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Abstract
A population balance model is developed to investigate the particle size distribution (PSD) developments
in a gas-phase fluidized bed ethylene polymerization reactor. The model considers the combined effects
of particle growth and elutriation for size-distributed prepolymer feed. In the proposed model, the bed is
divided into several perfectly mixed serial sections. The population balance differential equations written
for each section were simultaneously solved to determine the density function of the size distrubution of
the polymer particles in each section. The model is able to predict the profiles of the PSD along the reactor
height. It was shown that the mean size of the particles is larger at the bottom of the bed and becomes
smaller when moving toward the top of the reactor. The size distribution of the polymer particles in the
product becomes sharper and their mean size decreases by increasing the superficial gas velocity. Also, the
mean size of the particles in the product increases by increasing the temperature of the reactor.
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Nomenclature

Ai coefficient used in equations (kg m3/s)

Abed bed cross-section area (m2)

D diameter of particle (m)

Dmin minimum particle diameter (m)

Dmax maximum particle diameter (m)
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Dbed bed diameter (m)

Dcat diameter of catalyst (m)

Fc inlet mass flow of prepolymer to bed (kg/s)

Fe elutriated mass flow of polymer from the reactor (kg/s)

Fi mass flow of polymer leaving CSTR i (kg/s)

Fin inlet mass flow of prepolymer to bed (kg/s)

Fout product mass flow of polymer from bed (kg/s)

H height of the bed (m)

kpT i propagation constant [m3/(kmol s)]

Kr∗ rate of elutriation (1/s)

Ki∗ elutriation rate constant [kg/(m2 s)]

k agglomeration constant [kg/(m s)]

Mi concentration of monomer type i (kmol/m3)

(Mw)k molecular weight of monomer k (kg/kmol)

pe(D) density function in elutriation stream (1/m)

po(D) density function in feed (1/m)

pi(D) density function of outlet stream from reactor i (1/m)

Rn rate of consumption of component i (kmol/s)

Ri
poly rate of polymerization in CSTR i [kg/(kg cat s)]

t time (s)

T temperature (◦C)

U0 superficial gas velocity (m/s)

Ut terminal velocity of particles (m/s)

W weight of particles in each CSTR (kg)

Xin mass fraction of catalyst in inlet stream (–)

Y(0, j) zeros moment of living polymer chain (kmol)

Greek

ρg gas density (kg/m3)

ρp polymer density (kg/m3)
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ρcat catalyst density (kg/m3)

ψp rate of particle growth (m/s)

ψat rate of particle corrosion due to attrition (m/s)

ψag rate of particle growth due to agglomeration [1/(m s]

Subscripts

poly polymer

cat catalyst

j active site type number

m number of types of monomers

NS number of types of active sites

n monomer number

1. Introduction

Gas-phase ethylene polymerization has been long recognized as one of the main
processes for producing polyethylenes. In this process, small catalyst particles
(20–80 µm in diameter) as prepolymers are continuously fed into a fluidized bed
and react with the incoming fluidizing gas (monomers) to form polymer particles
in the size range of 100–5000 µm. The performance of the fluidized bed reactor
strongly depends on the hydrodynamic parameters such as minimum fluidization
velocity, size of bubbles, and gas–solid mass and heat transfer coefficients. These
hydrodynamic parameters, in turn, depend on the particle size distribution (PSD).
In other words, the PSD and the flow rate of gas determine the hydrodynamic state
of the bed. Therefore, a mathematical model capable of predicting the PSD is essen-
tial to understand and to optimize the performance of these reactors. However, most
of the existing models for predicting the properties of the product and performance
of the reactor assume a constant polymer particle diameter and do not account for
PSD in the bed [1–4].

Obtaining the PSD using the population balance mobel (PBM) has been stud-
ied by a number of researchers. Zacca et al. [5] developed the PBM using catalyst
residence time to model particle size developments in multistage olefin polymer-
ization reactors. Choi et al. [6] followed the population balance approach of Kunii
and Levenspiel [7] to investigate the effect of feed catalyst size distribution on the
PSD of the polyolefin produced in a fluidized bed reactor for both non-deactivated
and deactivated catalysts. Khang and Lee [8] applied a population balance approach
to investigate the effect of non-ideal mixing behavior of solid particles on the PSD
in the fluidized bed of olefin polymerization reactor. Hatzantonis et al. [9] formu-
lated and solved the generalized steady-state PBM by counting the effect of particle
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growth, catalyst deactivation, particle attrition, agglomeration and particle elutria-
tion on the PSD in gas-phase olefin polymerization. Harshe et al. [10] presented
a comprehensive computational model for predicting the PSD and performance of
the fluidized bed of a polypropylene reactor. They solved mass and energy balances,
the PBM and the hydrodynamics model simultaneously.

There have been also a number of papers investigating the PSD under differ-
ent conditions. Yiannoulakis et al. [11] developed a PBM to predict the PSD in an
ethylene copolymerization fludized bed reactor under particle agglomeration condi-
tions. They showed that under the well-mixed condition, internal and external heat
and mass transfer limitations have an impotant effect on the PSD of the product.
Kotoulas et al. [12] developed a comprehensive PBM to predict the dynamic evolu-
tion of the PSD in high hold-up non-reactive liquid–liquid dispersions and reactive
liquid (solid)–liquid suspension polymerization systems. They used the fixed pivot
numerical method for solving the population balance equation. Alexopoulos et al.
[13, 14] provided a comprehensive investigation on the numerical problems aris-
ing in the solution of dynamic population balance equations (PBEs) for particulate
processes undergoing simultaneous particle growth and aggregation. A detailed in-
vestigation on the effect of different particle growth rate functions on the calculated
PSD was carried out over a wide range of variation of dimensionless aggregation
and growth times. Roussos et al. [15] presented a comprehensive investigation on
the numerical solution of the dynamic PBE in batch and continuous flow partic-
ulate processes, and solved it using the Galerkin method for particulate processes
undergoing simultaneous particle aggregation, growth and nucleation. For contin-
uous particulate processes, they investigated the effect of various size-dependent
particle growth models on the calculated steady-state PSDs.

In the present study, a PBM is developed in accordance with the hydrodynamic
model of Alizadeh et al. [4]. In this hydrodynamic model, it was assumed that the
fluidized bed reactor for ethylene production would be divided into serial contin-
uously stirred tank reactors (CSTRs). The PBM differential equations were then
developed for each cell and simultaneously solved together to determine the PSD
profiles of the polyethylene product. The model is able to predict the axial profile
of the mean particle diameter.

2. Modell Development

2.1. Hydrodynamics

Alizadeh et al. [4] showed that a fluidized bed reactor of ethylene polymerization
could be considered as a series of CSTRs. They considered the polyethylene re-
actor to consist of three CSTRs in series. Nevertheless, Kiashemshaki et al. [16]
later showed that the fluidized bed reactor used for gas-phase polyethylene pro-
duction should be divided into four segments. Therefore, in the present study, the
polyethylene reactor is considered to consist of four CSTRs in series, as shown in
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Figure 1. Schematic diagram of the modeling structure. This figure is published in color on
http://www.ingentaconnect.com/content/vsp/apt

Fig. 1. The feed to the reactor enters at the top (CSTR #4) and the product leaves
the reactor from the bottom (CSTR #1).

2.2. Kinetics

In the present study, the comprehensive mechanism of McAuley et al. [17] was
used to describe the copolymerization kinetics of ethylene with 1-butene over a
Ziegler–Natta catalyst with two different catalyst sites. This mechanism comprises
of a series of elementary reactions such as initiation, propagation and chain transfer.
Application of the method of moments enables prediction of the overall reaction
rate for each component [17]:

Rn =
NS∑

j=1

m∑

n=1

[Mn]Y(0, j)kpT n(j), n = 1,2. (1)

The cumulative rate of polymer production is calculated from the following:

Rpoly =
m∑

n=1

(Mw)nRn. (2)

In the population balance, the rate of growth of the particles due to polymerization
could be obtained from the production rate of the polymer evaluated in (2).
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2.3. PBM

As stated in the hydrodynamics section, the reactor consists of CSTRs in series.
A single CSTR is shown in Fig. 2 in its general form with all possible solid streams.
Catalyst particles (as prepolymer) are fed into the bed with a constant flow rate Fin.
The mass of the bed, W , is kept constant by controlling the product withdrawal
rate Fout. Inside the bed, the particles may simultaneously grow in size due to poly-
merization and agglomeration, and break into smaller particles due to attrition. The
rate of entrainment by fluidizing gas from this segment is Fe. For the sake of sim-
plicity, particles are assumed to be spherical with constant density. The PSD in
the reactor is specified by the statistical density function, pi(D). Note that due
to the well-mixed assumption for the particles in each CSTR, the density function
of the particles in the outlet stream is identical to that in the bed, pi(D).

The steady-state mass balance for particles in the size range [D,D + �D] is:
(

Particles entering
with catalyst feed

)
−

(
Particles leaving

in the product stream

)
−

(
Particles leaving

in the elutriation stream

)

+
⎛

⎝
Particles entering the

interval from a smaller size
due to polymerization

⎞

⎠ −
⎛

⎝
Particles leaving the

interval to a larger size
due to polymerization

⎞

⎠

+
⎛

⎝
Particles entering the

interval from a larger size
due to attrition

⎞

⎠ −
⎛

⎝
Particles leaving the

interval to a smaller size
due to attrition

⎞

⎠ (3)

+
⎛

⎝
Generation of particle mass

within the interval
due to polymerization

⎞

⎠ −
⎛

⎝
Loss of particle mass

within the interval
due to attrition

⎞

⎠

+
(

The net rate of change of the number volume density
function due to agglomeration

)
= 0.

By arranging the above formula in mathematical form, the following differential

Figure 2. Schematic diagram of one CSTR with all possible solid streams. This figure is published in
color on http://www.ingentaconnect.com/content/vsp/apt
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equation of population balance could be obtained:
(

Fc

W

)
po(D) −

(
Fi

W
+ Kr∗(D)

)
pi(D) − d

dr
[pi(D)ψp(D)]

+ d

dr
[pi(D)ψat(D)] + pi(D)

3

D
[ψp(D) − ψat(D)] + ψag = 0. (4)

In order to obtain the equations of the model in this study, the terms in (4) were
determined for each segment as follows:

• Assuming that the diameter of the particle at every moment is D, the rate of
growth of particles due to polymerization could be written as [9]:

ψp = D3
cat

3D2

ρcat

ρp
Rpoly. (5)

• The growth of particles due to agglomeration in the reactor could be obtained
from [9]:

ψag = k
3D3

πρp

∫ 3
√

D3−D3
min

Dmin

(d4 + D′4)
(

1

d3
+ 1

D′3

)
pi(D)

d5

pi(D
′)

D′ dD′

+ k
6pi(D)

πρp

∫ Dmax

Dmin

(D4 + D′4)
(

1

D3
+ 1

D′3

)
pi(D

′)
D′3 dD′, (6)

where d = 3
√

D3 − D′3, Dmin is the minimum particle diameter and Dmax is the
maximum particle diameter. The agglomeration constant, k, for polyethylene
has been reported by Arastoopour et al. [19].

• The attrition depends mainly to the physical properties of the particle mater-
ial rather than its size. Therefore, the attrition term in (4) was assumed to be
constant [9].

• The flux of particles carried out of the bed due to entrainment could be obtained
from the following:

Fepe(D) = WKr∗(D)p4(D), (7)

where the elutriation rate constant is evaluated from [7]:

Kr∗ = Ki∗ Abed

W
, (8)

and:

Ki∗ = 23.7ρgU0 exp

(
−5.4Ut

U0

)
. (9)

Elutriated solids are recycled to the bottom of the fluidized bed and recycled to
the bottom of the bed (CSTR #1).
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Selçuk et al. [19] developed a computationally efficient approach for the solu-
tion of population balance of Kunii and Levenspiel [7]. This new approach replaces
the conventional numerical integration of the analytical solution of the popula-
tion balance with direct integration in ordinary differential equation form by using
a powerful integration. Following the approach of Selçuk et al. [18], the steady
state population balance (4) could be written for each CSTR of Fig. 1. Using the
relationships described above, equations for all sections would be simplified to the
followings:

CSTR #1:

dp1(D)

dD
= 1

A1/D2 − ψat

{
F2

W
p2(D) +

(
5A1

D3
− F1

W
− 3ψat

D

)
p1(D)

+ Kr∗p4(D) + ψag

}
, (10)

CSTR #2:

dp2(D)

dD
= 1

A2/D2 − ψat

×
{

F3

W
p3(D) +

(
5A2

D3
− F2

W
− 3ψat

D

)
p2(D) + ψag

}
, (11)

CSTR #3:

dp3(D)

dD
= 1

A3/D2 − ψat

×
{

F4

W
p4(D) +

(
5A3

D3
− F3

W
− 3ψat

D

)
p3(D) + ψag

}
, (12)

CSTR #4:

dp4(D)

dD
= 1

A4/D2 − ψat

×
{

Fc

W
p0(D) +

(
5A4

D3
− F4

W
− Kr∗ − 3ψat

D

)
p4(D) + ψag

}
, (13)

where:

Ai = D3
cat

3

ρcat

ρp
Rploy. (14)

By solving the ordinary differential equations (10)–(14) simultaneously, the den-
sity functions for outlet streams of all segments would be obtained. The PSD of the
final product stream out of the bed is given by p1(D).
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3. Results and Discussion

The model equations were solved for the operating conditions shown in Table 1.
A sample of linear low-density polyethylene (LLDPE) produced at such operating
conditions was also obtained from an industrial plant. A comparison between the
actual PSD of the polymer and the PSD calculated by the model is shown in Fig. 3
in terms of cumulative PSD. The actual cumulative PSD of the feed is also shown
in Fig. 3. It can be seen in Fig. 3 that the calculated PSD is in fair agreement with
the actual PSD. However, the calculated PSD is somehow sharper than the actual

Table 1.
Parameters used in the simulation

Parameter Value Unit

ρg 21 kg/m3

ρcat 2840 kg/m3

ρp 920 kg/m3

Dbed 4.8 m
H 14 m
U0 0.5 m/s
T 72 ◦C
ψat 10−6 kg/s
k 10−7 kg/(m s)
Fin 0.5 kg/s

Figure 3. Comparison between actual and simulated PSDs. This figure is published in color on
http://www.ingentaconnect.com/content/vsp/apt
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one, while the mean size is predicted correctly. In fact, Fig. 3 reveals that even
though the model correctly-predicts the average growth of the polymer particles,
it under-predicts the growth of the finer particles, while it over-predicts the growth
of coarser particles. These deviations could be attributed to the fact that a pseudo-
homogeneous hydrodynamic model has been adopted in the present work in which
all particles are subject to the same growth conditions and independent of the size
of the particles. In fact, smaller particles grow faster and applying a kinetic model
that could distinguish between the rate of growth of particles with different sizes
should be able to reduce such a deviation.

Estimated PSDs of the polymer in different CSTRs along the reactor are shown
in Fig. 4 at U0 = 0.25 m/s. It can be seen in Fig. 4 that at lower gas velocity, the
mean size of the particles decreases when moving down the reactor. Noting that
CSTR #4 is placed at the top and CSTR #1 at the bottom, and that the direction
of the overall movement of the polymer particles is downward, the size of particles
grows larger due to polymerization when moving down the reactor. Figure 4 also
reveals that the PSD of the polymer becomes sharper when moving toward the
bottom of the reactor. The reason for such a trend is that inspite of the fact that
particles grow larger when moving down the reactor, the rate of production is higher
for fine particles. Therefore, the finer particles (corresponding to the left tail of the
PSD curve) grow faster than the larger particles (corresponding to the right tail of
the PSD curve), and the PSD curve becomes less wide as the particles move down
the reactor and their mean size becomes larger.

Figure 4. Predicted PSD of polymer along the height of the bed at U0 = 0.25 m/s. This figure is
published in color on http://www.ingentaconnect.com/content/vsp/apt
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Figure 5. Axial profile of mean particle size of polymer. This figure is published in color on
http://www.ingentaconnect.com/content/vsp/apt

An important outcome of the model developed in this study is that it can deter-
mine the axial profile of the PSD in the reactor. In fact, since the CSTRs in this
model are located one on top of another, the mean particle size in each CSTR could
be attributed to the size of the particle at the corresponding height of the bed. Fig-
ure 5 illustrates the axial profiles of the mean particle size in the reactor at different
gas velocities. As can be seen in Fig. 5, finer particles are situated at the top of
the reactor, while larger particles are found at the bottom. However, Fig. 5 reveals
that at moderate to high superficial gas velocities, the mean size of particles at the
bottom of the bed tends toward smaller values. This is due to recirculation of the
entrained fine particles from the top to the bottom of the bed. By increasing the
superficial gas velocity, larger amounts of fine particles are recycled from the top to
the bottom of the bed, which leads to a decrease in the mean size of the particles at
moderate to high gas velocity. Figure 5 also illustrates that increasing the superficial
gas velocity results in decreasing the particle size in the reactor. This effect could
be explained by the fact that increasing the gas velocity increases the heat removal
from the reactor; thus, the temperature of the reactor, as well as the rate of reaction,
decreases consequently. As a result, the mean particle size in the reactor shifts to
smaller sizes by increasing the gas velocity.

The effect of superficial gas velocity in the reactor on the PSD of the product is
shown in Fig. 6. As can be seen in Fig. 6, increasing the superficial gas velocity
results in the PSD moving toward smaller values. This effect is already discussed in
the previous figure and is a result of decreasing the temperature of the reactor based
on increasing the rate of heat removal by gas convection when increasing the gas
velocity. Moreover, increasing the gas velocity results in higher recycling of elutri-
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Figure 6. Effect of superficial gas velocity on the PSD of the product. This figure is published in color
on http://www.ingentaconnect.com/content/vsp/apt

ated fines to the bottom of the bed, thus decreasing the mean particle size. Figure 6
also illustrates that the PSD becomes sharper when increasing the gas velocity in
the reactor. This phenomenon could be explained in view of decreasing the particle
size in the bed when increasing the superficial gas velocity. In fact, smaller parti-
cles grow faster. Thus, when the PDS shifts toward smaller sizes (corresponding to
higher gas velocity), growth of smaller particles becomes faster than if the curve
would have been located at larger sizes. Consequently, the left tail of the PSD curve
would be closer to the right than at higher gas velocities and the PSD would become
sharper at such a condition.

The effect of reactor temperature on the PSD of the product is illustrated in Fig. 7.
It is worth noting that the rates of polymerization and agglomeration depend on
temperature, but attrition was considered to be always constant. The relationship
between temperature and polymerization reaction rate constants has been already
reported by Kiashemshaki et al. [16], which has been used in this work. How-
ever, the relationship between temperature and agglomeration constant, k, has not
been completely investigated yet. The effect of temperature on the agglomeration
constant has been briefly investigated by Arastoopour et al. [19]. Assuming an
Arrhenius-type temperature dependency for this consatant and using the experi-
mental data of Arastoopour et al. [19], it was found that the corresponding energy
of activation for agglomeration is equal to 2.21 MJ/kmol K. The same activation
energy was assumed in this work when studying the effect of temperature on the
agglomeration rate. According to Fig. 7, increasing the reactor temperature makes
the PSD of the product wider and its mean move toward higher values. In fact,
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Figure 7. Effect of reactor temperature on the PSD of the product. This figure is published in color on
http://www.ingentaconnect.com/content/vsp/apt

increasing the temperature of the reactor causes an increase in the rate of the poly-
merization reaction which results in the production of larger particles.

4. Conclusions

A mathematical model is proposed for predicting the PSD of polymer particles in
the polyethylene reactor that is able to provide the profile of the particle size along
the reactor hight. In this model, a generalized framework based on the CSTRs in
series in the hydrodynamics model of Alizadeh et al. [4] and the two-site kinetic
scheme of McAuley et al. [17] were used. It was shown that smaller particles exist
at the top of the reactor, while larger particles tend to be present at the bottom. The
effect of superficial gas velocity and temperature on the PSD of the product was also
investigated. It was demonstrated that by increasing the superficial gas velocity, the
PSD of the product becomes sharper and shifts toward smaller particles. Also, by
increasing the temperature of the reactor, the PSD of the product shifts toward larger
particles because the reaction rate increases; thus, larger particles are produced.
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