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zAbstra
tThe van der Waerden theorem in Ramsey theory states that for ev-ery k and t and suÆ
iently large N , every k-
oloring of [N ℄ 
ontains amono
hromati
 arithmeti
 progression of length t. Motivated by thisresult, Radoi�
i�
 
onje
tured that every equinumerous 3-
oloring of[3n℄ 
ontains a 3-term rainbow arithmeti
 progression, i.e., an arith-meti
 progression whose terms are 
olored with distin
t 
olors. Inthis paper, we prove that every 3-
oloring of the set of natural num-bers for whi
h ea
h 
olor 
lass has density more than 1=6, 
ontains a3-term rainbow arithmeti
 progression. We also prove similar resultsfor 
olorings of Zn. Finally, we give a general perspe
tive on otheranti-Ramsey-type problems that 
an be 
onsidered.1 Introdu
tionIn 1916, S
hur [24℄ proved that for every k, if n is suÆ
iently large, thenevery k-
oloring of [n℄ := f1; : : : ; ng 
ontains a mono
hromati
 solution ofthe equation x + y = z. More than seven de
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Sav
hev [1℄ 
onsidered what Bill Sands 
alls an un-S
hur problem [13℄.They proved that for every equinumerous 3-
oloring of [3n℄ (i.e., a 
oloringin whi
h di�erent 
olor 
lasses have the same 
ardinality), equation x +y = z has a solution with x, y and z belonging to di�erent 
olor 
lasses.Su
h solutions will be 
alled rainbow solutions. E. and G. Szekeres askedwhether the 
ondition of equal 
ardinalities for three 
olor 
lasses 
an beweakened [26℄. Indeed, S
h�onheim [23℄ proved that for every 3-
oloring of[n℄, su
h that every 
olor 
lass has 
ardinality greater than n=4, equationx+ y = z has rainbow solutions. Moreover, he showed that n=4 is optimal.Inspired by the problem above, Radoi�
i�
 posed the following 
onje
ture atthe open problem session of the MIT Combinatori
s Seminar.Conje
ture 1 For every equinumerous 3-
oloring of [3n℄ there exists arainbow AP (3), i.e., a solution to the equation x + y = 2z in whi
h x,y, and z are 
olored with three di�erent 
olors.This 
onje
ture 
an be 
onsidered as the 
ounterpart of van der Waerden'stheorem in Ramsey theory. Van der Waerden's theorem states that for everyk and t, if N is suÆ
iently large, then every k-
oloring of [N ℄ 
ontains amono
hromati
 t-term arithmeti
 progression.Ba
ked by the 
omputer eviden
e (n � 56), we pose the following strongerform of Conje
ture 1.Conje
ture 2 For every n � 3, every partition of [n℄ into three 
olor
lasses R, G, and B with min(jRj; jGj; jBj) > r(n), wherer(n) := � b(n+ 2)=6
 if n 6� 2 (mod 6)(n+ 4)=6 if n � 2 (mod 6) (1)
ontains a rainbow AP (3).Unable to settle the above 
onje
tures, in this paper we prove the followingin�nite version of Conje
ture 2.Theorem 1 Every 3-
oloring of the set of natural numbers N with the upperdensity of ea
h 
olor greater than 1=6 
ontains a rainbow AP (3).A more pre
ise statement of the above theorem and its proof will be pre-sented in Se
tion 2. We also show that there exist a 3-
oloring of [n℄ with2



min(jRj; jGj; jBj) = r(n), where r is the fun
tion de�ned in (1), that 
on-tains no rainbow AP (3). This shows that Conje
ture 2, if true, is the bestpossible.An interesting 
orollary of Theorem 1 is the modular version of Conje
ture2, whi
h states that if Zn is 
olored with 3 
olors su
h that the size of every
olor 
lass is greater than n=6, then there exist x, y and z, ea
h of a di�erent
olor with x+ y � 2z (mod n). It turns out that in this 
ase n=6 is not thebest possible. We will dis
uss further generalizations of the modular 
aseof Conje
ture 2 in Se
tion 3.Previous work regarding the existen
e of rainbow stru
tures in a 
oloreduniverse has been done in the 
ontext of 
anoni
al Ramsey theory (see [8,7, 6, 20, 19, 15, 16, 17, 21℄ and referen
es therein). However, the 
anoni
altheorems prove the existen
e of either a mono
hromati
 stru
ture or a rain-bow stru
ture. Our results are not \either-or" statements and, thus, are the�rst results in literature guaranteeing the sole existen
e of rainbow arith-meti
 progressions. In a sense, the 
onje
tures and theorems above 
an bethought of as the �rst rainbow 
ounterparts of 
lassi
al theorems in Ramseytheory, su
h as van der Waerden's, Rado's and Szemer�edi's theorems [12℄.It is 
urious to note that anti-Ramsey problems have re
eived great atten-tion in the 
ontext of graph theory as well (see [9, 5, 2, 3, 22, 10, 4℄ andreferen
es therein).In Se
tion 4, we present a Rado-type theorem for 
olorings of Zp, usingboth 
lassi
al and re
ent results from additive number theory. Finally, inSe
tion 5, we give several open problems and a general perspe
tive of variousresear
h problems in this area.2 The in�nite form of our 
onje
tureAssume 
 : N 7! fR;G;Bg is a 3-
oloring of the set of natural numberswith 
olors Red, Green, and Blue. We 
an also think of 
 as an in�nitesequen
e of the elements of fR;G;Bg. Let R
(n) be the number of integersless than or equal to n that are 
olored red. In other words, R
(n) :=j[n℄ \ fi : 
(i) = Rgj. G
(n) and B
(n) are de�ned similarly. A rainbowAP (3) is a sequen
e a1; a2; a3 su
h that a1 + a3 = 2a2 and 
(ai) 6= 
(aj)for every i 6= j. We say that 
 is rainbow-free, if it does not 
ontain anyrainbow AP (3). 3



Theorem 1 Let 
 be a 3-
oloring of N su
h thatlim supn!1 (min(R
(n); G
(n); B
(n))� n=6) = +1: (2)Then 
 
ontains a rainbow AP (3).Before proving Theorem 1 we de�ne a few terms. We say that a strings 2 fR;G;B; ?gk appears in 
, if there exists an i su
h that for everyj = 1; : : : ; k, either sj = 
(i + j) or sj =?. In this 
ase, s appears in 
 atposition i. For x; y; z 2 fR;G;Bg; i1; i2 2 N su
h that fx; y; zg = fR;G;Bgand i1 < i2 � 1, we say that 
 has a 
olor-
hange of type xyz at positions(i1; i2), if 
(i1) = x, 
(i2) = z, and 
(j) = y for every i1 < j < i2.Lemma 1 Let 
 be a rainbow-free 3-
oloring of N. If there is a 
olor-
hange of type xyz at position (i1; i2) for some 1 < i1 < i2, then 
(i1�1) =
(i2 + 1) = y.Proof: If 
(i1�1) = z, then i1�1; i1; i1+1 is a rainbow AP (3). Therefore,
(i1 � 1) is either y or x. Assume 
(i1 � 1) = x. One of the numbers i1 � 1and i1 has the same parity as i2. Let i01 denote this number. It is easy tosee that i01; (i01+ i2)=2; i2 is a rainbow AP (3). This 
ontradi
tion show that
(i1 � 1) = y. Similarly, 
(i2 + 1) = y. 2Corollary 1 Let 
 be a rainbow-free 3-
oloring of N. If there is a 
olor-
hange of type xyz at position (i1; i2) for some 1 < i1 < i2, then both yxyy?yand y?yyzy appear in 
 at positions i1 � 1 and i2 � 4.Proof: It suÆ
es to note that if 
 has a 
olor-
hange at position (i1; i2),then i1� i2 is odd, for otherwise i1; (i1+ i2)=2; i2 is a rainbow AP (3). This,together with Lemma 1 imply that if there is a 
olor-
hange of type xyz atposition (i1; i2), then 
(i1 + 4) = 
(i2 � 4) = y. 2Lemma 2 Every 3-
oloring of N that 
ontains both a 
olor-
hange of typexyz and a 
olor-
hange of type xzy 
ontains a rainbow AP (3).Proof: Assume 
 is a 3-
oloring of N that 
ontains a 
olor-
hange of typexyz at position (i1; i2) and a 
olor-
hange of type xzy at position (i01; i02).By Corollary 1, 
 
ontains yxyy?y and zxzz?z at positions i1�1 and i01�1.Consider the following two 
ases: 4
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BGRFigure 1: Di�erent types of 
olor-
hanges� i1 � i01 (mod 2): In this 
ase, 
onsider one of the following arithmeti
progressions based on the value of 
((i1 + i01 + 2)=2):i1 + 1; (i1 + i01 + 2)=2; i01 + 1 if 
((i1 + i01 + 2)=2) = xi1; (i1 + i01 + 2)=2; i01 + 2 if 
((i1 + i01 + 2)=2) = yi1 + 2; (i1 + i01 + 2)=2; i01 if 
((i1 + i01 + 2)=2) = z� i1 6� i01 (mod 2): In this 
ase, 
onsider one of the following arithmeti
progressions based on the value of 
((i1 + i01 + 1)=2):i1 � 1; (i1 + i01 + 1)=2; i01 + 2 if 
((i1 + i01 + 1)=2) = xi1; (i1 + i01 + 1)=2; i01 + 1 if 
((i1 + i01 + 1)=2) = yi1 + 1; (i1 + i01 + 1)=2; i01 if 
((i1 + i01 + 1)=2) = zIt is easy to see that in ea
h 
ase the arithmeti
 progression that we 
on-sidered is a rainbow arithmeti
 progression. 2Similarly, we 
an prove that a rainbow-free 3-
oloring of N 
annot 
ontain
olor-
hanges of type xyz and yxz at the same time. Therefore, we get thefollowing 
orollary.Corollary 2 Let 
 be a rainbow-free 3-
oloring of N. Then for every twotypes of 
olor-
hanges that are 
onne
ted in Figure 1 by an edge, 
 
annot
ontain both of them at the same time.5



The following lemma shows an important property of rainbow-free 3-
oloringsof N. Note that we don't need any assumption about the density of 
ol-ors here. In fa
t, it is possible to prove the 
on
lusion of this lemma evenwithout the assumption that ea
h 
olor is used in�nitely many times.Lemma 3 Let 
 be a rainbow-free 3-
oloring of N. Assume ea
h 
olor isused for 
oloring in�nitely many numbers in 
. Then there are two distin
t
olors x; y 2 fR;G;Bg that never appear next to ea
h other in 
.Proof: Assume, for 
ontradi
tion, that every two distin
t 
olors appearnext to ea
h other somewhere in 
. In other words, for any two distin
t
olors x and y, there is an i su
h that one of i and i + 1 is 
olored withx and the other is 
olored with y. Consider the smallest number j greaterthan i that is 
olored with the third 
olor, z. Su
h a number exists, sin
e byassumption ea
h 
olor is used in�nitely often in 
. There must be a 
olor-
hange of type xyz or yxz at position (j0; j), for some j0 < j. This showsthat for every three distin
t 
olors x; y; z 2 fR;G;Bg, either a 
olor-
hangeof type xyz, or a 
olor-
hange of type yxz must appear in 
. A similarargument shows that either a 
olor-
hange of type xyz or a 
olor-
hange oftype xzy must appear in 
. This together with Corollary 2 imply that forevery two types of 
olor-
hanges that are 
onne
ted in Figure 1 by an edge,
 
ontain exa
tly one of them. Therefore, either 
 
ontains 
olor-
hanges oftypes RGB, BRG, and GBR, and no 
olor-
hange of type RBG, BGR, orGRB, or vi
e versa. We assume, without loss of generality, that 
 
ontains
olor-
hanges of types RGB, BRG, and GBR, and does not 
ontain any
olor-
hange of type RBG, BGR, or GRB.Consider a 
olor-
hange of type RGB at position (i1; i2), let i4 be the small-est number greater than i2 that is 
olored red, and i6 be the smallest numbergreater than i4 that is 
olored green. Sin
e 
 does not 
ontain any 
olor-
hange of type BGR or RBG, there must be a 
olor-
hange of type GBRat position (i3; i4) for some i2 < i3 < i4, and a 
olor-
hange of type BRGat position (i5; i6) for some i4 < i5 < i6. Noti
e that all numbers betweeni2 and i3 are 
olored blue or green, and all numbers between i4 and i5 are
olored blue or red. (See Figure 2). One important observation is that Rand G do not appear next to ea
h other after i1 and before i6.By Corollary 1, 
 
ontains G?GGBG and RBRR?R at positions i2� 4 andi5 � 1. We 
onsider two 
ases based on the parity of i2 + i5.6
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RG ... GB GB ... BR BR ... RG
no R here no G here

.... ....Figure 2: Lemma 3� i2 + i5 is odd: Consider the number (i2 + i5 � 1)=2. In 
, thisnumber 
annot be 
olored red, for otherwise we have a rainbowAP (3):i2 � 1; (i2 + i5 � 1)=2; i5. Also, it 
annot be 
olored blue be
ause ofthe arithmeti
 progression i2 � 2; (i2 + i5 � 1)=2; i5 + 1. Therefore,
((i2 + i5 � 1)=2) = G. Similarly, the arithmeti
 progressions i2; (i2 +i5+1)=2; i5+1 and i2� 1; (i2+ i5+1)=2; i5+2 show that 
((i2+ i5+1)=2) = R. But this is in 
ontradi
tion with the observation that Gand R never appear next to ea
h other between i1 and i6.� i2+ i5 is even: Considering the arithmeti
 progressions i2� 2; (i2+i5�2)=2; i5 and i2�1; (i2+i5�2)=2; i5�1 shows that 
((i2+i5�2)=2) =G. Also, 
((i2+ i5+2)=2) = R be
ause of the arithmeti
 progressionsi2; (i2+ i5+2)=2; i5+2 and i2+1; (i2+ i5+2)=2; i5+1. Sin
e G and Rnever appear next to ea
h other between i1 and i6, (i2+ i5)=2 
annotbe 
olored with green or red. Therefore, it is 
olored with blue. Thus,(i2 + i5 � 2)=2); (i2 + i5)=2; (i2 + i5 +2)=2 is a rainbow AP (3), whi
his a 
ontradi
tion.Therefore, the assumption that every two distin
t 
olors appear next toea
h other leads to a 
ontradi
tion in both 
ases. 2Lemma 3 shows that for any rainbow-free 3-
oloring, there is a 
olor z, su
hthat for every two 
onse
utive numbers that are 
olored with di�erent 
olors,at least one of them is 
olored with z. We 
all su
h a 
olor a dominant 
olor.In the rest of this proof, we assume, without loss of generality, that red isthe dominant 
olor. In other words, we will assume that B and G do notappear next to ea
h other in 
.Lemma 4 Let 
 be a 3-
oloring of N and assume red is the dominant 
olorin 
. If there are in�nitely many i's su
h that i and i + 1 are both 
oloredblue, and in�nitely many j's su
h that j and j + 1 are both 
olored green,then 
 
ontains a rainbow AP (3). 7



Proof: Assume, for 
ontradi
tion, that 
 is a 3-
oloring of N with norainbow AP (3) in whi
h BB and GG appear in�nitely many times, andR is the dominant 
olor. Therefore, there is i1 < i2 < i3, su
h that BBappears at positions i1 and i3, and GG appears at position i2. Let j1 be thelargest number less than i2 su
h that a BB appears at position j1, and j2be the smallest number greater than i2 su
h that a BB appears at positionj2. Let k1; k1 + 1; : : : ; k2 be the longest sequen
e of 
onse
utive numbersbetween j1 and j2 that are 
olored green (i.e., j1 < k1 < k2 < j2, 
(k) = Gfor every k1 � k � k2, and k2 � k1 + 1 is maximum). By the de�nition ofj1 and j2, neither j1 + 2 nor j2 � 1 is 
olored blue. Therefore, sin
e red isthe dominant 
olor, 
(j1+2) = 
(j2� 1) = R. Consider one of the numbersj1 or j1 + 1 that has the same parity as j2 � 1. The arithmeti
 progression
onsisting of this number, j2 � 1, and their midpoint b(j1 + j2)=2
 showsthat 
(b(j1 + j2)=2
) 6= G. Similarly, the red at j1 + 2 and one of the bluesat j2 or j2+1 imply that 
(d(j1+j2)=2e+1) 6= G. Therefore, sin
e k1 < k2,we either have k2 < b(j1 + j2)=2
, or k1 > d(j1 + j2)=2e+ 1.Assume k2 < b(j1 + j2)=2
. For every i, k1 � i � k2, the arithmeti
progressions j1; i; 2i � j1 and j1 + 1; i; 2i � j1 � 1 show that 2i � j1 � 1and 2i � j1 are not 
olored red. Therefore, none of the numbers between2k1 � j1 � 1 and 2k2 � j1 is red. This, together with the fa
t that red isthe dominant 
olor, imply that all of the numbers between 2k1� j1� 1 and2k2 � j1 must be 
olored with the same 
olor, either blue or green. If theyare all blue, we get a 
ontradi
tion with the de�nition of j1 and j2, as thesede�nitions imply that no BB appears after j1 and before j2. If they areall green, we have a 
ontradi
tion with the de�nition of k1 and k2, sin
e bythe assumption k2 < b(j1 + j2)=2
, the sequen
e 2k1 � j1 � 1; : : : ; 2k2 � j1is a sequen
e greens between j1 and j2 that is longer than the sequen
ek1; : : : ; k2.Therefore, we get a 
ontradi
tion in either 
ase. A symmetri
 argumentleads to a similar 
ontradi
tion for the 
ase k1 > d(j1 + j2)=2e+ 1. 2Next we show that the density assumption (2) implies that the dominant
olor must appear in 
 with a high frequen
y. We start with the followingsimple lemma.Lemma 5 Let 
 be a 3-
oloring of N that satis�es the density assumption(2). Then there is a k � 5 su
h that for every i, there exists j > i su
h thatj and j + k are both 
olored green. 8



G GBB BB BB

i i + 2k j j+k 2j−i−1Figure 3: Lemma 6Proof: Assume not, then there is an i su
h that every two numbers greaterthan i that are 
olored green are at least 6 apart. Therefore, G
(n) � n=6+i,whi
h is a 
ontradi
tion with (2). 2Lemma 6 If 
 is a rainbow-free 3-
oloring of N that satis�es the densityassumption (2), and red is a dominant 
olor in 
, then there is n0 su
h thatfor every i > n0, either 
(i) or 
(i+ 1) is red.Proof: By Lemma 4, the number of appearan
es of either BB or GG in 
is �nite. Assume, without loss of generality, that GG appears only a �nitenumber of times in 
. That is, there is an n0 su
h that no GG appears in 
after n0. If no BB appears after n0, then we are done. Otherwise, 
onsidera BB at position i > n0.By Lemma 5, there exists k � 5 and j > i su
h that j and j + k are both
olored green. The arithmeti
 progressions i; j; 2j � i and i+1; j; 2j � i� 1imply that 2j � i � 1 and 2j � i are not red. Therefore, sin
e red is thedominant 
olor, either they are both blue, or both green. The latter 
ase isimpossible, sin
e 2j� i� 1 > n0. This shows that there is a BB at position2j� i� 1. Similarly, having a BB at position 2j� i� 1 and a G at positionj + k implies that there is another BB at position i+ 2k. (See Figure 3).Repeating the same argument, we 
on
lude that BB appears at positionsi+2kt for every integer t � 0. Using Lemma 1 it is not diÆ
ult to see thatif there is a BB at position i1, and a G at position i2 > i1, then i2 � i1+6.Similarly, if there is a BB at position i1 and a G at position i2 < i1, theni2 � i1 � 5. Sin
e k � 5, these fa
ts imply that for every t � 0, none of thenumbers between i+ 2kt and i+ 2k(t+ 1) is 
olored green. Therefore, thenumber of greens is �nite, whi
h is a 
ontradi
tion. 29



Lemma 7 If 
 be a rainbow-free 3-
oloring of N that satis�es the densityassumption (2), and red is a dominant 
olor in 
, then there is n0 su
h thatfor every i > n0, either 
(i) or 
(i+ 2) is red.Proof: By Lemma 6, there is an n0 su
h that for every i > n0, either ior i+ 1 is 
olored red. Assume, for 
ontradi
tion, that there exists i > n0su
h that neither i nor i + 2 is 
olored red. By Lemma 6, 
(i + 1) = R.Therefore, i and i+2 are either both green, or both blue. Assume, withoutloss of generality, that they are both blue. Consider an arbitrary l > i whoseparity is the same as the parity of i. If l is 
olored green, then the arithmeti
progressions i; (i+ l)=2; l and i+2; (i+ l)=2+1; l show that neither (i+ l)=2nor (i+ l)=2+ 1 is red, whi
h is a 
ontradi
tion with Lemma 6. Therefore,no l > i with the same parity as i is 
olored green.Now 
onsider an arbitrary i0 � i that is 
olored blue and has the sameparity as i. Using Lemma 5, there is j > i0 su
h that j and j + k are both
olored green (for a �xed k � 5). By the above argument, neither j norj+ k has the same parity as i. Therefore, k is either 2 or 4. The arithmeti
progression i0; j; 2j � i0 shows that 2j � i0 is not red. Also, sin
e it has thesame parity as i, it 
annot be green. Therefore, 
(2j � i0) = B. Similarly,the arithmeti
 progression i0+2k; j+ k; 2j� i0 and the fa
t that i0+2k hasthe same parity as i show that 
(i0 + 2k) = B. This means that for everyi0 > i with the same parity as i, if i0 is 
olored blue, then so is i0+2k. Thus,all numbers i+ 2kt and i+ 2kt+ 2 for t � 0 must be 
olored blue.� If k = 2, this means that every number greater than i that has thesame parity as i is 
olored blue. Therefore, by Lemma 3 no numbergreater than i is 
olored green, whi
h is a 
ontradi
tion.� If k = 4, this means that for every integer t � 0, i + 8t, i + 8t + 2and i + 8t + 8 are 
olored blue. Therefore, by Lemma 3, i + 8t + 1,i+8t+3, and i+8t+7 are not green. Also, i+8t+4 and i+8t+6 havethe same parity as i and therefore 
annot be 
olored green. Thus, theonly numbers that 
an be 
olored green are in the form i + 8t + 5.Therefore, G
(n) � n0 + 18n, whi
h is a 
ontradi
tion with (2). 2Now, we are ready to prove Theorem 1.Proof of Theorem 1: Assume 
 does not 
ontain any rainbow AP (3).Therefore, by Lemma 3, there is a dominant 
olor. Assume without loss of10



generality that the dominant 
olor is red. By Lemmas 6 and 7 there is an n0su
h that for every i > n0, at least two of the numbers i; i+1; i+2 are 
oloredred. Therefore, for every n, R
(n) � 23 (n�n0). Thus, min(G
(n); B
(n)) �12 (n� 23 (n� n0)) = 16n+ 13n0, 
ontradi
ting (2). 2A natural question is whether the assumption (2) in Theorem 1 
an be weak-ened. Noti
e that Conje
ture 2 suggests that the 
on
lusion of Theorem 1 istrue with the weaker assumption that lim supn!1 �min(R
(n); G
(n); B
(n)) � 16n� >46 . We still haven't been able to prove this fa
t. However, the followingproposition shows that the 
onstant 1=6 in the density assumption 
annotbe substituted with a smaller 
onstant.Proposition 1 There is a rainbow-free 3-
oloring 
 of N su
h that for everyn, min(R
(n); G
(n); B
(n)) = b(n+ 2)=6
:Proof: Consider the following 
oloring of N:
(i) := 8<: B if i � 1 (mod 6)G if i � 4 (mod 6)R otherwiseIt is easy to see that 
 
ontains no rainbowAP (3) and min(R
(n); G
(n); B
(n)) =G
(n) = b(n+ 2)=6
. 2The following proposition shows that Conje
ture 2, if true, is the best pos-sible.Proposition 2 For every n � 3, there is a rainbow-free 3-
oloring 
 of [n℄in whi
h the size of the smallest 
olor 
lass is r(n), where r is the fun
tionde�ned in (1).Proof: For n 6� 2 (mod 6), Proposition 1 gives su
h a 
oloring. Assumen = 6k + 2 for an integer k. We de�ne a 
oloring 
 as follows:
(i) := 8<: B if i � 2k + 1 and i is oddG if i � 4k + 2 and i is evenR otherwiseSin
e every blue number is at most 2k+1, and every green number is at least4k+2, a blue and a green number 
annot be the �rst and the se
ond, or the11



se
ond and the third terms of an arithmeti
 progression with all terms in [n℄.Also, sin
e blue numbers are odd and green numbers are even, a blue and agreen 
annot be the �rst and the third terms of an arithmeti
 progression.Therefore, 
 does not 
ontain any rainbow AP (3). It is not diÆ
ult to seethat 
 
ontains no rainbow AP (3) and min(R
(n); G
(n); B
(n)) = k + 1 =(n+ 4)=6. 23 Rainbow arithmeti
 progressions in ZnA 3-term arithmeti
 progression (AP (3)) in Zn is a sequen
e a1; a2; a3 su
hthat a1 + a3 � 2a2 (mod n). For a 3-
oloring 
 : Zn 7! fR;G;Bg of Zn, wede�ne R
 := fi : 
(i) = Rg. G
 and B
 are de�ned similarly. An interesting
orollary of Theorem 1 is the following.Theorem 2 Every 3-
oloring 
 of Zn with min(jR
j; jG
j; jB
j) > n=6 
on-tains a rainbow AP (3).Proof: For a 3-
oloring 
 of Zn, we de�ne a 3-
oloring �
 of N as follows: Forevery i 2 N, �
(i) := 
(i mod n). The assumption min(jR
j; jG
j; jB
j) > n=6implies that lim supn!1 (min(R�
(n); G�
(n); B�
(n))� n=6) = +1:Therefore, by Theorem 1, there is a rainbow AP (3) in �
. By 
omputing theterms of this arithmeti
 progression modulo n we obtain a rainbow AP (3)in 
. 2A natural question is whether the 
ondition min(jR
j; jG
j; jB
j) > n=6 inTheorem 2 
an be weakened. For n divisible by 6, the 
oloring de�nedin Proposition 1 shows that this 
ondition is tight. However, for mostother values of n it is possible to use number theoreti
 properties of Zn tosubstitute this 
ondition with a weaker assumption. The following theoremis an example.Theorem 3 Let n be an odd number and q be the smallest prime fa
tor ofn. Then every 3-
oloring 
 of Zn with min(jR
j; jG
j; jB
j) > n=q 
ontainsa rainbow AP (3). 12



First, we prove the following lemma.Lemma 8 Let 
 be a 3-
oloring of Zn, a be an integer relatively prime ton, and b be an arbitrary integer. Let 
0(i) := 
((ai + b) mod n) for everyi 2 Zn. Then 
 
ontains a rainbow AP (3) if and only if 
0 
ontains arainbow AP (3). Furthermore, jR
0 j = jR
j, jG
0 j = jG
j, and jB
0 j = jB
j.Proof: It is enough to note that sin
e a is relatively prime to n, themapping i 7! ai+ b (mod n) is an automorphism of (Zn;+). 2Proof of Theorem 3: Assume, for 
ontradi
tion, that we have a 3-
oloring 
 of Zn with no rainbow AP (3) su
h that min(jR
j; jG
j; jB
j) >n=q. Assume, without loss of generality, that jG
j = min(jR
j; jG
j; jB
j).Sin
e jG
j > n=q, there exist k < q and i su
h that i and i + k are both
olored green. Sin
e k < q and q is the smallest prime fa
tor of n, k isrelatively prime to n. Therefore, Lemma 8 with a = k and b = i gives a 
ol-oring with the same properties as 
 in whi
h 0 and 1 are both 
olored green.From now on, we let 
 denote this 
oloring. Therefore, 
 does not 
ontainany rainbow AP (3), and it satis�es jG
j = min(jR
j; jG
j; jB
j) > n=q and
(0) = 
(1) = G.>From 
, we 
onstru
t a 
oloring �
 of N as in the proof of Theorem 2. Lemma3 shows that there is a dominant 
olor in �
. We 
onsider the following two
ases:Case 1: G is the dominant 
olor in �
. Sin
e �
 is periodi
, Lemma 4 impliesthat �
 
annot 
ontain BB and RR at the same time. Assume, without lossof generality, that �
 does not 
ontain any BB. This, together with the fa
tthat G is the dominant 
olor imply that in 
 every B is followed by a G(i.e., for every i 2 Zn, if 
(i) = B, then 
(i + 1) = G). Furthermore, sin
eby Lemma 3 no R 
an be followed by a B in �
, there must be at least oneR in 
 that is followed by a G. Thus, jG
j � jB
j + 1, 
ontradi
ting theassumption that jG
j = min(jR
j; jG
j; jB
j).Case 2: G is not the dominant 
olor in �
. Without loss of generality,assume R is the dominant 
olor in �
. In �
, GG appears at positions ntfor every t > 0. Therefore, by Lemma 4 no BB appears in 
. On theother hand, the assumption jB
j � n=q implies that there exist k < q and isu
h that i and i + k are both 
olored blue. Now, 
onsider the arithmeti
progressions 0; i; 2i and 1; i; 2i�1. These arithmeti
 progressions show thatneither of 2i� 1 and 2i 
an be red. Therefore, sin
e 
 doesn't 
ontain BB,13



they must be both green. Similarly, the arithmeti
 progressions 2k; i+ k; 2iand 2k + 1; i+ k; 2i� 1 show that there is a GG at position 2k. Repeatingthe same argument implies that there is a GG at position 2kt (mod n) forevery t � 0. But sin
e k is smaller than the smallest prime fa
tor of n, and nis odd, 2k is relatively prime to n. Thus, we have proved that every numberin f2kt (mod n) : t � 0g = Zn is 
olored green, whi
h is a 
ontradi
tion. 2For any integer n, we de�ne m(n) as the largest integer m for whi
h there isa rainbow-free 3-
oloring 
 of Zn su
h that jR
j; jG
j; jB
j � m. Theorems2 and 3 show that for every integer n, m(n) � min(n=6; n=q), where q is thesmallest prime fa
tor of n. Computing the exa
t value of m(n) for every nremains a 
hallenge. The following theorem gives a general lower bound forthe value of m(n).Theorem 4 For every integer n that is not a power of 2, if q denotes thesmallest odd prime fa
tor of n, then m(n) � b n2q 
.Proof: It suÆ
es to show that there is a rainbow-free 3-
oloring 
 of Znwith min(jR
j; jG
j; jB
j) � b n2q 
. We know that exa
tly n=q elements ofZn are divisible by q. Color b n2q 
 of these numbers with green and theremaining d n2q e multiples of q with blue. Color other elements of Zn withred. Sin
e q is odd, if two elements of a 3-term arithmeti
 progression aredivisible by q, the third term should also be divisible by q. Therefore, the
oloring 
 
onstru
ted above does not 
ontain any rainbow AP (3), and wehave min(jR
j; jG
j; jB
j) � b n2q 
. 2In the following theorem we 
hara
terize the set of natural numbers n forwhi
h m(n) = 0.Theorem 5 For every integer n, there is a rainbow-free 3-
oloring of Znwith non-empty 
olor 
lasses if and only if n does not satisfy any of thefollowing 
onditions:(a) n is a power of 2.(b) n is a prime and ordn(2) = n� 1 (i.e., 2 is a generator of Zn).(
) n is a prime, ordn(2) = (n� 1)=2, and (n� 1)=2 is an odd number.14



Proof: We �rst prove the if part. We need to prove that for every n thatdoes not satisfy any of the above 
onditions, there is a rainbow-free 
oloringof Zn with no empty 
olor 
lass. We 
onsider the following two 
ases: n isnot prime, and n is prime.If n is not a prime number, then by 
onditions above n 
an be written asn = pq where p is an odd number and q > 1. Let 
 denote the 
oloring of Zpobtained by 
oloring 0 with red, other multiples of p with green, and othernumbers with blue. In this 
oloring, every rainbow AP (3) must 
ontain 0and a multiple of p. Sin
e p is odd, the other term in su
h an arithmeti
progression must also be a multiple of p. Therefore, 
 is rainbow-free.If n is a prime number, then we de�ne the 
oloring 
 as follows: 0 is 
oloredwith red, all numbers in f2i mod n : i 2 Zg [ f�2i mod n : i 2 Zg are
olored with green, and other numbers are 
olored with blue. By 
onditions(b) and (
) we know that either ordn(2) < (n�1)=2, or ordn(2) = (n�1)=2 =2k for an integer k. In the former 
ase, jG
j � 2ordn(2) < n � 1. In thelatter 
ase, we have 2k = �1 and therefore jG
j = ordn(2) < n�1. Thus, B
is non-empty in either 
ase. Also, every rainbow AP (3) in 
 must 
ontain0. Sin
e G
 is 
losed under multipli
ation/division by 2 and �1, any 3-termarithmeti
 progression that 
ontains 0 and an element of G
, must 
ontainanother element of G
. Thus, 
 is rainbow-free.For the only if part, we need to argue that if n satis�es any of the 
onditions(a), (b), or (
), then every 
oloring of Zn with non-empty 
olor 
lasses
ontains a rainbow AP (3). If n satis�es one of the 
onditions (b) or (
), thenby Theorem 3 any 
oloring 
 of Zn with min(jR
j; jG
j; jB
j) > 1 
ontainsa rainbow AP (3). If min(jR
j; jG
j; jB
j) = 1, then assume without lossof generality that 0 is the only number 
olored with red and 1 is 
oloredwith green. For every number i 2 Zn n f0g that is 
olored green, 2i mustalso be green; otherwise 0; i; 2i will be a rainbow AP (3). Similarly, if iis green, then �i must also be green. This implies that every numberin f2i mod n : i 2 Zg [ f�2i mod n : i 2 Zg must be 
olored green.However, if one of the 
onditions (b) or (
) hold, then f2i mod n : i 2Zg[f�2i mod n : i 2 Zg= Znnf0g. This 
ontradi
ts with the assumptionthat B
 is non-empty.The only 
ase that remains to 
he
k is when n satis�es (a), i.e., we need toprove that when n = 2k for an integer k, there is no rainbow-free 
oloringof Zn with non-empty 
olor 
lasses. We prove this statement by indu
tionon k. The indu
tion basis is easy to verify. Assume this statement holdsfor k � 1, and (for 
ontradi
tion) 
onsider a rainbow-free 
oloring 
 of Z2k15



with non-empty 
olor 
lasses.We 
an partition Z2k into two sets: the set of even numbers ZE2k = f2i mod2k : i 2 Z2kg and the set of odd numbers ZO2k = f2i+ 1 mod 2k : i 2 Z2kg.It is 
lear that ea
h of ZE2k and ZO2k is isomorphi
 to Z2k�1. Therefore, bythe indu
tion hypothesis if 
 restri
ted to either one of them has non-empty
olor 
lasses, then 
 will 
ontain a rainbow AP (3). Thus, we may assumewithout loss of generality that no element of ZE2k is 
olored blue and noelement of ZO2k is 
olored green. Also, assume without loss of generalitythat jG
j � jB
j, and let G
 = fa1; a2; : : : ; ajG
jg � ZE2k. Now, 
onsider anarbitrary x 2 ZO2k that is 
olored blue, and some i, 1 � i � jG
j. Sin
e2ai�x mod 2k belongs to ZO2k, it 
an not be green. Also, it 
an not be red,sin
e otherwise 2ai � x; ai; x will be a rainbow AP (3). Thus, for every iand every x that is blue, 2ai � x is also blue. Starting from a �xed blueelement x and using the above statement, we obtain that all the elementsof f2ai � x mod 2k : 1 � i � jG
jg [ f2(ai � a1) + x mod 2k : 1 � i �jG
jg are 
olored blue. We know that for distin
t i; j, 2ai � x 6� 2aj � x(mod 2k) and 2(ai � a1) + x 6� 2(aj � a1) + x (mod 2k). Also, if for somei; j, 2ai � x = 2(aj � a1) + x (mod 2k), then 2(aj � a1 � ai + x) mustbe divisible by 2k, whi
h is impossible sin
e aj � a1 � ai + x is an oddnumber. Thus, there are 2jG
j distin
t numbers in f2ai � x mod 2k : 1 �i � jG
jg [ f2(ai� a1)+x mod 2k : 1 � i � jG
jg that are all 
olored blue.This shows that jB
j � 2jG
j, whi
h is in 
ontradi
tion with the assumptionjG
j � jB
j > 0. 24 Additive number theory and rainbows in ZpStrong inverse theorems from additive number theory have proved to beuseful tools in Ramsey theory. For example, Gowers' proof of Szemer�editheorem relies on the theorem of Freiman [11℄. Likewise, we will use are
ent theorem of Hamidoune and R�dseth [14℄, generalizing the 
lassi
alVosper's theorem [28℄, to prove that almost every 
oloring of Zp with three
olors has rainbow solutions for almost all linear equivalen
e relations inthree variables in Zp. Moreover, we 
lassify all the ex
eptions.We write p to denote a prime number and (m;n) to denote the greatest
ommon divisor of m and n. For a; b 2 Zp, we de�ne sequen
e figba inZp as fiji 2 Zp; a � i � bg, if a � b, and fiji 2 Zp; a � i � p � 1 or0 � i � bg, otherwise. For X;Y � Zp and j 2 Zp, let jX = fjx j x 2 Xg,16



X � j = fx � j j x 2 Xg and X + Y = fx + y j x 2 X; y 2 Y g. We alsode�ne the distan
e fun
tion Dp(k; l) in Zp as the smallest nonnegative valueof jk � l + pjj, over all j 2 Z. Hen
e, Dp(k) := Dp(k; 0) = minfk; p � kg:Note that Dp(k) � p2 .Theorem 6 Let a; b; 
; e 2 Zp, with ab
 6� 0 (mod p). Then every 
oloringof Zp = R [ B [ G with jRj; jBj; jGj � 4, 
ontains a rainbow solutionof ax + by + 
z � e (mod p) with the only ex
eption being the 
ase whena = b = 
 and every 
olor 
lass is an arithmeti
 progression with the same
ommon di�eren
e d, so that d�1R = figa2�1i=a1 , d�1B = figa3�1i=a2 and d�1G =figa1�1i=a3 , where (a1 + a2 + a3) � e+ 1 or e+ 2 (mod p).Before proving Theorem 6, we re
all the 
lassi
al theorem of Cau
hy andDavenport [18℄ and the re
ent result of Hamidoune and R�dseth [14℄.Theorem (Cau
hy-Davenport) If S; T � Zp, then jS+T j � minfp; jSj+jT j � 1g.Theorem (Hamidoune-R�dseth ) Let S; T � Zp, jSj � 3, jT j � 3,7 � jS + T j � p � 4. Then either jS + T j � jSj+ jT j+ 1, or S and T are
ontained in arithmeti
 progressions with the same 
ommon di�eren
e andjSj+ 1 and jT j+ 1 elements respe
tively.We also need the following two lemmas.Lemma 9 If S � Zp is 
ontained in an arithmeti
 progression of lengthjSj+1 with 
ommon di�eren
e d, then there are at most two pairs of elementsof Zp of the form (x; x+ d) su
h that x 2 S and x+ d 62 S.Proof: Let S � fa+digjSji=0. De�ne X = fa+(i+1)d j 0 � i � jSj; a+id 2S; a+(i+1)d =2 Sg. Then X \S = ; and X [S � fa+digjSj+1i=0 . Therefore,jX j+ jSj � jSj+2, and jX j � 2. Note that X is pre
isely the set of elementsof the form x+ d su
h that (x+ d) 62 S and x 2 S. 2Lemma 10 Let p > 7 and let S � Zp, 3 � jSj � p � 5, be 
ontainedin an arithmeti
 progression of length jSj + 1 and 
ommon di�eren
e d,(d; p) = 1. Then every arithmeti
 progression of length jSj+1 
ontaining Shas the 
ommon di�eren
e equal to d or p� d.17



Proof: Suppose that S is 
ontained in an arithmeti
 progression of lengthjSj + 1 and 
ommon di�eren
e d0 6= d; p � d. Applying the group isomor-phism Zp ! d�1Zp, we 
an assume that S is 
ontained in the arithmeti
progression A := fa + igjSji=0, as well as in the arithmeti
 progression �Aof length jSj + 1 and 
ommon di�eren
e �d (= Dp(d�1d0)). We have thefollowing three 
ases:1. 2 � �d � 4.View Zp as a 
ir
le on p elements and 
onsider the pro
ess of loopingaround the 
ir
le and removing the terms of �A with respe
t to theirorder in �A. Let j be the smallest integer su
h that all the termsof �A have been removed after j loops. Number of elements of A,removed after j loops is at most Pj�1i=0 d jSj+1�i�d e. Sin
e S � A, wehave jSj �Pj�1i=0 d jSj+1�i�d e. Number of elements x, x 2 �A and x =2 A,removed after j loops is at least Pj�2i=0 bp�(jSj+1)+i�d 
. Hen
e, to �nishthe proof by 
ontradi
tion, it suÆ
es to show that if j is the smallestinteger with jSj �Pj�1i=0 d jSj+1�i�d e, then Pj�2i=0 bp�(jSj+1)+i�d 
 > 1.(a) �d = 2.jSj � d jSj+12 e does not hold and, thus, j � 2. Then bp�(jSj+1)2 
 �2.(b) �d = 3.jSj � d jSj+13 e+ d jSj3 e only if jSj 2 f3; 4g. Hen
e, either j = 3, orj = 2 and jSj 2 f3; 4g. If j = 3, then bp�(jSj+1)3 
+ bp�jSj3 
 � 2.If j = 2, then bp�(jSj+1)3 
 � 2, sin
e jSj � 4 and p > 7.(
) �d = 4.If j � 2, then jSj � d jSj+14 e+d jSj4 e. Hen
e, jSj � 2, whi
h 
ontra-di
ts jSj � 3. Therefore, j � 3. Then bp�(jSj+1)4 
+ bp�jSj4 
 � 2,sin
e p� jSj > 4.2. 4 � �d � jAj.Exa
tly 1 element of A is not in S. Sin
e ZpnS has at least 5 elements,no element of U := fa+ jSj+1+ ig3i=0 is in S. Sin
e every element ofU� �d is in A, U� �d 
ontains at least 3 elements of S. This 
ontradi
tsLemma 9, be
ause there are 3 pairs (x; x + �d), x 2 S, x+ �d 62 S.3. �d > jAj.No element of V := fa+ i+ �dg3i=0 is in S be
ause a+ �d > a+ jSj+118



and a+ �d+3 � a+ p2+3 < a+p. However, every element of V � �d is inA. Thus, at least 3 elements of V are in S. This 
ontradi
ts Lemma9, be
ause there are 3 pairs of elements (x; x+ �d), x 2 S, x+ �d =2 S.2Proof of Theorem 6: Assume that that there exist a; b; 
; e 2 Zp, withab
 6� 0 (mod p), and a 
oloring ~
p of Zp = R [ B [ G into 3 
olor 
lasses(jRj; jBj; jGj � 4), 
ontaining no rainbow solution of ax + by + 
z � e(mod p). Let R0; B0; G0 be a permutation of R;B;G, and let a0; b0; 
0 be apermutation of a; b; 
. Sin
e a0b0
0 = ab
 6� 0 (mod p), ja0R0j = jR0j; jb0B0j =jB0j; j
0G0j = jG0j. If ja0R0+ b0B0j � ja0R0j+ jb0B0j+1, then by the theoremof Cau
hy and Davenport and jR0j+ jB0j+ jG0j = p, ja0R0 + b0B0 + 
0G0j �minfp; (jR0j+jB0j+1)+jG0j�1g = p. Hen
e, there exists a rainbow solutionof ax+ by + 
z � e (mod p), whi
h is a 
ontradi
tion. Therefore,ja0R0 + b0B0j < ja0R0j+ jb0B0j+ 1 = jR0j+ jB0j+ 1 < p� 3;jb0B0 + 
0G0j < jb0B0j+ j
0G0j+ 1 = jB0j+ jG0j+ 1;ja0R0 + 
0G0j < ja0R0j+ j
0G0j+ 1 = jR0j+ jG0j+ 1:Moreover, using the 
ondition jRj; jBj; jGj � 4 and the theorem of Cau
hyand Davenport, we obtainja0R0 + b0B0j � 7; jb0B0 + 
0G0j � 7; ja0R0 + 
0G0j � 7:Hen
e, for every X;Y 2 fR;B;Gg; X 6= Y , and every x; y 2 fa; b; 
g; x 6= y,we 
an apply the theorem of Hamidoune and R�dseth on sets xX and yY ;that is, xX and yY are 
ontained in arithmeti
 progressions with the same
ommon di�eren
e and jX j+ 1 and jY j+ 1 elements respe
tively.Set xX is 
ontained in an arithmeti
 progression of length jX j + 1 if andonly if X is 
ontained in an arithmeti
 progression of length jX j+1. Thus,R, B and G are 
ontained in arithmeti
 progressions of lengths jRj + 1,jBj+1 and jGj+1, respe
tively. Sin
e every arithmeti
 progression in Zp of
ommon di�eren
e d is also an arithmeti
 progression of 
ommon di�eren
ep�d, Lemma 10 implies that there exist unique 
ommon di�eren
es dR, dBand dG (� p2 ) for all arithmeti
 progressions of lengths jRj+1, jBj+1 andjGj+ 1, 
ontaining R, B and G, respe
tively.Let X;Y 2 fR;B;Gg; X 6= Y , and x; y 2 fa; b; 
g; x 6= y. Sin
e xX and yYare 
ontained in arithmeti
 progressions with the same 
ommon di�eren
e19



and jX j+ 1 and jY j+1 elements respe
tively, y�1xX and Y are 
ontainedin arithmeti
 progressions with the 
ommon di�eren
e dY and jX j+ 1 andjY j+ 1 elements respe
tively. Hen
e, y�1xdX = dY .Similarly, yX and xY are 
ontained in arithmeti
 progressions with thesame 
ommon di�eren
e and jX j+1 and jY j+1 elements respe
tively. Thus,x�1yX and Y are 
ontained in arithmeti
 progressions with the 
ommondi�eren
e dY and jX j+1 and jY j+1 elements respe
tively. Hen
e, x�1ydX =dY .It follows that y�1xdX = x�1ydX , that is, jxj = jyj. Therefore, jaj = jbj =j
j =: t and dR = dB = dG =: d.Multiplying by t�1 and using the symmetry in the variables x; y; z, theequation ax + by + 
z � e (mod p) redu
es to one of the following fourequations: x+y�z � �e, x+y�z � e, x+y+z � �e, x+y+z � e in Zp.The �rst two 
ases further redu
e to the equation x+ y � z (mod p), aftershifting Zp by �e and e, respe
tively. Next, we use the following result ofS
h�onheim [23℄:Theorem (S
h�onheim) Let E [F [G be a partition of N, with no rainbowsolutions of x+y = z. Let G be the 
lass 
ontaining the largest smallest ele-ment, denoted by m. Let E;F , be subsets of E ;F 
onsisting of the elementssmaller than m. Then for i 2 N,1. e 2 E ! e+ im 2 E2. f 2 F ! f + im 2 F ,with ex
eptions o

urring only for one of the 
lasses E, F , and only at themultiples of some �xed nontrivial divisor of m.Consider the 
oloring ~
 : N ! fR;G;Bg de�ned by ~
(x) = ~
p(x (mod p)),for all x 2 N. Assume thatG is the 
olor 
lass 
ontaining the largest smallestelement denoted by m. S
h�onheim's theorem (with R � E, B � F , G � G)implies that there exists a divisor s of m � p, su
h that every element xwith 
(x) = G is a multiple of s. If (p; s) = 1, then 
(m+ p) = G. However,s does not divide m + p, so 
(m + p) 6= G, and we have a 
ontradi
tion.If s = p, then 
(x) = G for x 2 N if and only if x 2 fp; 2p; 3p:::g. Thenthe 
oloring 
p of Zp has only 1 element with 
olor G, namely 0. This
ontradi
ts the 
ondition jGj � 4.Therefore, we 
an assume that the equation ax+ by+ 
z � e (mod p) is ofthe form x + y + z � e (mod p). Sin
e d = dR = dB = dG, after applying20



the group isomorphism Zp ! d�1Zp, we 
an assume that R, B and G are
ontained in strings of jRj + 1, jBj + 1 and jGj + 1 
onse
utive elements,respe
tively. One of the following two 
ases o

urs:1. There exist at least two 
olor 
lasses, say R and B, that are not
ontained in strings of jRj and jBj 
onse
utive elements, respe
tively.Then R = fa1 + igjRj�2i=0 [ fa1 + jRjg and B = fa1 + jRj � 1g [fa1 + jRj+ igjBj�1i=1 . Then R + B = f2a1 + jRj+ igjRj+jBj�1i=�1 , so thatjR + Bj = jRj + jBj + 1. By the theorem of Cau
hy and Davenport,jR+B+Gj = p, whi
h implies that the equation x+y+z � e (mod p)has a rainbow solution. Contradi
tion.2. R, B and G are 
ontained in the strings of jRj, jBj and jGj 
onse
utiveelements, respe
tively. Then R = figa2�1i=a1 , B = figa3�1i=a2 , G = figa1�1i=a3 ,in whi
h 
ase R + B + G = figa1+a2+a3�3i=a1+a2+a3 . Clearly, if there is norainbow solution to the equation x + y + z � e (mod p), then a1 +a2 + a3 � e+ 1 or e+ 2 (mod p).Therefore, if the equation ax+by+
z � e (mod p) has no rainbow solutions,then a = b = 
 and every 
olor 
lass is an arithmeti
 progression with thesame 
ommon di�eren
e d, so that d�1R = figa2�1i=a1 , d�1B = figa3�1i=a2 andd�1G = figa1�1i=a3 , where (a1 + a2 + a3) � e+ 1 or e+ 2 (mod p). 25 Future dire
tionsThe problems and 
onje
tures stated in the previous se
tions deal with theexisten
e of rainbow stru
tures in the sets of integers. There are many moredire
tions and generalization one might 
onsider.One natural dire
tion is generalizing the problems above for rainbow so-lutions of any homogeneous equation, imitating Rado's theorem about themono
hromati
 analogue. We have already showed an example of this inTheorem 6.Sear
h for a rainbow 
ounterpart of the Hales-Jewett theorem, though an ex-
iting possibility, led us to some negative results. First, re
all some notationfrom [12℄. De�ne Cnt , the n-
ube over t elements by Cnt = f(x1; : : : ; xn) :21



xi 2 f0; 1; : : : ; t � 1gg. A geometri
 line in Cnt is a set of (suitably or-dered) points x0; : : : ;xt�1, xi = (xi;1; : : : ; xi;n) so that in ea
h 
oordi-nate j, 1 � j � n, either x0;j = x1;j = : : : = xt�1;j , or xs;j = s forevery 0 � s < t, or xs;j = n � s for every 0 � s < t. The Hales-Jewett theorem states that for every t and k, if n is suÆ
iently large,every k-
oloring of Cnt 
ontains a mono
hromati
 geometri
 line. Thismotivates the following question: Is it true that for every equinumeroust-
oloring of Cnt there exists a rainbow geometri
 line? The following 
ol-oring show that the answer is negative even for small values of t and n. A3-
oloring of C33 de�ned by C1 = f000; 002; 020; 200; 220; 022; 202; 222; 001g,C2 = f011; 021; 101; 201; 111; 221; 010; 210; 012g,and C3 = f100; 110; 120; 121; 211; 102; 112; 122; 212g (parentheses and 
om-mas being removed for 
larity), has no rainbow geometri
 lines.Another generi
 dire
tion we 
onsidered is in
reasing the number of 
olorsand the length of a rainbow AP .Proposition 3 For every n and k > 3, there exists a k-
oloring of [n℄ withno rainbow AP (k) and with ea
h 
olor of size at least b n+23b(k+4)=3

.Proof: First, we partition the set of k 
olors into three sets C1; C2, andC3 of sizes l1, l2, and l3, respe
tively, where (l1; l2; l3) is de�ned as follows:(l1; l2; l3) = 8<: (l + 1; l; l� 1) if k = 3l(l + 1; l + 1; l� 1) if k = 3l+ 1(l + 2; l; l) if k = 3l+ 2Noti
e that by the above de�nition, max(l1; l2; l3) = b(k + 4)=3
, and thereare always i; j su
h that jli � lj j = 2. Now, for i = 1; 2; 3, we 
olor thenumbers in Ni := fx 2 [n℄ : x � i (mod 3)g with 
olors in Ci, so that forea
h two 
olors in Ci, the number of times they are used di�er by at most 1(one 
an a
hieve this by 
oloringNi with the 
olors in Ci 
y
li
ally). Thus, itis easy to verify that ea
h 
olor is used at least b n+23max(l1;l2;l3)
 = b n+23b(k+4)=3
 
number of times. Also, every arithmeti
 progression A is either 
ompletely
ontained in one of Ni's, or satis�es jjA \Nij � jA \Nj jj � 1 for everyi; j 2 f1; 2; 3g. Thus, the existen
e of i; j with jli � lj j = 2 shows that thereis no rainbow AP (k) in this 
oloring. 2The above proposition 
an be thought of as a generalization of Proposition 1for k > 3. One is tempted to also generalize Theorem 1 and 
onje
ture that22



any partition N = C1[C2[: : :[Ck into k 
olor 
lasses, with every 
olor 
lasshaving density greater than 13b(k+4)=3
 , 
ontains a rainbow AP (k). However,it is easy to verify that the following equinumerous 
olorings of N do not
ontain any rainbow AP (5), and hen
e the generalization of Radoi�
i�
's 
on-je
ture is not true for k = 5; 6.
5(i) := 8>>>><>>>>: 1 if i � 1; 3 (mod 10)2 if i � 2; 5 (mod 10)3 if i � 4; 8 (mod 10)4 if i � 6; 7 (mod 10)5 if i � 9; 0 (mod 10) 
6(i) := 8>>>>>><>>>>>>: 1 if i � 1; 3 (mod 12)2 if i � 2; 4 (mod 12)3 if i � 5; 7 (mod 12)4 if i � 6; 8 (mod 12)5 if i � 9; 11 (mod 12)6 if i � 10; 0 (mod 12)We still do not know whether there is a similar example when the numberof 
olors is k = 4 or k > 6. If the number of 
olors is in�nite, the followingproposition shows that one 
annot guarantee even the existen
e of a rainbowAP (3) with the assumption that ea
h 
olor has a positive density.Proposition 4 There is an in�nite 
oloring of N with ea
h 
olor havingpositive density su
h that there is no rainbow AP (3).Proof: For ea
h x 2 N, let 
(x) be the largest integer k su
h that x isdivisible by 3k. It is easy to see that the 
olor k has density 2� 3�k�1 > 0in this 
oloring. Also, if 
(x) 6= 
(y), it is not diÆ
ult to see that 
(2x�y) =
((x+ y)=2) = max(
(x); 
(y)). Therefore, if two elements of an arithmeti
progression are 
olored with two di�erent 
olors, the third term must be
olored with one of those two 
olors. Thus, there is no rainbow AP (3) in 
.2Yet another dire
tion is limiting our attention to equinumerous 
oloringsand letting the number of 
olors be di�erent from the desired length of arainbow AP . Let Tk denote the minimal number t 2 N su
h that there isa rainbow AP (k) in every equinumerous t-
oloring of [tn℄ for every n 2 N.We have the following lower and upper bounds on Tk.Proposition 5 For every k � 3, bk24 
 < Tk � k(k�1)22 :Proof: First, we prove the upper bound. Let m = a(k�1)+b, with k � 3,a � 1, and 0 � b � k � 1. We note that there is bije
tive 
orresponden
e23



between the set of all AP (k)'s and the set of all 2-element sets f�; �g � [m℄,� < �, with � � � (mod (k�1)). It follows that the number of all AP (k)'sin [m℄ is b�a+12 �+ (k � b� 1)�a+12 �. Thus,# of AP (k)'s in [tn℄ > tn(tn� 2(k � 1))2(k � 1) :Note that for a t-regular 
oloring of [tn℄, in ea
h of the t 
olors there are �n2�pairs that 
ould be the terms of at most �k2� di�erent AP (k)'s. Therefore,for any t-regular 
oloring of [tn℄ there are at most t�k2��n2� AP (k)'s that arenot rainbow. Therefore, Tk is bounded by the smallest t that satis�estn(tn� 2(k � 1))2(k � 1) � t�k2��n2� for all n;whi
h implies the upper bound.As for the lower bound, we exhibit 
olorings 
1 and 
2, showing that T2k+1 >k2 + k and T2k > k2.Let a j-blo
k Bj (j 2 N) be the sequen
e 12 : : : j12 : : : j, where the left halfand the right half of the blo
k are naturally de�ned.The 
oloring 
1 gives the following 
olor assignment to the elements of[2k2 + 2k℄ (bars denoting endpoints of the blo
ks):���B�k ��� : : : ���B�j ��� : : : ���B�2 ���B�1 ���B+1 ���B+2 ��� : : : ���B+i ��� : : : ���B+k ���;Here, B�j = Bj � �j+12 � and B+i = Bi + �i2�, where X + a denotes the setfx + ajx 2 Xg, for a 2 Z, X � Z. Note that 
1 uses ea
h of the k2 + k
olors exa
tly twi
e.The 
oloring 
2 of [2k2℄ is de�ned similarly:���B�k�1��� : : : ���B�j ��� : : : ���B�2 ���B�1 ���B+1 ���B+2 ��� : : : ���B+i ��� : : : ���B+k ���;thus using ea
h of the k2 
olors exa
tly twi
e.Next, we show that [2k2 + 2k℄, 
olored by 
1, does not 
ontain a rainbowAP (2k + 1). The key observation is that a rainbow AP with 
ommondi�eren
e d 
annot 
ontain elements from opposite halves of any blo
k Bj ,where d divides j. Fix a longest rainbow AP A and let d denote its 
ommondi�eren
e. If d > k, then the length of A is � 2k. If d � k, then A is oneof the following three types: 24



1. A is 
ontained in ���B�d ���B�d�1��� : : : ���B�2 ���B�1 ���B+1 ���B+2 ��� : : : ���B+d�1���B+d ���:Then A does not interse
t the left half of B�d nor the right half of B+d .Hen
e, the length of A is at most 2d � 2k:2. A is 
ontained in ���B�(j+1)d���B�(j+1)d�1��� : : : ���B�jd��� or in ���B+jd���B+jd+1��� : : : ���B+(j+1)d���,where (j + 1)d � k.Assume that the �rst 
ase o

urs. Then A does not interse
t the lefthalf of B�(j+1)d nor the right half of B�jd. Hen
e, the length of A is atmost 1d(jd + 2(jd+ 1) + 2(jd+ 2) + : : :+ 2(jd+ d� 1) + (jd+ d) �2(j + 1)d � 2k:3. A is 
ontained in ���B�jd+x���B�jd+x�1��� : : : ���B�jd��� or in ���B+jd���B+jd+1��� : : : ���B+jd+x���,where jd + x < k: Assume that the �rst 
ase o

urs. Then A doesnot interse
t the right half of B�jd. Hen
e, the length of A is at most1d (jd + 2(jd + 1) + 2(jd + 2) + : : : + 2(jd + x � 1) + 2(jd + x)) �1d (jd+ 2jd(d� 1) + d(x� 1)) < 2(jd+ x) < 2k:Similarly, one shows that [2k2℄, 
olored by 
2, does not 
ontain a rainbowAP (2k). 2Note that Proposition 5 gives 3 � T3 � 6, while Conje
ture 1 
laims thatT3 = 3.Conje
ture 3 For all k � 3, Tk = �(k2).The proof of Proposition 5 above is inspired by the proof of the following\
anoni
al version" of van der Waerden's theorem on arithmeti
 progres-sions, due to Erd}os and Graham [7℄. We in
lude this for 
ompleteness:Theorem 7 For every positive integer k � 3, there exists a positive integern(k) su
h that every 
oloring of the �rst n � n(k) positive integers 
ontainseither a mono
hromati
 AP (k) or a rainbow AP (k).Proof: By Szemer�edi's Theorem [27℄, for every Æ > 0 there exists a posi-tive integer s(k; Æ) su
h that for all n � s(k; Æ) every subset C � [n℄ withjCj > Æn 
ontains an AP (k). Fix Æ = 2k(k�1)2 and let n � s(k; Æ). Supposethere exists a 
oloring of [n℄ = C1[C2[: : :[Cr 
ontaining no mono
hromati
25



or rainbow AP (k). Sin
e a 
olor 
lass Ci does not 
ontain a mono
hromati
AP (k), then jCij � Æn. In the proof of Proposition 5, it was shown that thenumber of AP (k)'s is at least n(n�2(k�1))2(k�1) . Sin
e every non-rainbow AP (k)
ontains a pair of terms of the same 
olor, there are at most �k2�Pri=1 �jCij2 �non-rainbow AP (k)'s. Sin
e 0 � jCij � Æn and Pi=1 jCij = n, the in-equality �k2�Pri=1 �jCij2 � � �k2�P1=Æi=1 �Æn2 � = (k2)(Æn2 )Æ . However, the inequalityn(n�2(k�1))2(k�1) � (k2)(Æn2 )Æ does not hold for our 
hoi
e of Æ. 2It is easy to show that the maximal number of rainbow AP (3)'s over allequinumerous 3-
olorings of [3n℄ is b3n2=2
, this being a
hieved for theunique 3-
oloring with 
olor 
lasses R = fnjn � 0 (mod 3)g, B = fnjn � 1(mod 3)g and G = fnjn � 2 (mod 3)g. It seems very diÆ
ult to 
hara
ter-ize those equinumerous 3-
olorings (in general, k-
olorings) that minimizethe number of rainbow AP (3)'s. Letting fk(n) denote the minimal numberof rainbow AP (k)'s, over all equinumerous k-
olorings of [kn℄, we pose thefollowing 
onje
ture.Conje
ture 4 f3(n) = 
(n).If we de�ne gk(n) as the minimal number of rainbow AP (k)'s, over allequinumerous k-
olorings of Zkn, then a straightforward 
ounting argumentshows that g3(n) � n, when n is odd.Finally, the further generalization of Vosper's theorem, due to Serra andZ�emor [25℄, may lead to a generalization of Theorem 6 for more than 3
olor 
lasses.A
knowledgments. Parts of this resear
h were done while the se
ondauthor was working at the RSI program at MIT. We would like to thankthe Center for Ex
ellen
e in Edu
ation and Professor Hartley Rogers fortheir support of this program. The �rst and the �fth author did parts ofthis resear
h while visiting DIMATIA at the Charles University and wouldlike to thank Jan Krato
hv��l, Jirka Matou�sek and Pavel Valtr for theirhospitality.
26



Referen
es[1℄ V.E. Alekseev and S. Sav
hev. Problem M. 1040. Kvant, 4:23, 1987.[2℄ N. Alon. On a 
onje
ture of Erd}os, Simonovits and S�os 
on
erninganti-Ramsey numbers. Journal of Graph Theory, 7:91{94, 1983.[3℄ N. Alon, H. Lefmann, and V. R�odl. On an anti-Ramsey type result.Coll. Math. So
. J. Bolyai 60, Sets, Graphs and Numbers, Budapest(Hungary), pages 9{22, 1991.[4℄ M. Axenovi
h, Z. F�uredi, and D. Mubayi. On generalized Ramseytheory: the bipartite 
ase. Journal of Combinatorial Theory, Ser. B,79:66{86, 2000.[5℄ F.R.K. Chung and R.L. Graham. On multi
olor Ramsey numbers forbipartite graphs. Journal of Combinatorial Theory, Ser. B, 18:164{169,1975.[6℄ W. Deuber, R.L. Graham, H.J. Pr�omel, and B. Voigt. A 
anoni
al par-tition theorem for equivalen
e relations in Zt. Journal of CombinatorialTheory, Series A, 34:331{339, 1983.[7℄ P. Erd}os and R.L. Graham. Old and new problems and results in
ombinatorial number theory. L'Enseignement Mathematique, Univ.Geneve, 1980.[8℄ P. Erd}os and R. Rado. A 
ombinatorial theorem. J. London Math.So
., 25:249{255, 1950.[9℄ P. Erd}os, M. Simonovits, and V.T. S�os. Anti-Ramsey theorems. InColl. Math. So
. J. Bolyai, volume 10 of In�nite and �nite sets, pages633{642, Keszthely (Hungary), 1973.[10℄ P. Erd}os and Z. Tuza. Rainbow subgraphs in edge-
olorings of 
om-plete graphs. In Gimbel, J. and Kennedy, J.W. and Quintas, L.V.,editor, Quo Vadis, Graph Theory?, volume 55 of Annals of Dis
reteMathemati
s, pages 81{88. 1993.[11℄ T. Gowers. A new proof of Szemer�edi's theorem. Geom. Fun
t. Anal.,11:465{588, 2001. 27



[12℄ R.L. Graham, B.L. Roths
hild, and J.H. Spen
er. Ramsey Theory.John Wiley and Sons, 1990.[13℄ R.K. Guy. Unsolved Problems in Number Theory. Springer-Verlag,1994. E11{12.[14℄ Y.O. Hamidoune and �.J. R�dseth. An inverse theorem mod p. A
taArithmeti
a, 92:251{262, 2000.[15℄ H. Lefmann. A 
anoni
al version for partition regular systems of linearequations. Journal of Combinatorial Theory, Ser. A, 41:95{104, 1986.[16℄ H. Lefmann and V. R�odl. On 
anoni
al Ramsey numbers for 
ompletegraphs versus paths. Journal of Combinatorial Theory, Ser. B, 58:1{13,1993.[17℄ H. Lefmann and V. R�odl. On Erd}os-Rado numbers. Combinatori
a,15:85{104, 1995.[18℄ M.B. Nathanson. Additive number theory: Inverse problems and theGeometry of sumsets, volume GTM 165. Springer-Verlag, 1996.[19℄ J. Ne�set�ril, H.J. Pr�omel, V. R�odl, and B. Voigt. Canonizing order-ing theorems for Hales-Jewett stru
tures. Journal of CombinatorialTheory, Ser. A, 40:394{408, 1985.[20℄ H.J. Pr�omel and B. Voigt. Canoni
al partition theorems for parametersets. Journal of Combinatorial Theory, Series A, 35:309{327, 1983.[21℄ D. Ri
her. Unordered 
anoni
al Ramsey numbers. Journal of Combi-natorial Theory, Ser. B, 80:172{177, 2000.[22℄ V. R�odl and Z. Tuza. Rainbow subgraphs in properly edge-
oloredgraphs. Random Stru
tures Algorithms, 3:175{182, 1992.[23℄ J. S
h�onheim. On partitions of the positive integers with no x, y, zbelonging to distin
t 
lasses satisfying x+y = z. In R. A. Mollin (ed.)Number theory (Pro
eedings of the First Conferen
e of the CanadianNumber Theory Asso
iation, Ban� 1988), pages 515{528, de Gruyter,1990.[24℄ I. S
hur. �Uber die Kongruenz xm+ym � zm mod p. Jahresb. Deuts
heMath. Verein, 25:114{117, 1916.28



[25℄ O. Serra and G. Z�emor. On a generalization of a theorem by Vosper.Integers. Ele
troni
 Journal of Combinatorial Number Theory, 0:A10 ,2000. (ele
troni
, http://www.integers-ej
nt.org/).[26℄ G. Szekely, editor. Contests in Higher Mathemati
s, Mikl�os S
hweitzerCompetition 1962-1991. Problem Books in Mathemati
s. Springer,1995. C.22.[27℄ E. Szemer�edi. On sets of integers 
ontaining no k elements in arithmeti
progression. A
ta Arithmeti
a, 27:199{245, 1975.[28℄ G. Vosper. The 
riti
al pairs of subsets of a group of prime order. J.London Math. So
., 31:200{205, 1956.

29


