A SUM OF SQUARES APPROXIMATION OF NONNEGATIVE
POLYNOMIALS
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Abstract. We show that every real nonnegative polynomial f can be approximated as closely
as desired (in the /1-norm of its coefficient vector) by a sequence of polynomials {fc} that are sums
of squares. The novelty is that each f. has a simple and explicit form in terms of f and e.
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1. Introduction. The study of relationships between nonnegative and sums of
squares (s.0.s.) polynomials, initiated by Hilbert, is of real practical importance in
view of numerous potential applications, notably in polynomial programming. Indeed,
checking whether a given polynomial is nonnegative is a NP-hard problem whereas
checking whether it is s.0.s. reduces to solving a (convex) Semidefinite Programming
(SDP) problem for which efficient algorithms are now available. (For instance, it is
known that up to an apriori fixed precision, an SDP is solvable in time polynomial in
the input size of the problem.)

For instance, recent results in real algebraic geometry, most notably by Schmiidgen
[16], Putinar [13], Jacobi and Prestel [5], have provided s.o.s. representations of poly-
nomials, positive on a compact semialgebraic set; the interested reader is referred to
Prestel and Delzell [12] and Scheiderer [15] for a nice account of such results. This in
turn has permitted to develop efficient SDP-relaxations in polynomial optimization
(see e.g. Lasserre [6, 7, 8], Parrilo [10, 11], Schweighofer [17], and the many references
therein).

So, back to a comparison between nonnegative and s.o.s. polynomials, on the
negative side, Blekherman [4] has shown that if a degree > 2 is fized (and for a large
fixed number of variables), then the cone of nonnegative polynomials is much larger
than that of s.o.s. However, on the positive side, a denseness result [2] states that the
cone of s.0.s. polynomials is dense in the space of polynomials that are nonnegative
on [—1,1]" (for the ly-norm ||f]|1 = >, |fa| whenever f is written > foz® in the
usual canonical basis); see e.g. Berg et al. [2, Theorem 9.1, p. 273]).

Contribution. We show that every nonnegative polynomial f is almost a s.o.s.,
namely we show that f can be approximated by a sequence of s.o.s. polynomials
{fe}e, in the specific form

r(fi€) n 22k

_ 7

(1'1) fe—f+€z A
k=0 j=1

for some r(f,€) € N, so that ||f — fe|l1 — 0 as ¢ | 0. (Notice that in (1.1), one may
replace r(f, €) with any r > r(f, ¢) and still get the same result.)

This result is in the spirit of the previous denseness result. However we here
provide in (1.1) an ezplicit converging approximation with a very specific (and simple)
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form; namely it suffices to slightly perturbate f by adding a small coefficient € > 0 to
each square monomial z2* foralli = 1,...,nand all k = 0,1, ...,r, with r sufficiently
large. To prove this result we combine

- (generalized) Carleman’s sufficient condition (due to Nussbaum [9]) for a mo-
ment sequence y = {y,} to have a unique representing measure p (i.e., such that
Yo = [ x%dp for all @ € N™), and

- a duality result from convex optimization.

As a consequence, we may thus define a procedure to approximate the global
minimum of a polynomial f, at least when there is a global minimizer x* that satisfies
|z*||oc < M for some known M. It consists in solving a sequence of SDP-relaxations
which are simpler and easier to solve than those defined in Lasserre [6]; see §3.

Finally, we also consider the case where f is a convexr polynomial, nonnegative
on a convex semi-algebraic set K defined by (concave polynomial) inequalities g; > 0.
We show that the approximation f, of f, defined in (1.1), has a certificate of positivity
on K (or a representation) similar to Putinar’s s.o.s. representation [13], but in which
the s.o.s. polynomial coefficients of the g;’s now become simple nonnegative scalars,
the Lagrange multipliers of a related convex optimization problem.

2. Notation and definitions. For a real symmetric matrix A, the notation
A ¥ 0 (resp. A > 0) stands for A positive semidefinite (resp. positive definite). The
sup-norm sup; |z;| of a vector z € R, is denoted by ||z|[o. Let R[z1,...,z,] be the
ring of real polynomials, and let

(2.1) vp(2) = (1,21, 29, ... Tp, T3, T1T0, - . ., T1Tp, Ta, ToT3, ..., L")

be the canonical basis for the R-vector space A, of real polynomials of degree at
most 7, and let s(r) be its dimension. Similarly, v (z) denotes the canonical basis
of R[z1,...,z,] as a R-vector space, denoted .A. So a vector in A has always finitely
many non-zero entries.

Therefore, a polynomial p € A, is written

z = p(x) = Z Pat® = (P, vr(2)), r € R",
aeNn
(where @ = 223> ... 2% for some vector p = {p,} € R*(") the vector of coeffi-

cients of p in the basis (2.1).

Extending p with zeros, we can also consider p as a vector indexed in the basis
Voo () (i.e. p € A). If we equip A with the usual scalar product (.,.) of vectors, then
for every p € A,

p) = Y par® = (p,vs(2)), r € R™
aeNn

Given a sequence y = {y,} indexed in the basis v (), let Ly : A — R be the
linear functional

p'_}Ly(p) = z PalYa = <paY>'

aeNn

Given a sequence y = {y,} indexed in the basis v (), the moment matrix M, (y) €
R*(")*5(") with rows and columns indexed in the basis v,.(z) in (2.1), satisfies

(M (y)(1,5) = Yo and M,(y)(i,1) = yg] = M.(y)(i,5) = Ya+s-
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For instance, with n = 2,

Yoo Yio Yor Y20 Y11 Yo2
Y10 Y20 Y11 Yo Y21 Y12
Ma(y) = Yor Y11 Yo2 Y21 Y12 Yo3
Y20 Y30 Y21 Ya0 Y31 Y22
Y11 Y21 Yi2 Y31 Y22 Y13
Yo2 Y12 Yo3 Y22 Y13 Yoa

A sequence y = {y,} has a representing measure p, if

(2.2) Yo = /  py(dzx), Vo e N

In this case one also says that y is a moment sequence. In addition, if uy is unique
then y is said to be a determinate moment sequence.
The matrix M, (y) defines a bilinear form (.,.), on A,, by

(¢:p)y = (a4, M, (y)p) = Ly(qp), ¢,p€ A,

and if y has a representing measure py then

(2.3) (. M, (y)a) = / 4(2)? py(dz) > 0,

n

so that M, (y) = 0.

Next, given a sequence y = {y,} indexed in the basis v (), let yéik) = Ly (z2F)
for every i = 1,...,n and every k € N. That is, ygk) denotes the element in the
sequence y, corresponding to the monomial xf’“.

Of course not every sequence y = {y, } has a representing measure p, as in (2.2).
However, there exists a sufficient condition to ensure that it is the case. The following
result stated in Berg [3, Theorem 5, p. 117] is from Nussbaum [9], and is re-stated
here, with our notation.

THEOREM 2.1. Lety = {y,} be an infinite sequence such that M.(y) = 0 for all
r=0,1,.... If

(2.4) W) =00, i=1,...,m,
k=1

then y is a determinate moment sequence.

The condition (2.4) in Theorem 2.1 is called Carleman’s condition as it extends
to the multivariate case the original Carleman’s sufficient condition given for the
univariate case.

3. Preliminaries. Let Bj; be the closed ball
(3.1) By = {z €R"| |lz]lec < M}.

PROPOSITION 3.1. Let f € Rlxy,...,x,] be such that —oo < f* := inf, f(x).
Then, for every € > O there is some M. € N such that

fir = inf f(x) < f*+e VM > M..
r€Byr
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Equivalently, f3; | f* as M — oo.

Proof. Suppose it is false. That is, there is some ¢y > 0 and an infinite sequence
sequence {My} C N, with M) — oo, such that fy, > f* + € for all k. But let
xo € R™ be such that f(xg) < f* + €. With any M}, > ||zg|/c, One obtains the
contradiction f* + e < fi; < f(xo) < f* +€. 0

To prove our main result (Theorem 4.1 below), we first introduce the following
related optimization problems.

(3.2) P fro= zien]gn fa),

and for 0 < M € N,

3.3 Pu:  inf d “dp < neM” Y
(3.3) M uegl(R”){/f 1] /;e 1 < ne }

where P(R™) is the space of probability measures on R™. The respective optimal
values of P and Py, are denoted inf P = f* and inf Pjps, or min P and min P, if the
infimum is attained.

PROPOSITION 3.2. Let f € Rlxy,...,x,] be such that —oo < f* := inf, f(x),
and consider the two optimization problems P and Pyr defined in (3.2) and (3.3)
respectively. Then, inf Py | f* as M — oo. If f has a global minimizer z* € R",
then min Py = f* whenever M > ||z 0o-

Proof. Let p € P(R™) be admissible for Pyr. As f > f* on R™ then it follows
immediately that [ fdp > f*, and so, inf Py, > f* for all M.

As By is closed and bounded, it is compact and so, with fj; as in Proposition
3.1, there is some & € By such that f(2) = f;;. In addition let © € P(R™) be the
Dirac probability measure at the point Z. As ||£]/e < M,

n n
[ Yot = Yo < e
=1

=1

so that y is an admissible solution of Py with value [ fdu = f(&) = fi;, which
proves that inf Py; < fy;. This latter fact, combined with Proposition 3.1 and with
f* <inf Py, implies inf Pys | f* as M — oo, the desired result. The final statement
is immediate by taking as feasible solution for Py, the Dirac probability measure at
the point z* € By (with M > ||2*||»). As its value is now f*, it is also optimal, and
so, P is solvable with optimal value min Py, = f*. O

Proposition 3.2 provides a rationale for introducing the following Semidefinite
Programming (SDP) problems. Let 2r¢ be the degree of f and for every ry <r €N,
consider the SDP problem

H;in Ly(f) (= Zfaya)
st M.(y) ’ = 0
(3.4) Q- roono (i)
> < neht,
k=0i=1 '
Yo = 1,

and its associated dual SDP problem
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max W—neMz)\
A20,7,9
. r n 1'2-k
3.5 _ — g — 73
(3.5) Q9 st f 5y =q /\ZZ X
k=0 j=1
q s.o.s. of degree < 2r,

with respective optimal values inf Q, and sup Q} (or min Q, and max Q} if the opti-
mum is attained, in which case the problems are said to be solvable). For more details
on SDP theory, the interested reader is referred to the survey paper [18].

The SDP problem Q, is a relaxation of Py, and we next show that in fact

- Q, is solvable for all r > rg,

- its optimal value min Q, — inf Py; as r — oo, and

- Q} is also solvable with same optimal value as Q,., for every r > 7.

This latter fact will be crucial to prove our main result in the next section. Let
lo (resp. 1) be the Banach space of bounded (resp. summable) infinite sequences
with the sup-norm (resp. the l1-norm).

THEOREM 3.3. Let f € Rlxy,...,x,] be of degree 2ry, with global minimum
f* > —o0, and let M > 0 be fized. Then :

(i) For every r > ry, Q. is solvable, and min Q,. T inf Pas as r — oo.

(ii) Let y(") = {ygj)} be an optimal solution of Q, and complete y") with zeros to
make it an element of lo,. FEvery (pointwise) accumulation point y* of the sequence
{y"},en is a determinate moment sequence, that is,

(3.6) ye = / x*dp’*, a e N

for a unique probability measure p*, and p* is an optimal solution of Pys.

(iii) For every r > ry, max Q) = min Q,.

For a proof see §5.1.

So, one can approximate the optimal value f* of P as closely as desired, by solving
SDP-relaxations {Q, } for sufficiently large values of r and M. Indeed, f* <inf Py, <
frr, with f3; as in Proposition 3.1. Therefore, let € > 0 be fixed, arbitrary. By
Proposition 3.2, we have f* <infPy; < f* + € provided that M is sufficiently large.
Next, by Theorem 3.3(i), one has inf Q, > inf Py; — € provided that r is sufficiently
large, in which case, we finally have f* —e <infQ, < f* +e.

For instance, if the infimum f* is attained and one knows an upper bound M
on ||z*||s for some global minimizer «*, then the sequence of SDP-relaxations Q, in
(3.4) with M being fixed, will suffice. Notice that this SDP-relaxations Q, is simpler
than the one defined in Lasserre [6]. Both have the same variables y € R*(") but
the former has one SDP constraint M,(y) = 0 and one scalar inequality (as one
substitutes yo with 1) whereas the latter has the same SDP constraint M, (y) = 0 and
one additional SDP constraint M, _;(fy) > 0 for the localizing matrix associated with
the polynomial & +— 6(x) = M? — ||z||?. This results in a significant simplification.

4. Sum of squares approximation. Let A be equipped with the norm

Feolfl= S Il fea

aeN”
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THEOREM 4.1. Let f € Rlxy,...,x,] be nonnegative with global minimum f*,
that is,

0 < f* < flx), x € R™.

(i) There is some 1o € N; \g > 0 such that, for all ™ > ro and A > Ao,

n 2k

(4.1) [+ )\ZZ % is a sum of squares.

k=0 j=1

(ii) For every e > 0, there is some r(f,e) € N such that,

T(f76) n fL‘Qk
(4.2) fe=f+e Z Z # is a sum of squares.
k=0 j=1

Hence, ||f — felli = 0 ase | 0.
For a detailed proof, the reader is referred to §5.2.

Remark 4.2. Notice that whenever r > r(f,€) (with r(f,€) as in Theorem 4.1(ii)),
the polynomial

is also a sum of squares, as we add up squares to f. in (4.2).

In some specific examples, one may even obtain adhoc perturbations f. of f,
simpler than the one in (4.2), and with same properties. This is illustrated in the
following nice example, kindly provided by Bruce Reznick.

Example 1: Consider the Motzkin polynomial (x,y) — f(z,y) = 1+ 2%y*(2? +
y? — 3), which is nonnegative, but not a sum of squares. Then, for all n > 3, the
polynomial

fn = f+2472nx2n
is a sum of squares, and ||f — fn|[1 — 0 as n — oco. To prove this, write
f(xvy) = ($y2 + $3/2 - 31’/2)2 —|—p($),

with p(z) = 1—(23/2—-32/2)% = (1—-22)?(1 —22%/4). Next, the univariate polynomial
x +— q(x) == p(x) +2472"2?" is nonnegative on R, hence a sum of squares. Indeed, if
22 < 4 then p > 0 and so ¢ > 0. If 22 > 4 then |p(z)| < (2?)222/4 = 2%/4. From

26

g(z) 2 20722 — |p(a)| > T ((2%/4)" 7 = 1),

and the fact that n > 3, 2% > 4, we deduce that g(z) > 0.

Theorem 4.1(ii) is a denseness result in the spirit of Theorem 9.1 in Berg et al.
[2, p. 273] which states that the cone of s.0.s. polynomials is dense (also for the norm
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IIfll1) in the cone of polynomials that are nonnegative on [—1,1]". (However, notice
that Theorem 4.1(ii) provides an explicit converging sequence {f.} with a simple and
very specific form.) One may thus wonder whether the specific s.o.s. approximation
fe in (4.2) is also valid for polynomials f that are only nonnegative on [—1,1]", and
not necessarily on the whole R". The answer is no. To see this, let zp € R™ be
such that f(xg) < 0, and let M > ||xgllco. Observe that with f. as in (4.2), one
has fo(z) < f(x) +e> ™l for all # € R™, no matter the value of the parameter
r(f,€). Therefore, f.(zo) < f(zo) + ene™’. Hence, for € < |f(a:0)|e_M2/n, we have
fe(xo) < 0. On the other hand, other adhoc perturbations of the same flavour, may
work. Consider the following example, again kindly provided by B. Reznick.

Example 2: Let f be the univariate polynomial z +— f(z) := 1 — 22, nonnegative on
[~1,1]. The following adhoc perturbation x +— f,,(x) := f(z) + c,2*" is s.0.s. when-
ever ¢, > (n—1)""1/n" and so, one may choose ¢, so as to also obtain || f,, — f||1 — 0,
as n — oo. In this case, one has to be very careful in the choice of the coefficient ¢,.
It cannot be too small because the degree of f,, is fixed apriori (2n), whereas for a
nonnegative polynomial f, the parameter e can be fixed arbitrarily, and independently
of f. On the other hand, r(f,€) is not known.

We next consider the case of a convex polynomial, nonnegative on a convex semi-
algebraic set. Given {g;}7"; C R[z1,...,z,], let K C R" be the semi-algebraic set

(4.3) K:={zeR"| gjz)>0, j=1,...,m}.

COROLLARY 4.3. Let K be as in (4.3), where all the g;’s are concave, and assume
that Slater’s condition holds, i.e., there exists xo € K such that g;(zo) > 0 for all
j=1...,m.

Let f € R[zy,...,x,] be convex, nonnegative on K, and with a minimizer on K,
that is, f(z*) < f(z) for all z € K, for some x* € K. Then there exists a nonnegative
vector A € R™ such that for every e > 0, there is some re = r(f, A\, g1,...,9m,€) €N
for which

re m 2% m
(4.4) JHed Y TE = Dot YNy
. 2

k=0 i=1

with fo € Rlxy,...,xy,] being a sum of squares. (Therefore, the degree of fo is less
than max|[2r., deg f,deg g1, ...,deggm].)

Proof. Counsider the convex optimization problem f* := min{f(z) |z € K}. As
f is convex, K is a convex set and Slater’s condition holds, the Karush-Kuhn-Tucker
optimality condition holds. That is, there exists a nonnegative vector A € R™ of
Lagrange-KKT multipliers, such that

Vi) = S AV Agat) = 0,5 =1,...,m.
j=1

(See e.g. Rockafellar [14].) In other words, z* is also a (global) minimizer of the
convex Lagrangian L := f — 37", Ajg;. Then f* = f(2*) = L(z*) is the (global)
minimum of f over K, as well as the global minimum of L over R", i.e.,

(4.5) F=> XNgi—f =0 zeR"

j=1
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As f>0onK, f*>0,and so L > 0 on R"™. Then (4.4) follows from Theorem 4.1(ii),
applied to the polynomial L. O

When K is compact (and so, f has necessarily a minimizer z* € K), one may
compare Corollary 4.3 with Putinar’s representation [13] of polynomials, positive on
K. When f is nonnegative on K (compact), and with

Te m -f?k

(4.6) for=fred D5
k=0 i=1

one may rewrite (4.4) as

(4.7) fe=Ffo+> Ny
j=1

which is indeed a certificate of positivitity of f. on K. In fact, as fc > 0 on K, (4.7)
can be seen as a special form of Putinar’s s.o.s. representation, namely

(4.8) fe=qo+ Z 45 95, with qo, ..., Gm s.o0.s.
j=1

(which holds under an additional assumption on the g;’s). So, in the convex compact
case, and under Slater’s condition, Corollary 4.3 states that if f > 0 on K, then its
approximation f in (4.6), has the simplified Putinar representation (4.7), in which
the s.o.s. coefficients {g;} of the g;’s in (4.8), become now simple nonnegative scalars
in (4.7), namely, the Lagrange-KKT multipliers {),}.

5. Proofs.

5.1. Proof of Theorem 3.3. We will prove (i) and (ii) together. We first prove
that Q, is solvable. This is because the feasible set (which is closed) is compact.
Indeed, the constraint

iiygk)/k' < neM’

k=0 i=1

implies that every diagonal element yézk) of of M,.(y) is bounded by 7, := nrleM ’ By
Lemma 6.2, this in turn implies that its diagonal elements (i.e., yan, with |a| < r) are
all bounded by 7.

This latter fact and again M,.(y) > 0, also imply that in fact every element
of M,(y) is bounded by 7., that is, |yo| < 7 for all |a] < 2r. Indeed, for a a
symmetric matrix A > 0, every non diagonal element A;; satisfies A7; < Az Aj; so
that |AZJ| S max; A“

Therefore the set of feasible solutions of Q, is a closed bounded subset of R5(
hence compact. As Ly(f) is linear in y, the infimum is attained at some feasible
point. Thus, for all » > r¢, Q, is solvable with optimal value min Q, < inf Py;. The
latter inequality is because the moment sequence y associated with an an arbitrary
feasible solution p of Py, is obviously feasible for Q,, and with value Ly (f) = [ fdu.

Next, as the sequence {min @Q, }, is obviously monotone non decreasing, one has
min Q, T p* <inf Py, as r — co. We have seen that every entry of M, (y) is bounded

2r)
b
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by 7., and this bound holds for all r > ry. Moreover, M,(y) is also a (north-west
corner) submatrix of M,(y) for every s > r. Indeed, whenever s > r, one may write

M.(y) | B

Ma(y): - | -
B | C

for some appropriate matrices B and C. Therefore, for the same reasons, any feasible
solution y of Q; satisfies |y, | < 7., for all & € N” such that |a| < 2r. Therefore, for
every s € N, and every feasible solution y of Qg, we have

|ya‘§7-r, VO(ENTL,2T—1S|C¥|S27‘, 7":1,.-.,5-

Thus, given y = {y.}, denote by ¥y = {y,} the new sequence obtained from y by the
scaling

Vo = Yao/Tr VaoeN' 2r—1 <|o|<2r, r=1,2,...

So let y(") = {yg)} be an optimal solution of Q, and complete y(") with zeros to
make it an element of I... Hence, all the elements y(") are in the unit ball By of s,
defined by

Br ={y={ya} €lxc| llyllc =1}

By the Banach-Alaoglu Theorem, this ball is sequentially compact in the o(ls,!1)
(weak™) topology of I (see e.g. Ash [1]). In other words, there exists an element
y* € By and a subsequence {7} C N, such that (") — y* for the weak* topology
of I, that is, for all u € 1y,

(5.1) Fr) w) — (3%, ), as k — oo.
In particular, pointwise convergence holds, that is, for all a € N,
I = e ask— oo,
and so, defining y* from y* by
Yo = T Yo, VaeN" 2r—1 <|a|<2r, r=12,...
one also obtains the pointwise convergence

5.2 forall aeN", gyl — y* as k — oo.
Yo Ya

We next prove that y* is the moment sequence of an optimal solution p* of problem
Pur. From the pointwise convergence (5.2), we immediately get M,.(y*) = 0 for all
r > 1y, because M, (y) belongs to the cone of positive semidefinite matrices of size
s(r), which is closed. Next, and again by pointwise convergence, for every s € N,

~ O PNONFTEEEET .- CONONY M2
ZZ(?J )2j /31 = khj{.lo g Z(y Mo /30 < me™,
7=0i=1 j=01i=1
and so, by the Monotone Convergence Theorem

(5.3) DD it = Jim 3TNy )5/t < ne”

=0 i=1 §=0 i=1
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But (5.3) implies that y* satisfies Carleman’s condition (2.4). Indeed, from (5.3),

forallz=1,...,n, we have (y*)gk) < pk! for all k € N, and so, as k! < kF = \/Ezk,

(552 > ()7 /% VR,
which in turn implies

(i)1—1/2k o p /2K
(")) /2% > = +o0.
k=0

]2

v

Hence, by Theorem 2.1, y* is a determinate moment sequence, that is, there exists a
unique measure p* on R”, such that

ES
Il

0

yn :/ x*dp*, a e N,

By (5.3),

oo n

. 2 * * (2 . 2
/Ze” dpt =33 (")) /5 < ne”,
=1 1

=0 i=

which proves that p* is admissible for Py;.
But then, again by the pointwise convergence (5.2) of y("%) to y*, we get Ly (f) —
Ly-(f) = [ fdu* as k — oo, which, in view of Ly (f) < inf Py for all k, implies

[ rau = Lye() < intPar.

But this proves that p* is an optimal solution of Pjs because p* is admissible for Pps
with value [ fdu* <infPy. As the converging subsequence {ry} was arbitrary, it is
true for every limit point. Hence, we have proved (i) and (ii).

(iii) Let y be the moment sequence associated with the probability measure p on
the ball BM/Q CR”

By = {zx e R"| |zl < M/2},

with uniform distribution. That is,

W(B) = M~" dr, BeB,
BﬂB}W/Q

where B is the sigma-algebra of Borel subsets of R™.
As p1 has a continuous density f, > 0 on Byy/s, it follows easily that M, (y) > 0
for all » > r¢. In addition,

iiyé?/lﬂ' < /iexf dp < neMz7
i=1

k=0 i=1

so that y is a strictly admissible solution for Q,.. Hence, the SDP problem Q,. satisfies
Slater’s condition, and so, there is no duality gap between Q, and Q}, and Q} is
solvable if inf Q,. is finite; see e.g. Vandenberghe and Boyd [18]. Thus, Q; is solvable
because we proved that Q, is solvable. In other words, sup Q} = maxQ} = minQ,,
the desired result.
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5.2. Proof of Theorem 4.1. It suffices to prove (i) and (ii) for the case f* > 0.
Indeed, if f* = 0 take € > 0 arbitrary, fixed. Then f+ne > f* = f* +mne > 0 and so,
suppose that (4.1) holds for f 4+ ne (for some g, \g). In particular, pick A > Ay + ¢,
so that

X n ka
f+ne+(>\—6)22ﬁ = i,

k=0 j=1

(with gy s.0.8.), for r\ > rg. Equivalently,

™A "2k ™A " 2k
i _ i _ 5
FANY D G =anted Do =dn
k=0 j=1 k=1 j=1
where §y is a s.0.s. Hence (4.1) also holds for f (with A\g + € in lieu of Ag).
Similarly, for (4.2). As f* =0, f + ne > 0 and so, suppose that (4.2) holds for
f + ne. In particular,

Te n ka
f—|—ne—|—622ﬁ = q.,

k=0 j=1

(with ¢, s.0.s.), for some r.. Equivalently,

re g2k : :
f+2ezz% = Qe+EZZﬁ = e,

k=0j=1 k=1j=1

where §. is a s.0.s. Hence (4.2) also holds for f. Therefore, we will assume that
f*>0.

(i) As f* > 0, let My be such that f* > 1/My, and fix M > Mj. Consider the SDP
problem Q? defined in (3.5), associated with M. By Proposition 3.2, f* < inf P;. By
Theorem 3.3, max Q; = min Q, 1 inf Pp; > f*. Therefore, there exists some 7y > 7y
such that maxQy, > f* —1/M > 0. That is, if (gar, Aar,yar) is an optimal solution

of Q2 , then yar — nApe™ > f* —1/M > 0. In addition,

™™ N :172k
f_'VM:CIM_/\MZZ#a

k=0 j=1
that we rewrite
rTM N
M2
(5.4) f= (= niwe™) = g+ A [ ne? ZZ
k=0 j=1

Equivalently,

™ N ,

f+/\MZZ i = qur + e + (ar — nApe).
k=0 j=1

Define ¢ps to be the s.o.s. polynomial

dv = qum + nne™ 4 (var — n)\MeMz)

)
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so that we obtain

™M n

(5.5) f+AMZZ o =

k=0 j5=1

the desired result.
If we now take r > rp; and A > Ay we also have

n ™M T
f“ZZ k! _f"")‘MZZ k!
k=0 j=1 k=0j=1
+AMZZ;€' )‘)‘MZZkl
k=ryp+1 5=1 k=0j=1
=qm + Am Z Z Ll (A= An) ZZ k!
k=rp+1j=1 k=0 j=1
:(AjMv
that is,
r n 2k
(5.6) FAAYS D =gy,
k=0 j=1 k!

where & A 18 a s.o0.s. polynomial, the desired result.
(ii) Let M be as in (i) above. Evaluating (5.4) at * = 0, and writing f(0) =
f(0) — f*+ f*, yields

fO) = f"+f = (m —n)\MeMz) = qu(0) + nAar (eM2 —1),

and as 1/M > f* — (yar — n)\MeM2),

1/M + f(0) — f~
AM < n(eM?* —1)

Now, letting M — oo, yields Ay — 0.

Now, let € > 0 be fixed, arbitrary. There is some M > My such that A\y; < € in
(5.5). Therefore, (4.2) is just (5.6) with A := ¢ > A\jr and r = ¢ > rpy. Finally, from
this, we immediately have

n o0 1
If = felli < EZZE =ene—0, asel0.

i=1 k=0

6. Appendix. In this section we derive two auxiliary results that are helpful in
the proofs of Theorem 3.3 and Theorem 4.1 in §5.

LEMMA 6.1. Let n = 2 and let y be a sequence indexed in the basis (2.1),
and such that M,.(y) = 0. Then all the diagonal entries of M,.(y) are bounded by
Tr = MaXg=1,...,, MaX [y2k,07 yO,Qk]-

Proof. 1t suffices to prove that all the entries Y2425 With o 4+ 3 = r are bounded
by s, := max [y2r.0, Yo,2r), and repeat the argument for entries yo, 25 with a + 5 =
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r—1,r—2, etc ... Then, take 7, := maxy—1, .., Sk. S0, consider the odd case r = 2p+1,
and the even case r = 2p.

- The odd case r = 2p+1. Let ' := {(2,208)| a4+ 8 =r, a, 3 # 0}, and notice
that

' = {(2r—2k2k)| k=1,...,r—1} =T1UI,
with
Iy = {(r,0)+ (r — 2k,2k),| k=1,...,p},
and

Iy :{(O,T)+(2],T—2]),| ]zlavp}

Therefore, consider the two rows (and columns) corresponding to the indices (r,0)
and (r — 2k, 2k), or (0,7) and (24,7 — 2j). In view of M, (y) = 0, one has

(y2r—2k2k)%, k=1,...,p,

Yar,0 X Y2r—4k, 4k
6.1 ) , ‘
(@1) { (Y25,2r—25)2, j=1,...,p.

>
Yo,2r X Yaj,2r—45 =

Thus, let s := max{y2qa28| -+ 08 =r,afl # 0}, so that either s = yo,_op+ 2+ for
some 1 < k* < p, or s = yaj+ 2y—2;+ for some 1 < j* < p. But then, in view of (6.1),
and with s, := max [y2,.0, Y0,2r]

2 2
Sp X § > Yar.0 X Yor—dkr ak+ > (Yor—2k* 2k% )" = S,

or

2 2
Sy X 8 > Yo2r X Yajr 2r—ajr > (Y2 2r—2j+ )" = 7,

so that s < s,., the desired result.
- The even case r = 2p. Again, the set T := {(2¢,28)| a+ 5 =r, af # 0} can
be written I' = I'y U Ty, with

Ty o= {(r0) + (r —2k,2k),| k=1,...,p},
and

Ty = {(0,7) + (25,7 = 2j),| j=1.....p}

The only difference with the odd case is that 'y N Ty = (2p, 2p) # @. But the rest of
the proof is the same as in the odd case. O

LEMMA 6.2. Let r € N be fized, and let y be a sequence such that the associated
moment matriz M, (y) is positive semidefinite, i.e., M,.(y) = 0. Assume that there

is some T, € R such that the diagonal elements {yéz)} satisfy yéQ < 7., forall k =
1,...,r,and alli=1,...,n.

Then, the diagonal elements of M.,.(y) are all bounded by 7, (i.e., yao < 7 for all
a e N*, with |a| < 7).

Proof. The proof is by induction on the the number n of variables. By our
assumption it is true for n = 1, and by Lemma 6.1, it is true for n = 2. Thus, suppose
it is true for k = 1,2,...,n — 1 variables and consider the case of n variables (with
n > 3).
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By our induction hypothesis, it is true for all elements yo, where at least one
index, say «;, is zero (o = 0). Indeed, the submatrix Agz)(y) of M,(y), obtained
from M, (y) by deleting all rows and columns corresponding to indices « € N" in
the basis (2.1), with «; > 0, is a moment matrix of order r, with n — 1 variables

Tly.eeyTio1,Lit1,.--,Tn. Hence, by a permutation of rows and columns, we can
write
AVy) | B
MT(Y) = - ‘ - |
B’ | C

for some appropriate matrices B and C. In particular, all elements yo, with a; = 0,
are diagonal elements of A&Z)(y). In addition, its diagonal elements yéﬁ, j # i, are all

bounded by 7. And of course, AD (y) = 0. Therefore, by our induction hypothesis,
all its diagonal elements are bounded by 7,.. As ¢ was arbitrary, we conclude that all
elements 15, with at least one index being zero, are all bounded by 7.

We next prove it is true for an arbitrary element ys, with |a| <r and a > 0, i.e.,
aj > 1forall j =1,...,n. With no loss of generality, we assume that oy < as <
o< ag.

Consider the two elements ¥24,,0,8 and Yo,2a,,y, With 3, € N"~2 such that:

18] = la| = 2c1;  |y| = |o| — 202,
and
(2a1,0,8) + (0,2a2,7) = (2a1,2a9,8+7v) = 2a.
So, for instance, take 8 = (83, B4, ---,8n), ¥ = (V3,Y4, - - -, Tn), defined by
0= (as+as—ai,aq,...,qn), v := (a3+a; —ag,qq,...,0p).

By construction, we have 4oy + 2|8 = 4as + 2|y| = 2|a| < 2r, so that both
Yaay,0,28 and Yo 4a,,2+ are diagonal elements of M, (y) with at least one entry equal
to 0. Hence, by the induction hypothesis,

Y401,028 < Try  Y0,400,2y < Tr
Next, consider the two rows and columns indexed by (21,0, ) and (0, 2ae, ). The
constraint M,.(y) = 0 clearly implies
2 S > 2 _ 2
T, 2 Yia1,0,28 X Y0,405,2y = (y2a1,2a2,ﬂ+'y) Yoo+
Hence, y2o < 7, the desired result. O

Acknowledgement: The authors wishes to thank anonymous referees for their valu-
able comments and suggestions, as well as Bruce Reznick who kindly provided the
two examples in §4.
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