reasoningabout epistemi
 states of a number of agents. This logi
 is weak at the point that it has no intera
tionaxioms between agents. On the other side, this restri
tion enables us to prevent expanding modal
ontexts of goal atoms.In Table 7, we give a s
hema for semanti
s of KD45(m)-MProlog. The L-normal form of modal-ities and the rules (1){(4) and (7) in that s
hema are justi�ed by the L-tautology ri� � r0iri�,where ri and r0i are unlabeled modal operators. The rule (6) is based on the axiom (D).Theorem 7.2 The s
hema for semanti
s of KD45(m)-MProlog is 
orre
t.The proof of this theorem is given in Appendix D.7.3 A S
hema for Semanti
s of KD4Ig5a-MPrologIn this subse
tion, we 
on
ern semanti
s of KD4Ig5a-MProlog. The logi
 KD4Ig5a extend thelogi
 KD45(m) with modal operators for groups of agents and some intera
tion axioms between32



L = KD45(m); L-MProlog�L is de�ned by De�nition 4.8.r(1)i1 : : :r(k)ik is in the L-normal form if ij 6= ij+1 for all 1 � j < k.Both sides of ea
h rule given below are in the almost L-normal labeled form.ExtL no rulesSatL 42iE !42i2iE (1)4hF iiE !42i3iE (2)NFL 4rir0iE !4r0iE if r0i is of the form 2i or hEii (3)rNFL 4riE  4hXiiriE if r0i is of the form 2i or hEiiand X is a fresh atom variable (4)rSatL 43iE  4hXiiE for X being a fresh atom variable (5)4ri� 42i� (6)4rir0iE  4r0iE if r0i is of the form 2i or 3i (7)Table 7: A s
hema for semanti
s of KD45(m)-MProloggroups and agents. Without the axiom (5a), the logi
 KD4Ig5a is similar to KDI4, ex
ept that,in KDI4 we have the axiom (I) : 2i�! 2j� if i > j, while in KD4Ig5a we have (Ig) : 2i�! 2j�if g(i) � g(j). Thus, the logi
 KD4Ig5a 
an be viewed as a 
ombination of KD45(m) and KDI4.In Table 8, we give a s
hema for semanti
s of KD4Ig5a-MProlog. It is a 
ombination of thes
hemata for semanti
s of KDI4-MProlog and KD45(m)-MProlog given in Tables 3 and 7, withthe modi�
ations that, instead of 
omparing modal indexes i and j we 
ompare the sets g(i) andg(j), and the rules based on the axiom (5) are modi�ed so that they are appli
able only when theinvolved modal index stands for an agent.When resolving a goal with an input 
lause, if we relax the 
ondition that the mgu � uni�esthe sele
ted head atom A0 with the forward labeled form A00 of the head of the input 
lause, butonly require that � is a most general substitution su
h that A0�, A00� have the same 
lassi
al atomand A0� is an L-instan
e of A00�, then we 
an delete the rule (8) and repla
e the rule (10) by4rir0j� 42k�, where g(k) = g(i) [ g(j).Corre
tness of the s
hema for semanti
s of KD4Ig5a-MProlog 
an be proved in a similar wayas for the 
ases of KD45(m) and KDI4.8 S
hemata for Semanti
s of MProlog-2Re
all that in MProlog-2 programs and goals, existential modal operators are disallowed. In thisse
tion, we simplify the s
hemata given in the two previous se
tions for L-MProlog-2, where L isone the 
onsidered multimodal logi
s about belief. Let P denote an L-MProlog-2 program and Gan L-MProlog-2 goal.Observe that if a s
hema for semanti
s of L-MProlog does not involve existential modal operators(unlabeled or labeled), then:� It 
an be proved by indu
tion on n that TL;P "n 
ontains only atoms of the form 4E with 4being a universal modality. Hen
e, the same 
laim 
an be said for IL;P .� Worlds of ML;P are identi�ed by modalities of the form h>ii1 : : : h>iik .33



L = KD4Ig5a; L-MProlog�L is de�ned by De�nition 4.8.r(1)i1 : : :r(k)ik is in the L-normal form iffor all 1 � j < k if g(ij) is singleton then ij 6= ij+1.Both sides of ea
h rule given below are in the almost L-normal labeled form.ExtL 42i�!42j� if g(i) � g(j) (1)42i�!42i2i� (2)SatL the rules spe
ifying ExtL plus4hF iiE !42i3iE if g(i) is singleton (3)4rr0E !43iE if 3i �L r and 3i �L r0 (4)NFL 4rir0iE !4r0iE if g(i) is singleton andr0i is of the form 2i or hEii (5)rNFL 4riE  4hXiiriE if g(i) is singleton,r0i is of the form 2i or hEii, and X is a fresh atom variable (6)rSatL 43iE  4hXiiE for X being a fresh atom variable (7)4ri� 42j� if g(i) � g(j) (8)43iE  43jE if g(i) � g(j) (9)42i2i� 42i� (10)4ri3iE  43iE if g(i) is singleton (11)43iE  4hXij3iE if g(i) � g(j) andX is a fresh atom variable (12)Table 8: A s
hema for semanti
s of KD4Ig5a-MProlog� Existential modal operators never appear in SLD-derivations of P [ fGg in L.For L-MProlog-2, assume the word L-MProlog in Se
tion 4 is repla
ed by L-MProlog-2. De�nethat a s
hema for semanti
s of L-MProlog-2 is 
orre
t if the main theorems 4.3, 4.9, 4.16 and 4.23are true for L-MProlog-2.Case L 2 fKDI4s;KDI4gObserve that:� The rules (3) in Tables 2 and 3 are unne
essary for 
omputing IL;P .� The rules (4), (6), (8) in Tables 2 and 3 are never used in SLD-derivations of P [ fGg in L.� Changing the rule (5) in Tables 2 and 3 to 42i� 42j� if i < j and the rule (7) in Table2 to 42j2i� 42i� does not a�e
t SLD-derivations of P [ fGg in L.Hen
e, the s
hemata given in Tables 2 and 3 
an be simpli�ed respe
tively forKDI4s-MProlog-2and KDI4-MProlog-2 to the s
hemata given in Table 9, and these new s
hemata are 
orre
t.Case L = KDI4s5Observe that: 34



L = KDI4s; L-MProlog-2�L is spe
i�ed by 2i �L 2j for i � j.No restri
tions on the L-normal form of modalities.No rules spe
ifying NFL and rNFL.Rules spe
ifyingExtL and SatL42i�!42j� for i > j42i�!42j2i�rSatL 42j� 42i� for i > j42j2i� 42i�L = KDI4; L-MProlog-2�L is spe
i�ed by 2i �L 2j for i � j.No restri
tions on the L-normal form of modalities.No rules spe
ifying NFL and rNFL.Rules spe
ifyingExtL and SatL42i�!42j� for i > j42i�!42i2i�rSatL 42j� 42i� for i > j42i2i� 42i�Table 9: S
hemata for semanti
s of MProlog-2, part 1� The rule (3) in Table 4 is unne
essary for 
omputing IL;P .� Changing the rule (4) in Table 4 to 2i2jE ! 2jE does not a�e
t IL;P .� The rule (5) in Table 4 
an be simulated by the rule 2iE  212iE so that existential modaloperators never appear in SLD-derivations of P [ fGg in L. Consequently, the rules (6) and(8) in Table 4 are never used in SLD-derivations of P [ fGg in L, and the rule (9) in Table 4
an be 
hanged to 2i2jE  2jE.� With the presen
e of the rule 2iE  2jE for i < j, the rule 2i2kE  2j2kE for i < jis useless and the rule 2k2iE  2k2jE for i < j 
an be simulated. Hen
e the rule (7) inTable 4 
an be repla
ed by 2iE  2jE with i < j.Hen
e, the s
hema given in Table 4 
an be simpli�ed for KDI4s5-MProlog-2 to the 
orrespond-ing s
hema given in Table 10, and this latter s
hema is 
orre
t.Case L = KD4s5sObserve that:� The rule (2) in Table 6 is unne
essary for 
omputing IL;P .� Changing the rule (3) in Table 6 to 2i2jE ! 2jE does not a�e
t IL;P .� The rule (4) in Table 6 
an be simulated by the rule 2iE  2j2iE so that existential modaloperators never appear in SLD-derivations of P [ fGg in L. Consequently, the rules (5) and(6) in Table 6 are never used in SLD-derivations of P [ fGg in L, and the rule (7) 
an be
hanged to 2j2iE  2iE.Hen
e, the s
hema given in Table 6 
an be simpli�ed for KD4s5s-MProlog-2 to the 
orrespond-ing s
hema given in Table 10, and this latter s
hema is 
orre
t.35



L = KDI4s5; L-MProlog-2�L is spe
i�ed by 2i �L 2j for i � j.A modality is in the L-normal form if its length � 1.Rules spe
ifyingExtL 2iE ! 2jE for i > jSatL the above rule plus2iE ! 2m2iENFL 2i2jE ! 2jErNFL 2iE  212iErSatL 2iE  2jE for i < j2i2jE  2jEL = KD4s5s; L-MProlog-2�L is the identity binary relation.A modality is in the L-normal form if its length � 1.Rules spe
ifyingExtL no rulesSatL 2iE ! 2j2iENFL 2i2jE ! 2jErNFL 2jE  2i2jErSatL 2j2iE  2iETable 10: S
hemata for semanti
s of MProlog-2, part 2Case L = KDI45Observe that:� The rules (5), (6) and (7) in Table 5 are unne
essary for 
omputing IL;P .� Changing the rule (8) in Table 5 to 42i2jE !42jE if i � j does not a�e
t IL;P .� The rule (9) in Table 5 
an be simulated by the rule 42jE  42i2jE if i � j so thatexistential modal operators never appear in SLD-derivations of P [ fGg in L. Consequently,the rules (10), (12), (14) and (16) in Table 5 are never used in SLD-derivations of P [ fGg inL, and the rule (11) 
an be 
hanged to 42iE  42jE if i < j.Hen
e, the s
hema given in Table 5 
an be simpli�ed for KDI45-MProlog-2 to the s
hema givenin Table 11, and this latter s
hema is 
orre
t.Case L = KD45(m)Observe that:� The rule (2) in Table 7 is unne
essary for 
omputing IL;P .� Changing the rule (3) in Table 7 to 42i2iE !42iE does not a�e
t IL;P .� The rule (4) in Table 7 
an be simulated by the rule 42iE  42i2iE so that existentialmodal operators never appear in SLD-derivations of P [ fGg in L. Consequently, the rules(5) and (6) in Table 7 are never used in SLD-derivations of P [ fGg in L, and the rule (7)
an be 
hanged to 42i2iE  42iE.Hen
e, the s
hema given in Table 7 
an be simpli�ed for KD45(m)-MProlog-2 to the 
orre-sponding s
hema given in Table 12, and this latter s
hema is 
orre
t.
36



L = KDI45; L-MProlog-2�L is spe
i�ed by 2i �L 2j if i � j.2i1 : : :2ik is in the L-normal form if i1 > : : : > ik.The following rules are a

ompanied with the 
ondition that the atomsin both sides are in the L-normal labeled form for rules spe
ifying ExtLand in the almost L-normal labeled form for other rules. (*)ExtL 42i�!42j� if i > j42i�!42i2j� if i > j42i2j�!42j� if i > jSatL the rules for ExtL with the modi�
ation stated in (*)42iE !42i2iENFL 42i2jE !42jE if i � jrNFL 42jE  42i2jE if i � jrSatL 42i� 42j� if i < j42i2j� 42i� if i � j42i� 42j2i� if i < jTable 11: S
hemata for semanti
s of MProlog-2, part 3Case L = KD4Ig5aObserve that:� The rules (3) and (4) in Table 8 is unne
essary for 
omputing IL;P .� Changing the rule (5) in Table 8 to 42i2iE !42iE if g(i) is singleton does not a�e
t IL;P .� The rule (6) in Table 8 
an be simulated by the rule 42iE  42i2iE if g(i) is singleton,so that existential modal operators never appear in SLD-derivations of P [ fGg in L. Con-sequently, the rules (7), (9), (11) and (12) in Table 8 are never used in SLD-derivations ofP [ fGg in L, and the rule (8) 
an be 
hanged to 42i� 42j� if g(i) � g(j).Hen
e, the s
hema given in Table 8 
an be simpli�ed for KD4Ig5a-MProlog-2 to the 
orre-sponding s
hema given in Table 12, and this latter s
hema is 
orre
t.In summary, we have the following theorem:Theorem 8.1 The s
hemata for semanti
s of L-MProlog-2 are 
orre
t, for L 2 fKDI4s, KDI4,KDI4s5, KDI45, KD4s5s, KD45(m), KD4Ig5ag.9 MDatalog and Modal Dedu
tive DatabasesIn this se
tion, we apply the results on MProlog for dedu
tive databases to form a query language
alled MDatalog and give 
omputational methods for modal dedu
tive databases. We show that thedata 
omplexity of MDatalog in the logi
s KDI4s5, KDI45, KD4s5s, and KD45(m) is in PTIME.In [27℄, we presented MDatalog for monomodal dedu
tive databases and gave a 
omputing methodthat is based on building model graphs. The te
hnique used in this se
tion is at a higher level, asit is based on modal relational algebras and the magi
-set transformation.In this se
tion, let L be one of the multimodal logi
s 
onsidered in this work. We �rst de�nethe L-MDatalog language. Informally, L-MDatalog is a sublanguage of L-MProlog that is free fromfun
tion symbols and satis�es the 
ondition that L-MDatalog program 
lauses are allowed.De�nition 9.1 An MProlog program 
lause without fun
tion symbols is said to be allowed if everyvariable o

urring in the head also o

urs in the body. An L-MDatalog program is an L-MProlog37



L = KD45(m); L-MProlog-2�L is the identity binary relation.2i1 : : :2ik is in the L-normal form if ij 6= ij+1 for all 1 � j < k.Both sides of ea
h rule given below are required to be in thealmost L-normal labeled form.ExtL no rulesSatL 42iE !42i2iENFL 42i2iE !42iErNFL 42iE  42i2iErSatL 42i2iE  42iEL = KD4Ig5a; L-MProlog-2�L is de�ned by 2i � 2j if g(i) � g(j).2i1 : : :2ik is in the L-normal form iffor all 1 � j < k if g(ij) is singleton then ij 6= ij+1.Both sides of ea
h rule given below are required to be in thealmost L-normal labeled form.ExtL and SatL42i�! 42j� if g(i) � g(j)42i�! 42i2i�NFL 42i2iE !42iE if g(i) is singletonrNFL 42iE  42i2iE if g(i) is singletonrSatL 42i� 42j� if g(i) � g(j)42i2i� 42i�Table 12: S
hemata for semanti
s of MProlog-2, part 4program that is free from fun
tion symbols and whose 
lauses are allowed. An L-MDatalog goal isan L-MProlog goal that is free from fun
tion symbols.We now give some de�nitions for modal dedu
tive databases.De�nition 9.2 An n-ary L-tuple is an ordered pair (4; t), where t is a 
lassi
al n-ary tuple of
onstant symbols and 4 is a ground modality in the almost L-normal labeled form. An n-aryL-relation is a set of n-ary L-tuples. An L-relation is an n-ary L-relation for some n.De�nition 9.3 An L-relation is said to be in the L-normal form if every one of its tuples is of theform (4; t) with 4 in the L-normal labeled form.A dedu
tive database 
onsists of two parts: extentional, and intentional. The extentional part(edb) is an instan
e of extentional relations, while the intentional part (idb) is a program de�ningintentional relations. Ea
h predi
ate in a dedu
tive database is 
ategorized either as extentional oras intentional. A predi
ate R is extentional w.r.t. an MDatalog program P if it is not de�ned by P(i.e. no 
lause of P has R in its head). If R is de�ned by P then it is intentional w.r.t P . A modaldedu
tive database in L 
onsists of an L-MDatalog program P and an instan
e I of L-relations,whi
h are extentional w.r.t. P .Let R be a set of predi
ate symbols. An instan
e I of L-relations of R 
an be treated as a set ofatoms of predi
ates of R. Conversely, a set I of ground atoms of predi
ates of R whi
h are in thealmost L-normal labeled form 
an be treated as an instan
e of L-relations of R. If I is an instan
eof L-relations of R and R is a predi
ate symbol of R, then by I(R) we denote the instan
e of theL-relation R 
ontained in I .An L-MDatalog program P 
an be treated as a fun
tion (denoted by PL) that maps an instan
eof edb L-relations to an instan
e of idb L-relations su
h that PL(I) is the least (w.r.t. �) L-modelgenerator J su
h that TL;P (I[J) = J . Let TL;P;I be the operator de�ned by TL;P;I(J) = TL;P (I[J).Then TL;P;I is monotoni
 and 
ontinuous, and PL(I) is the least �xpoint of TL;P;I spe
i�ed byTL;P;I "! = S0�k�! TL;P;I "k, where TL;P;I "k is de�ned in a similar way as TL;P "k.38



De�nition 9.4 We de�ne an L-MDatalog query to be a pair (P; �), where P is an L-MDatalogprogram and � is an L-MDatalog 
lause 4(query(x1; : : : ; xk) B1; : : : ; Bh) su
h that: query is aspe
ial predi
ate symbol not o

urring in P and the body of �; x1; : : : ; xk are di�erent variables;and h � 1. An L-MDatalog query (P; �) takes as input an instan
e I of edb L-relations and returnsas output the L-relation P 0L(I)(query), where P 0 = P [ f�g.9.1 Data Complexity of MDatalogThe data 
omplexity of L-MDatalog is said to be in a 
omplexity 
lass C if the 
omplexity of
omputing every L-MDatalog query is in C. Here the query is �xed and the 
omplexity is measuredw.r.t. the size of input. Re
all that the length of a formula is the number of symbols o

urring inthat formula. We de�ne the size of a formula set to be the sum of the lengths of its formulas, andthe size of an instan
e I of L-relations to be the size of the set of atoms spe
i�ed by I .Theorem 9.1 The data 
omplexity of L-MDatalog is in PTIME for L 2 fKDI4s5, KDI45,KD4s5s, KD45(m)g.Proof. Let (P0; �) be an L-MDatalog query, and I0 an input to (P0; �). Let P = P0 [ f�g, 
 be thesize of P , and n the size of P [ I0. It is suÆ
ient to show that the 
omplexity of 
omputing PL(I0)is bounded by a polynomial of n.Let I = TL;P;I0 "k for some k � 1 and let � 2 I . Then the modal depth of � is bounded by 1 forL 2 fKDI4s5;KD4s5sg, by m for L = KDI45, and by 
 for L = KD45(m)8. Denote this boun
eby d. The number of 
lassi
al atoms that may o

ur in (the atoms of) I is of rank O(n
). Hen
ethe size of I is of rank O(n
(d+1)). It follows that the size of SatL(I0 [ I) and the number of stepsneeded for 
omputing SatL(I0 [ I) from I0 and I are also of rank O(n
(d+1)). The number of stepsneeded for 
omputing T0L;P (SatL(I0 [ I)) from SatL(I0 [ I) is of rank O(n
:
:(d+1)). The size ofT0L;P (SatL(I0[I)) 
an be estimated in a similar way as the size of I and is of rank O(n
(d+2)). Thenumber of steps need for 
omputing TL;P;I0 "(k+ 1) from T0L;P (SatL(I0 [ I)) is of the same rank asthe size of T0L;P (SatL(I0 [ I)). Therefore the number of steps needed to 
ompute TL;P;I0 " (k + 1)from TL;P;I0 " k is bounded by a polynomial of n. The size of TL;P;I0 "! 
an be estimated in thesame way as the size of I and is of rank O(n
(d+1)). Hen
e the number of steps needed to 
omputeTL;P;I0 "! is bounded by a polynomial of n. 2For 
omplexity of the Horn fragment in monomodal logi
s, see [10, 12, 26℄.9.2 Modal Relational AlgebrasIn this subse
tion, we �rst de�ne a modal relational algebra in L, 
alled the L-SPCU algebra.These algebras extend the 
lassi
al SPCU algebra (see, e.g., [1℄) with some operators involvingmodalities. We then 
ompare L-SPCU algebra queries with nonre
ursive L-MDatalog programs(see De�nition 9.6).The L-SPCU algebra is formed by the following operators:Sele
tion The two primitive forms are �j=
 and �j=k , where j, k are positive integers and 
 isa 
onstant symbol. The operator �j=
 takes as input any L-relation I with arity � j andreturns as output an L-relation of the same arity. In parti
ular, �j=
(I) = f(4; t) j (4; t) 2I and t(j) = 
g. The operator �j=k is de�ned analogously for inputs with arity � maxfj; kg.Proje
tion The general form of this operator is �j1;:::;jn , where j1; : : : ; jn is a sequen
e of pos-itive integers, possibly with repeats. This operator takes as input any L-relation with ar-ity � maxfj1; : : : ; jng and returns an L-relation with arity n. In parti
ular, �j1;:::;jn(I) =f(4; h
1; : : : ; 
ni) j (4; t) 2 I for some t with t(ji) = 
i for 1 � i � ng.Cross-produ
t This operator, denoted by �, takes as input a pair of L-relations in the L-normalform having arbitrary arities k and h and returns an L-relation with arity k+h. In parti
ular,if arity(I) = k and arity(J) = h, then I � J = f(4; ht(1); : : : ; t(k); s(1); : : : ; s(h)i) j there8for L = KD45(m), it is bounded by the maximal modal depth of 
lauses of P39



exist 40 and 400 su
h that (40; t) 2 I , (400; s) 2 J , and 4 is a maximal L-instan
e in theL-normal labeled form of 40 and 400g.Union This operator, denoted by [, takes as input a pair of L-relations with the same arity andreturns an L-relation with the same arity that is the union of the input relations.Context-shrink The two primitive forms are 2i and 3i, where 1 � i � m. These operators takeas input any L-relation I and return as output an L-relation of the same arity. In parti
ular,2i(I) = f(4; t) j there exists (4r; t) 2 I su
h that 2i �L rg. The operator 3i is de�nedanalogously.Context-stret
h The two primitive forms are 2 i and 3 i , where 1 � i � m. These operatorstake as input any L-relation I in the L-normal form and return as output an L-relation of thesame arity. In parti
ular, 2 i (I) = f(42i; t) j (4; t) 2 Ig and 3 i (I) = f(43i; t) j (4; t) 2Ig.Context-sele
tion The general form of this operator is �4, where 4 is a universal modality inthe L-normal form. This operator takes as input any L-relation I in the L-normal form andreturns as output an L-relation of the same arity. In parti
ular, �4(I) = f(40; t) j there exists(4(1); t) 2 I and a universal modality 4(2) su
h that 4�! 4(2)� is an L-tautology and 40is a maximal L-instan
e in the L-normal labeled form of 4(1) and 4(2)g.Saturation This operator, denoted by SatL, takes as input any L-relation I in the L-normal formand returns as output an L-relation of the same arity. In parti
ular, SatL(I) = f(4; t) jthere exists 40 su
h that (40; t) 2 I and 4E 2 SatL(f40Eg) for some Eg, where the latteroperator SatL a
ts on model generators as de�ned in Se
tion 4.Labeling The general form of this operator is Labelp, where p is an n-ary predi
ate symbol. Thisoperator takes as input any L-relation I with arity n and returns as output an L-relation ofthe same arity. In parti
ular, Labelp(I) = f(4; t) j (4; t) 2 I and 4 is not of the form 403ig[ f(4hp(
1; : : : ; 
n)ii; h
1; : : : ; 
ni) j (43i; h
1; : : : ; 
ni) 2 Ig.Normalization This operator, denoted by NFL, takes as input any L-relation I and returns asoutput an L-relation in the L-normal form and of the same arity. In parti
ular, NFL(I) =f(4; t) j there exists 40 su
h that (40; t) 2 I and 4E 2 NFL(f40Eg) for some Eg, wherethe latter operator NFL a
ts on model generators as de�ned in Se
tion 4.Note that the operators �, 2i, 3i, and �4 are dependent on the base logi
 L.However, for simpli
ity we do not atta
h the index L to these operators. For L 2fKDI4s5;KD4s5s;KDI45;KD45(m)g, if input 
onsists of �nite L-relations, then the aboveoperations 
an be e�e
tively 
omputed and they return a �nite L-relation. For L 2fKDI4s;KDI4;KD4Ig5ag, we do not have this property.De�nition 9.5 L-SPCU (algebra) queries are built from input L-relations and unary 
onstantrelations I
L = f(4; h
i) j 4 is a universal modality in the almost L-normal labeled formg, where 
is a 
onstant symbol, using the L-SPCU algebra operators.We now 
ompare L-SPCU queries with queries based on L-MDatalog programs.De�nition 9.6 A predi
ate p dire
tly depends on a predi
ate q in an L-MDatalog program P ifthere exists a program 
lause � of P 
ontaining both p and q su
h that p o

urs in the head of �.De�ne the relation \depends" to be the transitive 
losure of the relation \dire
tly depends". AnL-MDatalog program P is nonre
ursive if none of its predi
ates depends on itself.Proposition 9.2 Let L be one of the multimodal logi
s 
onsidered in this work. Then every L-MDatalog query (P; �), where P is a nonre
ursive L-MDatalog program, is equivalent to an L-SPCUquery. 40



Proof. Sin
e the L-SPCU algebra 
ontains the union operator, it is suÆ
ient to show that everyL-relation ans de�ned by a nonre
ursive L-MDatalog program 
lause is equivalent to an L-SPCUquery. For simpli
ity, we show this using the following representative example4(3ians(x; x; z; a) 2jR(x; b);3kS(x; y); T (z))Let Q = �1(�1=3( 2j(SatL(�2=b(R))) �3k(SatL(S)) )). Then ans is equivalent toNFL(Labelans(3 i (�4(Q�Q� SatL(T )� IaL)))) 2The 
onversion of the above proposition does not hold be
ause the operators SatL, 2 i and 3 imay return relations whi
h are not in the L-normal form.An additional operator that is deserved for 
onsideration is the redundant-elimination operatorde�ned by REL(I) = f(4; t) 2 I j there is no (40; t) 2 I su
h that 40 6= 4 and 4 is an L-instan
eof 40g. We believe that this operator has a good behaviour when used in L-SPCU queries.9.3 Evaluation of MDatalogIn this se
tion, we extend evaluation te
hniques of Datalog (see, e.g., [1℄) for MDatalog. We
on
entrate on bottom-up te
hniques, in parti
ular, the seminaive evaluation and the magi
-settransformation. Our method is general, however, the spe
i�
 results are proved only for the logi
sKDI4s5, KDI45, KD4s5s, KD45(m). In this se
tion, let L be one of these logi
s.9.3.1 The Seminaive EvaluationLet P be an L-MDatalog program and I an instan
e of L-relations whi
h are extentional w.r.t. P .We �rst give a naive algorithm for 
omputing PL(I). Sin
e PL(I) = TL;P;I "!, we 
an obtain PL(I)by 
omputing TL;P;I "k for next values of k until a �xpoint TL;P;I "k = TL;P;I " (k � 1) is rea
hed.Suppose that we have already 
omputed TL;P;I " k and the 
ontent of a relation p in TL;P;I " k isstored in pk. Then to 
ompute TL;P;I " (k + 1) let us 
onsider the program Pk+1 obtained from Pby repla
ing every predi
ate p in bodies of the 
lauses of P by pk. Pk+1 is a nonre
ursive MDatalogprogram, and hen
e Pk+1(I) 
an be 
omputed using the L-SPCU algebra operators. The results ofPk+1(I) are then assigned to the predi
ates pk+1 to start the next round (if ne
essary).In the naive algorithm, a 
onsiderable amount of redundant 
omputation is done, as TL;P;I "k� TL;P;I " (k + 1) and ea
h round re
omputes all elements of the previous round. To avoid thissituation we 
an apply the seminaive evaluation te
hnique in a similar way as for Datalog programs.Let P 0k+1, for k � 1, be the program 
onstru
ted as follows: for ea
h 
lause 4(A B1; : : : ; Bn) ofP and ea
h 1 � i � n, add to P 0k+1 the 
lause 4(A  B01; : : : ; B0i�1; B�i ; B00i+1; : : : ; B00n), where B0j(resp. B00j ) is obtained from Bj by repla
ing the predi
ate of Bj , denoted by p, by pk (resp. pk�1),and B�i is obtained from Bi by repla
ing the predi
ate of Bi, denoted by q, by the predi
ate de�nedby (qk�qk�1). The key in this evaluation is B�i , whi
h 
ontains only new atoms that are derived atround k. Then the seminaive algorithm is the modi�
ation of the naive algorithm with Pk repla
edby P 0k for k � 2. It is straightforward to proved that the seminaive algorithm produ
es TL;P;I "k atround k. This means that the seminaive algorithm is 
orre
t.9.3.2 The Magi
-Set Transformation Te
hniqueWe now 
onsider the magi
-set transformation te
hnique for MDatalog queries. In SLD-derivations,
onstant symbols may be push from goals to subgoals through uni�
ation, and in this way the sear
hspa
e is restri
ted. The magi
-set te
hnique simulates that kind of sear
h restri
tion for bottom-upevaluation. It rewrites a given query to another equivalent one that is more e�e
tive when usedwith the seminaive evaluation. To illustrate this te
hnique, we use the following program MRSG0,whi
h is a modi�ed version of the program RSG [1℄ involving with modal operators:23(rsg(x; y) flat(x; y))23(rsg(x; y) up(x; x1); rsg(y1; x1); down(y1; y))22(rsg(x; y) 23up(x; x1);22rsg(y1; x1);21down(y1; y))21(31rsg(x; y) up(x; x1);31rsg(y1; x1); down(y1; y))41



and the query spe
i�ed by � = (query(y) 32rsg(a; y)).We �rst 
onsider adorned versions of programs and queries. Denote MRSG = MRSG0 [ f�g.Given a goal  query(y) to MRSG, it is �rst repla
ed by  32rsg(a; y). As the �rst 
oordinateof the goal atom is bound and the se
ond 
oordinate is free, we denote the goal by 32rsgbf (a; y),where the supers
ript `bf ' is 
alled an adornment. In the next step, the operator 32 in the goalatom is labeled to be
ome hXi2, where X is a fresh atom variable. Now suppose that we wantto resolve the new goal with the third 
lause of MRSG0. To make bene�ts from adornments, we
reate an adorned version of the third 
lause of MRSG0 and resolve the 
urrent goal with it. Inthat adorned 
lause, the atom in the head should be rsgbf (x; y), and be
ause x is bound and up isan edb predi
ate, x1 will be bound. Therefore that adorned 
lause looks like22(rsgbf (x; y) 23up(x; x1);22rsgfb(y1; x1);21down(y1; y))Note that we do not write adornments for edb predi
ates.The relevant adorned 
lauses for the query (MRSG0; �) are as follows:1. query(y) 32rsgbf (a; y)2. 23(rsgbf (x; y) flat(x; y))3. 23(rsgbf (x; y) up(x; x1); rsgfb(y1; x1); down(y1; y))4. 22(rsgbf (x; y) 23up(x; x1);22rsgfb(y1; x1);21down(y1; y))5. 21(31rsgbf (x; y) up(x; x1);31rsgfb(y1; x1); down(y1; y))6. 23(rsgfb(x; y) flat(x; y))7. 23(rsgfb(x; y) down(y1; y); rsgbf (y1; x1); up(x; x1))8. 22(rsgfb(x; y) 21down(y1; y);22rsgbf (y1; x1);23up(x; x1))9. 21(31rsgfb(x; y) down(y1; y);31rsgbf (y1; x1); up(x; x1))Note that in the last three 
lauses, the order of atoms in the bodies is 
hanged so that the binding ofy in down 
an be \passed" via y1 to rsg and via x1 to up. Denote the above program by MRSGad.Formally, an adornment 
 for an n-ary predi
ate p is a sequen
e of letters `b' and `f ' with lengthn, and p adorned by 
 is denoted by p
 . For A being of the form 4p(t1; : : : ; tn), by A
 we denote4p
(t1; : : : ; tn). We say that a variable x is bound in A
 if there exists 1 � j � n su
h that tj = xand 
(j) = `b', otherwise x is free in A
 . Given a 
lause � = 4(A B1; : : : ; Bk) and an adornment
 for the predi
ate in A, the adorned version of � w.r.t. 
 is 4(A
  B
11 ; : : : ; B
kk ), where 
i isspe
i�ed as follows: if Bi is of the form 4p(t1; : : : ; tn) and tj is a 
onstant symbol or a variablebound in A
 or o

urring in B1; : : : ; Bj�1 then 
i(j) = `b', else 
i(j) = `f '.Let (P0; �) be an L-MDatalog query. Let  be the adorned version of � w.r.t the adornment
ontaining only `f ' with the modi�
ation that the head is written without adornment. Let P =P0 [ f�g and P ad be the program 
onsisting of all adorned versions of all 
lauses of P0 plus  . We
all P ad the adorned program 
orresponding to the query (P0; �).From now we assume the modi�
ation that if � is of the form43i p
(t1; : : : ; tn) then the forwardlabeled form of � is4hp(t1; : : : ; tn)ii p
(t1; : : : ; tn) instead of4hp
(t1; : : : ; tn)ii p
(t1; : : : ; tn). Underthis assumption, we have the following property:Lemma 9.3 Let (P0; �) be an L-MDatalog query, P = P0[�, and P ad be the 
orresponding adornedprogram. Then for every edb instan
e I, idb predi
ate p of P , and adornment 
 for p, we have thatP adL (I)(p
) = PL(I)(p). In parti
ular, for every edb instan
e I, P adL (I)(query) = PL(I)(query).Proof. It is straightforward to prove by indu
tion on k that: for every edb instan
e I , idb predi
atep of P , and adornment 
 for p, we have that TL;Pad;I " k (p
) = TL;P;I " k (p). This proves thelemma. 242



We pro
eed by giving a further transformation for P ad. Consider, for example, the 9th 
lause ofthe programMRSGad. As the head of the 
lause is 31rsgfb(x; y), \input" for the body is bound bya 
ertain relation 31input rsgfb(y). From 31input rsgfb(y) and down(y1; y), we 
reate sup92(y; y1)as a supplement for the 2nd atom in the body of the 9th 
lause of MRSGad, whi
h is an atom ofan idb predi
ate. The 
lause is thus transformed to the following:(s9.1) 21(sup92(y; y1) 31input rsgfb(y); down(y1; y))(s9.2) 21(31rsgfb(x; y) sup92(y; y1);31rsgbf (y1; x1); up(x; x1))Furthermore, sup92(y; y1) triggers an additional sear
h for 31rsgbf (y1; x1), whi
h in turn will triggera sear
h for 21rsgbf (y1; x1) (due to the axiom D). Thus, sup92(y; y1) adds additional \input" tothe sear
h for 21rsgbf (y1; x1). Hen
e, we also have the following 
lause:(i9.1) 21(21input rsgbf (y1) sup92(y; y1))As another example, for the 8th 
lause of MRSGad we have the following:(s8.1) 22(sup82(y; y1) input rsgfb(y);21down(y1; y))(s8.2) 22(rsgfb(x; y) sup82(y; y1);22rsgbf (y1; x1);23up(x; x1))(i8.1) 22(22input rsgbf (y1) sup82(y; y1))For the 2nd 
lause of MRSGad we have:(s2.1) 23(rsgbf (x; y) input rsgbf (x); f lat(x; y))Despite that we do not write adornment for query, its impli
it adornment 
ontains only `f '.Thus, the 1st 
lause of MRSGad will be transformed to:(s1.1) sup11  input query(s1.2) query(y) sup11;32rsgbf (a; y)(i1.1) 22input rsgbf (a) sup11(seed) input query  The seed rule is used to trigger a sear
h for the query. The four above rules 
an be simpli�ed,however, we keep them for the sake of 
onvenien
e.The result of transformation for all 
lauses of MRSGad forms a new program, denoted byMRSGm. Be
ause MRSGm is quite long, we do not list all of its 
lauses.We now give a formal de�nition of the magi
-set transformation. We start by giving auxiliarynotations. For an atomA of the form4p
(t1; : : : ; tn), where j4j � 1 and i1; : : : ; ik are all the indexessu
h that 
(ij) = `b' for 1 � j � k : by input A we denote the atom 4input p
(ti1 ; : : : ; tik ); byinput blf A we denote 2ip
(ti1 ; : : : ; tik ) if 9 4 = 3i, and input A otherwise. Note that we donot write adornment for query but it is impli
itly the one that 
ontains only `f '. For an adorned
lause �i = 4(A B1; : : : ; Bk) and 1 � j � k, let Supij be the atom of the predi
ate supij whosearguments are the variables that o

ur both in input A;B1; : : : ; Bi�1 and Bi; : : : ; Bk; A.Let (P0; �) be an L-MDatalog query and P ad the 
orresponding adorned program. Constru
tPm as follows: At the beginning let Pm 
ontain only the 
lause 4(input query  ), where 4 is themodal 
ontext of �. Then for ea
h 
lause �i = 4(A  B1; : : : ; Bk) of P ad with the property thatquery depends on the predi
ate of A :� If no idb predi
ate o

urs in B1; : : : ; Bk then add to Pm the 
lause4(A input A;B1; : : : ; Bk).� Otherwise, let i1; : : : ; ih be all the indexes su
h that Bij , for 1 � j � h, is an atom of an idbpredi
ate, then add to Pm the following 
lauses:{ 4(Supii1  input A;B1; : : : ; Bi1�1),{ 4(Supiij  Supiij�1 ; Bij�1 ; : : : ; Bij�1) for every 1 < j � h,{ 4(A Supiih ; Bih ; : : : ; Bk),{ 4(input blf Bij  Supiij ) for every 1 � j � h.Among the 
lauses of Pm there is exa
tly one 
lause de�ning query. Denote that 
lause by �m.(Pm; �m) is the L-MDatalog query obtained from (P0; �) by the magi
-set transformation.In order to 
ompare (Pm; �m) with (P0; �) and obtain an equivalen
e we need a modi�
ationfor the operator SatL. The problem is that if 4E  40E is an instan
e of a rule spe
ifying rSatL9blf stands for \2-lifting form" 43



or rNFL then we should a

ept also 4input E !40 input E. For general 
ases we would assumethe following modi�
ation: for every rule Æ spe
ifying rSatL or rNFL, 
onsider an equivalentrule in the form 4E  40E, repla
e every modal operator of the form hXii in 40 by 2i anddenote the result by 4E  400E, then extend the set of rules spe
ifying SatL with the rule Æ0 =(4input E ! 400 input E), keeping all a

ompanying 
onditions. For example, if Æ = (43iE  4hXiiE) then Æ0 = (43i input E ! 42i input E), if Æ = (42i�  42j2i�) for i < j thenÆ0 = (42i40 input E ! 42j2i40 input E) for i < j. For the spe
i�
 logi
s KDI4s5, KD4s5s,KDI45, and KD45(m), we just extend the primary set of rules spe
ifying SatL with the followingrules:� 
ase L 2 fKDI4s5;KDI45g : 4input E ! 2m input E if j4j � 1;� 
ase L = KD4s5s : 4ri input E ! 2i input E;� 
ase L = KD45(m) : 4ri40 input E !42i40 input E and4rir0i input E !42i input E.The three following auxiliary lemmas 
an be 
he
ked in a straightforward way.Lemma 9.4 Let � and � be ground atoms in the L-normal labeled form. Suppose that � is anL-instan
e of �. Then every �0 2 SatL(f�g) is an L-instan
e of some �0 2 SatL(f�g).Lemma 9.5 Let � be a ground atom in the almost L-normal form. Suppose that � 2 NFL(f�g).Then � is an L-instan
e of some atom of SatL(f�g).Lemma 9.6 Let 4E and 40E be ground atoms in the L-normal labeled form. Suppose that 4Eis an L-instan
e of some atom of SatL(f40Eg). Then 40input E is an L-instan
e of some atomof SatL(f4input Eg).We now prove that the magi
-set transformation is 
orre
t.Lemma 9.7 Let (P0; �) be an MDatalog query, P ad the 
orresponding adorned program, and(Pm; �m) the result of the magi
-set transformation for (P0; �). Let I be an edb instan
e andp an idb predi
ate of P ad. Then every atom � 2 PmL (I) of p is an L-instan
e of some atom fromP adL (I).Proof. It is straightforward to prove this lemma by indu
tion on the number of steps needed toderive � for PmL (I), using the observation that when transforming P ad to Pm, a 
lause �i = 4(A B1; : : : ; Bk) with Bi1 ; : : : ; Bih being atoms of idb predi
ates is broken into4(Supii1  input A;B1; : : : ; Bi1�1),4(Supiij  Supiij�1 ; Bij�1 ; : : : ; Bij�1) for every 1 < j � h,4(A Supiih ; Bih ; : : : ; Bk),where input A plays the role of an additional restri
tion. 2Lemma 9.8 Let (P0; �) be an MDatalog query, P ad the 
orresponding adorned program, (Pm; �m)the result of the magi
-set transformation for (P0; �), and I an edb instan
e. Suppose that 4E 2P adL (I), 40 is the universal modality being a 2-lifting form of 4, and 40input E is an L-instan
eof some atom of SatL(PmL (I)). Then 4E is an L-instan
e of some atom of PmL (I).Proof. Let n be the smallest number su
h that4E 2 TL;Pad;I "n. We prove the lemma by indu
tionon n. Suppose that the assertion of the lemma holds for all n with smaller value. Suppose that4E 2 TL;Pad;I " n is 
reated by �rst applying some 
lause �i = 400(A  B1; : : : ; Bk) of P ad toatoms of SatL(I [ TL;Pad;I " (n � 1)) to 
reate 4000(A0�), where A0 is the forward labeled form ofA and � is the involved substitution, and then normalizing 4000(A0�). Let 1 � i1 < : : : < ih � kbe all the indexes su
h that Bij for 1 � j � h are atoms of idb predi
ates. Then Pm 
ontains thefollowing 
lauses: 44



(a) 400(Supii1  input A;B1; : : : ; Bi1�1),(b) 400(Supiij  Supiij�1 ; Bij�1 ; : : : ; Bij�1) for every 1 < j � h,(
) 400(A Supiih ; Bih ; : : : ; Bk),(d) 400(input blf Bij  Supiij ) for every 1 � j � h.Sin
e 4E 2 NFL(f4000(A0�)g), by Lemma 9.5, 4000(input A�) is an L-instan
e of some atomof SatL(f4input Eg). By Lemma 9.4, it follows that 4000(input A�) is an L-instan
e of someatom of SatL(PmL (I)). By the 
lause (a), this implies that 4000(Supii1�) is an L-instan
e of someatom of PmL (I). Consequently, by the 
lauses (d), 4000(input blf Bi1�) is an L-instan
e of some� 2 T0L;P (PmL (I)). We have NFL(f�g) � PmL (I), hen
e by Lemma 9.5, � is an L-instan
e of someatom of SatL(PmL (I)). Hen
e 4000(input blf Bi1�) is an L-instan
e of some atom of SatL(PmL (I)).We have that 4000(Bi1�) is an L-instan
e of some atom of SatL(TL;Pad;I "(n� 1)). Let 4�B�i1 2TL;Pad;I "(n�1) be the atom su
h that 4000(Bi1�) is an L-instan
e of some atom of SatL(f4�B�i1g).Let 4(4)Ei1 = 4�B�i1 and let 4(5) be the universal modality being a 2-lifting form of 4(4). ByLemma 9.4, 4000(Bi1�) is an L-instan
e of some atom of SatL(f4(5)Ei1g). By Lemma 9.6, itfollows that 4(5)input Ei1 is an L-instan
e of some atom of SatL(f4000(input Bi1�)g). Hen
e, byLemma 9.4, 4(5)input Ei1 is an L-instan
e of some atom of SatL(f4000(input blf Bi1�)g), and thenis also an L-instan
e of some atom of SatL(PmL (I)). Hen
e, by the indu
tive assumption, 4�B�i1 isan L-instan
e of some atom of PmL (I). By Lemma 9.4, it follows that 4000(Bi1�) is an L-instan
e ofsome atom of SatL(PmL (I)).Analogously, it 
an be shown that, for 1 < j � h, 4000(Supiij�) is an L-instan
e of some atomof PmL (I) and 4000(Bij �) is an L-instan
e of some atom of SatL(PmL (I)). Hen
e, by the 
lause (
),4000(A0�) is an L-instan
e of some 4(6)(A0�) 2 T0L;Pm(SatL(I [ PmL (I))). It 
an be shown that4E 2 NFL(f4000(A0�)g) is an L-instan
e of some atom of NFL(f4(6)(A0�)g). This is trivial forthe 
ase L 2 fKDI4s5;KD4s5s;KD45(m)g. For the 
ase L = KDI45, the 
laim holds due to therule (1) of the s
hema given in Table 5. Therefore 4E is an L-instan
e of some atom of PmL (I). 2Corollary 9.9 Let (P0; �) be an MDatalog query, P ad the 
orresponding adorned program,(Pm; �m) the result of the magi
-set transformation for (P0; �), and I an edb instan
e. Thenevery atom 4query(
1; : : : ; 
k) 2 P adL (I) is an L-instan
e of some atom of PmL (I).Proof. Suppose that 4query(
1; : : : ; 
k) 2 P adL (I). It follows that 4input query is an L-instan
eof some atom of PmL (I). Let 40 be the universal modality that is a 2-lifting form of 4. We derivethat 40input query is an L-instan
e of some atom of SatL(PmL (I)). Hen
e, by the above lemma,4query(
1; : : : ; 
k) is an L-instan
e of some atom of PmL (I). 2We give below the main theorem of this subse
tion. It informally states that the magi
-settransformation for L-MDatalog is 
orre
t.Theorem 9.10 Let (P0; �) be an MDatalog query, P = P0 [ f�g, (Pm; �m) be the result of themagi
-set transformation for (P0; �), and I an edb instan
e. Then every atom 4query(
1; : : : ; 
k) 2PmL (I) is an L-instan
e of some atom of PL(I), and every atom 4query(
1; : : : ; 
k) 2 PL(I) is anL-instan
e of some atom of PmL (I). This means that REL(PmL (I)(query)) = REL(PL(I)(query)).Proof. This theorem immediately follows from Lemmas 9.3, 9.7, and Corollary 9.9. 2Given an L-MDatalog query (P0; �), to evaluate it we 
an �rst transform it into (Pm; �m) usingthe magi
-set transformation, and then apply the seminaive evaluation for the new query.10 Dis
ussion and Con
lusionOur most important 
ontribution in this work is the proposed framework for developing �xpointsemanti
s, the least model semanti
s, and SLD-resolution 
al
uli for multimodal logi
 programs.The framework is formulated in a dire
t way (not using translation to the 
lassi
al logi
) and 
loselyto the style of 
lassi
al logi
 programming.In 
omparison with other works that also use the dire
t approa
h for de�ning de
larative andpro
edural semanti
s for modal logi
 programs, e.g. [4, 7℄, our work [28℄ and this are the �rst ones45



that do not require restri
tions on o

uren
es of modal operators. In [4℄ Balbiani et al gave ade
larative semanti
s and an SLD-resolution for a 
lass of logi
 programs in the monomodal logi
sKD , T and S4. To modal programs the authors asso
iate a de
larative semanti
s represented bya tree whi
h is de�ned as the limit of a 
ertain transformation on modal programs. The �xpointrepresents a minimal Kripke model of the program. The work requires that the 2 operator doesnot o

ur in bodies of program 
lauses and goals. In the de�nition of the minimal Kripke modelof a program [4℄, the te
hnique of 
onne
ting ea
h newly 
reated world to an empty world atthe time of its 
reation (or a similar one) is not used, hen
e although the minimal Kripke modelof a program de�ned in [4℄ is minimal with respe
t to the restri
ted 
lass of goals, in general itis not a least Kripke model of the program in the 
onsidered logi
. There is a 
ommon pointbetween [4℄ and our work: in both of the works, labeled modal operators are used to 
onverthti(� ^  ) to hti� ^ hti . Labeled modal operators in [4℄ 
ome from Skolemization, and terms areused to label the 3 operator. In our work, the labeling te
hnique results from the te
hnique ofbuilding model graphs, and we feel 
onvenient to use 
lassi
al atoms and atom variables to label3i operators. As mentioned in the Introdu
tion, Baldoni et al [7℄ gave a framework for developingde
larative and operational semanti
s for logi
 programs in multimodal logi
s whi
h have axiomsof the form [t1℄ : : : [tn℄� ! [s1℄ : : : [sm℄�, where [ti℄ and [sj ℄ are universal modal operators. In thatwork, existential modal operators are disallowed in programs and goals. To represent worlds in
anoni
al models of programs, the authors used sequen
es of universal modal operators, whi
h aresimilar to sequen
es of h>ii in our work.Debart et al [14℄ and Akama [2℄ used the fun
tional translation method to translate (multi)modallogi
 programs to 
lassi
al logi
 programs. The method does not require the axiomatization of thea

essibility relations asso
iated with modal operators, rather it dire
tly en
odes the a

essibil-ity relations into the uni�
ation algorithm. In [29℄ Nonnengart proposed an approa
h based onrelational and fun
tional translation (whi
h is also 
alled the semifun
tional translation). The ap-proa
h uses a

essibility relations for translated programs and does not modify uni�
ation. Thesetranslation approa
hes may speed up sear
hing answers for queries. However, in our opinion, apro
edure for sear
hing answers in logi
 programming should not be just a dedu
tion system inthe normal sense. Intuition of atoms o

urring in derivations is also important. It is needed forthe debugging and iterative modes of programming. Let us 
onsider, for example, translation ofthe goals G1 =  2p and G2 =  23p(x). Using any of the mentioned translation methods, G1is translated to  p(� : a). The goal G2 is translated to  p(� : f(x) : y; x) using the fun
tionaltranslation, and to p(y; x); R(� :f(x); y) using the semifun
tional translation. In our opinion, thetranslated goals are mu
h less intuitive than the original ones. Furthermore, if we want to let pro-grammers to have some 
ontrol in using properties of the base logi
, then rules used in our approa
h(e.g. in the form 42j3k�  43i� or 42i�  43j2k�) are more intuitive for them than rulesused in the semifun
tional translation approa
h (e.g. in the form Rk(x; y) Rj(z; x); Ri(z; y)). In
omparison with the fun
tional translation, the semifun
tional translation has the good propertythat it is straightforward to 
onvert the least Herbrand model of a translated program to the leastKripke model of the original program. It seems hard to develop the least Kripke model semanti
sfor modal logi
 programs using the fun
tional translation approa
h.One of good and important features of our framework is L-normal form of modalities. Insymmetri
 (multi)modal logi
s, e.g. KDI4s5, KDI45, KD4s5s, KD45(m), it is a tool that allowsus to restri
t lengths of modalities appearing in derivations. Su
h a tool was not introdu
ed in[4, 7, 2, 14, 29℄. Due to the L-normal form of modalities, where L is one of the four mentionedlogi
s, we have been able to show that the intentional relations of a modal dedu
tive database in L
an be 
omputed in PTIME and have polynomial size (in the size of the extentional relations).In 
omparison with our previous work [28℄, in this work the operators ExtL, SatL, NFL, rSatL,and rNFL are all spe
i�ed by sets of rules. This way is more de
larative and better re
e
ts axiomsof the base logi
. The 2-lifting and ba
kward labeling operators introdu
ed in [28℄ are 
lassi�ed inthis work as rules for spe
ifying rSatL. The de�nitions of L-instan
e of an atom and L-instan
e ofa program 
lause have been also abstra
ted.In literature of 
omputer s
ien
e, multimodal logi
s are mu
h more studied for reasoning aboutknowledge than about belief (see, e.g., Fagin et al [15℄, Meyer and van der Hoek [23℄). In this work,we have 
on
entrated on multimodal logi
s intended for reasoning about belief, in parti
ular, for46



reasoning about multi-degree belief, for use in distributed systems of belief, and for reasoning aboutepistemi
 states of agents in multi-agent systems. The logi
s about multi-degree belief proposed byus are somehow similar to graded modal logi
s but di�erent at the aspe
t that degrees in the former
ase are symboli
, while grades in the latter 
ase are numeri
10. We think that our s
hemata forsemanti
s of MProlog in the 
onsidered multimodal logi
s about belief are pra
ti
ally useful. Onthe other side, our s
hema for semanti
s of MProlog in the 
lass BSMM of basi
 serial multimodallogi
s is interesting from the theoreti
al point of view. It shows that de
larative and pro
eduralsemanti
s of multimodal logi
 programs 
an be formulated in a dire
t way, not using translation tothe 
lassi
al logi
. These s
hemata are another one of our main 
ontributions.The �eld of temporal dedu
tive databases has re
eived a lot of attentions from resear
hers (see,e.g., [8, 13, 19, 20, 32℄), while the term \modal dedu
tive databases" is hard to �nd in the lit-erature of 
omputer s
ien
e. Our work [27℄ and this one are pioneers in the �eld. In this work,we have developed modal relational algebras and the magi
-set transformation for modal dedu
-tive databases. Though relational algebras and the magi
-set transformation te
hnique are wellknown for 
lassi
al (and even temporal) dedu
tive databases, their extensions for modal dedu
tivedatabases are not trivial. Our modal relational algebras are de�ned basing on model generatorsand the dire
t 
onsequen
es operator of our framework. Note that for modal dedu
tive databases,the translation approa
hes do not work due to Skolemization fun
tion symbols. Belief is a kindof un
ertainty, hen
e modal dedu
tive databases using multi-degree belief have potential use forpra
ti
al appli
ations. Distributed dedu
tive databases 
an also use multimodal logi
s to modelagents, belief, and possibility.The most known implemented system for modal logi
 programming is Molog, proposed byFari~nas del Cerro and 
onstru
ted by his group. The Molog language is similar to and as expressiveas our eMProlog language. With Molog, the user 
an �x a modal logi
 and de�ne or 
hoose therules to deal with modal operators. Molog 
an be viewed as a framework whi
h 
an be instantiatedwith parti
ular modal logi
s. As an extension of Molog, the Toulouse Inferen
e Ma
hine (TIM) [5℄(together with an abstra
t ma
hine model 
alled TARSKI for implementation [6℄) makes it possiblefor a user to sele
t 
lauses whi
h 
annot exa
tly unify with the 
urrent goal, but just resemble it insome way. We have been also implementing our MProlog system. It will be available soon. Hereare some main features of the system:� MProlog is implemented in Prolog and as a module for Prolog. This means that we 
an mixMProlog with Prolog and use most features and libraries of Prolog. This is a big di�eren
ein 
omparison with Molog.� SLD-resolution 
al
uli 
an be spe
i�ed using our proposed framework.� A program may use di�erent 
al
uli.� There are three kinds of predi
ates: 
lassi
al, modal, and 
lassi
al but de�ned using modalformulas.� Modalities are represented as lists. For example, 212i3jhXi3p(a) may be rep-resented as [b(1); b(I); d(J); ld(3; X)℄�p(a), and 2xgod exists  
hristian(x) as[believes(X)℄�god exists 
hristian(X).� Rules may be given in the form �  �; �;  , where � is a pre-
ondition to be 
he
ked and  is a post-
omputation.� A resolving 
y
le is a derivation using a sequen
e of rSatL/rNFL rules and a program 
lause.Shorter sequen
es of rules are tried before longer ones. Programmers have a

ess to the historyof the 
urrent resolving 
y
le.� There are a number of options that 
an be used to restri
t the sear
h spa
e.10Grades are used to indi
ate the number of worlds a

essible from the 
urrent world.
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Appendix A: Additional ProofsProof of Proposition 3.1For any formula � with n variables and no quanti�ers, by p� we denote a fresh n-ary predi
atesymbol, and by E� we denote the 
lassi
al atom p�(x1; : : : ; xn), where x1; : : : ; xn are the variableso

urring in �. In this proof we use � and � to denote sequen
es of formulas.Let P be an eMProlog program and G =  � an eMProlog goal. Let P2 = P [ fE�  �g andG0 =  E�. We �rst apply translation rules that repla
e a 
ompli
ated formula by a fresh atomwhi
h is de�ned by that formula. The method was �rst used by Mints [25℄ for modal logi
s. Thetranslation rules are given in the below list, in whi
h ea
h row 
ontains a formula to be repla
edin the left, and the repla
ing ones in the right. The symbol 4 in the rules presents a universalmodality. The formula � in the rules (1), (3) and (4), and  in the rules (7) and (8) are requirednot to be a 
lassi
al atom. The rules (5) and (9) are designed to shorten the result. We apply thetranslation rules to P2 until no further 
hanges 
an be made. Let P3 be the resulting set.8(43i�) 8(43iE�); 8(42i(� E�)) (1)8(4(� ^  )) 8(4�); 8(4 ) (2)8(4(2i� �)) 8(4(2iE�  �)); 8(42i(� E�)) (3)8(4(3i� �)) 8(4(3iE�  �)); 8(42i(� E�)) (4)8(4(� ^   �)) 8(4(E�^  �)); 8(4(� E�^ )); 8(4(  E�^ )) (5)8(4((�  ) �)) 8(4(�  ;�)) (6)8(4(� �;2i ;�)) 8(4(� �;2iE ;�)); 8(42i(E   )) (7)8(4(� �;3i ;�)) 8(4(� �;3iE ;�)); 8(42i(E   )) (8)8(4(� �;  _ �;�)) 8(4(� �; E _� ;�));8(4(E _�   ));8(4(E _�  �)) (9)8(4(� �;  ^ �;�)) 8(4(� �;  ; �;�)) (10)It is easily seen that P3 is an MProlog program. If L is not one of the 
onsidered multimodallogi
s of belief, then just take P 0 = P3.If L is KDI4s5 or KD4s5s, then repla
e every modal 
ontext 42i in P3 by 2i (note that42i� � 2i� is L-valid), and let P 0 be the resulting program.If L = KD45(m), then repeatedly repla
e every sequen
e 2i2i in modal 
ontexts of program
lauses of P3 by 2i (note that 2i2i� � 2i� is KD45(m)-valid), and let P 0 be the resulting program.If L = KD4Ig5a then let P 0 be spe
i�ed similarly but with the 
ondition that g(i) is singleton.For L 2 fKDI4s;KDI4;KDI45g : Repeatedly repla
e every 
lause 42i(A  B1; : : : ; Bk) inP3, where 4 is not empty, by 4E2i�, 2m(2iE�  E2i�), and 2m(A  B1; : : : ; Bk; E�), where� = (A  B1; : : : ; Bk). (Note that by the axioms (4) and (I), we have 2m ! 4 .) Denote theresulting set by P 0.It is 
lear that for L being one of the 
onsidered multimodal logi
s of belief, P 0 is an L-MPrologprogram. The whole translation is done in polynomial time.Suppose that � is a 
orre
t answer in L for P 0 [ fG0g. Let M be an arbitrary L-model of P .We show that M � 8(��). Let M 0 be an L-model with the same frame as M su
h that the 
ontentof ea
h world w in M 0 is the least extension of the 
ontent of w in M with the property that forany formula � with E� o

urring in P 0, M 0; w � 8(E�  �). Thus M 0 is an L-model of P 0 andM 0 � 8(E� ! �). Sin
e � is a 
orre
t answer in L for P 0 [ fG0g, we have M 0 � 8(E��), and hen
eM 0 � 8(��). It follows that M � 8(��) (be
ause M 0 di�ers from M only on the semanti
s of newpredi
ate symbols). Therefore every 
orre
t answer in L for P 0 [ fG0g is a 
orre
t answer in L forP [ fGg.For the 
onversion, suppose that � is a 
orre
t answer in L for P [ fGg. Let M 0 be an L-modelof P 0. Thus, M 0 is an L-model of P and M 0 � 8(E�  �). Sin
e � is a 
orre
t answer in L forP [ fGg, we have M 0 � 8(��), and hen
e M 0 � 8(E��). Therefore every 
orre
t answer in L forP [ fGg is a 
orre
t answer in L for P 0 [ fG0g.Proof of the mgu lemma 4.17Let the unrestri
ted refutation of P [ fGg 
onsist of a sequen
e G0 = G;G1; : : : ; Gn of goals, a50



sequen
e �1; : : : ; �n of variants of program 
lauses of P , rSatL rules, or rNFL rules, and a sequen
e�1; : : : ; �n of uni�ers. Let � be the 
omputed answer from the unrestri
ted refutation. We provethe result by indu
tion on n.Suppose that n = 1. This means that G =  40A0 and the empty 
lause is an L-resolvent ofG and the input 
lause �1 = 4(A  ), where A0 is the sele
ted head atom. Let �01 be an mgu ofA0 and the forward labeled form of A. Then �1 = �01
 for some 
. Furthermore, P [ fGg has arefutation in L 
onsisting of G0 = G, G1 = � with input 
lause �1 and mgu �01.Now suppose that the result holds for unrestri
ted refutations with length less than n. LetG =  �1; : : : ; �k and �i be the sele
ted atom of G.Suppose that G1 is derived from G and the input 
lause �1 = 4(A  B1; : : : ; Bl) in L, thesele
ted atom is �i = 40A0, where A0 is the sele
ted head atom. There exists an mgu �01 for A0and the forward labeled form of A. We have �1 = �01Æ for some Æ. Let G01 be the goal derivedin the same way as G1 but with �01 instead of �1. We have G1 = G01Æ. Then G2 
an be derivedfrom G01 in the same way as from G1 but with uni�er Æ�2 instead of �2. Thus P [ fGg has anunrestri
ted refutation in L 
onsisting of G0 = G;G01; G2; : : : ; Gn with uni�ers �01; Æ�2; �3; : : : ; �n. Bythe indu
tive assumption, P[fG01g has a refutation in L with mgu's �02; : : : ; �0n su
h that Æ�2 : : : �n =�02 : : : �0n
, for some 
. Thus P [ fGg has a refutation in L 
onsisting of G0 = G;G01; : : : ; G0n = �with mgu's �01; �02 : : : �0n su
h that �1�2 : : : �n = �01Æ�2 : : : �n = �01�02 : : : �0n
.The 
ases when G1 is derived from G and an rSatL/rNFL rule variant are similar to the above
ase.Proof of the lifting lemma 4.18Let the refutation of P [ fG�g 
onsist of a sequen
e G0 = G;G1; : : : ; Gn of goals, a sequen
e�1; : : : ; �n of variants of program 
lauses of P , rSatL rules, or rNFL rules, and a sequen
e �1; : : : ; �nof mgu's.Suppose that G1 is an L-resolvent of G� and the input 
lause �1 using �1. We may assume that� does not a
t on any variables of �1. Let �1 = 4(A  B1; : : : ; Bl), G =  �1; : : : ; �k, and thesele
ted atom of G� be �i� = (40A0)�, where A0� is the sele
ted head atom. Now ��1 is a uni�erfor A0 and the forward labeled form of A. The result of resolving G and �1 using ��1 is exa
tlyG1. Thus we obtain an unrestri
ted refutation of P [ fGg in L, whi
h looks exa
tly like the givenrefutation of P [ fG�g, ex
ept the original goal is di�erent and the �rst uni�er is ��1. Now applythe mgu lemma.The 
ases when G1 is derived from G and an rSatL/rNFL rule are similar to the above 
ase.Proof of the lemma 4.22Suppose � has variables x1; : : : ; xn. Let a1; : : : ; an be distin
t 
onstants not appearing in P and �,and let � be the substitution fx1=a1; : : : ; xn=ang. Then it is 
lear that �� is a logi
al 
onsequen
ein L of P . Sin
e �� is ground, by Lemma 4.21, P [ f ��g has a refutation in L. Sin
e the ai donot appear in P or �, by repla
ing ai by xi (for 1 � i � n) in this refutation, we obtain a refutationof P [ f �g in L with the identity substitution as the 
omputed answer.Proof of the 
ompleteness theorem 4.23Suppose G is the goal �1; : : : ; �k. Sin
e � is 
orre
t, 8((�1^ : : :^�k)�) is a logi
al 
onsequen
e ofP in L. By Lemma 4.22, there exists a refutation of P [f �i�g in L su
h that the 
omputed answeris the identity substitution, for 1 � i � k. We 
an 
ombine these refutations into a refutation ofP [ fG�g su
h that the 
omputed answer is the identity substitution. Applying the lifting lemma,we 
on
lude that there exists a refutation of P [fGg in L with 
omputed answer 
 su
h that � = 
Æ,for some substitution Æ.
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Appendix B: Corre
tness of the S
hemata for Semanti
s ofMProlog in KDI4s and KDI4In this appendix, we prove Theorem 6.1, whi
h states that the given s
hemata for semanti
s ofMProlog in KDI4s and KDI4 are 
orre
t. Let L denote KDI4s or KDI4. Lemmas 4.4 and 4.10{ 4.13 and 
an be easily veri�ed. The proofs of Theorem 4.3 and Lemma 4.7 are similar to the onesgiven for BSMM .Proof of Lemma 4.2 By the de�nition, M is an L-model. Let fR0i j 1 � i � mg be the skeleton ofM . We prove by indu
tion on the length of � that for any w 2 W , if � 2 H(w), then M;�;w � �.Let w = hE1ii1 : : : hEkiik and 4 = w (be a modality).The 
ases when � is a 
lassi
al atom or � = hEii� are trivial. Suppose that � = 2i�. Let u bea world su
h that Ri(w; u) holds. By the indu
tive assumption, it suÆ
es to show that � 2 H(u).Sin
e Ri(w; u) holds, there are two 
ases:� Case L = KDI4s, w0 = w, R0j1(w0; w1), R0j2 (w1; w2), . . . , R0jh(wh�1; wh), R0j(wh; u), h � 0and j � i : Sin
e 2i� 2 H(w), by Lemma 4.1, there exists a 2-lifting form 40 of 4 su
h that402i� 2 ExtL(I). By the de�nition of ExtL(I), it follows that 402j1 : : :2jh2j� 2 ExtL(I).Hen
e, by Lemma 4.1, � 2 H(u).� Case L = KDI4, w0 = w, R0j1(w0; w1), R0j2(w1; w2), . . . , R0jh(wh�1; wh), R0j(wh; u), h � 0and k � i for all k 2 fj1; : : : ; jh; jg : The assertion holds by the same argumentation as forthe above 
ase.Proof of Lemma 4.5 If � is of the form4E with4 being a universal modality, then � 2 ExtL(I)(sin
e M � �), and hen
e � 2 SatL(I). Suppose that � =43iE, where4 = 2i1 : : :2ik with k � 0.Let hW; �;R1; : : : ; Rm; Hi be the standard L-model graph of I and 40 = w = h>ii1 : : : h>iik . Sin
eM � �, we have M;w � 3iE. There are two 
ases:� Case L = KDI4s, E 2 H(u), u = whF1ij1 : : : hFhijhhF ij , h � 0, j � i : By Lemma 4.1, some2-lifting form of 40hF1ij1 : : : hFhijhhF ijE belongs to ExtL(I). It follows that some 2-liftingform of 4hF1ij1 : : : hFhijhhF ijE belongs to SatL(I). Hen
e 43iE 2 SatL(I).� Case L = KDI4, E 2 H(u), u = whF1ij1 : : : hFhijh hF ij , h � 0, j1 � i, . . . , jh � i, j � i :The assertion holds by a similar argumentation as for the above 
ase.Proof of Lemma 4.8 Let M be the standard L-model of I and � the standard 3-realizationfun
tion on M . By the de�nition of L-instan
es of program 
lauses and the 
onstru
tion of M , itis suÆ
ient to prove that for any ground L-instan
e 4(A B1; : : : ; Bn) of some program 
lause ofP , for any w 2 W being an L-instan
e of 4, M;w � (A  B1; : : : ; Bn). Suppose that M;w � Bifor all 1 � i � n. We show that M;w � A.Let 40 = w. We �rst show that for any ground simple atom B of the form E, 2iE, or 3iE, ifM;w � B then 40B is an L-instan
e of some atom from SatL(I). If B is of the form E or 2iE, thenby Lemma 4.1, some 2-lifting form of 40B belongs to ExtL(I), and hen
e 40B is an L-instan
e ofsome atom from SatL(I). Now 
onsider the 
ase when B is of the form 3iE. There exists u su
hthat Ri(w; u) and M;u � E. There are two 
ases:� Case L = KDI4s, u = whF1ij1 : : : hFhijh hF ij , h � 0, j � i : By Lemma 4.1, some 2-liftingform of40hF1ij1 : : : hFhijhhF ijE belongs to ExtL(I). It follows that40hF1ij1 : : : hFhijh hF ijEis an L-instan
e of some atom from SatL(I), and hen
e so is 403iE.� Case L = KDI4, u = whF1ij1 : : : hFhijhhF ij , h � 0, j1 � i, . . . , jh � i, j � i : The assertionholds by a similar argumentation as for the above 
ase.Sin
e M;w � Bi for 1 � i � n, it follows that 40Bi is an L-instan
e of some atom from SatL(I).Consequently, 40A is an L-instan
e of some atom � from T0L;P (SatL(I)). Sin
e T0L;P (SatL(I)) =TL;P (I) � I , by Lemma 4.2, we have that M;� � �, and hen
e M;w � A.52



Appendix C: Corre
tness of the S
hema for Semanti
s ofKDI45-MPrologIn this appendix, we prove Theorem 6.3, whi
h states that the s
hema for semanti
s of KDI45-MProlog given in Table 5 is 
orre
t. Let L denote the logi
 KDI45. Lemmas 4.4 and 4.10 { 4.13
an be easily veri�ed.Proof of Lemma 4.2 By the de�nition, M is an L-model. Let fRi j 1 � i � m0g be the skeletonof M . We prove by indu
tion on the length of � that for any w 2W , if � 2 H(w), then M;�;w � �.The 
ases when � is a 
lassi
al atom or � = hEii� are trivial. Suppose that � = 2i�. Let u be aworld su
h that Ri(w; u) holds. We show that � 2 H(u). Sin
e Ri(w; u) holds, there exist worldsw0; : : : ; wk (k � 0) and u0; : : : ; uh (h � 1) su
h that w0 = u0, wk = w, uh = u, R0it(wt�1; wt) for1 � t � k with i � i1 > : : : > ik, and R0js(us�1; us) for 1 � s � h with i � j1 > : : : > jh. Onthe other side, be
ause that all atoms of H(w0) are in the L-normal form and 2i� 2 H(w), wederive k = 0. Hen
e 2i� 2 H(u0). By Lemma 4.1, there exists a 2-lifting form 4 of u0 su
h that42i� 2 ExtL(I). By the de�nition of ExtL, it follows that 42j1 : : :2jh� 2 ExtL(I). Hen
e, byLemma 4.1, � 2 H(u).Proof of Theorem 4.3 Let M = hW; �;R1; : : : ; Rm; Hi be the standard L-model graph of I , � thestandard 3-realization fun
tion and fRi j 1 � i � m0g the skeleton of the standard L-model of I .By Lemma 4.2, M is an L-model of I . Let M 0 = hW; �;R1; : : : ; Rm; H 0i be the least extension of Msu
h that if 2i� 2 H 0(w), R0j(w; u) and j � i then 2i� 2 H 0(u). Let N = hD;W2; �2; S1; : : : ; Sm; �ibe an arbitrary L-model of I and �2 a 3-realization fun
tion on N su
h that N; �2 � I[f4h>ii j 4is a universal modalityg.Let r �W �W2 be the least relation su
h that, for all w, w2, u2, E, i:� r(�; �2);� if r(w;w2) and R0i(w;whEii) hold, and �2(w2; hEii) is de�ned, then r(whEii ; �2(w2; hEii));� if r(w;w2) and Si(w2; u2) hold and w = hE1ii1 : : : hEkiik with k � 0, then r(u; u2) for u =hE1ii1 : : : hEjiij h>ii with 0 � j � k su
h that ij > i (if j > 0) and ij+1 � i (if j < k).The last 
ondition in the above de�nition of r implies that: if r(w;w2) and Si(w2; u2) hold thenthere exists u su
h that r(u; u2) and Ri(w; u).We prove that M 0 �r N . We �rst show that if r(u; u2) and � 2 H 0(u) then N; �2; u2 � �. Weprove this by indu
tion on the step in the 
onstru
tion of r at whi
h r(u; u2) is 
reated. Supposethat r(u; u2) holds and � 2 H 0(u). The 
ase u = � is trivial. There are two remaining 
ases:� u = whEii, u2 = �2(w2; hEii), r(w;w2), and R0i(w;whEii); or� u = hE1ii1 : : : hEjiij h>ii, w = hE1ii1 : : : hEkiik , 0 � j � k, ij > i (if j > 0), ij+1 � i (ifj < k), r(w;w2), and Si(w2; u2).Consider the �rst 
ase. Sin
e � 2 H 0(u), there are three sub
ases: i) 2i� 2 H 0(w), ii) hEii� 2H 0(w), iii) � is of the form 2j�, j � i, and 2j� 2 H 0(w). For the �rst two sub
ases, by the indu
tiveassumption, either N; �2; w2 � 2i� or N; �2; w2 � hEii�, and hen
e N; �2; �2(w2; hEii) � �, whi
hmeans that N; �2; u2 � �. Consider the last sub
ase. By the indu
tive assumption, N; �2; w2 � 2j�,and hen
e N; �2; w2 � 2i2j� (by the axioms (4) and (I)). Therefore N; �2; �2(w2; hEii) � 2j�,whi
h means that N; �2; u2 � �.Consider the se
ond 
ase. Let v be the world su
h that u = vh>ii. Sin
e � 2 H 0(u), either2i� 2 H 0(v) or � is of the form 2j�, j � i, and 2j� 2 H 0(v). Suppose that 2i� 2 H 0(v). Itfollows that 2i� 2 H 0(w). By the indu
tive assumption, N; �2; w2 � 2i�, and hen
e N; �2; u2 � �sin
e Si(w2; u2). Now suppose that � is of the form 2j�, j � i, and 2j� 2 H 0(v). We have2j� 2 H 0(w). By the indu
tive assumption, N; �2; w2 � 2j�, and hen
e N; �2; u2 � 2j� sin
eSi(w2; u2) and j � i. This means that N; �2; u2 � �.We now show that if r(w;w2) and R0i(w;whEii) hold then �2(w2; hEii) is de�ned. The 
aseE = > is trivial. Suppose that r(w;w2) and R0i(w;whEii) hold, and E 6= >. Thus, there exists53



hEii� 2 H 0(w) for some �. By the �rst assertion, N; �2; w2 � hEii�. Hen
e �2(w2; hEii) is de�ned.Therefore, the se
ond 
ondition in the above de�nition of r 
an be simpli�ed to \if r(w;w2) andR0i(w;whEii) hold then r(whEii ; �2(w2; hEii))".Next, we show that if r(u; u2) holds and u = whEii then there exists w2 su
h that r(w;w2)and Si(w2; u2). We prove this by indu
tion on the 
onstru
tion of r. Suppose that r(u; u2) andu = whEii hold. If r(u; u2) is 
reated by the se
ond 
ondition of the de�nition of r, then theassertion 
learly holds. Suppose that r(u; u2) is 
reated by the third 
ondition of the de�nition ofr, i.e. r(u; u2) is 
reated from r(v; v2) and the a

ompanying 
onditions that u = wh>ii, Si(v2; u2),v = whE1ii1 : : : hEkiik , k � 0, i � i1 > i2 > : : : > ik. By the indu
tive assumption for r(v; v2), thereexist w2 su
h that r(w;w2) and a path from w2 to v2 
onsisting of edges 
onne
ted via Si1 ; : : : ; Sik .Thus Si(w2; u2) holds.To prove M 0 �r N it remains to show that if r(w;w0) and Ri(w; u) hold, then there existsu0 2 W2 su
h that r(u; u0) and Si(w0; u0). Suppose that r(w;w0) and Ri(w; u) hold. Sin
e Ri(w; u)holds, there exist worlds w0; : : : ; wk (k � 0) and u0; : : : ; uh (h � 1) su
h that w0 = u0, wk = w,uh = u, R0it(wt�1; wt) for 1 � t � k with i � i1 > : : : > ik, and R0js(us�1; us) for 1 � s � h withi � j1 > : : : > jh. Sin
e r(w;w0) holds, by the assertion proved in the previous paragraph, thereexists w00 su
h that r(w0; w00) and Si(w00; w0). Hen
e, by the 
onstru
tion of r, there exists u0 su
hthat r(u; u0) and Si(w00; u0). Thus we have r(u; u0) and Si(w0; u0).Therefore M 0 �r N and the standard L-model graph of I is a least L-model of I .Proof of Lemma 4.5 If � is of the form E or 2iE, then � 2 ExtL(I) (sin
e M � �), andhen
e � 2 SatL(I). Suppose that � = 3iE. Let hW; �;R1; : : : ; Rm; Hi be the standard L-modelgraph of I . Sin
e M � �, there exists a world u = hE1ii1 : : : hEkiik (with k � 1) of M su
h thati � i1 > : : : > ik and E 2 H(u). By Lemma 4.1, some 2-lifting form of hE1ii1 : : : hEkiikE belongsto ExtL(I), and hen
e also to SatL(I). By the de�nition of SatL, it follows that there exists somerjE 2 SatL(I) with j � i. Hen
e � is an L-instan
e of some atom from SatL(I).Proof of Lemma 4.7 Let M = hD;W; �;R1; : : : ; Rm; �i be an arbitrary L-model of P and � amaximal 3-realization fun
tion on M . Note that if M;� �4hEiiE then M;� � NFL(f4hEiiEg).It is straightforward to prove by indu
tion on n that M;� � TL;P "n. Therefore M;� � IL;P andP �L IL;P .Proof of Lemma 4.8 Let M be the standard L-model of I and � the standard 3-realizationfun
tion on M . By the de�nition of L-instan
es of program 
lauses and the 
onstru
tion of M , itis suÆ
ient to prove that for any ground L-instan
e 4(A B1; : : : ; Bn) of some program 
lause ofP , for any w 2 W being an L-instan
e of 4, M;w � (A  B1; : : : ; Bn). Suppose that M;w � Bifor all 1 � i � n. We show that M;w � A.Let 40 = w. We �rst show that for any ground simple atom B of the form E, 2iE, or 3iE, ifM;w � B then40B is an L-instan
e of some atom from SatL(I). Suppose that M;w � B. If B = E,then by Lemma 4.1, some 2-lifting form of40B belongs to ExtL(I), and hen
e40B is an L-instan
eof some atom from SatL(I). Now suppose that B = 2iE. Let w = hE1ii1 : : : hEkiik and 0 � j � kbe the index su
h that ij > i (if j > 0) and i � ij+1 (if j < k). Let u = hE1ii1 : : : hEjiij h>ii.We have Ri(w; u), and hen
e M;u � E. By Lemma 4.1, it follows that some 2-lifting form ofhE1ii1 : : : hEjiij2iE belongs to ExtL(I). Hen
e, by the de�nition of SatL, 40B is an L-instan
e ofsome atom from SatL(I). Next, suppose that B = 3iE. Let u be a world su
h that Ri(w; u) andM;u � E. Sin
e Ri(w; u) holds, there exists 400, 4(1), 4(2) su
h that w = 4004(1), u = 4004(2),400 and 4(1) 
an be empty while 4(2) 
annot, 4(1) and 4(2) 
ontain only modal operators of kind(i.e. degree) less than or equal to i, while 400 
ontains only modal operators of kind greater than i.Sin
e M;u � E, by Lemma 4.1, some 2-lifting form of 4004(2)E belongs to ExtL(I). Hen
e, bythe de�nition of SatL, there exists rj with j � i su
h that some 2-lifting form of 400rjE belongsto SatL(I). If 4(1) is not empty then, by the de�nition of SatL, it follows that some 2-lifting formof 4004(1)3iE belongs to SatL(I). Hen
e 40B is an L-instan
e of some atom from SatL(I).Sin
e M;w � Bi for 1 � i � n, it follows that 40Bi is an L-instan
e of some atom from SatL(I).Consequently, 40A is an L-instan
e of some atom � from T0L;P (SatL(I)). Let �0 be the L-normalform of �, i.e. NFL(f�g) = f�0g. We have �0 2 TL;P (I) � I . By Lemma 4.2, M;� � �0. From this54



we 
an 
on
lude that M;w � A.Appendix D: Corre
tness of the S
hema for Semanti
s ofKD45(m)-MPrologIn this appendix, we prove Theorem 7.2, whi
h states that the given s
hema for semanti
s ofKD45(m)-MProlog is 
orre
t. Let L denote KD45(m). Lemmas 4.4 and 4.10 { 4.13 
an be easilyveri�ed. The proof of Lemma 4.7 is the same as for KDI45.Proof of Lemma 4.2 By the de�nition, M is an L-model. Let fR0i j 1 � i � mg be the skeletonof M . We prove by indu
tion on the length of � that for any w 2W , if � 2 H(w) then M;�;w � �.The 
ases when � is a 
lassi
al atom or � = hEii� are trivial. Consider the remaining 
ase when� = 2i�. Let u be a world su
h that Ri(w; u) holds. Due to the L-normal form of modalities,2i� 2 H(w) and Ri(w; u) imply that R0i(w; u) holds, and hen
e � 2 H(u). By the indu
tiveassumption, M;�; u � �. Hen
e M;�;w � �.Proof of Theorem 4.3 Let M = hW; �;R1; : : : ; Rm; Hi be the standard L-model graph of I , �the standard 3-realization fun
tion and fR0i j 1 � i � mg the skeleton of the standard L-modelof I . By Lemma 4.2, M is an L-model of I . Let N = hD;W2; �2; S1; : : : ; Sm; �i be an arbitraryL-model of I and �2 a 3-realization fun
tion on N su
h that N; �2 � I [ f4h>ii j 4 is a universalmodalityg.Let r �W �W2 be the least relation su
h that, for all w, w2, u2, E, i:� r(�; �2);� if r(w;w2) and R0i(w;whEii) hold, and �2(w2; hEii) is de�ned, then r(whEii ; �2(w2; hEii));� if r(w;w2) and Si(w2; u2) hold then r(u; u2) holds for u su
h that: if w = � then u = h>ii, ifw = vhEij and j 6= i then u = wh>ii, and if w = vhEii then u = vh>ii.The last 
ondition in the above de�nition of r implies that: if r(w;w2) and Si(w2; u2) hold thenthere exists u su
h that r(u; u2) and Ri(w; u).It is straightforward to prove by indu
tion on the 
onstru
tion of r that, if R0i(x; y) and r(y; y2)then there exists x2 su
h that r(x; x2) and Si(x2; y2). Denote this assertion by (*).We prove that M �r N . We �rst show that if r(u; u2) and � 2 H(u) then N; �2; u2 � �. Weprove this by indu
tion on the length of u. The 
ase u = � is trivial. Suppose that r(u; u2), u 6= � ,and � 2 H(u). There are the following 
ases to 
onsider:� u = whEii, u2 = �2(w2; hEii), and r(w;w2) : Sin
e � 2 H(u), either 2i� 2 H(w) orhEii� 2 H(w). Hen
e, by the indu
tive assumption, N; �2; w2 � 2i� or N; �2; w2 � hEii�. Itfollows that N; �2; u2 � �.� u = h>ii and Si(�2; u2) : Sin
e � 2 H(u), it follows that 2i� 2 H(�). Hen
e N; �2; �2 � 2i�and N; �2; u2 � � (sin
e Si(�2; u2)).� u = wh>ii, w = vhEij with j 6= i, r(w;w2), and Si(w2; u2) : Sin
e � 2 H(u), we have 2i� 2H(w). Hen
e, by the indu
tive assumption, N; �2; w2 � 2i�. It follows that N; �2; u2 � �,sin
e Si(w2; u2) holds.� u = vh>ii, w = vhEii, r(w;w2), and Si(w2; u2) : By the assertion (*), there exists v2 su
hthat r(v; v2) and Si(v2; w2). Thus Si(v2; u2) holds. Sin
e � 2 H(u), we have 2i� 2 H(v). Bythe indu
tive assumption, it follows that N; �2; v2 � 2i�. Hen
e N; �2; u2 � �.Similarly as for the 
ase of BSMM , it 
an be shown that if r(w;w2) and R0i(w;whEii) holdthen �2(w2; hEii) is de�ned. Therefore, the se
ond 
ondition in the above de�nition of r 
an besimpli�ed to \if r(w;w2) and R0i(w;whEii) hold then r(whEii ; �2(w2; hEii))".To prove M �r N , it remains to show that if r(w;w2) and Ri(w; u) then there exists u2 2 W2su
h that r(u; u2) and Si(w2; u2). Suppose that r(w;w2) and Ri(w; u) hold. We have that either55



u = whEii for some E or there exists v su
h that w = vhEii and u = vhF ii for some E, F . If the�rst 
ase o

urs then 
hoose u2 = �2(w; hEii). Consider the se
ond 
ase. Sin
e w = vhEii andr(w;w2), by the assertion (*), there exists v2 su
h that r(v; v2) and Si(v2; w2). Sin
e r(v; v2) andu = vhF ii, there exists u2 su
h that r(u; u2) and Si(v2; u2). Thus, we have r(u; u2) and Si(w2; u2).This 
ompletes the proof that the standard L-model graph of I is a least L-model of I .Proof of Lemma 4.5 Let hW; �;R1; : : : ; Rm; Hi be the standard L-model graph of I , 4 =2i1 : : :2ik be a modality, and w = h>ii1 : : : h>iik . Suppose that � is of the form 4E. Sin
e M � �,we have M;w � E. Hen
e, by Lemma 4.1, 4E 2 ExtL(I), and we also have 4E 2 SatL(I). Nowsuppose that � is of the form 43iE with i 6= ik. Sin
e M � �, we have M;w � 3iE and thereexists ri su
h that riE 2 H(w). Hen
e, by Lemma 4.1, 4riE 2 ExtL(I). Therefore 43iE is aninstan
e of some atom of SatL(I).Proof of Lemma 4.8 Let M be the standard L-model of I and � the standard 3-realizationfun
tion on M . By the de�nition of L-instan
es of program 
lauses and the 
onstru
tion of M , itis suÆ
ient to prove that for any ground L-instan
e 4(A B1; : : : ; Bn) of some program 
lause ofP , for any w 2 W being an L-instan
e of 4, M;w � (A  B1; : : : ; Bn). Suppose that M;w � Bifor all 1 � i � n. We show that M;w � A.Let 40 = w = hE1ii1 : : : hEkiik . We �rst show that for any ground simple atom B of the formE, 2iE, or 3iE, if M;w � B then 40B is an L-instan
e of some atom from SatL(I). Suppose thatM;w � B. If k = 0 or ik 6= i, then let v = w, else let v = hE1ii1 : : : hEk�1iik�1 . If B = E, thenby Lemma 4.1, some 2-lifting form of 40B belongs to ExtL(I), and hen
e 40B is an L-instan
e ofsome atom from SatL(I). Now suppose that B = 2iE. Let u = vh>ii and 400 = v2i. We haveRi(w; u), and hen
e M;u � E. By Lemma 4.1, it follows that some 2-lifting form of 400E belongsto ExtL(I). Hen
e, by the de�nition of SatL, 40B is an L-instan
e of some atom from SatL(I).Next, suppose that B = 3iE. Sin
e M;w � B, there exists F su
h that vhF ii is a world of M andM; vhF ii � E. Let 400 = vhF ii. By Lemma 4.1, some 2-lifting form of 400E belongs to ExtL(I).Hen
e, by the de�nition of SatL, 40B is an L-instan
e of some atom from SatL(I).Sin
e M;w � Bi for 1 � i � n, it follows that 40Bi is an L-instan
e of some atom from SatL(I).Consequently, 40A is an L-instan
e of some atom � from T0L;P (SatL(I)). Let �0 be the L-normalform of �, i.e. NFL(f�g) = f�0g. We have �0 2 TL;P (I) � I . By Lemma 4.2, M;� � �0. From thiswe 
an 
on
lude that M;w � A.
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