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A Robust Optimal Control for Constrained Robot
Manipulators

Faical Mnif

Abstract— A mixed optimal/robust control is proposed in this stiffness which usually vary from one task to another and
paper for the tracking constrained robotic systems under para- can not be precisely known in advance. To deal with such
metric uncertainties and external perturbations. The dynamic 5 stability problem Yao el al. [20] proposed the variable
model of the constrained system is modified to contain two sets of . o
state variables, where one describes the constrained motion and struc?ture control and adaptive control, Mmf in [9] proposed a
the other describes the unconstrained one. The design objective COntinuous state feedback control. In this paper we address
is that under a prescribed disturbance norm level, an optimal the problem differently from what is presented in [9], we
control system is to be designed as well as a robust control jnvestigate first the nonlinear optimal control to ensure both
to overcome the effect of uncertainties. The optimal control is ;.4 arror convergence of the nominal system and to minimize

based on the solution of a nonlinear Ricatti equation, which by the t . t of t inulat We th . tigate th
virtue of the skew symmetry property of the reduced dynamics € torque input of 1o manipulator. Vve then investigate the

of the constrained manipulators and an adequate choice of state fobust control problem for the uncertain system. The first
variables becomes an algebraic equation easy to solve. We thencontrol is based on Johansson’s work [19], where he addressed
investigate the design of the robust control of the uncertain by the optimal control problem for unconstrained manipulators
a continuous state feedback function. It will be shown by using \ynich minimizes a quadratic performance index involving
Lyapunov stability theory that our approach globally asymp- . . .
totically stabilizes the uncertain constrained robotic system. We system e_rror and t_orque _|nput, as an explicit solution of
illustrate our approach by applying our control approach to a the Hamilton-Jacobi equation. The proposed robust control

2-DOF constrained manipulator. Copyright © 2003-2005 Yang's consists of a state feedback of a continuous time function. A

Scientific Research Institute, LLC. All rights reserved. stability analysis based on Lyapunov theory is investigated to
Index Terms— Constrained manipulators, optimal control, sta- prove the global asymptotic stability of the uncertain system
bilization, robust control, uncertainties. for both position and force variables. The continuity of the
solution will be also investigated and proved.
. INTRODUCTION This paper is organized as follows. In Section 2, we consider

OBOTIC motions can be classified into two categoriey:]e algebraic-differential equations describing the dynamics of

unconstrained and constrained. Constraints imposed;ﬁﬁ constrained manipulator and show how the uncertainties

a dynamic system may be holonomic or nonholonomic. Tt cufssed Ia?O\t/r? cag b? mctorf)oratbeld |nf thtT] equat|ton_. Vge
subject matter of this paper deals with robotic systems th n formulate the robust control provlem for the constraine
ot manipulator. In Section 3, an exhaustive analysis of the

are subject to holonomic constraints. Holonomic constraint® . ) . .
) rturbed system is provided on the basis of which the force

are characterized by equality equations in terms of positi@ﬁ

variables. A General framework of constrained motion h!%)ntrol problem is addressed. In Section 4 we investigate the

- bust optimal control problem for the reduced dynamical sys-
been rigorously developed by Mc-Clamroch and Wang [1]° ) . . .
g y P y gl m. In Section 5 simulations results of a 2-DOF constrained

They decomposed the robotic dynamic model into two sets ¢ oulat ided to illustrate th lidity of
equations; the first describes the end-effector motion on thoéjo manipulator are provided to Hfustrate the vaiidity ot our

surface of contact while the second is used to determine t%%proach.
interacting force between the robot and its work environment.
Based on this framework many authors proposed several |l. MODEL DESCRIPTION AND PROBLEM
control schemes for constrained robotic systems [2], [3]. STATEMENT
Robust control problem for constrained manipulators has algo System Description
received considerable interest by many researchers the la

. . he motion dynamic equation, as given in Mnif et[&l, of
decade. In fact, as for unconstrained systems, constraine . : . . .
. L a constrained mechanical system with geometrical constraints
systems are subject to many type of uncertainties such as .
- ; can be expressed as:
the rigid body parameters, environment parameters suchas
M(a)d + C(q, @)d + G(q) =u+J " (q)A
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forces,u € R™ denotes the vector of generalized input forceshere

(torques).

The second equation of (1) represents the seinfnjn) M*(xz) = T'(Ejx2)M(Q(E;] x2))T(E, x3)
geometrical constraint equations which is supposed to bea ., 4 — TT(ETx) IM(QETx )T (ETx
mapping at least twice differentiable adtq) = 23 Lis (x2,%2) (E, 2)[ (QUE> x2)T(E, x2))
the Jacobian force matrix which is assumed to be of full +C(Q(E; x2), T(E; x2))E3 %2 T(E; x2)]
rank. Such assumption is always true as long as the systemG*(x,) = TT(EJx,)G(Q(E, x3))
is not redundantA € R™ is the vector of generalized * TT T T

- . : . = T (E J E
Lagrange multipliers associated with the constraints such that ( 22 T( 2 %2)J (Q(E2 x2))
the generalized constraint forces are associated with this vector ut = T (Exxz)u
by f =J " (q)A\.
Assumption 1 Property 1

We suppose that the constraint equations are independent iM/e canTeasin show thdE{ J*"(x;) is nonsingular and
the sense that the Jacobian matig)) of m x n dimension that E2J™(xz) = 0.
is of full rank for anyq satisfying the second equation in (1). With this crucial property, a so-called reduced form of the

By defining the vector partition” = [ a1 qs ]T where dynamic equation with holonomic constraints is derived as
a1 € R™ andqg, € R"™ representing the force and positiorfollows
coordinate vectors respectively, the constraint equation can be
written as . T

M (x2)%X2 + CF (x2, X2)%2 + Gi(x2) = uj +J7" (x2)A (9)
air = Q(az) (2)

where) C R™.

) . M X C X )X G} =u} 10
Thus, equation (2) can be written as 2(%2)% + Co(x2, %o)%0 + G (x2) =z (10)

where
®((q2),q92) =0 ©))
This partition should be made so that the Jacobian matrix Mj = ElM*E; Ci= ElC*E;? G| = E\G,
J(q) can be divided into two terms M; = E;M*E, ; C; = E,C*Ej ; G = E,G*
u} = Eju*;ul = Epu*; 33T = E J°7T.
Ja)=[ Ji(a) Jaa) ]’ @)

The ordinary differential equation (10) characterizes the
motion of the mechanical system on the constrained manifold,
whereas equation (9) can be viewed as an algebraic equation
for the constraint force expressed in terms of the motion on
the constraint manifold.

with J;(q) € R™*™ andJ,(q) € R™* (=™ such that),(q)
is of full rank vVt € Ty whereTy is a finite interval within the
overall duration of the planned motidf3].

Let's define the vector partitiox” = (x1,x2)7, x; €
R™,xo € R®™ and the transformation

-Q
x=X(q) = { g; (@) } (5) B. The control problem statement

which is necessarily nonsingular and its inverse is defined as' N® objective of the control problem can be stated as

follows: Given a constrained mechanical system described by

o) the dynamic model
a=Qe = | 5790 ©®)
2
Define also the Jacobian of the inverse transformation M*(Xz)E;iQ 4 C*(XQ,XQ)E;XQ + G*(x)
0 I, 20 = T'(x2)u+J"(x2)A + p* (11)
T = e = [ o =t ]

whereM*, C* and G* are uncertainp* represents a vector
and define the identity matrix partitioh, = [ E{ EJ | of finite energy (square integrable) exogenous disturbance
with E] = [ I, O ]T € R™m and Ej = such as constant friction torques due to the contact of the
[ 0 I,, ]T ¢ R™*("=m) By using the properties of the end effector with the work environmenM*, C*, G* and

transformation listed above the transformed dynamics of tRe ¢&n not be a priori estimated precisely. Given also a
mechanical system (1) can be written as in [8]: desired trajectorys4(t) and a desired force represented by the
Lagrange multiplier, our aim is to select the control lai(t)

such that the uncertain nonlinear system follows the desired
M* (x2)Eq %2+C* (X2, %2)Eg %34+ G*(x2) = ux+J*7 (x5)\  trajectory and ensures the desired contact force applied by the
(8) end-effector on the constrained manifold.
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I1l. PERTURBED SYSTEM ANALYSIS AND FORCE

CONTROL DESIGN M (0) %+ O (2, o)+ G (30) I () A0
X2 )X X92,X2)X X =u X
A. State Space Model of the Closed Loop Uncertain System 10422 0002, T2 10452 e (181)
We suppose now that the system is uncertain and that the
estimated parameters of the system are to be . . . L. . R
M (x2)%2 + Cjo(x2,%2)%2 + G3o(x2) =u3 + 5 (19)
M* =M, + AM L
C* — COO++AC where 67 = E;0* and §; = Ey§* and satisfying
G* = Gy + AG ||?T(Xga>'(g,5)i2)|| < m(xg, %2, X2) and [|65(xz, X2, %o) || <
E(X2,X2,X2).
Then the dynamic model (11) can be rewritten as

B. Force Control Loop Design

(Mg (x2) + AM*(x2)) E; %5 Proposition 1

+ (Cj(x2, %2) + AC*(x2,%2)) Eg X2 For the constrained uncertain mechanical syst@®)-(19)
+ (GE(x2) + AG*(x2)) if a robust controluj is designed to achieve the convergence
_ TT(xz)u+J*T(x2)>\ +p* (12) of the reduced dynamidd9) so thatrs(t):—oo — z24(t), @

Pl-like control law in (18) of the form
Assumption 2
Assume that we can define some continuous functions o7 ~
i (., .)defining the upper bound limits cAM?*, AC*, AG* up = Ji (22) [—)\d - KA/Adt}
and p* such that N . * .
P +M(x2)X2a + Clo(x2, %2)%X24

+Gio(x24) (20)
[AM* (x2)|| < p1(x2,1)

N uarantees the convergence of the force error to zero.
IAC* (x2)]| < pa(x2,1) g 9

Proof: The proof is straightforward by substituting (20) into

[AG™(x2)[| < ¢3(x2,1) (18). We get the
[p*[l < p. (13) . -
, A+ Ky, / Mt = 317163 (21)
Note that the exact knowledge of;, (: = 1,2,3) and

p is not necessary for the construction of the controlfer. and thend, . — 0 sincestis bounded.

IS supposed here to be the upper bound limit of ConStamAccording to Assumption 3, a robust control loop is required
disturbances that can affect the system.

Equation (12) can be rewritten as only for the uncertain reduced dynamics (19).

IV. ROBUST OPTIMAL CONTROL FOR THE
M (x2)E; %5 + Cj (%2, %2)Eg X2 + G (x2) REDUCED DYNAMICS

= u 4+ J7(x)A The motion equations of the reduced dynamics of the
+(p" — AM*(x2) — AC*(x2,%2) — AG¥(x2) . constrained manipulator with external disturbances can be
(14) expressed as:

Denoting M (x2)%X2 + Cjo(x2,%2)%2 + G3o(x2) =u3 + 63 (22)
5 = —[-p* + AM*(x2)E, % + AC*(x2,%2)Ej X2 Two key properties related to dynamics characterize dynam-
« ics:
FAG (x2)]- (15) Property 2: For all x, € R®™ the matrix M3,(x2) is
Assumption 3 symmetric and uniformly positive definite.

We suppose that the vector representing the global uncBroperty 3: A suitable definition ofC3,(x2,%2) makes the
tainties dxis always bounded by a certain known function, matrix M3, — 2C3, skew-symmetric, so that
which represents the worst case boundédrsuch that . . n—m
T (M3 — 2C50)€ = 0, VE € RV™,
[[07 (x2, %2, X2)|| < 7(x2,%2,%2) (16)  The desired reference trajectory to be followed is assumed
Then (13) becomes to be bour;ded gunctlons ;)f_ time in terms of th_e generalized
positionsx§ € C* whereC* is the class of functions at least
twice continuously differentiable.
M (x2)Eg %5 + Ch(x2, %) Eq X2 + G (x2) Define the state tracking error as
= u + I (x)\ + 6" 17)

o %o | %2 — %8
and the reduced model as €= [ Xo ] B { X2 —X% } 23)
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Then the tracking problem of the generalized posittoand wherep(é, t)is a Lebesque continuous function.
velocity is reduced to the regulation problem of the state erréssumption 6 For a given sef? ¢ R%»~™) and for[a, b] C
e. Combining (22) and (23), the dynamic equation for the stal® there exists a Lebesque integral functien(-) : [a,b] —

tracking errore is obtained as R, i = 1,2, such that for anye,t) € E X [a, D]
S |Ar(e,t)e] < mi(t) (29)
o = | 2| - Abase Byt o) [Br(e. t)el oe,t) < ma)
2
w1 e Assumption 7: The origin is an asymptotic stable equilibrium
+BMzg - (x2)(u3 + 03) (24) for the nominal systemé = Ar(e,t)e. In particular, there
where exist a positive definite functio(-) : R x R — R* and
) M (%) C (%25 %) Oty (e continuous decreasing scalar functiopé) : R™ — R™, ¢ =
A(xz,%3) = [ T (32) Co (2, %2) 0( )x(n—m) }, 1,2,3 satisfying
(n—m)x(n—m) (n—m)x(n—m)
d 7i(0)=0,i=1,2,3 (30)
BO(X27X27X27X2) =
_ed *—1 * * o .d
[ Xy — M3 (Gag(xy) 4+ Cho(xy, %2)%5) ] , lim ;(r) = 00,i = 1,2. (31)
O(n—m)x(n—m) 700
B [ L) () ] . such that for anyé, t) € R2»~™) x R
| L Yot n(llel) < Vie,t) < ya(llel) (32)
Define the filtered link tracking errar(t), [14] as
t) = aXo(t) + TRa(t 25
0 = el Rl 9 V) L 9TV (e,t) Ar(e, e < 33
for some constant scale > 0and constant positive matrix 5r Ve Viet)Ar(e te < —s(fle]) (33)
n—m)Xx(n—m H H . . . i
I'e R.( *(n=m) which should be adequately therW"madwherev() is a Lyapunov candidate function for the nominal
Define s
ystem
T - [T _| Tn Tio . .
o Ty o O(nfm)x(nfm) I(nfm)x(nfm) €= AT(e7 t)e + BT(ev t)Tll(*f(ev t) + u2) (34)
_ | Adpemyx-m) T (26) The objective of the tracking design for nominal system
On—m)x(n—m)  L(n—m)x(n—m) involves designing an optimal control whose effect is to mini-
then the error dynamics equation can be modified as tH#?€ the control effortto the input of the system. T_he nonllnt_aar
compact form optimal control whlch should possess some physme_xl meanings
must be concerned in the quadratic performance criterion. One
‘(1) of the noble contributions in the work of Johansson [14] is that
é=T"1 { " () ] a selective applied torque is applied as
X2
= Arle e Brie, Tu(=/le 1)+ uz) + Brle '?zv% 75 = Mo (x2)T1é + Cho(x2,%2)Tre  (35)
where which only affects the kinetic energy of the system since,
Ar(e,t) = during the process of motion, it may be unnecessary to

M1 o . 0 consider the consumption due to the potential energy and
T ! { e (x2)C3o(x2, %2) (n—m)>x(n—m) }T, to optimize gravitational-dependant torques or forces. The
Th T T relation between the control variableand the applied torque

— I —m n—m *— i
Br(e,t) = T ! [ O((n ))><(( L)) } M 1(X2) 7 in (34)
n—m)X(n—m

fle, t) = Mg (x2) (X5 — T1; T12%s) u; = fle,t) + Ty)'ry (36)

+C0(x2,%2) (%5 — T1; T1a%2) + G(x2), Then the state tracking error equation, driven by the selec-

w = ad;. tive applied torque:, for the uncertain system can be written
as

Assumption 4: For anyé € R2(»=™) A (&,t), Br(e,t) and

w are Lebesque continuous functions, &fidc R, A (0,t) =

0

Assumption 5 For anyé,t) € R>"~™) x R, the Euclidian  The control problem goal can be stated as: Given the

norm of w is bounded by some known continuous functioryncertain dynamical equation (27) of an a robotic system

ie. satisfying assumptiond4-A7 design a robust optimal control
Iwl| < ple,?) (28) to:

€= AT(e» t)e + BT(ev t)TQ* + BT(ev t)w (37)
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1) achieve global asymptotic stabilization of the nomindProof: Consider the Lyapunov candidate function
system using an optimal control approach, 1
2) ensure global asymptotic stability for the uncertain re- Viet) = ieTPe.

duced dynamical system. i i ] ] )
The quadratic functiof (e, ¢) is a suitable Lyapunov function

, , ) candidate because it is positive radially growing wjjg|. It
A. Optimal Control for the Nominal Reduced Dynamics  ig ¢ontinuous and has a unique minimum at the origin of the
We consider in this section the nominal system error space. It remains to show that< 0 for all ||e|| # 0. It
. X can be shown that for; as in (45), the functiorl/ satisfies
é=Ar(etje + Br(et)r; 38) e partial differential equation

We look here for an optimal control law; that minimizes T
the quadratic index performance _dV(e,t) = OViet) & - + oviet) 47)
dt Oe 2 ot
1 oo
J(e.s) =5 / (eT(t)Qe(t) + T (R73 (1)) dt (39) BUt
N V (e,1) N CT AN
whereQ and R are positive definite matrices to be chosen. o —L(e,m3) - Je € T2 (48)
Johansson in [19] shows that the optimal solution of (39) is
given by whereL(-,-) is the Lagrangian as
*\ _ 1T 1, T *
75(t) = —R'B(e, )P (e, t)e (40) L(er;) = 3¢ Qe+ 375" R (49)
whereP (€, t) is the solution of the nonlinear Ricatti equatiorjf'hen dV (e, t) . .
dt = —§eTQe — §T§TRT§ (50)
P+PAr+AJP-PB;R!BJP+Q=0 (41) and finally
considering Property 2 related to the dynamics of the manip-
ulator, one can show thak(é,t) can be explicitly considered dViet) _ —1eT(TTBR'BTT + Q)e < 0
dt ’
as
Vt >0, e #0. (51)
M* X O n—m n—m
P(e,t)=T"' [ O(iil)i)(nim) K((nﬂi)xx((nfni) } T B. Robust Optimal Stabilization of the Reduced Dynamics
_ N _ (42) In this section we design a robust control law for the
whereK is a positive(n — m) x (n —m) matrix. asymptotic stabilization of the uncertain dynamical system
The nonlinear Ricatti equation can be simplified as The proposed control law is as
0 K
PA —i—ATP _ (n—m)x(n—m) (n—m)x(n—m) :| s "
r T |: K(n—m)x(n—m) O(n—m)x(n—m) To = To1 T Too (52)
+TT —M3o(x2,%2)  O(n—m)x(n—m) T. (43) Whe_re Ty IS the optim_al control developed in the last sub-
O(n—m)x(n=m) Om—m)x(n—m) section and which is given by
and 75, = -R'B Te (53)
B;P=B'T (44) and T3, is the robust control component to be designed to
) ) overcome the effect of the perturbation vectorsatisfying
From equations (40) and (44)* can be rewritten as (28).
Substituting (53) in (37), one get
u*(t) = —R7 !B’ (e,t)Te (45)
and the nonlinear Ricatti equation becomes an algebraic equa- &= f(e,t) + Br(e,t)(w + 751 + 73) (54)
tion as where
O K| ,Q-T™BR'B'T-0 (46 fe,t) = (Ar(e, £) — Br(e, )K) (55)
K 0 e, ) - T\€, T\€, (S
Theorem 1 Consider the nominal error manipulator dynamicéanI e
(34), the optimal control law K=-R B T. (56)
T3 (t) = —R_lBT(e,t)Te Consider the Lyapunov function candidate

stabilizes asymptotically the system (38), wh&re0 and a Viet) = loTT Miy(x2) O T
nonsingularT solving the algebraic matrix equation (46). (e,1) = ze 0 K ¢
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The derivative ofl” with respect toe is given by where ¢(t) is class of uniformly continuous functions such
X that0 < (t) <1 andw(t) := [ ¢(t)dt satisfyingw(t) < 0.
v,V = TT [ 3420(&0 ;){ ] Te Lemma 1

The control law (62) is continuous and stabilizes asymp-

4-19,TTT [ VeMg(e,t) 0 ]Te. (57) totically the uncertain dynamical system if there exists a
2 0 0 Lyapunov function candidat&(-) : R* x R — R such that
Define 1) yi(le]) < V(et) < n(llel), V(e t) € R" xR,
p(e,t) :=BT (e,t)V.(e, t)p(e,1). 8) 2 Viet) < —(llell) +v(n)ep(t), V(e t) € R" xR,

wheren is a positive constantjm, .. v;(r) = oo, i = 1,2

Reporting (57) in (58), we get and v a positive definite function, such that(0) = 0. If

_J|ro . CNTLT 7, ¢(t), andw(t) verify v(y) —~y(n) > 0 for anyy > 1,
ulet) = H 00 ] + [ Mip(xz2) 0 J(T™)'e 0 < ¢(t) <1,w(t) <0andifny is a positive definite function
T V.M, (e,t) 0 Tep(e.t) in e,, then every solutiore(t; eo, to) : [to,o0) — R™ of the
0 0 epe,t), system is globally asymptotically stable equ!hbnum.
o . The proof of this Lemma 1 can be found in [15].
itis easy to verify that Theorem 2 Consider the uncertain dynamical system (34), the
control law
7i(llell) < Ve, t) < a(llell) (59)
and that Ty = Top + Tao (63)
where
ViV(e,t) + V. V(e,t)Ar(e,t)e < —ys(lle])  (60)
where the scalar functiong(-) are given by 735, =-R7'B'Te
n(lel) = el and
v2(llell) = A Jlel " :
v3(llel]) = As [le]l L Ty Ty e o
where . Ti1 Tio e ’
[ Mi(x2) 0 =4 Ml T Ty Jesle )| >eolt) (64
A1 = Amin{ T T¢, Ty Tip e
0 K ?P(eat)
)\2 . /\max {TT |: 0M§O(XQ) (I)< :| T} if H[ T11 T12 ]ep(e,t)” S 8@(t)
) . stabilizes asymptotically and optimally system trajectories of
A3 = min{Amin(K), Amin (T M3 (x2)T11), (64).

Amin (T{oM350(%2)T12), Amin (T12M30(x2)T11)},  Proof .
Amin(-) @nd Amax(-) denote respectively the minimum and To prove asymptotic stability of the uncertain system, we
maximum eigenvalues df). should prove that
Considering (58), Corless and Leitmann [12] proved that i every solutione(; e, to)is stable,
the following discontinuous state feedback function i
lim e(t;e(),t()) =0.

t—o0
_ H(eat) i
(e t) = { IIA(Lé%tMIp(e’t)j it flu(e, )| > e, (61) 1. Consider the Lyapunov candidate function
—E27p(est), i lu(e,t)|| <,
can be used ultimately stabilize the nonlinear uncertain dy- Ve, t) = %eTTT [ M3o(x2) ;’{ } Te
namical system

the total time derivative of/ is given by

é= f(e,t) + Br(et)(w+ 73, + 73,) -
dV(e,t) IV (e, t) N (3V(e,t)) o

wheree > 0. One can notice here the discontinuity of the =
dt ot ot
robust control law wher — 0. 1
To overcome the discontinuity problem related to the control _§eT(Q +T'BR'B'T)e
(61), define the new class of control as T
+e' T B(w + 735)

ety =4 ”l’:g:g”p(e,t), if (e, t)|| > ep(t), there exists a continuous positive definite functiosuch that
) - it .
—tel (e, ), if [lu(e, 1) < ep(t), Ve, t)

(62) g < lel) +a(me(t)
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wheren is a positive scalar constant and

v([lel) Amax(Q+TTBR™'B'T) [fe|
t
V(eo,t)+ [ Ve, 7)dr

to

< (lleol) / () + () / o(r)dr
< allle)

- / () )dr + () [w(e) - w(eo)] (65)
< (el - / (T ) dr — v (m)w(eo) (66)

then for everys > 0, we havelle|| < ¢ if and only if to

41

b b+ ccos(q1)
M(q) = { b+ ccos(q1) a—+b+ 2ccos(qr)
Cla, &) = 0 cq sin qp
TVZ | —c(dy + do)sings —cdisings
| cdcos(qr + ¢q2)
Gla) = [ ad cos(q1) + cd cos(q1 + ¢2)

a, b, c andd are functions of uncertain physical parameters

of the mechanical system.

In the work space, the constraintpn—p, plane is supposed
be a circle whose center coincides with the axis of rotation

of the first link. This constraint equation is expressed as

2(lleoll) +~(n) [wleo)| < 7i(e) (67)
Sincen is a positive definite function ofiey||, there exist

B(e, o) so that (65) is verified for anyeq|| < 5.
ii. from (65), we can write

0 <m(lell) < r2(lleoll) — / Y(lIx(r) D dr = ~(n)w(eo)

to
and

o(p) =pi +p5—1°

wherep = [ p1 P2 ]T

The transformation of the constraint equation from the

workspace to the joint space yields to the following constraint
equation

®(q) = l% + l% + 2l1ls cos(q1) — r2 =0

which has a unique solutiogy, such that

t
Jim / Y{Ix(T)Ddm < ~([[€ll) +~(n)w(eo) < o0
[ele] to
Considering the continuity of the solution and the property
that v(-) is a continuous positive definite function, we then
conclude thatim;_., y(||e||) = 0 and thenlim;_,, |le|| = 0.

V. A SIMULATION EXAMPLE

pl

"f

Fig. 1. A 2-DOF mechanical system with circle constraint task.

r? — (12 +13)
21115

a - | }

By applying the transformation of coordinates we obtain the

qi0 = Q((J2) = Q(CCQ) = C0871 (

)

The Jacobian ofb(q) is then given by

—2l115 sin(q1p)
0

following components

o Th b+ ccos(qio)
M (X2) - |: b + CCOS(qlo) a+ b + 2CCOS(q10)
C(x2,%2) = | A
2, X2 —ciysin(gro) 0
| cdcos(qio + x2)
G(q) - |: ad COS(q]O) + Cd COS(qu + fEQ) :|

The nominal values of parameters are

apg = 0.8,b0 = 0.2,00 =04

d=g=298ms?

The uncertainty bounds of these parameters have the fol-

In this section we present a simulation example to illustrajgying values

the validity of the approach used to derive the robust control
law presented in this paper. We consider a 2-DOF robot
manipulator with a circular path constraint, Fig. 1. The original
model of the system has the following components

03<a<12
01<b<04
02<¢<0.8
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The external torque perturbation vector is supposed to h6] Lin F. and Brandt D. An optimal control approach to robust control of

a
p=[1 1] Nm

The continuous functiop(t) in (62) is taken ag(t) = e~¢,
go IS set at a value of.1.

We consider the following continuously derivable desireﬂn

trajectoriesqq(t) = —5 + 0.9[1 — cos(1.26t)] and a desired
contact force off; = 10N.

Simulation results are shown in Figs. 2 to 6. It is cledt®!

(16]

from Figs. 3 and 4 that the robust asymptotic stabilization is

achieved for the uncertain system with a zero tracking positi&?]
[20]

and force errors by using the control laws (30) and (63)

VI. CONCLUSIONS

A nonlinear mixed optimal/robust control has been prc
posed for optimal and robust tracking performance desi
of constrained robotic systems under a class of parame
uncertainties and external disturbances. A Pl-like controll
was used to ensure the convergence of the force error. ~
nonlinear time-varying mixed optimal/robust control trackin

problem design must first solve a coupled nonlinear Rica§
equation. In order to avoid the difficulty of solving this Ricatt=
equation, an adequate state transformation and the propert:=

skew symmetry of robotic systems have been employed S

obtain an equivalent algebraic equation. A class of nonline
time varying continuous feedback functions was introduced
solve the problem of robust control.
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Fig. 4. Force error for the uncertain system with control law (30).
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Fig. 5. The applied torque to the first joint.
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Fig. 6. The applied torque to the second joint.
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