Nonlinear Analysis: Real World Applications 13 (2012) 2006-2016

=
Nonlinear
Bmalypis

Contents lists available at SciVerse ScienceDirect

Nonlinear Analysis: Real World Applications

journal homepage: www.elsevier.com/locate/nonrwa P

An algebraic approach to proving the global stability of a class of
epidemic models

Jianquan Li*>*, Yanni Xiao¢, Fengqin Zhang?, Yali YangP

2 Department of Mathematics, Yuncheng University, Shanxi Yuncheng 044000, PR China
b Department of Applied Mathematics and Physics, Air Force Engineering University, Xi'an 710051, PR China
¢ Department of Applied Mathematics, Xi'an Jiaotong University, Xi’an 710049, PR China

ARTICLE INFO ABSTRACT
Article history: The global stability of an autonomous differential equation system is an important issue for
Received 27 November 2011 ecological, epidemiological and virus dynamical models. By means of the direct Lyapunov

Accepted 27 December 2011 method and the LaSalle’s Invariance Principle, an algebraic approach to proving the global

stability is presented in this paper. This approach gives a logic and possibly programming
Keywords: method on how to choose coefficients a; based on the classic Lyapunov function of the form
gg';i;%s';ﬂgg’tion Z?_:yai (x;i — X7 - xl?f lpxi /X}) such that the derivative of the Lyapunov function is negative
The LaSalle’s Invariance Principle definite or semidefinite. As an application, the global stability of an SVS-SEIR epidemic

model with vaccination and the latent stage is examined. The generality of the approach is
also shown by discussing certain cases.

© 2012 Published by Elsevier Ltd

1. Introduction

For a multidimensional autonomous differential equation system, it is an important issue to investigate the global
behaviors of the ecological, epidemiological, and virus dynamic models. So far the most successful method to such a problem
is the direct Lyapunov method and the LaSalle’s Invariance Principle. These two methods need to construct a suitable
Lyapunov function so that its derivative along solutions of the system is negative definite or semidefinite.

For ecological, epidemiological, and virus dynamical models, the set

Ry ={x=(x1,%,...,%) :x,>0,i=1,2,...,n}

is often feasible and positively invariant. The remarkable Lyapunov function of the form

n X
L:Zai<x,~—x;‘—x;‘lnxf;>, (1)

i=1 i
wherea; > 0(i =1, 2, ..., n),is positive definite inint R, and greatly used in ecological models [ 1-3]. Thereafter, Lyapunov
functions of this type were also applied with a great success to a variety of models in mathematical epidemiology [4-15]
and virus dynamics [16-19]. And the extended form of function (1) were recently used to epidemic and virus dynamical
models with nonlinear incidence [20-23].
Although the Lyapunov function of form (1) provides us with an effective method to investigate the global stability of
many differential systems, there are some difficulties to apply the stability theorem or principle to some epidemic models
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with higher dimensions. The first thing is how to choose a set of suitable coefficients g; in (1) and how to rearrange or analyze
the derivative dL/dt such that the derivative dL/dt is negative definite or semidefinite. Second, when dL/dt is negative
semidefinite, finding the set in which the derivative equals zero is also a mathematical technique for applying the LaSalle’s
Invariance Principle.

For some simple epidemic models, it is relatively easy to get the reasonable constants a; (i = 1, 2, ..., n) in L such that
the derivative dL/dt along solutions of the system is negative definite or semidefinite via observation and experience [8,9,
11,14,15]. For multi-group models Guo et al. [12,13] presented a graph-theoretic approach to choosing a; and determining
the negative definiteness or semidefiniteness of the derivative. In references mentioned above, the available Lyapunov
functions are unique, so are the associated forms of the derivative. However, for some epidemic models, our recent
investigations [24-26] have shown that the suitable Lyapunov functions of form (1) are not unique in terms of different
choice of parameters a; (i = 1,2,...,n) and consequently the different derivatives. Therefore, how to choose a set of
suitable numbersa; (i = 1, 2, ..., n) and hence determine whether or not the derivative is negative definite or semidefinite
is a key issue for proving the global stability.

For high dimensional differential systems, little is known about the general roles of choice of the parameters a; or method
of proving that the derivative is negative definite or semidefinite given the Lyapunov function of form (1), and falls within the
scope of this study. Our purpose is to develop and generalize an algebraic approach to initially rearranging the derivation and
then choosing a suitable set of parameters such that the derivative is negative definite or semidefinite by using the relation
between the arithmetic and the associated geometric means. The method is illustrated by proving the global stability of an
epidemic model with vaccination and the latent stage.

This paper is organized as follows. In the next section, we begin with an example to show our ideas. The example comes
from the model formulated by Guo and Li in [5]. In Section 3, we introduce an algebraic approach to proving the global
stability by applying the Lyapunov function of form (1), and the detailed steps are presented. An example of applying the
approach is given in Section 4, where the example considers an epidemic model with vaccination and the latent stage. Finally,
the application of the approach is discussed, and the generality of the approach is shown by considering certain cases.

2. The global stability of a staged-progression model

In [5], Guo and Li considered a 6-stage SP epidemic model with arbitrary amelioration. The global stability of the
endemic equilibrium was investigated by utilizing a Lyapunov function. However, their method was quite complicated
on determining the coefficients of the Lyapunov function and its negative semidefiniteness, which may not be easily
generalized. Here our purpose is to take a simple 3-stage SP model as an example to illustrate our ideas, which is different
from Guo and Li’s in choosing coefficients of the Lyapunov function.

In the following, we investigate a 3-stage SP epidemic model

ds

P A —doS — S(Bil1 + Boly + B3l3),

dl

El = S(B1h + Bolo + B3l3) — (dy + 82011 + S12lx + 81313,

dl (2)
i 82111 — (dy + 812 + 832)r + 82313,
dls
dt
and dT /dt = 843l5 — drT. System (2), including three stages, is simple version of Guo and Li’s model [5] in which the six
stages are considered. Variables S, I; (i = 1, 2, 3) and all the parameters have the same meanings as those in [5]. It can be
verified easily that the endemic equilibrium of our model is feasible if the basic reproduction number (we omit it here) is
greater than unity, which is similar to that in [5]. In the following we will prove that the endemic equilibrium of system (2)
is globally stable in the feasible region by using our distinct approach.

Assume that system (2) has an endemic equilibrium, P*(S*, I, I3, I3) (where S* > 0, > 0,i = 1, 2, 3); we define a
Lyapunov function

S > I
L(S. Il Is) = <s —S*=S"In S—) + a (zi —If = I{In 7) : (3)

i=1 i

=83l — (d3 + 813 + 833 + 843)I3,

where a; > 0 (i = 1, 2, 3) are left unspecified. For simplicity, denote

_ S _ I4 _ 153 _ I
YO—S*, yl_I;" J/Z—I;, Y3—I§,
then the derivative of function L(S, I1, I, I3) along solutions of system (2) is given by
dL

= C+ (a1 — DS*(Biliy1 + Bal3y2 + B3L3y3)yo
2)

de
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— (doS* + a1 B1S™1})yo — [a1(dy + 821) — 1S™ — @281 iy1

— [a2(da + 812 + 832) — foS™ — w1812 — a3832| I3y,
— [as(ds + 813 + 823 + 843) — B3S* — 1613 — 4283 ] I3y

1
—A— — (11,321;5*3170}/2 — (1],83I;<S*y70y3 — 018]21;32
Yo 1 Y1 Y1
— (11(3131;0E — 0282113‘“)2 — 028231;32 — (1:38321;}’*2
Y1 Y2 Y2 y3

A
= G(YOﬂylayZay3)s

where C = A + doS* + a;(dy + 820)IF + az2(da + 812 + 832)I5 + as(ds + 813 + S23 + d3)15.
To choose the suitable constants a; > 0 (i = 1, 2, 3) so that function G(yg, y1, ¥2, y3) is negative definite or semidefinite,
we plan to rewrite function G(yq, 1, ¥2, ¥3) with constants a; > 0 (i = 1, 2, 3) as the following form

K
- Z by (A1 + hiz + -+ - + hin, — i) (4)
k=1
where by > 0 (k = 1,2,...,K), h; is an expression only including multiplication and division of y; § = 0, 1, 2, 3)
and Hi"="1hk,,< = 1. According to the property that the arithmetic mean is not less than the associated geometric mean,
hi1+heo+ -+ hin, — ng > 0(the equality holds ifand only if hy 1 = hxp = - - - = hin, = 1), we could easily prove that
function given in (4) is negative semidefinite, and so is function G(yy, y1, y2, ¥3) or the derivative dL/dt.

Note that, for the nonconstant terms of G(yg, y1, ¥2, y3), the groups satisfying 17,.":"1 hi.; = 1 totally have the following six
cases:

{ 1} {J/Z }/1} [ya Y2}
y()’i 9 777 9 777 9
Yo Y1 Y2 Y2 V3

{1 Yoy Y;} {w ni Y} {1 Yoys ¥z y]}
}/07 Y1 73’2 ' J’17}’27J/3 ' J/o7 Y1 7}/373/2 '

then, corresponding to expression (4), we define the function

1
H(Yo,¥1,¥2,¥3) = —bq <J’0+* —2> — b <f72+}£ —2> — b3 <;§ +JQ —2)

Yo 1 Y2 2 Y3
1
_b4(*+w+&_3)_b5(&+&+&_3)
Yo Y1 Y2 yi Y2 ¥3
1
—be<—+M+Jﬁ+ﬂ—4>, (5)
Yo Y1 y3 )2

whereb; > 0(i=1,2,...,6) are left unspecified.

In the following we let G(yo, ¥1,¥2,¥3) = Ho,y1,¥2,y3) to determine the coefficients ¢; (i = 1,2,3) and b; (j =
1,2,...,6). Since the terms yoy1, Yo¥2, Yo¥3, Y1, ¥2 and y3, of function G do not appear in function H, their coefficients
should be equal to zero, which gives

a, — 1=0,

ay(dy + 8201} = BiliS™ + aydnly,

ay(dy + 812 + 8315 = Bol5S™ + a181215 + azdsly,
as(ds + 813 + 823 + 843)I5 = B3I53S™ + a181315 + a282313.

(6)

Notice that §*, I{, I and I satisfy that the functions at the right hand side of system (2) equal to zero, and it follows from
Egs. (6) that aq, a; and as can be uniquely determined as

a =1,
0= S*(Baly + B3I3) + 81205 + 61315
’ 52115 ’ ™)
1 O3l
a3 = — { = 2 [S*(Bals + Bsl3) + Sualy + Susl5| + (BsS™ + 813) I;f} .
83212 82111
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Consequently, the Lyapunov function (3) is specified. Function G is in turn given as

1 Yoy
G0, ¥1:2.¥3) = € = (Ao + piS")yo = A - = alﬁzI;s*%
0 1

— aﬁﬂ;‘S*M — 018121;}2 — (115]31:;kjﬁ — 612821”<Ji — 0252315:3E — 038321;}2
Y1 Y1 ) Y2 Y2 ¥3

A -
= G(Yo, Y1, Y2, ¥3).
Further, letting G(yo, ¥1, ¥2, ¥3) = H(Yo, Y1, Y2, ¥3) and comparing the coefficients of the like terms between them yields

b1 = doS* + a1 B115S7, by = a181255, bs = a;85313,

8
by = a18,15S", bs = a181313, bs = a1Bs13S". ®)
So function H (g, y1, ¥2, ¥3) is also uniquely determined, the derivative of the Lyapunov function is given by
dL 1
- = -h (yo+——2> —b2<&+&—2> —b3<y—3+}3—2>
dt |, Yo iy Y2 Y3
1 1
(Lt gy () (Lo ey
Yo Y1 Y2 yr Y2 y3 Yo Y1 Y3 )2
whereb; > 0(i =1, 2,...,6) are determined by (8). According to the relation between the arithmetic and the associated
geometric means, we have dL/dt|;, < 0 and the equality holds if and only if yo = 1andy; = y, = y3, that is,
S = S*and I/If = L/I; = I3/I;. It can be easily verified that the largest invariant set of system (2) on the set

{S,I1,L,15) € Ri 1S =S5*1/I7 = I,/I5 = I3/I}} is the singleton {P*}. Therefore, by the LaSalle’s Invariance Principle [27],
it follows that the endemic equilibrium P* of (2) is globally stable in the feasible region when it exists.

3. Formulation of the algebraic approach

On the basis of the above process of proving the global stability of the endemic equilibrium of system (2), in this section
we shall generalize it and propose an algebraic approach to proving the global stability of autonomous differential systems.
To this end, consider the autonomous system of ordinary differential equations

dx

= f(x 9

dt J@ (9)
where x = (X1,%2,...,%) ", f(x) = ((i(x), (), ..., f:(x)T, and function fi(x) ( = 1,2,...,n) is continuous in RY
and satisfies the local Lipschitz condition with respect to variable x. Assume that system (9) has a unique equilibrium
P*(x}, x5, ...,x;), where x{ > 0 (i = 1,2,...,n), and that the set R, is positively invariant to system (9). By the direct

Lyapunov method or the LaSalle’s Invariance Principle, we present an algebraic approach to proving the global stability of
equilibrium P* of system (9) in int R’} in the following. The detailed steps are listed as follows.
Step 1. Define a Lyapunov function

n
% w1 Xi
L(xl,xz,...,xn)zg ai | X — X; — Xx; lnx—* ,

i=1 i

wherea; = landa; > 0 (i = 2,3,...,n) are unspecified. Denote the derivative of function L(x1, X3, ..., X,) along
solutions of (9) by G(xy,xa, ..., Xy), that is, dL/dt|q = G(x1,X,...,X,). By making the transformation of variables,
yi=x/x (i=1,2,...,n), we have
dL T
df =Gy, y=0nY2,---5Yn) . (10)
tlo)

Step 2. Define a function of variables y by the following process.

First, construct a function set I" by letting all the coefficients of functions in a set I"” be one, where the set I’ consists of
all the nonconstant terms of function G(y).

Second, select some functions from the set I" and make a group such that the product of these functions within a group
is unity. Note that any function in I" may be chosen to group for multiple times. Without loss of generality, we assume that
there are at most K groups formed from I”, and that there are ny terms including hy 1, hy 2, - . ., hy 5, in the k-th group with
My =1(k=1,2,...,K).

Finally, define function

K

H(y):_Zbk(th+hk,2+"'+hk.nk_nk)v (11)

k=1
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whereb, > 0(k =1, 2, ..., K) are left unspecified. By the relationship between the arithmetic and the associated geometric
means, hy 1 +hg o+ - -+ hip, — 1 = 0,50 H(y) < 0.In particular, H(y) = 0 ifand only if the arithmetic and the associated
geometric means are equal to each other, that s, hy; = hyy = --- = by, fork =1,2,... K.

Step 3. Choose suitable parametersa; > 0(i=2,...,n)and b, > 0(k =1, ..., K) such that G(y) = H(y). By equating
the coefficients of like terms of equation G(y) = H(y) we get a system of algebraic equations from which parameters
aG>0(@G(=2,...,n)and b, > 0 (k = 1,...,K) may be solved. Note that, fora; i = 2,...,n)and b, (k = 1,...,K)
obtained above, we have dL/dt|q, = G(y) = H(y) < 0.

Step 4. Find the set

dL
2= {(x1,x2,...,x,,) €intRY : n

:0} . (12)
9

It follows from the transformation y; = x;/x;, (10), (11) and H(y) = G(y) that the set gives

2 = {1, ¥2..-..¥a) € intR, :HY1,...,yn) =0}
={01.y2.....yn) € IntRL :hyy =hey =+ = hyp,, foranyk}. (13)

If 2 is a singleton {P*}, it follows by the direct Lyapunov method that equilibrium P* is globally stable in int R}.. If £2 is not
a singleton, we further need to prove that there is no positive semiorbit of system (9) on the set £2. If so, it follows by the
LaSalle’s Invariance Principle that equilibrium P* is globally stable in int R7}..

In order to make our ideas clearly and apply the above approach conveniently, we make some explanations and give
remark in the following.

Remark. Given the Lyapunov function of the form defined in Step 1, it is important to prove that the derivative is negative
definite or semidefinite, that is G(y) < 0. Step 2 says that we try our best to rearrange function G(y) such that it has
the form of function H(y), that is, G(y) = H(y), which is obviously negative definite or semidefinite with respect to
yi = 1(@{ =1,2,...,n). Furthermore, the realization of Step 3 is a key to applying this approach. If we can find suitable
parameter valuesa; > 0 (i = 2,3,4,...,n)and b, > 0(k = 1,2,...,K) such that G(y) = H(y), then the approach is
usable; otherwise, the approach is unfeasible.

4. Application of the algebraic approach to an SVS-SEIR model

In this section, we apply the approach presented in the previous section to consider an epidemic model with vaccination
and the latent stage

ds
P qinA — (u+p)S — BSI+ &V,
dv

Frie Q@uA+DpS — (n+e)V,

t 14)
dE (
— = BSI — E,

p” B (n+y)

a_ g (U +o+8)
¢ E_ o ,
=7 w

and dR/dt = 51 — juR. Here, the total population is divided into the following epidemiological compartments: S, susceptible;
V, vaccinated; E, latent; I, infectious; R, recovered.S = S(t),V = V(t),E = E(t), [ = I(t) and R = R(t) denote the numbers
of individuals in each compartment at time t, respectively. u is the per capita natural death rate; nA is the birth rate;
q> (0 < g < 1) is the vaccinated fraction of the newborn, g; = 1 — g3 is the unvaccinated fraction of the newborn; p is
the per capita vaccination rate for the susceptible individuals; § is the transmission coefficient of the infection; ¢ is the per
capita rate of losing the immunity from the vaccination; y is the per capita rate of transfer from the latent compartment to
the infectious one; « is the per capita disease-induced death rate; § is the per capita rate of recovery from the disease.
It is easy to know that the set

D={GS.V,E.) R, :S+V+E+I=<A}

is positively invariant to system (14). By applying the method of the next generation matrix in [28], we get the basic
reproduction number of system (14), which gives

R — ByA(e + qi1)
T e+ tute)
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And direct calculation shows that, when Ry < 1, system (14) only has the disease-free equilibrium Py (Sp, Vg, 0, 0); when
Ro > 1, in addition to Py, system (14) also has a unique endemic equilibrium P*(S*, V*, E*, I*), where

A A
S — (e +q1p) Vo = (p+q210)

T ptute T prute’
o — +oa+8)u+y) vr = q2 1A + pS*
By ’ nte
E* — ml*, I* — MJ/A(8+Q1M) (1 _ l)
4 m+y)(p+e)(n+a+9) Ro

With respect to the global stability of equilibria of system (14), the following results hold.

Theorem 1. For system (14), the disease-free equilibrium Py is globally stable on the set D if Ry < 1; the endemic equilibrium
P* is globally stable in the set D if Ry > 1.

Proof. First, we investigate the global stability of the disease-free equilibrium Py. For the disease-free equilibrium
Po(So, Vo, 0, 0), Sg and Vj satisfy the following equations

(L +p)S — eV = qipA,
(1 + &)V —pS = qauA,

then system (14) can be rewritten as the following form

ds

pri —[(u +p) + BII (S — So) — BSol +&(V — Vp),

dv

m =p(S —So) — (u+&)(V — Vo),

dE (15)
T = B(S — So)l + BSol — (u + V)E,

C”— E — )1

a—)’ (1 +a+d)l

Define a Lyapunov function

1 m
LS,V E D) =25 =S0)" + 5 (V= Vo)* + 5 (E+ ““’1),
Y

where m = [2u(i + p + ) + pe] /p?, then the derivative of function L; with respect to t along solutions of system (15) is
given by
dL,

] = — (1 +p)(S — So)* + (mp + &) (S — Sp)(V — Vp)
tlas)

(L+a+d&)(u+y)
4
—(1t + P)(S — So)* + (mp + &)(S — So)(V — V)

Cmut )V — Vo) 4 KT ”)("; @S0 g 1.

—m(u + &)(V — Vo)* + S [,350— ]1—/31(5—50)2

IA

Since

_Aptp)(nte)ntpte)
p?

function — (i + p)(S — Sp)% + (mp + €)(S — So)(V — Vo) — m(p + &) (V — Vp)? is negative definite with respectto S = S,

and V = Vy. So (dL,/dt)|4s) < 0forRy < 1.

When Ry < 1, (dLy/dt)|45) = Oifand only if S = So,V = Vpand I = 0; when Ry = 1, (dL;/dt)|;5) = 0 if and
only if S = Sp and V = V. Whether Ry < 1 or Ry = 1, it is easy to verify that the largest invariant set of system (15) on
the set {(S, V,E,I) € D: (dL,/dt)| 5 = O} is the singleton {Py}. Therefore, by the LaSalle’s Invariance Principle [27], the
disease-free equilibrium Py is globally stable on the set D when Ry < 1.

Note that it is relatively easy to determine that dL;/dt|;s, is negative semidefinite for Ry < 1, our proposed method is
then not necessary to apply to prove the global stability of the disease-free equilibrium. But, for the global stability of the
endemic state P* in the set D we shall show in the following how our approach presented in the previous section is effective.
For this purpose we follow steps presented in the previous section.

(mp+¢)* —4m(u +p)(u +¢) =

0,
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Step 1. Define a Lyapunov function

S 1%
Ly(S,V,E, 1) = (S—S*—S*lnS*)—l—az (V—V*—V*lnw>

E I
+a3<E—E*—E*1nE>+a4<1—1*—1*1n1—*>, (16)

where q; (i = 2, 3, 4) are positive, and left unspecified, then the derivative of function L, along solutions of system (14)
reads

dL
d—; = C—[(u+p) —aplS — (1 —a3)BSI — [ar(u + &) — eIV — [aa(pe + o + 8) — BS*U
(14)
2+ 7) B As* S*V Av* V*S ﬂE*Sl I*E
—la —a - — —&——a — —Mp—— — B— — WGy —
3(W T Y 4y q1 S S 202 v 2D v 3 E 4y i
2 G(S,V,E D),
where C = @A + Ga@a uA + (1 + P)S™ + ax(p + &)V* + az(u + y)E* + ag(p + o + 3)I*.
Let
S 1% E I
= ) y = . zZ= ) u= 7;
S* v E* I*

then E(S, V, E, I) becomes
G(x,y,z,u) = C—[(u+p) — aplS™x — (1 — a3) BS™I"xu — [ay(u + &) — elV*y — [as(u + o + &) — BS* 1"

1 1 X Xu z
— a3+ ) — Ay EZ — quuA= — eV*Y — ayqopuA— — appS*E — asBSH I — agyE*Z.
X X y y z u

Step 2. Construct the function set I

{ 11 xy z x }
'=yxy,z,uxu -, —, -, =, -, —.
X'y yxu z
There are at most seven groups associated with I" such that the product of all functions within each group is unity. The
seven groups are, respectively,

SR A ) A O L
X, — (s Y, — (5 T X, =~ (5
X y Xy y X

1 x|, 1 xu z| 1y xu z
X?y!y b X’ Z,u bl y!xﬂ Z’u .

Further, according to the above groups, we define function

1 1 1
H(x,y,z,u) = b, (2—x—7>+b2(2—y—7>+b3(2—X—§)+b4<3—x—f—X>
X y Xy y X
1 xu z 1 X 1 y xu z
+b5 33— — — - +b6 3—*—)/—* +b7 4———=—— — - (17)
X z u X y y X z u

with the coefficients by (k = 1, ..., 7) left unspecified.
Step 3. We would like to determine suitable parametersa; > 0 (i = 2,3,4)and b, > 0 (k = 1, 2,...,7) such that
G(x,y,z,u) = H(x, y, z, u). Equating the coefficients of the like terms at its two sides yields the following equations

1—a3 = 0,

as(u +a +38) — pS* =0,

as(n +y) —asy =0,

[( + p) — azp]S* = by + by,

[az (i + &) — €] V* = by + b,
Q]MA:b1+b5+b6, (18)
eV* = b3 +b4 + b7,

a2 WA = by + by + by,

aypS™ = bz + bg,

(13}35*1* = b5 + b7,

asyE* = bs + by,

C = 2(b1 + by + b3) + 3(bg + bs + bg) + 4b;.
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Since S* = (u + o + §)(u + v)/(By), it follows from the first three equations of (18) that

az =1, (14:M+V. (]9)

Y
Note that, for the endemic equilibrium P*(S*, V*, E*, I*), S*, V*, E* and I* satisfy the following equations
qiuA — (u +p)S* — BS*I* +eV* =0,
Q2uA +pS* — (u +e)V* =0,
BS*I* — (u+ y)E* =0,
YE' = (uta+0I" =0,

then substituting (19) into other equations of (18) yields the following equivalent form of (18)

(20)

by + by = [(u + p) — axp] S™,

by + bs = [ax(u + &) — ] V¥,

by + bs + bs = q1 1A,

b3+b4+b7:8V*, (21)
by + by + b7 = a,qa A,

bs + bs = a,pS™,

bs +b; = (u + y)E*.

Further, (21) is equivalent to the following equations

by = qiuA — BS*I* — bs + b,
by = [ay (1 + &) — €] V* — b,

b3 = asz* — b5, (22)
b4 =eV* — asz* + be — b7,
bs = BS*I* — by.
Sinceb; > 0(i = 1, 2, 4, 6), it follows from the first two equations of (21) that a, should satisfy the following inequalities
e
<@ < “—er. (23)
n+e p
In order toassureb; >0 (i=1,...,5), it follows from (22) that bg and b; must satisfy the following inequalities

0 < bg < min {[ay (i + &) — €] V*, arpS*},
0 <b; < (u+y)E", (24)
asz* —eV* <bg—b; < qi1 LA — ,BS*I*

By using (20), we have

(q1uA — BST*) — (apS™ — eV*) = [(n + p) — a2p]S™,
then (23) assures

min {[a; (1 + £) — €] V*, a;pS*} > 0,
and

apS* — eV* < quA — BS*I*.
So, when a, satisfies inequalities (23), it is easy to know geometrically that there must be nonnegative constants bg and
b7 satisfying (24). Especially, for ¢/(n + €) < a < (u + p)/p, there must be positive numbers bg and b; such that
bi>0(i=1,2,...,5)in(22). This implies that, for e /(u 4+ &) < a; < (u + p)/p, positive numbers b; (i =1,2,...,7) do
exist such that G(x,y, z,u) = H(x, y, z, u).

Step 4. Whenb; > 0(i=1,2,...,7),itis easy to see that H(x,y,z,u) = Oif and only ifx = y = 1 and z = u. Thus,
according to the above steps, we have the Lyapunov function for system (14)

s v
LZ(S,V,E,I):(S—S*—S*lns—*>+a2(V—V*—V*1nW>
E I
i (E—F—Fme )+ Y (1 —rml).
E* 1% I*

where ¢/(u +€) < a; < (1 + p)/p, and dL,/dt|4 < 0 and the equality holds true if and only if S = $*,V = V* and
E/E* = I/I*.1t can be verified easily that the largest invariant set of system (14) on the set {(S,V,E,I) e D: S =5*,V =
V*, E/E* = I/I*} is the singleton {P*}. Therefore, it follows from the LaSalle’s Invariance Principle [27] that the endemic
equilibrium P* of (14) is globally stable in the set D when Ry > 1. This completes the proof. O
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Remark. Since the different values of a, corresponds to the different Lyapunov functions, the investigation here shows
that the suitable Lyapunov function is nonunique for the model in terms of different parameters for the given structure
of Lyapunov function (1). We note that choosing the different values of a, definitely leads to the different derivatives, and
consequently the procedures of proving that the derivative is negative semidefinite are highly dissimilar. We demonstrate
this by considering the following three choices of a;:
Case 1: a, = £ ; Case 2: aZ:L—’_p; Case3: a, = 1.

n+e p

Case 1. Since b, > 0 and bg > 0, then, from the second equation of (21) we have b, = bg = 0. Further, it follows from
(20) and (21) that

by = qiuA — BS*I* + b,

epS*
bs = e

n—+e
p, — ER2HA (23)
4 + 75

In order to assure b; > 0 (i = 1, 3, 4, 5), from (25) we know that b; must satisfy the inequalities

A
max {0, BS*I* — 1A} < b; < min { ik bl , /35*1*} ) (26)
n+e
Using (20) yields
A
SR (g1 - quu) = HET LT D6

ute ute

then inequalities (26) must have nonnegative solution, and so is (25). That is, when a; = ¢/(u + ¢), (21) must have
nonnegative solution.
Case 2. Similarly, it follows from (20) and (21) that by = by, = 0 and

(4 +p)gapA

bz = b7’

p
b3 =eV* — b7, (27)
bs = BS*I* — by,

b5 = (,LL +p)5* —eVv* =+ b7.

In order to assure b; > 0 (i = 2, 3, 5, 6), b; must satisfy the inequalities

{ (1 +p)g2uA

max {0, eV* — (1 + p)S*} < b; < max , BS*I*, sv*} ) (28)

Using (20) yields
BST* —[eV* — (u+p)S*] = q1uA > 0

and
A A
(4 +P)G2pA eV — (u4pST] = (CIzM . 1*) o
p p
then inequalities (28) must have nonnegative solution. It implies that (21) must also have nonnegative solution when
a; = (1 +p)/p.

Case 3. System (21) becomes

by = qiuA — BS*I* — bg + by,

b2 = ,ll,‘/>‘< — bs,
b3 = pS* — b5, (29)
b4 =gV* —pS* +b6 — b7,
bs = BS*I* — b;.
In order to assureb; > 0(i =1, 2, ...,5), it follows from (29) that bg and b; must satisfy the following inequalities

0 < bg < min {uV*, pS*},
0 <b; < (u+y)E", (30)
pS* —eV* <bg—b; < qi1 LA — ,35*1*

Obviously, the existence of nonnegative solution of (30) is similar to that of (24).
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The above three cases show that choosing the different Lyapunov functions may lead to various difficulties in rearranging
the derivative dL/dt| 4, into the form of function H in (11) to prove dL/dt]| 4 < O. For the first two cases, we only need to
determine the value of b, then the associated values of b; (i = 1, 2, ..., 6) can be obtained. However, for Case 3, in order
to obtain the suitable values of b; (i = 1, 2, ..., 5), two other values (i.e., bg and b;) need to be chosen. Thus, adopting the
last case is relatively complicated to prove dL/dt| 4y = H < 0.

5. Discussion

In this paper, we presented an algebraic approach to choosing suitable parameters a; in the Lyapunov function of form (1)
such that the derivative of the Lyapunov function along the given system is negative definite or semidefinite. In particular,
the proposed approach actually give a logic and possibly programming method on how to choose coefficients a; based on
the classic Lyapunov function of the form Z?:l ai(x; — x{ — x{ Inx;/x}) such that the negative definite or semidefinite
derivative of the Lyapunov function is derived. The key ideas are to rearrange the derivative dL/dt to be a negative definite
or semidefinite function which involves the arithmetic and the associated geometric means of the variables, as the form
of (11), and then determine the unspecified parameters. Further, the approach provides a relatively easy way to derive the
largest invariant set of the system on the set {x € R’ : dL/dt = 0}, and hence the equilibrium is globally stable based on
the LaSalle’s Invariance Principle.

In Section 4, we proved the global stability of the endemic equilibrium of model (14) by choosingas = 1, a4 = (u+y)/y
and a, satisfying € /(i 4+ €) < a; < (u + p)/p for the Lyapunov function (16). Correspondingly, the associated coefficients
by(k = 1,2,...,7) of function H appeared in (17) were chosen to be a positive solution of the associated Egs. (22). This
implies that, for system (14), the suitable Lyapunov function is nonunique, and so is the associated form of function H for
each suitable Lyapunov function. Fortunately, this approach can provide all possibly suitable Lyapunov functions of form (1)
and all the available forms of function H corresponding to each Lyapunov function are given. In particular, it follows from
Remark in Section 4 that the more appropriate Lyapunov function may make proving dL/dt < 0 easier.

We illustrate our approach by proving the global stability of the endemic equilibrium of an SVS-SEIR epidemic model with
vaccination and the latent stage. This approach is also suitable for proving the global stability of the endemic equilibrium
of models in [5-16], as shown in Section 2. Note that when this approach is applied to those models, the solution of the
equations obtained in Step 3 is uniquely solved. In contrast with the method used in the previous literature, our approach
can not only be more generous and more concise, but also find all possible Lyapunov functions of form (1).

The discussion above has theoretically shown the generality of the algebraic approach. In addition, when the derivative
dL/dt is complicated, that is, the function set I" defined in Step 2 in Section 3 includes more elements, it may not be easy to
select all the groups from the set I". In order to avoid losing some groups, a set of Matlab program may be applied. Again,
Matlab code may also be used to determine the existence of required solutions of the equations established in Step 3, since
the coefficients of b; in the equations are 1 or 0. Hence this algebraic approach possibly provides a programming method on
choosing suitable coefficients a; for the classic Lyapunov function of form (1) and improves the efficacy of calculations.
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