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Abstract

A mixed hypergraph is a triple (V,C,D) where V is its vertex set
and C and D are families of subsets of V', C—edges and D—edges. We
demand in a proper coloring that each C—edge contains two vertices
with the same color and each D—edge contains two vertices with dif-
ferent colors. The feasible set of a mixed hypergraph is the set of all
k’s for which there exists a proper coloring using exactly k colors. A
hypergraph is a hypertree if there exists a tree such that the edges of
the hypergraph induce connected subgraphs of that tree.

We prove that feasible sets of mixed hypertrees are gap—free, i.e.,
intervals of integers, and we show that this is not true for precolored
mixed hypertrees. The problem to decide whether a mixed hypertree
can be colored by k colors is NP-complete in general; we investigate
complexity of various restrictions of this problem and we characterize
their complexity in most of the cases.
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1 Introduction

Different types of coloring have been studied in the past because they are
important from both the theoretical and practical points of view. A common
generalization of several previously studied coloring concepts is the concept
of mixed hypergraphs introduced in [22]. Besides the ordinary colorings,
this concept generalizes special types of colorings of different combinatorial
structures [2, 3, 6, 17, 18, 19, 20], and also the concept of list coloring as
described in [15].

A mized hypergraph H is a triple (V,C, D) where V is the set of vertices
of H, C is a set of subsets of V' (called C-edges) and D is a set of subsets of
V' (called D—-edges). A mixed hypergraph is called a bihypergraph if C = D.
A mixed hypergraph is called a co-hypergraph if D = () (see [4]). A coloring
c of the vertices of H is proper if each C—edge of H contains at least two
vertices of a Common color and each D—edge of H contains at least two
vertices of Different colors. A proper coloring ¢ using exactly & colors is a
strict k—coloring. The feasible set F(H) of a mixed hypergraph H is the
set of all k’s for which there exists a strict k—coloring of H. The minimum
number x(H) of F(H) is called the (lower) chromatic number of H and the
maximum number Y(H) of F(H) is called the upper chromatic number of
H. It was proved in [9] that for any set of integers A such that 1 & A, there
exists a mixed hypergraph whose feasible set is equal to A. This result was
further extended in [12]: Besides the feasible set, one may also prescribe
the numbers rj, of all different strict k—colorings of a mixed hypergraph for
k € A. Since mixed hypergraphs are quite a general model, it is natural
to restrict attention to special classes of them in order to hope for some
interesting algorithmic results.

Several classes of mixed hypergraphs have been previously studied: The
class of mixed hypergraphs with bounded maximum vertex degree was in-
vestigated in [14], the class of interval mixed hypergraphs in [1, 9] and the
class of planar mixed hypergraphs in [5, 10, 16]. We study the class of mixed
hypertrees in this paper. A hypergraph H is a hypertree if there is a tree
with the same vertex set such that the edges of H induce connected subtrees
of it. A mixed hypergraph (V,C, D) is a mized hypertree if (V,C U D) is a
hypertree. Mixed hypertrees have been suggested in [21] as a model which
can find its application in computer biology. It is possible to find a tree
representation of a given (mixed) hypertree in polynomial time by an easy
modification of algorithms for finding a representation of chordal graphs as
intersection graphs of subtrees in a tree. A mixed hypergraph/hypertree is



reduced if all its C—edges have size at least three and all its D—edges have
size at least two (see [9, 13, 14]). There exists (and can be constructed in
polynomial time) for each mixed hypertree a reduced one such that their
proper colorings one—to—one correspond [13]. We often work with rooted un-
derlying trees of (mixed) hypertrees; such a tree has a special vertex called
root and vertices have been assigned levels according to their distance from
the root. The parent of a vertex v (which is not the root) is a neighbor of v
closer to the root. If u is a parent of v, then v is a child u. If two vertices
have the same parent, they are siblings.

We define two following algorithmic problems for mixed hypertrees:

STRICT COLORING
Input: A mixed hypertree H and an integer k.

Question: Is H strict k-colorable?

And for every fixed k:

STRICT k-COLORING
Input: A mixed hypertree H.

Question: Is H strict k-colorable?

The problem STRICT COLORING of mixed hypertrees is NP—complete.
Therefore we study these two problems with different constraints on input
mixed hypertrees: A vertez/edge load of a mixed hypertree H is the maxi-
mum number of edges of H in which a single vertex of H /a single edge of
a tree representation is contained in. Note that the edge load of H is equal
to the maximum number of edges of H which contain a pair of the vertices
of H. Thus both these parameters do not depend on a chosen tree repre-
sentation and the algorithms designed for mixed hypertrees with bounded
vertex/edge load are robust. Another parameter is the maximum degree of
a tree representation; this parameter depends on a chosen representation
and thus we always assume (when we design an algorithm for mixed hy-
pertrees whose tree representation has small maximum degree) that we are
given a representation together with the input mixed hypertree.

In this paper, we address both combinatorial properties of mixed hyper-
trees and algorithms for their coloring. Unlike the case of general mixed
hypergraphs, feasible sets of mixed hypertrees are always intervals as stated
in Corollary 1 and in Corollary 2. Moreover the lower chromatic number
of a colorable mixed hypertree is at most two due to Observation 1. In
Section 2 a more general problem is investigated, namely the extensions of
a given precoloring of some vertices to proper colorings of the whole mixed
hypertree. We prove in Theorem 1 that if a mixed hypertree with vertices
precolored by k different colors admits an extension to a strict k'—coloring



for k' > k + 2 then it admits an extension to a strict k—coloring for every
k, k +2 < k < k'. This cannot be improved as shown in Theorem 2.

We introduce and state several basic properties of the concept of witness
sequences in Section 3; Section 3 is based on the conference paper [11].
We use this concept to design one of our polynomial-time algorithms of
Section 4. But this concept is also interesting from the theoretical point of
view: It allows us to state in Observation 2 that each proper coloring of a
mixed hypertree can be modified to one which does not have vertices of the
same color separated by vertices of two different colors, i.e., the same color
can be forced to two vertices only if they are close enough.

We deal with algorithmic issues in the rest of the paper. Since the lower
chromatic number of a colorable mixed hypertree is always either 1 or 2 (and
it can be easily recognized which is the case), the only problem interesting
from the algorithmic point of view is the problem to decide whether a given
mixed hypertree can be properly colored by at least k colors. This problem
is NP—complete in general. We present three polynomial time algorithms
in Section 4: An algorithm for STRICT k--COLORING for mixed hypertrees
with underlying trees of bounded maximum degrees in Proposition 1, an
algorithm for STRICT COLORING for mixed hypertrees with bounded vertex
load in Proposition 2 and an algorithm for STRICT k--COLORING for mixed
hypertrees containing only C—edges in Proposition 3. On the other hand,
we prove NP—completeness of the problem in the following three cases: If
the edge-load is bounded in Proposition 4 and in Proposition 5 and if the
degree of an underlying tree is bounded by three in Proposition 6 and in
Proposition 7. If the degree of an underlying tree is bounded by two then
the input mixed hypertree is an interval mixed hypergraph and its upper
chromatic number can be determined in polynomial time due to the results
of [1]. Our NP-completeness reductions work for both mixed hypertrees
containing only C—edges and mixed bihypertrees. We refer the reader to
Table 1 for summary of our results. The above mentioned cases cover all
possible combinations of the parameters except for the following two cases:
The case of STRICT k--COLORING for general mixed hypertrees and the
same problem for mixed hypertrees with bounded edge load. Even the latter
(less general) case includes the problem of determining whether an upper
chromatic number of a given co—hypergraph (mixed hypergraph containing
only C—edges, see [4]) is at least a fixed number & as stated in Proposition 8
in Section 5. We conjecture that this problem can be solved in polynomial
time and a polynomial-time algorithm for any of the former two problems
for mixed hypertrees would immediately yield an algorithm for this one.



2 Precolored Mixed Hypertrees

Observation 1 FEvery reduced hypertree H is 2—colorable. If H contains
at least one D—edge its lower chromatic number is two. If it contains no
D—edges its lower chromatic number is one.

Proof: Choose any vertex of T to be its root. We color the root of T
arbitrarily and then we color the vertices from the root to the leaves — we
color a vertex with the color different from the color of its parent. It is easy
to check that this coloring is proper since any D—edge contains an edge of
the underlying tree and any C—edge has size at least three.

O

Theorem 1 Let H be a hypertree with an underlying tree T. let S1,S2, ..., Sk
(k > 1) be disjoint sets of vertices of H and let the vertices of S; be precol-
ored by the color b; for 1 < i < k. If H has a precoloring extension using
K > k+2 colors then it has a precoloring extension which uses exactly k+ 2
colors.

Proof: Let ¢ be the precoloring extension of H and Si,..., S such that ¢
uses K colors. If ¢ colors two end—vertices of an edge of T' with the same
color, then we may contract this edge (remove all the C—edges containing
it) — then if we find a precoloring extension of this new mixed hypertree
using k + 2 colors, then we also have a precoloring extension of the original
one. Hence we may assume that c assigns end-vertices of each edge of T
different colors (thus H is reduced) and we may also assume D = E(T).

We assume further that each S; is non—empty (we may add to it a single
vertex colored by ¢ with the color b; if necessary). For every C—edge e,
fix two different vertices z.,y. € e such that c(z.) = c¢(y.) (every C—edge
contains at least one pair of such vertices). Replace every C—edge e by the
C—edge €' consisting of all vertices of the z.,y.-path in 7. Note that c is
a precoloring extension with respect to Sp,..., Sy of the resulting mixed
hypertree H'. Moreover every precoloring extension of H' with respect to
S1,...,S) is a precoloring extension of H. Every C—edge of H' induces a
path in the underlying tree 7', and therefore we may consider end-vertices
of C—edges.

Let us enlarge the sets S; (if necessary) according to the following pro-
cedure: If there is a C—edge e’ which starts in a vertex z, € S; for some i,



and ends in a vertex y. ¢ S;, then add y. into S;. Repeat this step until
no such C—edge exists. Note that the new S;’s are still disjoint after this
procedure is finished, because we have only added vertices of color b; into
the set S;.

For the sake of brevity, let us write S = Ule S;. Next, we define the
set A of auxiliary two-element edges, which consists of the pairs z.y., e € C
such that e \ {z.,y.} C S.

Define the auxiliary graph 7' as the graph obtained from T by remov-
ing the vertices of S and then contracting all the auxiliary edges of A by
collapsing their end-vertices. We claim that T’ has at least two vertices
and is acyclic. Indeed, since the coloring c uses at least two colors not used
on the vertices of S, these two additional colors must remain in 7" (note
that the vertices of different colors cannot be contracted). Next, suppose
T' has a cycle. This cycle corresponds to a cycle in AU E(T \ S) which
contains at least one edge, say t, of T'. Replacing each edge e in A by the
corresponding (z.y.)-path in T', we get a closed walk in T which traverses
the edge t precisely once, a contradiction with the acyclicity of T'.

Since T" is acyclic, it can be colored by two colors, say by the colors by 1
and by1o. And since H has at least two vertices, we can take such coloring
which actually uses both colors. We claim that this coloring yields a proper
precoloring extension of H' with respect to Si,...,S;. It obviously uses
exactly k + 2 colors.

This coloring is proper on all D—edges which are actually edges of the
underlying tree 7. We show that every C—edge e’ contains two vertices of
the same color:

e The edge €' has at least one end-vertex in S: Then ¢’ has both end-
vertices in S by the enlargement procedure, and these end-vertices
are in the same S;, i.e., they are colored by the same color.

e The edge e’ has both end—vertices in T'\ S and all other vertices in S:
Then z.ye € A, z. and y,. are contracted into one vertex of GG, and so
z, and y. get the same color.

e The edge e’ has both the end—vertices and at least one inner vertex in
T\ S: Then these 3 vertices are colored by colors byy; and bj42 and
two of them must get the same color.

O

The immediate corollary of the preceding lemma is the following;:



Corollary 1 The feasible set of any mixed hypertree is gap—free.

Proof: If there exists a mixed hypertree whose feasible set contains a gap,
then there is such a reduced mixed hypertree H. Since its feasible set
contains a gap, Y(H) > 4 due to Observation 1. Let ¢ be a fixed inte-
ger, 2 < t < X(H), let ¢ be any coloring of H using ¥(H) colors and let
S1,...,5¢t_o be any t—2 color classes of this coloring. If we apply Theorem 1
to H precolored with respect to Si,...,S; 2, we get a proper coloring (a
precoloring extension with respect to Si,...,S; o) using exactly ¢ colors.
Thus the feasible set of H does not contain a gap which contradicts the
choice of H.
O

We have seen that for a mixed hypertree H precolored with & colors,
the feasible set equals either {k} U [k + 2,%(H)] or [k, X(H)]. One may
ask if the latter is always the case, i.e., if the feasible sets of precolored
mixed hypertrees are always gap-free. This is not true as proven in the next
theorem:

Theorem 2 For each k > 2, there exists a mized hypertree precolored with
k colors such that this precoloring can be extended to a strict k—coloring and
a strict (k+2)—coloring, but it cannot be extended to a strict (k+1)—coloring.

Proof: We first present a counterexample for £ = 2. Consider the following
precolored mixed hypertree H:

V(H) = {a’7 b’ C? d? avﬁv’)/a 5}

C(H) = {aaB, bBa, cy6,ddéy, afy, Byd}
D(H) = {aa, b8, cy,ds, By}
S = {a,c}
Se = {b,d}

The tree with the edge-set {aa,bs, cy,dd, af, 57,70} shows that H is a
hypertree. The precoloring of H can be extended to a strict 2—coloring by
assigning the common color of a and ¢ to § and § and the color of b and
d to a and 7. On the other hand, the precoloring of H can be extended
to a strict 4—coloring by assigning the same new color both to a and S



and another new color both to v and 6. We prove that these are the only
possible precoloring extensions of H with respect to S; and Sa.

Claim: In any proper precoloring extension of H with respect to S; and
Sa, the vertices a and (3 get either the same color different from the color
of a or b, or a gets the color of b and (8 gets the color of a.

The proof of this claim can be easily done by checking all possible cases.
The same claim is true also for the vertices v and § due to the symmetry of
H and the precoloring. For a proper precoloring extension using 3 colors,
there are only the following three possibilities:

e The vertices a and [ are colored with a new color, v with the color
of a and § with the color b.

e The vertices v and § are colored with a new color, a with the color of
b and B with the color a.

e The vertices a, 3, v and ¢ are all colored with the same new color.

None of these extension is proper: In the first two cases one of the C—edges
afvy and (¢ is multicolored, while in the last case the vertices 8 and v of
a D-edge get the same color.

The proof can be easily extended to the case that k£ > 2. It is enough to
add 4(k—2) vertices a;, b;, ¢; and d; for 3 < i < k together with the D—edges
aa;, Bb;, vc; and dd; for 3 < i < k. We precolor the vertices a;, b;, 7; and
d; with the same new color, i.e., S; = {a;,b;,¢;,d;}, for 3 < i < k. The
arguments used above can be used also in this case and thus the precolored
mixed hypertree has only two precoloring extensions, namely one using k
colors and one using k + 2 colors.

O

3 Concept of Witness Sequences

We introduce the concept of witness sequences in this section.

Let H = (V,C,D) be a mixed hypertree with an underlying tree T' =
(V, E) which we consider to be rooted at a fixed vertex; let level(v) be
the distance of v from the root. We call any sequence of distinct vertices
wy,...,wg, 0 = level(wy) < level(ws) < level(ws) < ... < level(wy) of
vertices V' a witness sequence (note that w; has to the root).

Once we have a witness sequence of length k, we want to find a strict
k—coloring c of H (if it exists) such that the colors of the vertices w1, ..., wy



are mutually different. In order to do this, we divide the vertices of H into
three sets: L is the set of the vertices introducing new colors (i.e., vertices
in the witness sequence) and their siblings:

L = {v|3, parent(v) = parent(w;) Vv = w;} (1)
R is the set of the neighbors of the vertices of L:
R={vlvg LAJu € Lyuv € E} (2)
And O is the set of other vertices of H:
O=V\(LUR) (3)

Later, we color the vertices of O as described in the two—colorability proof
above.

Next, we construct a mapping A : V — {F,G,1,...,k}. We define a
special set A(v) for each vertex v as follows:

A(v) = {F, G} U {i|parent(v) = parent(w;) Vv =w;} ifve L  (4)
A(w) ={F,G}ifveR (5)

A(v) = {F} if v € O and {v, parent(v)} € C (6)

A(v) = {G} if v € O and {v, parent(v)} € C (7)

We require that A(v) € A(v) for each vertex v. The meaning of the function
A is the following: The function A assigns the number ¢ to the vertex/ices
introducing the color i, to a vertex which should be colored with the same
color as its parent the value F and to a vertex which should be colored with
the color different from the color of its parent the value G. We describe a
construction of a coloring ¢ which is proper for some choice of X if there is a

proper coloring of H assigning to ws, ..., w; mutually different colors and

for which this sequence is minimal in the sense defined later. The coloring
¢ of H is based on a witness sequence wi, ..., w; and a mapping A:

é(v) = 1 if we is an successor of v (8)

¢(v) = Aw) if A(v) € {1,...,k} (9)

é(v) = é(parent(v)) if A(v) =F (10)

é(v) = ¢*(parent(v)) if A(v) = G (11)

where ¢*(u) is following:



e ¢*(u) = 2 if u is the root (note that é(u) =1 in this case)

o ¢*(u) = ¢(parent(u)) if &(u) # é(parent(u))
o ¢*(u) = ¢*(parent(u)) if é(u) = é(parent(u))

Note that all inner vertices v on the path from ws to wy get color ¢(v) = 1.
The last rule of the definition ¢ says that ¢(v) := é(w) for the first vertex
w met when walking from parent(v) to w; such that ¢(w) # é(parent(v)),
and é(v) = 2 if such w does not exist (i.e., if all vertices on the path from
parent(v) to wy are colored with color 1).

The sequence wr, ..., wy of vertices V is a witness sequence with respect
to a strict k'—coloringc: V. — {1,...,k'} if c(w;) # c(w;) for i # j (it could
be k < k'). A witness sequence is minimal with respect to c if ), level(w;) is
minimal. We say that the mapping ) is consistent with a strict k'—coloring
¢ and a minimal witness sequence wy,...,w; (k < k') with respect to c if
it satisfies:

o \(v) = c(v) if c(v) € A(v)

e \(v) = F if ¢(v) = c(parent(v)) and F € A(v)
(This holds in particular when {v, parent(v)} is a C—edge.)

e \(v) = G otherwise

If parent(v) does not exist, the second condition does not apply. Note that if
ws, - .., Wy is & minimal witness sequence with respect to ¢ then a consistent
mapping A exists and is uniquely determined.

The following theorem actually gives the sense to all the previous defi-
nitions which introduced witness sequences:

Theorem 3 If wy,...,w; is a minimal witness sequence with respect to a
strict k' —coloring ¢, 2 < k < k', of a mized hypertree H and if \ is consistent
with c then ¢ based on w1,...,w; and X is a strict k—coloring.

Proof: The coloring ¢ clearly uses exactly k£ colors. It remains to prove
that ¢é is proper. Thus it is enough to prove that each edge of D contains
two vertices colored by ¢ with different colors and each edge of C contains
two vertices colored by ¢ with the same colors.

Let e be any edge of D and let u and v be two vertices of e colored by
¢ with different colors. We can assume w.l.o.g. that u and v are neighbors
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and that e.g. u = parent(v). Note that wy is not an successor of v, since
otherwise it would hold that c¢(u) = ¢(v) = 1 due to the minimality of the
witness sequence and our assumption that 0 = level(w;) < level(ws) <
... <level(wy). We claim that ¢(u) # &(v). We distinguish several cases:

e \(v)=F
This case is impossible due to consistency of A with c.

e \v) =G
It holds that é(v) = é*(parent(v)) # é(parent(v)) — note that ws
is not an successor of v since otherwise c(u) = c¢(v) = 1 due to the
minimality of the witness sequence.

e \v) €{1,...,k}
There is no predecessor of v colored by ¢ with the color A(v) = ¢(v)
due to the minimality of the witness sequence; it especially holds that
¢(u) # ¢(v), in this case.

We have just proved that all the D—edges contain two vertices colored by
different colors. So, we focus our attention on the C—edges.

Let e be any edge of C. If e contains two vertices whose successor is ws,
then these two vertices of e are colored by ¢ with color 1. Next, we assume
that there is at most one vertex whose successor is ws; clearly this vertex,
if it exists, is the vertex of e which is the nearest one in e to the root. Let
u and v be two nearest vertices of e colored by ¢ with the same color. It is
not necessary that é(u) = ¢(v). We first state a useful observation which is
going to be used several times in the proof:

Claim 1 Ife € C contains a vertex u such that the following two conditions
are satisfied:

e \u) € {F,G}
e {u,parent(u), parent(parent(u))} C e or {u,parent(u)} =e
Then e contains two vertices colored by ¢ with the same color.

The case that A(u) = F is trivial. If A(u) = G then e cannot be
{u, parent(u)} due to the definition of A(u) and it is {u, parent(u), parent(parent(u))} C
e. Let u' = parent(u) and w" = parent(u') = parent(parent(u)). If
é(u') = ¢(u") the claim is clear. If é(u') # ¢(u") then é(u) = é*(u') = é(u")
and the claim also holds.

11



We continue the proof of the theorem. We distinguish several cases to
prove that e contains two vertices colored by ¢ with the same color:

e The vertex v is a predecessor of u. (The case that u is a prede-
cessor of v is symmetric.)
In this case e contains all the vertices between u and v, i.e. it contains
parent(u) in particular. We distinguish several cases:

- AMu)=F
Then u and parent(u) are colored with the same color.
- AMu) =G

If v is not a parent of u, then e contains two vertices colored by é
with the same color due to Claim 1. Let us consider the remaining
case that v is the parent of u (and thus ¢(u) # ¢(v)). Due to the
consistency of A with ¢, F ¢ A(u) and thus u € O. Then, e must
contain at least three vertices, in particular it contains either a
child of u, a sibling of u or a grand—parent of u:

x e contains a child of u. Call it w.
Since u € O, we clearly have w € R U O and e contains
two vertices colored by ¢ with the same color due to Claim
1 applied to w.
* e contains a sibling of u. Call it w.
Since u € O, we clearly have w € RU O and thus A\(w) is
either F or G. If A(w) = F then ¢(w) = &(v) and the vertices
v and w are two vertices of e colored by ¢ with the same
color. If Mw) = Au) = G then ¢(u) = ¢(w) = ¢*(v) and
thus u and w are two vertices of e colored by ¢ with the same
color.
*x e contains a grand—parent of u.
In this case e contains two vertices colored by ¢ with the
same color due to Claim 1.
- AMuw) e {1,...,k}
If M(u) = i then we could get by substituting w; (a member of
the witness sequence with level(w;) = level(u) > level(v)) with
v a witness sequence with a smaller level sum, contradicting the
minimality of the witness sequence.

e Neither u is a predecessor of v nor v is a predecessor of u.
Let w be the nearest common predecessor of u and v. We distinguish

12



several cases to prove that e contains two vertices colored by ¢ with
the same color:

— AMu)=For Av)=F
Then u (resp. v) and its parent belong to e and they are both
colored with the same color by the coloring ¢.

— AMu) =G and A\(v) =G
If parent(u) # w or parent(v) # w then e contains two vertices
of the same color due to Claim 1; otherwise it holds that w =
parent(u) = parent(v). Then, it holds that é(u) = ¢(v) = &*(w)
and thus u and v are two vertices of e colored by ¢ with the same
color.

— AMu) € {1,...,k} and A(v) = G (the case that A(u) = G and
A(v) € {1,...,k} is symmetric)
If u and v are siblings, then due to the consistency of A with c,
it has to hold that A(u) = A(v). Thus u and v are not siblings.
If parent(v) # w then e contains two vertices of the same color
due to Claim 1. We may therefore assume that w = parent(v).
Since w is the nearest common predecessor of u and v, the level
of u is greater than the level of v. It follows from the consistency
of A with ¢ and the witness sequence that v has a sibling w;,
where i = ¢(u) = ¢(v) = c¢(w;), contradicting the minimality of
the witness sequence (level(v) > level(w;)).

— AMu) € {1,...,k} and A(v) € {1,...,k}

If u and v are not siblings, then A(u)NA(v)N{1,2,...,k} =0. It
follows from the consistency of A\ with ¢ and the witness sequence
that c(u) € A(u)N{1,2,...,k} and c(v) € A(v)N{1,2,...,k} and
hence c(u) # c(v), a contradiction. Hence u and v are siblings.
The consistency of A implies that A(u) = A\(v), and hence ¢(u) =
¢(v) and w and v are two vertices of e colored by ¢ with the same
color.

O

Corollary 2 If a hypertree H has a strict k'—coloring, then it also has a
strict k—coloring for all 2 < k < k'. In particular, the feasible set of any
mized hypertree is gap—free.

13



Proof: Let ¢ be a strict k'—coloring of H and let wy,...,w; be a minimal
witness sequence with respect to c. Let A be consistent with ¢. Then the
coloring ¢ based on the witness sequence ws,...,w; and mapping A is a
strict k—coloring. Set k' = X(H) to derive that F(H) is gap-free.

O

Observation 2 Let H a mized hypertree with an underlying tree T. Then
for each k € F(H), there exists a strict k—coloring ¢ satisfying the following:
If u and v are two vertices of H such that c(u) = c(v), then there either
exists a vertexr w on the path between u and v such that c(u) = c(v) = c(w)
or this path is monochromatic, i.e., all its inner vertices have the same color
assigned by c.

Proof: If k = 1, the statement is trivial. Let 2 < k € F(H) be fixed
throughout the proof. Let ¢ be a strict k—coloring of H and let wy,...,wy
be a minimal witness sequence with respect to c. Let A be consistent with
c. Then ¢ corresponding to wy,...,wy; and A satisfies the conditions of the
statement of the observation.

O

4 Algorithms

In this section, we present three polynomial time algorithms for deciding
strict k-colorability of mixed hypertrees for restricted inputs. In particular,
we study the cases that maximum vertex load /,,, maximum edge load I,
the number k of colors or the maximum degree A of the underlying tree
(which is given as a part of the input in this case) are bounded. Note that
le <1, <I.A and hence bounded vertex load implies bounded edge load,
and bounded the maximum degree together with edge load imply bounded
vertex load.

In the first algorithm, we use the concept of witness sequences from the
previous section:

Proposition 1 Let k and A be fized integers. STRICT k--COLORING can
be solved in polynomial time for mized hypertrees with underlying trees of
mazximum degree at most A.
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Proof: The algorithm consists in checking all possible witness sequences.
We describe it formally:

for all sequences wi,...,w; of distinct vertices of H such
that 0 = level(w;) < level(ws) < ... <level(wy)
do
construct sets L, R and O for wi,...,wy by rules (1)-(3)
for every vertex v construct the sets A(v) by rules (4)-(7)
for all mappings A:V — {F,G,1,...,k} such that A(v) € A(v)

do
construct ¢ based on wi,...,w; and A by rules (8)-(11)
if ¢ is a proper coloring then
output YES
halt
done
done
output NO

halt

We claim that the algorithm outputs YES if and only if H has a strict
k-coloring; YES is output only if the last checked coloring ¢ is a strict k-
coloring. Suppose that H has a strict k-coloring, say c. Let wy,...,wy be a
minimal witness sequence with respect to ¢ and let A be the mapping con-
sistent with ¢ and wy, ..., wg. It follows from Theorem 5 that the algorithm
finds the strict k-coloring ¢ that is based on these ws,...,w; and .

Next we estimate the running time of this algorithm. Let n (resp. m) be
the number of vertices (resp. edges) of H and let d be the maximum degree
of T. There are O(n*~1) choices of the witness sequence in the first step.
Given wy,...,wy, the sets L, R,O and A(v),v € V, can be constructed in
time O(n+kd?). Tt is clear that |L| < k(d—1) < kd and |R| < k(d—1)?>+k <
kd?. There are exactly |A(v)| < k + 2 choices of A(v) for v € L, two choices
of A(v) for v € R and one choice of A(v) for v € O. Hence the total number
of choices of A is [, oy [A(v)| < (K + 2)’“12’“‘12. For each w1, ..., wg and A,
the coloring & can be constructed in time O(n?) and then checked in time
O(nm) if it is proper. The running time of the whole algorithm is thus
majorized by O(n* ' (n + kd® + (k + 2)’“‘12’“12 (n? +nm))) = O(n**'m) if k
and d are bounded.

O
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The next algorithm is based on a more or less straightforward dynamic
programming approach:

Proposition 2 Let I, be a fized integer. The problem STRICT COLORING
can be solved in polynomial time for mized hypertrees with vertex load bounded
by l,. Moreover, this problem is fixed parameter tractable.

Proof: Fix an underlying tree T' of H rooted in a vertex of degree one. Note
that the edge load of H is bounded by [, as well. In the description of the
algorithm, we use colors 1,2, ...,k and, to avoid confusion, we distinguish
edges of the underlying tree and hyperedges (edges of H). For an edge
e = uv, with u being closer to the root of T' than v, T, denotes the subtree
of T rooted in v which is induced by the vertices which belong to the same
component of T'\ v as u. H, denotes the hypertree with the underlying tree
T, consisting of the hyperedges of H fully contained in T,. For each vertex
v of H, we fix an ordering e,..., e} of the hyperedges containing v (note
that [ <1,).

Let e be an edge of T' and let v be its vertex closer to the root. Recall
that e},..., e} are the hyperedges containing v. We define ®,(z1,...,2;)
for z; € {0,C,D,1,...,l,} to be the maximum number of colors used by
a proper coloring ¢ of H, which assigns color 1 to the vertex v and which
satisfies the following:

e If z; = C then c colors two vertices of e! NV (T.) with the same color.
e If z; = D then c colors two vertices of e} NV (T.) with different colors.

o If z;, =k € {1,...,1,} then c colors a vertex of e/ N V(T,) with the
color .

o If 2; = () then no requirements are imposed on e NV (T.).

The algorithm will compute the functions ®, by brute force in bottom up
fashion. Note that for each edge e, the function ®. can be described by a
table of its values of size (3 +1,)".

Let v be a vertex of T and let eg,eq,..., e, be the edges adjacent to
v such that ej is the edge joining v to its parent. Let us assume that we
have computed ®.,,...,®., . When computing ®.,, we first compute func-
tions ®7°,..., ®50 which are defined similarly to the functions ®.,,..., ®.,,
as follows: ®{°(z1,...,2;) is the maximum possible number of colors of a
proper coloring (under the constraints posed by the variables z1,...,z;)
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of the mixed hypergraph whose vertices are vertices of T,, U...U T, and
whose edges are the edges of H fully contained in its vertex set. Each ®3°
can be by a straightforward approach computed from ®7°; and ®., in time
O((3 +1,)%) for 2 < i < m (®{° is just ®,,). At this step, only vertices
whose colors are explicitly mentioned among variables z; have to preserve
their colors; the remaining vertices can change their original colors to other
colors (under the condition that all the vertices colored with the same color
change to the same new one). Thus we actually consider also the colorings
using colors which are not among the colors 1,...,[,. On the other hand, [,
colors are sufficient to model all possible interactions between colors of ver-
tices in edges contained in different subtrees (it is enough to model C—edges,
since for each D—edge there are in a proper coloring two adjacent vertices
with different colors).

The function ®., can be then computed from the function ®¢? by con-
sidering two possibilities — the end—vertices of the edge eg have either the
same color or different colors. The upper chromatic number of a given
mixed hypertree can be easily determined from the values of function ®;
where f is the only edge adjacent to the root of the tree. We may con-
clude that the problem STRICT COLORING for a mixed hypertree with n
vertices, m hyperedges and maximum vertex load [, can be solved in time
O((n +m)(3 +1,)%).

O

Our last algorithm is a version of the algorithm of Proposition 1 and it
is based on a concept of witness sequences simplified for the case of mixed
hypertrees containing only C—edges:

Proposition 3 Let k be a fixed integer. The problem STRICT k-COLORING
can be solved in polynomial time for mized hypertrees containing only C—
edges.

Proof: Let H be a given mixed hypertree which contains only C—edges. Let
v1,-...,U; be a minimal witness sequence with respect to a strict k-coloring
c. We define a coloring ¢’ as follows: ¢'(v) = i if v; is the nearest predecessor
of v which belongs to the witness sequence. We claim that c is a proper
coloring of H. Note that each vertex which is not contained in the witness
sequence has the same color as its parent. If a C—edge e is not properly
colored by ¢, then all its vertices, except possibly its vertex closest to the
root, are members of the witness sequence. This contradicts the minimality
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of the witness sequence with respect to ¢, because the vertex closest to the

root would have to be colored with the same color as some other vertex of e

by c. Hence it suffices to try all O(n*) possible witness sequences, construct

the coloring ¢’ for each of them and check if at least one of them is proper.
O

5 NP-—completeness

The following proposition without a bound on the edge—load was proved
in [7]; the proof with a bound on the edge-load can be found in [13]:

Proposition 4 The problem STRICT COLORING is NP-complete for mized
hypertrees containing only C-edges, and even for those with the mazimum
edge load bounded by four.

We prove a modification of Proposition 4 for mixed bihypertrees:

Proposition 5 The problem STRICT COLORING is NP-complete for mized
bihypertrees of mazrimum edge load bounded by twelve.

Proof: We show a reduction from the decision problem on the independence
number of a cubic graph (see [8]) is presented: Let G be a cubic graph with
the vertex set V(G) = {w1, ..., wy} and the edge set E(G). Let T be a tree
with the vertex set equal to V = {x,u1,...,up,v1,...,v,} and the edge set
equal to {xu;,u;v;|]1 < i < n}. We define a mixed bihypertree H on the
vertex set V' as follows: The edges of H are precisely the sets {*, u;, v;,u;}
for all i and j such that w,w; is an edge of G (since H is a mixed bihypertree,
all its edges are both C and D-edges). We claim that X(H) = n + a + 1
where « is the size of the independent set of G. Note that each edge of the
tree T is contained either in 6 or 12 edges of H (the edges incident to the
root are contained in 12, the other edges in 6 edges of H).

We prove the claim: Let w;,,...,w;, be an independent set of G. Let ¢
be the following coloring of the vertices of H:

c(x)=0
cvj) =kforallk=1,...,n

c(uj;) =n+jforalj=1,2,...,«a
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c(ur) =0 for all k # iq,... 1,

Let {*,u;,v;,u;} be an edge of H. Either c(u;) = 0 or c(u;) = 0, since both
w; and w; cannot be in the considered independent set and c(*) = 0 # ¢(v;).
Hence c is a strict (n + a + 1)—coloring of H. On the other hand, let ¢ be
a coloring using B colors, 8 > n. We construct an independent set of G of
sizea =0 —n—1. Let Ry = *,...,Rg_1 (we assume that ¢(x) = 0) be the
minimal witness sequence with respect to T rooted at x. We first define a
new [-strict coloring ¢:

e We set ¢(x) = 0.

e If both u; and v; are among R1,...,Rg_1 (a ray of Type 1), we set
&(u;) = c(ui) and é(v;) = ¢(v;).

e If only u; is among Ry,...,Rg_1 (a ray of Type 2), we set ¢(u;) =0
and é(v;) = c(ui).

e If only v; is among Ry,...,Rz_1 (a ray of Type 3), we set ¢(u;) =0
and ¢&(v;) = c(vy).

o If neither u; nor v; is among R1,...,Rg_1 (a ray of Type 4), we set
¢(u;) = 0 and é(v;) to a completely new color.

Note that if c uses X(H) colors, the last case cannot occur. Let {, u;, v;, u;}
be an edge of H; &(x) # &(v;) due to the definition of ¢. If u; and u; belong
both to rays of Type 1, then the original coloring ¢ cannot be proper. Thus
at least one of them belongs to a ray of Type 2, 3 or 4 and is colored by
0, the same color as the vertex x. We have just proven that ¢ is a proper
coloring. Let A = {w;|¢(u;) # c¢(*)}. The set A is an independent set
of GG, since ¢ is a proper coloring, and its size is exactly «, since vertices

*, U1, ...,V are colored by mutually different n + 1 colors. This finishes the
proof of the claim.
O

Proposition 6 The problem STRICT COLORING is NP-complete for mized
hypertrees containing C—-edges only, even if the input hypertree is given to-
gether with an underlying tree of maximum degree at most 3.

Proof: We present a reduction from 3-SAT (cf. [8]). Let ® be a given
formula with n variables z1,...,z,. Let T be a tree whose all internal
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vertices have degree 3 and which has exactly n leaves; let v1,...,v, be the
leaves. Let V be the set of the vertices of 7. We add to T other 2n vertices
v and v} for 1 < i < n together with the edges v;v] and v;v} for 1 <i < n.
The C—edges of the constructed mixed hypertree are the following:

o {v,vf,vf}for1<i<n

e VU {vf, v}’,vkz} for each clause containing the variables z;, z; and
zp; X is T if the occurrence of z; in the clause is positive, F otherwise;
Y and Z are chosen in a similar manner.

We claim that the upper chromatic number of the constructed mixed hy-
pertree is |V| 4+ n iff & has a satisfying assignment. Note that the upper
chromatic number of the constructed mixed hypertree cannot be more than
|V| + n since it contains n disjoint C—edges (those corresponding to the
variables) and it has |V| 4+ 2n vertices.

Assume that ® has a satisfying assignment. We color the vertices of the
mixed hypertree as follows: The vertices of V are colored with |V| mutually
different colors. If z; is true, we assign the vertex U;-T the color of v; and the
vertex v} a completely new color. If z; is false, we assign the color of v; to
the vertex v!' and a completely new color to the vertex v]. This yields a
proper coloring of the mixed hypertree with |V| 4+ n colors.

Assume that the upper chromatic number of the mixed hypertree is
|V| 4+ n and let ¢ be a proper coloring of it using this number of colors. The
mixed hypertree has |V| + 2n vertices and it contains n disjoint C—edges of
size three which correspond to the variables of ® each having exactly one
vertex in common with V; thus ¢ assigns mutually different colors to the
vertices of V. Moreover, the vertices v;, v} and vf for each 1 < i < n can
be colored as described in one of the following three possibilities:

T

i

F

e c(v;) = c(v}) and vf is the only vertex colored with the color c(vF).

F

: ",

e c(v;) = c(vf) and v} is the only vertex colored with the color c(v;

e The vertices v} and v are the only two vertices colored with the color
c(vy) = e(vy’) # c(vi).

In the first case, let z; be true; in the second case, let x; be false; in the
third case, let the value of z; be arbitrary. The just obtained assignment
satisfies ®, since each C—-edge which corresponds to a clause, has to contain
at least two vertices of the same color and these vertices has to be v; and
vX for some 1 <i<nand X € {T,F}.
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O

Proposition 7 The problem STRICT COLORING is NP-complete for mized
bihypertrees, even if the input bihypertree is given together with an underly-
ing tree of mazimum degree at most 3.

Proof: If in the mixed hypertree H of the proof of Proposition 6 each
C—edge is also a D—edge, then the proof of Proposition 7 is obtained.
O

The last proposition of this section does not provide an NP—completeness
result, but it shows that polynomial-time algorithms for the last two re-
maining open problems for general mixed hypertrees (cf. Table 1) would
provide a polynomial-time algorithm for coloring co—hypergraphs with a
fixed number of colors:

Proposition 8 The problem of determining whether the upper chromatic
number of a given co-hypergraph is at least k can be polynomially reduced
to STRICT (k + 1)-COLORING of mized hypertrees with mazimum edge load
4.

Proof: Let H be a given co-hypergraph. We may assume that its maximum

vertex degree is at most three (see [14] for details). Let v,...,v, be the
vertices of H. We create a mixed hypertree on a star whose central vertex is
a new vertex x and whose leaves are the vertices vy, ..., v,. The D—edges of

this mixed hypertree are all the pairs {*,v;} for 1 < i < n and its C—edges
are the sets {x} U C for each C' which is a C—edge of H.

Any proper coloring of the constructed mixed hypertree assigns the ver-
tex x a color which is not used to color any other vertex and thus the coloring
of the vertices v1, ..., v, of the mixed hypertree is a proper coloring of H.
We immediately conclude that Y (H) is the upper chromatic number of the
constructed mixed hypertree decreased by one.

O

6 Conclusion

We investigated the properties of precoloring extensions of mixed hyper-
trees. Further we introduced concept of witness sequences and we used this
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Bounded parameters: — le ly Al A
Loy le | A, 1y, ()
General mixed hypertrees
k is fixed ? ? P P P
k is part of input NPC | NPC P P NPC
Mixed bihypertrees
k is fixed ? ? P P P
k is part of input NPC | NPC P P NPC
Mixed hypertrees with only D—edges P P P P P
Mixed hypertrees with only C—edges
k is fixed P P P P P
k is part of input NPC | NPC P P NPC

Table 1: Complexity of determining whether the upper chromatic number of
a given mixed hypertree is at least &k for various classes of mixed hypertrees;
A is the maximum degree of the underlying tree, [, /l. is the maximum

vertex/edge load.
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concept to prove several results on mixed hypertrees (Corollary 2, Observa-
tion 2) and to design an algorithm for coloring mixed hypertrees. Besides
this algorithm, we designed two other algorithms, and we provided several
NP-completeness reductions. The summary of our algorithmic results can
be found in Table 1 (note that for mixed hypertrees H containing only
D-edges X(H) = n where n is the number of vertices of H).
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