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Abstra
tInertial Wheel Pendulum (IWP) is a planar pen-dulum with a revolving wheel (that has a uniformmass distribution) at the end. The pendulum isuna
tuated and the wheel is a
tuated. Our mainresult is to address global asymptoti
 stabilizationof the inertia wheel pendulum around its up-rightposition. Simulation results are provided for pa-rameters taken from a real-life model of the IWP.1 Introdu
tionInertia Wheel Pendulum, depi
ted in Fig. 1, is aplanar inverted pendulum with a revolving wheel atthe end. The wheel is a
tuated and the joint of the
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Figure 1: The Inertia Wheel Pendulumpendulum at the base is una
tuated. The inertialwheel pendulum was �rst introdu
ed by Spong etal. in [3℄ where a supervisory hybrid/swit
hing 
on-trol strategy is applied to asymptoti
 stabilizationof the IWP around its upright equilibrium point.Here, we show that based on a re
ent result of the

author in [1℄, the dynami
s of the inertia wheel pen-dulum 
an be transformed into a 
as
ade nonlin-ear system in stri
t feedba
k form using a global
hange of 
oordinates in an expli
it form. Then,global asymptoti
 stabilization of the up-right equi-librium point 
an be a
hieved using ba
ksteppingpro
edure.2 Dynami
s and Control of IWPThe Lagrangian of the inertia wheel pendulum isas the followingL(q; _q) = 12 _qTM _q � V (q1)where q = (q1; q2)T is the 
on�guration ve
tor inR2 , M is a 
onstant inertia matrix with elementsm11 = m1l21 +m2L21 + I1 + I2m12 = m21 = m22 = I2andV (q1) = (m1l1 +m2L1)g0 
os(q1) =: m0 
os(q1)is the potential energy of the IWP [3℄. The Euler-Lagrange equations of motion for the inertia wheelpendulum are as the followingm11�q1 + m12�q2 + g1(q1) = 0m21�q1 + m22�q2 = � (1)where g1(q1) = �m0 sin(q1). Due to the fa
tthat the kineti
 energy of the inertia wheel pen-dulum is invariant with respe
t to the group a
tion(q1; q2)! (q1+�; q2+�), the system has an appar-ent kineti
 symmetry and a

ording to [1℄ one 
an



apply the following global 
hange of 
oordinatesz1 = �L=� _q1 = m11 _q1 +m12 _q2z2 = q1z3 = _q2 (2)and 
hange of 
ontrol� = (m22 �m21m12=m11)u+ (m21m0=m11) sin(q1)to transform the dynami
s of the IWP into a stri
tfeedba
k system_z1 = m0 sin(z2)_z2 = (z1 �m12z3)=m11_z3 = u (3)Note that q2 does not play any important role inthe dynami
s of the IWP and is ignored as a statevariable. Here is our main result:Proposition 1. There exists a nonlinear statefeedba
k law in the following expli
it formu = m11m12 (
2�1 + 
3�2 + m0m11 sin(z2)� �k1) (4)that globally asymptoti
ally stabilizes (z1; z2; z3) =0 for the Inertia Wheel Pendulum in (3) wherek1(z1) = 
0�(
1z1)_k1(z1; z2) = 
0
1m0 sin(z2)(1� �(
1z1)2)�k1(z1; z2; z3) = 
0
1m0(1� �(
1z1)2)� [
os(z2)(z1=m11 �m12z3=m11)� 2
1m0�(
1z1) sin(z2)2℄�1 = z2 � k1(z1)�2 = (z1 �m12z3)=m11 � _k1with the 
hoi
e of sigmoidal fun
tion �(s) =tanh(s) and 
onstants��=2 < 
0 < 0; 
1; 
2; 
3 > 0Proof. The proof relies on global stability of
as
ade nonlinear systems with a minimum-phasezero-dynami
s that are robust w.r.t. L1-boundeddisturban
es. See [2℄ pages 133{134 in [2℄ for thefull proof.The state traje
tories and the 
ontrol input ofthe inertia wheel pendulum starting at the down-ward position (q1 = �) are shown in Fig. 2. For
omparison purposes, we used the same numeri
values for the parameters of the dynami
s of the

IWP as in [3℄. These parameters are as follows:m11 = 4:83�10�3, m12 = m21 = m22 = 32�10�6,�m = 38:7 � 10�3, g0 = 9:8, and m0 = �mg0.The simulation results demonstrate that the ob-tained nonlinear 
ontroller aggressively stabilizesthe pendulum to its upright position. The valuesof the 
ontroller parameters for the simulation are
0 = ��=10; 
1 = :03; 
2 = 16; 
3 = 8 and the max-imal applied torque was �max = 0:6 Nm.
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) (d)Figure 2: State traje
tories and 
ontrol of IWP: (a)the traje
tories of (q1; _q1), (b) the statepath in (q1; _q1) plane, (
) _q2, and (d) 
on-trol input � .3 Con
lusionIn this paper, global stabilization of the InertialWheel Pendulum to its up-right equilibrium pointusing a nonlinear state feedba
k in 
losed form wasa
hieved based on a key global 
hange of 
oordi-nates in [1℄. Referen
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tuatedme
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ago, IL, June 2000.[2℄ R. Olfati-Saber. \Nonlinear Control of Un-dera
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hani
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s and Aerospa
e Vehi
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tri
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ien
e,February 2001.[3℄ M. W. Spong, P. Corke, and R. Lozano.\Nonlinear 
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a, submitted, September, 1999.


