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Abstract

Model complexity is conceptualised as the capacity of amodel to fit any conceivable data set.
A model can be represented geometrically as alow dimensional “response surface”
embedded in a higher dimensional outcome space in which data are represented as a point or
set of points. The fit of the model to a data point is given by the minimum distance between
the point and the response surface. Model complexity can thus be thought of as the extent to
which the response surface is “close to” arbitrary pointsin outcome space. If the extension of
outcome space can be assumed to be bounded, complexity can be operationalised as the mean
minimum distance, defined as the average minimum squared distance between an arbitrary
data point in outcome space and the model’ s response surface. It may also be expressed as a
dimensionless quantity called the scaled mean minimum distance. For linear models,
theoretical values for the scaled mean minimum distance and the variance of the scaled
minimum distance can be readily obtained and compared against empirical estimates
obtained from fits to random data. The approach is applied to resolving the question of the
relative complexity of the linear integration model (LIM) and the fuzzy logic of perception
model (FLMP), both of which have been the subject of controversy in the field of depth
perception. It is concluded that the two models are equally complex.



The aim of this paper isto explore a heuristic approach to assessing model complexity in
terms of the capacity of amodel to fit arbitrary patterns of data. Consider two models, A and
B, that purport to account for the same set of data, D. If the models contain free parameters,
then these are usually adjusted in order to minimise the discrepancy between the predictions
of each model and the data. The fit of amodel is then indexed by the size of this discrepancy
which, if large enough, may lead to its rejection. However, suppose models A and B fit the
data equally well. Does this mean that both models are equally good accounts of the data?
Only if they have an equal propensity to fit any conceivable set of data. In other words, only
if they are equally complex. Theideais that models differ in their propensity to fit any
conceivable data. Some models, by their nature, will never provide a poor fit to any data. In
the extreme, amodel may be capable of fitting exactly every conceivable outcome in which
case it is generally regarded as vacuous, uninformative, or unscientific (Popper, 1959). Such
models are never preferred, despite the fact that they fit the data perfectly. Thus model
selection is afunction of the actual fit of amodel to data and its prior propensity to fit any
conceivable data.

Following Bamber and van Santen (1985), a model, M, can be defined as an ordered triple,
(P, F, Q), where, for positiveintegersmand n, P| R™is aparameter domain consisting of
all conceivable combinations of m parameter values of the model, F is a prediction function
defined on P such that F(P) I Q, and Qi R"isan outcome space consisting of all
conceivable combinations of the values of n different outcome quantities. The set R = F(P) is
called the model’ s prediction range and defines an m-dimensional “response surface” in n-
dimensional outcome space. For an appropriate choice of metric defined on Q, it is possible
to associate with each point g1 Q, a positive number, dy(q), defined as the minimum
distance between q and R. Let Dy be the set of minimum distances for each point in Q
relative to the prediction range of M. When an appropriate experiment to test M is conducted,
aset of outcomes, Y1 Q, isdefined. For eachy 1 Y, there is a corresponding minimum
distance, dw(y) I Dw, which constitute the set Dy(Y) I Dwu. The sizes of the elements of this
set reflect the ability of the model to account for the data.

Consider two models, A and B, represented as two low-dimensional response surfacesin the
same outcome space, Q. Associated with each model isits set of minimum distances, D and
Dsg, corresponding to the smallest distances between each point in Q and the response
surfaces of A and B, respectively. Following an experiment, the set of observations, Y, selects
two corresponding subsets of minimum distances, Da(Y) | Daand Dg(Y) | Dg. If the
elements of Da(Y) are generally less than the corresponding elements of Dg(Y), then model A
provides a better fit to the data than model B. Often it is further concluded that this fact
counts as evidence in favour of model A which isthen preferred over model B as an account
of the data. However, this conclusion only follows if the distribution of distancesin Da isthe
same as the distribution of distances in Dg. If the distributions of minimum distances
associated with the two models are different, then a simple choice of the “better” model
becomes problematic. Suppose that all the elements of D, are less than the corresponding
elements of Dg, then the observation that the elements of Da(Y) are also small relative to the
corresponding elements of Dg(Y) no longer counts as compelling evidence that A is the better
model. This observation would be made no matter what the outcome of the experiment. This
suggests that the relationship of the response surfaces of each model to the set of all
conceivable experimental outcomesiis critical to model evaluation.

Myung and Pitt (1997) define model complexity as “the flexibility inherent in a model that
enablesit to fit diverse patterns of data’ (p.80). The present analysis suggests that



complexity, in this sense, be identified with the distribution of minimum distances associated
with amodel. A useful measure to characterise the relevant aspect of this distribution is the
mean. The proposal is therefore that the complexity of amodel can be usefully indexed by
the mean of its set of minimum distances. Thisideaisillustrated in Figure 1.
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Figure 1. Response surfaces of three models generated from equation 1.

Figure 1 illustrates the one-dimensional response surfaces of three models, each embedded in
atwo-dimensional outcome space. The prediction function of each model has been generated
from the following equation,
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for O£t £ 1, and for three different values of n, specifically, n=0,n=1, and n = 12.

Equation 1 is not meant to signify a meaningful model of anything, and serves only to
illustrate the present approach to model complexity. Asis apparent from Figure 1, the
response surfaces of the three models lie “ close to” increasingly greater areas of outcome
space. Inthelimit, asn ® ¥, the entire space would be filled. Asis also apparent, the mean
minimum distance between any arbitrary point and the response surface decreases as n
increases. In other words, model complexity, or the propensity of the model to fit any
arbitrary pattern of data, increases as n increases. In the limit, the mean minimum distance is
zero and the corresponding model isinfinitely complex.

A more complete picture of the relationship between the mean minimum distance and n for
the set of modelsis given in Figure 2. Asit turns out, the relationship between mean
minimum distance and n is non-monotonic although mean minimum distance declines rapidly
for values of n greater than about 0.5. Thus, the different models differ in their complexity in
the sense that they differ in their mean minimum distance to arbitrary data. This complicates
model selection. If aless complex model provides at |east as good afit to data as a more
complex model, it can be preferred. However, if the more complex model provides a better
fit, it isnot clear that it should be preferred.
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Figure 2: Mean minimum distance as afunction of nin
equation 1.

Myung and Pitt (1997) have suggested that three aspects of a model affect its complexity.
These are, the form of the prediction function, F, the number of free parameters, m, and the
extension of the parameter domain, P. Each of these aspects a so affects the mean minimum
distance of amodel. First, as Figure 2 illustrates, the form of the prediction function may
have a considerable effect on mean minimum distance for constant m and P. Each of the
models examined has the same number of free parameters (one) and the same domain, P =
[0,1], yet their mean minimum distances vary considerably. Second, as the number of free
parameters of amodel increases, all things being equal, the model will extend further into
outcome space and hence be “closer” to more points in that space. In the limit, if the number
of independent parameters equals the number of observations, the response surface will
occupy the entire outcome space and the mean minimum distance will be zero. Third, if the
parameter domain is restricted in some way, not al of the response surface may be realised.
Thiswill also lead to an overall increase in mean minimum distance.

The scaled mean minimum distance

In this section, the idea of model complexity as mean minimum distance is examined more
formally and a normalised version, called the scaled mean minimum distance, is derived. In
the approach to be outlined, the sum of squared difference is used as the distance metric
although other functions are possible. Let M be amodel and let qT Q be a point in outcome
space and let r T R be a point in the prediction range (or response surface). Then the sum of
squared difference between gandr is,
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The goodness-of-fit of M is evaluated by finding apoint, f T R, such that equation 2 isa
minimum. Thisis the minimum distance of M at q,
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An obvious indicator of the overall “closeness’ of the prediction range of amodel, M, to
arbitrary points in the outcome space is the mean minimum distance of M, dyv, defined as,
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In order to evaluate equation 4, it is necessary to place bounds on the range of possible
outcome values. That is, each outcome quantity, ¢, is deemed to lie between alower bound,
a, and an upper bound, b;. If al of the quantities are commensurable or correspond to
measurements of a single variable under n different conditions, then it is often possible to
specify a common upper and lower bound. Let a be the common lower bound and let b be the
common upper bound. The denominator of equation 4 then simplifiesto (b —a)", and,
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As defined by equation 5, the size of dy depends upon the choice of a measurement scale.
Sinceit is convenient to think of complexity as scale independent, it is useful to express dy as
adimensionless quantity by re-scaling the outcome space to the unit (hyper)cube, effectively
settinga=0and b = 1. Thisis called the scaled mean minimum distance of M, dy, defined as,

d
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In some cases it may be possible to obtain dy directly from equation 3 by integrating each
component of g over theinterval [0,1]. That is,
d, :Z...Zdequql...dqn ©)
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Complexity of alinear model

A linear mode is of the form, M = (P, F, Q), where P R™, Qi R", andF: R"® R'isa
linear transformation. Let p be a column vector of length m corresponding to the point p1 P.
Similarly, let r be a column vector of length n corresponding to the pointr I R = F(P), the
prediction range. Then, r = Ap, where A isann” mmatrix of F. Linear models are simple,
tractable and enjoy some popularity among model builders. Since they are often the least
complex of models, they can serve as a baseline against which the complexity of other
models may be compared (although see Figure 2 for an exception). For this reason, equations



for the mean and variance of the scaled minimum distance of an arbitrary linear model are
derived.

Scaled mean minimum distance
Let M= (P, F, Q) bealinear model suchthat P=R", Q=[0,1]", F: R"® R"isalinear
transformation and A isamatrix of F. Let q be a column vector of length n corresponding to

thepoint g1 Qand let f be acolumn vector of length n corresponding to the point 1 R that
minimises the sum of squared difference, S3D(q, r). Then by elementary matrix algebra,

F=A(AR)'Ag

where A¢is the transpose of A. The minimum distance of M at g is given by,
dylal = a®q

where, B is the orthogonal projection matrix,
B=I- A(A®)'AC

From these equations, the scaled mean minimum distance of M, dy, can be calculated. From
equation 7,
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Rearranging the terms inside the square brackets,
adaah = aq.h +4 & qah,
i

ijri

and integrating with respect to each component of g yields,
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where, tr(B) isthe trace of B and S(B) is the sum of the elements of B.



As an example, consider the following linear model,

=P
L=PRh*tP
L=P+Ps
L=PtP+p;

(9)

Thatis, r =[r,,r,,r5,1,]1¢, p =[P, P,, P5]¢, and the design matrix is,

=== =
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This yields the following orthogonal projection matrix,

1 -1 -1 1

-1 1 1 -
g=1

44-1 1 1 -

1 -1 -1 1

Applying egquation 8, we find that dy = 1/12. In fact if A defines aresponse surfacein
Q =[0,1]" that includes the vector, 1=[1,1,1...]¢, then equation 8 simplifies further. In this

case,

Variance of the scaled minimum distances

For the model M, defined above, let Dy be the set of scaled minimum distances associ ated
with each point, T Q. Let Vi be the variance of the elements of Dy. Thisis called the
variance of the scaled minimum distances of M, and is defined as,

vV, :gz...Z[deqg]qul...dqnw- d2 (10)

The first term on the right-hand side of equation 10 can be obtained using the same logic as
that used to obtain the mean, dy, using the orthogonal projection matrix, B. That is,
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In squaring dw(q), each term on the right hand side of this equation is multiplied by every
other term and summed. That is,
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and integrating with respect to each component of g yields,
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Where the coefficient, cju, varies depending upon the relationship of the numerical value of
the subscripts, i, J, k, and |. Specificaly, if all the subscripts are different then cj = 1/16, if
exactly two subscripts are equal then ¢y = /12, if one pair of subscripts are equal and the
remaining pair are equal to each other but different from the first pair then cijq = /9, if
exactly three subscripts are equal then ¢y = 1/8, and if all four subscripts are equal then

Cijx = 1/5.

On substituting equations 8 and 11 into equation 10, the variance of the scaled minimum
distance is obtained. Applying this formulato the model specified by equation 9 yields the
value, Vi » 0.012.

Complexity of the Linear Integration Model and the Fuzzy L ogical Model of Perception

The issue of the relative complexity of different models was highlighted in a recent debate
concerning two models of depth perception. The two models specify how depth cues are
integrated to form ajudgment of overall depth. According to the linear integration model
(L1M) proposed by Cutting and his co-workers (Bruno & Cutting, 1988; Cutting, Bruno,
Brady & Moore, 1992), parameters representing the value of different depth cues are
combined additively. According to the fuzzy logical model of perception (FLMP) proposed
by Massaro and his co-workers (eg., Massaro, 1998; Massaro & Cohen, 1993), a
corresponding set of parameters are combined non-linearly using equations derived from the
theory of fuzzy logic (see Appendix). Cutting et al. (1992), investigated how well the two
models fit data collected by Bruno and Cutting (1988) consisting of judgments of overall
depth obtained under 16 different combinations of depth cues. Overall, the two models were
found to fit these data equally well.

On the face of it, both the LIM and the FLMP appear to provide adequate explanations of the
experimental data. However, Cutting et al suggested that the relatively good fit of the FLMP
was a consequence of its greater propensity to fit any conceivable set of data. If the FLMP
has greater complexity, in this sense, then a good fit to the data may not be unexpected and
the fact that it provides as good afit to the data as a less complex model, should be counted
as evidence in favour of the simpler model.



The LIM isalinear model defined on the outcome space, Q = [0,1]". Consequently, the mean
and variance of the set of scaled minimum distances can be calculated. In the version of the
model analysed by Cutting et al. (1992), subjects were presented with stimuli under 16
different experimental conditions corresponding to the orthogonal combination of the
presence and absence of four depth cues. The cues were relative size, height in the visual
field, occlusion, and motion perspective. In addition, it was assumed that a depth cue due to
background factors was present in every condition. Thus, the LIM can be defined as a linear
model that maps pointsin a5-dimensional parameter domain, P = R°, onto pointsin a 16-
dimensional prediction range, Ri Q, where Q = [0,1]*. Using equations 8 and 10, the mean
and variance of the minimum distances can be obtained. These are,

d . » 0927
V u » 0.090

In contrast to the LIM, the FLMP is anon-linear model. This means that the orientation of its
response surface relative to a basis of the outcome space varies from point to point. It is
because this orientation is constant for alinear model that the orthogonal projection matrix
can be used to calculate the minimum distance of a point to the surface. For non-linear
models, there is often no analytic solution to the minimum distance of a point which must
then be estimated using search algorithms.

Estimates of the mean minimum distance of the two models were obtained by Cutting et al.
(1992) by calculating the minimum sum of squared difference for each of 1,000 arbitrary data
points generated over the interval [0.001, 0.999]. The estimates of d, ;v and dr vp Were 0.932
and 0.924, respectively. Using equation 6, these can be converted to estimates of the scaled
mean minimum distances, d v and dr.mp, Yielding values of 0.936 and 0.928, respectively.
Thefirst of these is significantly larger than the theoretical value, z=2.01, p = 0.044, while
the second is not significantly different from the theoretical value for the LIM, z=1.17, p=
0.244. Thisleads to dightly odd conclusion that the FLMP is apparently more complex than
the LIM, but only because the observed scaled mean minimum distance for the LIM is larger
than expected. Since the LIM cannot, in principle, differ from its theoretical value, the safest
conclusion isthat there is no evidence of a difference in complexity between the LIM and the
FLMP based upon their scaled mean minimum distances.

Although the scaled mean minimum distances of both the LIM and the FLMP are close to the
theoretical value for alinear model, Cutting et al observed that the FLMP provided a better
fit for 608 of the random data points. Thisis a highly significant departure from the expected
number of 500. Similarly, the small difference in the mean minimum distance between the
models was also statistically significant using a related-samples t-test. These observations
suggest that the FLMP does enjoy a slight advantage over the LIM in terms of its propensity
to fit arbitrary data. This could occur if the distributions of minimum distances for the two
models are different. Specifically, this pattern would result if, for most pointsin the outcome
space, the minimum distance of the FLMP is dightly less than the LIM, while for a small
proportion of points, it is considerably longer. In order to investigate this possibility, Dunn
(in press) investigated the distribution of minimum distances for the two models by
calculating their cumulative proportion ogives. A sample of 500 random data points was
generated and fitted by the LIM and the FLMP. The results found by Cutting et al were
essentially replicated. The values of the mean minimum distances were very similar to those



obtained by Cutting et al, the FLMP fit the data better than the LIM on 294 occasions, a
similar proportion to that found by Cutting et al. (0.59 compared to 0.61), and the small
difference between the mean minimum distances for the two models was a so highly
significant.
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Figure 3: Cumulative proportion ogives as a function of minimum distance for the FLMP,
the LIM, and alternative 6-parameter and 4-parameter versions of the LIM (from Dunn, in
press).

Figure 3 presents the cumulative proportion ogives for the LIM and the FLMP found by
Dunn (in press). If the FLMP provides a generally better fit to random data, its ogive should
be shifted leftwards in Figure 3 relative to the LIM. It is apparent that while there is some
evidence of such a shift, by and large the two functions are almost coincident. In order to
appreciate the magnitude of this small difference, Dunn (in press) plotted the cumulative
proportion ogives for afour-parameter and six-parameter version of the LIM. In the four-
parameter version, two of the four parameters associated with variable depth cues were
constrained to be equal, effectively eliminating one parameter from the model and shifting
its ogive substantially to the right relative to the five-parameter LIM. In the six-parameter
version, an additional parameter, corresponding to the interaction of the five free parameters,
was added, resulting in a substantial shift of the ogive to the left. In comparison to these
changes, any difference in complexity between the standard five-parameter LIM and the
FLMP is negligible.
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Conclusions

The aim of the present article has been to explore a definition of model complexity in terms
of the prior propensity of amodel to fit arbitrary data sets. Used in this sense, complexity is
similar to the idea of “fittability”, or the extent to which amodel is aready “close” to any
conceivable data, prior to any data being actually collected. In this sense, complexity is
similar to the idea of logical probability (Popper, 1959). On this view, if theory A is
inconsistent with X% of all possible outcomes and theory B is inconsistent with Y% of al
possible outcomes, and if X > Y, then theory A has alower logical probability than theory B.
According to Popper’ s falsificationist approach, theories with low logical probability are
more falsifiable and hence constitute better scientific theories. The problem with thisideais
that all quantitative theories are inconsistent with an infinite number of outcomes. As Bamber
and Van Santen (1985) have shown, unless a quantitative model is saturated (i.e. is
inconsistent with no conceivable outcome), the ratio of the set of consistent outcomes to the
set of inconsistent outcomes is always zero. In contrast, the concept of model complexity, or
“fittability”, overcomes this difficulty. While the prior probability that a randomly selected
data point lies in the prediction range of a quantitative model is aways zero, the minimum
distances between points in the outcome space and the prediction range vary continuously. If
the mean distance between a random data point and a model’ s prediction range is greater for
model A than for model B, then model A isless complex and, by implication, more falsifiable.

A crucial limitation of the present approach is that outcome space is uniformly bounded.
Only by scaling the lower and upper bounds to the unit hypercube, isit possible to define the
statistics, dv and Vu. A linear model is always scalable in this way, but other non-linear
models may not be. Fortunately, the FLMP is specifically defined on the interval [0,1] and so
the mean and variance of the scaled minimum distances are meaningful. An additional related
assumption is that arbitrary data points are uniformly distributed within the bounded outcome
space. It is conceivable that both of these assumptions may be relaxed. That is, within an
unbounded outcome space, Q, we define a prior distribution of points, H(Q), that can take
any form. The complexity of amodel is then related to the normalised mean minimum
distance between this set of points and the model’ s prediction range.

Pursuing this idea, there are two ways in which H(Q) may be defined. The first is that the
structure of the measurement system may impose logical limits on which pointsin Q are
feasible. For example, for the two-dimensional space portrayed in Figure 1, it may be the case
that g, is necessarily always greater than q;, smply by virtue of how these quantities are
defined. Consequently, the set of feasible points, H(Q), is limited to the upper triangular
region of Q bounded by the line g; = gz. The second way in which H(Q) may be defined is
more problematic. In this case, the set of conceivable outcomesis determined by a prior
probability distribution. That is, some regions of Q are defined as more likely than others
with the result that the minimum distances between points in these regions and the model’ s
response surface will tend to dominate calculation of dy. While this approach is feasible, it
raises alogical problem due to the fact that expectations concerning the distribution of
possible data are not themselves atheoretical. By assuming a uniform distribution within a
bounded outcome space, model complexity can be evaluated independently of any actual
outcome. That is, acomplex model that is*close” to any concelvable outcome can be said to
enjoy, a priori, an advantage over aless complex model that is, on average, further from
these data. If model complexity is evaluated in the context of prior constraints on the
distribution of possible outcomes, then model complexity and model fit become inextricably
linked. In the limit, as the set of probable outcomes is constrained to approximate more and
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more the way the world actually is, model complexity will cease to have any meaning. A
model will be highly “fittable” and thus more complex simply because it is the correct model.

It should aso be noted that the present analysis is dependent upon the choice of measurement
scale adopted. Let T: [0,1]"® [0,1]" be atransformation of scaled outcome space that maps
Q onto T(Q). If model A is more complex than model B in Q, there is no guarantee that it will
also be more complex in T(Q). For example, the FLMP is dlightly more complex than the
LIM over much, if not all, of Q due to non-linearities in its response surface. If the pseudo-
probability measures of Q are converted to logits then the FLMP is alinear model in
transformed space and the LIM is anon-linear model (see Appendix). Although the logit
transformation, L : [0,1]"® R", does not allow calculation of the mean scaled minimum
distance over the entire outcome space, L(Q), it may be expected that the relative
complexities of the two modelsin a bounded region of L(Q) may well be reversed. This
implies that complexity may not be an inherent characteristic of a model, but aso depends on
geometric properties of the chosen outcome space.

Finally, the present approach is designed primarily as a heuristic for thinking about model
complexity, model fit, and model preference. The relationship between these conceptsis
illustrated in Table 1. If model A and model B are equally complex then, all else being equal,
preference is determined by fit. In the case of comparison between the LIM and FLMP, they
are equally complex and appear to fit the selected data equally well. Therefore, at least in
relation to the chosen data set, neither is to be preferred over the other. If model A is more
complex than model B, then this rule no longer applies. If the two models fit the data equally
well then the less complex model should be preferred. The magjor problem, not addressed by
the present approach is the case in which the more complex model fits the data better. In this
situation, caution should be exercised in reaching a judgment of preference and sophisticated
model selection procedures, such as the one proposed by Myung and Pitt (1997), explored.

Table 1. The relationship between model complexity,
model fit, and model preference.

Complexity" Fit® Preference
A=B A<B B
A=B Neither
A>B A
A>B A<B B
A=B B
A>B Unknown

1. A>Bmeansthat Aismore complex than B.
2. A>Bmeansthat Afitsthe data better than B.

12
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Appendix

Let A =[a;] beann” mdesign matrix indicating the availability of depth cuej in conditioni.

Specifically, if cuej is present in condition i, then a; = 1, otherwise g; = 0. The LIM is

defined by the matrix equation, y = Ax, wherey =[y]] isann” 1 matrix of observations and
=[x] isanm” 1 matrix of scale values. Using this notation, the FLMP is defined as,

= ui
4 u+v
where,
pu
u=0x
j
o]l
=Ql1- &
j
and,

QX a; =1
%; dl-le, a, =0

Note that the estimates of x will generally be different for the two models.

It may also be noted that the FLMP is a linear model under the logit transform. Let L(y;) be
the logit transform of y; given by,

Lbyig = Inﬁik

1-y,

Then it follows from the definition of the FLMP that,
Uy (=4 ux]
j

where,

Let A =[4;] bethe design matrix given by, &; =2a, - 1, let § bethelogit transform of y,
and let X bethelogit transform of x. Then the FLMP is defined by the matrix equation,
g =AR.
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