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1 Introdu
tionDi�erent types of 
oloring have been studied in the past be
ause they areimportant from both the theoreti
al and pra
ti
al points of view. A 
ommongeneralization of several previously studied 
oloring 
on
epts is the 
on
eptof mixed hypergraphs introdu
ed in [22℄. Besides the ordinary 
olorings,this 
on
ept generalizes spe
ial types of 
olorings of di�erent 
ombinatorialstru
tures [2, 3, 6, 17, 18, 19, 20℄, and also the 
on
ept of list 
oloring asdes
ribed in [15℄.A mixed hypergraph H is a triple (V; C;D) where V is the set of verti
esof H , C is a set of subsets of V (
alled C{edges) and D is a set of subsets ofV (
alled D{edges). A mixed hypergraph is 
alled a bihypergraph if C = D.A mixed hypergraph is 
alled a 
o{hypergraph if D = ; (see [4℄). A 
oloring
 of the verti
es of H is proper if ea
h C{edge of H 
ontains at least twoverti
es of a Common 
olor and ea
h D{edge of H 
ontains at least twoverti
es of Di�erent 
olors. A proper 
oloring 
 using exa
tly k 
olors is astri
t k{
oloring. The feasible set F(H) of a mixed hypergraph H is theset of all k's for whi
h there exists a stri
t k{
oloring of H . The minimumnumber �(H) of F(H) is 
alled the (lower) 
hromati
 number of H and themaximum number �(H) of F(H) is 
alled the upper 
hromati
 number ofH . It was proved in [9℄ that for any set of integers A su
h that 1 62 A, thereexists a mixed hypergraph whose feasible set is equal to A. This result wasfurther extended in [12℄: Besides the feasible set, one may also pres
ribethe numbers rk of all di�erent stri
t k{
olorings of a mixed hypergraph fork 2 A. Sin
e mixed hypergraphs are quite a general model, it is naturalto restri
t attention to spe
ial 
lasses of them in order to hope for someinteresting algorithmi
 results.Several 
lasses of mixed hypergraphs have been previously studied: The
lass of mixed hypergraphs with bounded maximum vertex degree was in-vestigated in [14℄, the 
lass of interval mixed hypergraphs in [1, 9℄ and the
lass of planar mixed hypergraphs in [5, 10, 16℄. We study the 
lass of mixedhypertrees in this paper. A hypergraph H is a hypertree if there is a treewith the same vertex set su
h that the edges of H indu
e 
onne
ted subtreesof it. A mixed hypergraph (V; C;D) is a mixed hypertree if (V; C [ D) is ahypertree. Mixed hypertrees have been suggested in [21℄ as a model whi
h
an �nd its appli
ation in 
omputer biology. It is possible to �nd a treerepresentation of a given (mixed) hypertree in polynomial time by an easymodi�
ation of algorithms for �nding a representation of 
hordal graphs asinterse
tion graphs of subtrees in a tree. A mixed hypergraph/hypertree is2



redu
ed if all its C{edges have size at least three and all its D{edges havesize at least two (see [9, 13, 14℄). There exists (and 
an be 
onstru
ted inpolynomial time) for ea
h mixed hypertree a redu
ed one su
h that theirproper 
olorings one{to{one 
orrespond [13℄. We often work with rooted un-derlying trees of (mixed) hypertrees; su
h a tree has a spe
ial vertex 
alledroot and verti
es have been assigned levels a

ording to their distan
e fromthe root. The parent of a vertex v (whi
h is not the root) is a neighbor of v
loser to the root. If u is a parent of v, then v is a 
hild u. If two verti
eshave the same parent, they are siblings.We de�ne two following algorithmi
 problems for mixed hypertrees:STRICT COLORINGInput: A mixed hypertree H and an integer k.Question: Is H stri
t k-
olorable?And for every �xed k:STRICT k-COLORINGInput: A mixed hypertree H .Question: Is H stri
t k-
olorable?The problem STRICT COLORING of mixed hypertrees is NP{
omplete.Therefore we study these two problems with di�erent 
onstraints on inputmixed hypertrees: A vertex/edge load of a mixed hypertree H is the maxi-mum number of edges of H in whi
h a single vertex of H/a single edge ofa tree representation is 
ontained in. Note that the edge load of H is equalto the maximum number of edges of H whi
h 
ontain a pair of the verti
esof H . Thus both these parameters do not depend on a 
hosen tree repre-sentation and the algorithms designed for mixed hypertrees with boundedvertex/edge load are robust. Another parameter is the maximum degree ofa tree representation; this parameter depends on a 
hosen representationand thus we always assume (when we design an algorithm for mixed hy-pertrees whose tree representation has small maximum degree) that we aregiven a representation together with the input mixed hypertree.In this paper, we address both 
ombinatorial properties of mixed hyper-trees and algorithms for their 
oloring. Unlike the 
ase of general mixedhypergraphs, feasible sets of mixed hypertrees are always intervals as statedin Corollary 1 and in Corollary 2. Moreover the lower 
hromati
 numberof a 
olorable mixed hypertree is at most two due to Observation 1. InSe
tion 2 a more general problem is investigated, namely the extensions ofa given pre
oloring of some verti
es to proper 
olorings of the whole mixedhypertree. We prove in Theorem 1 that if a mixed hypertree with verti
espre
olored by k di�erent 
olors admits an extension to a stri
t k0{
oloring3



for k0 � k + 2 then it admits an extension to a stri
t �{
oloring for every�, k + 2 � � � k0. This 
annot be improved as shown in Theorem 2.We introdu
e and state several basi
 properties of the 
on
ept of witnesssequen
es in Se
tion 3; Se
tion 3 is based on the 
onferen
e paper [11℄.We use this 
on
ept to design one of our polynomial{time algorithms ofSe
tion 4. But this 
on
ept is also interesting from the theoreti
al point ofview: It allows us to state in Observation 2 that ea
h proper 
oloring of amixed hypertree 
an be modi�ed to one whi
h does not have verti
es of thesame 
olor separated by verti
es of two di�erent 
olors, i.e., the same 
olor
an be for
ed to two verti
es only if they are 
lose enough.We deal with algorithmi
 issues in the rest of the paper. Sin
e the lower
hromati
 number of a 
olorable mixed hypertree is always either 1 or 2 (andit 
an be easily re
ognized whi
h is the 
ase), the only problem interestingfrom the algorithmi
 point of view is the problem to de
ide whether a givenmixed hypertree 
an be properly 
olored by at least k 
olors. This problemis NP{
omplete in general. We present three polynomial time algorithmsin Se
tion 4: An algorithm for STRICT k--COLORING for mixed hypertreeswith underlying trees of bounded maximum degrees in Proposition 1, analgorithm for STRICT COLORING for mixed hypertrees with bounded vertexload in Proposition 2 and an algorithm for STRICT k--COLORING for mixedhypertrees 
ontaining only C{edges in Proposition 3. On the other hand,we prove NP{
ompleteness of the problem in the following three 
ases: Ifthe edge{load is bounded in Proposition 4 and in Proposition 5 and if thedegree of an underlying tree is bounded by three in Proposition 6 and inProposition 7. If the degree of an underlying tree is bounded by two thenthe input mixed hypertree is an interval mixed hypergraph and its upper
hromati
 number 
an be determined in polynomial time due to the resultsof [1℄. Our NP{
ompleteness redu
tions work for both mixed hypertrees
ontaining only C{edges and mixed bihypertrees. We refer the reader toTable 1 for summary of our results. The above mentioned 
ases 
over allpossible 
ombinations of the parameters ex
ept for the following two 
ases:The 
ase of STRICT k--COLORING for general mixed hypertrees and thesame problem for mixed hypertrees with bounded edge load. Even the latter(less general) 
ase in
ludes the problem of determining whether an upper
hromati
 number of a given 
o{hypergraph (mixed hypergraph 
ontainingonly C{edges, see [4℄) is at least a �xed number k as stated in Proposition 8in Se
tion 5. We 
onje
ture that this problem 
an be solved in polynomialtime and a polynomial{time algorithm for any of the former two problemsfor mixed hypertrees would immediately yield an algorithm for this one.4



2 Pre
olored Mixed HypertreesObservation 1 Every redu
ed hypertree H is 2{
olorable. If H 
ontainsat least one D{edge its lower 
hromati
 number is two. If it 
ontains noD{edges its lower 
hromati
 number is one.Proof: Choose any vertex of T to be its root. We 
olor the root of Tarbitrarily and then we 
olor the verti
es from the root to the leaves | we
olor a vertex with the 
olor di�erent from the 
olor of its parent. It is easyto 
he
k that this 
oloring is proper sin
e any D{edge 
ontains an edge ofthe underlying tree and any C{edge has size at least three.2Theorem 1 LetH be a hypertree with an underlying tree T . let S1; S2; : : : ; Sk(k � 1) be disjoint sets of verti
es of H and let the verti
es of Si be pre
ol-ored by the 
olor bi for 1 � i � k. If H has a pre
oloring extension usingK � k+2 
olors then it has a pre
oloring extension whi
h uses exa
tly k+2
olors.Proof: Let 
 be the pre
oloring extension of H and S1; : : : ; Sk su
h that 
uses K 
olors. If 
 
olors two end{verti
es of an edge of T with the same
olor, then we may 
ontra
t this edge (remove all the C{edges 
ontainingit) | then if we �nd a pre
oloring extension of this new mixed hypertreeusing k+2 
olors, then we also have a pre
oloring extension of the originalone. Hen
e we may assume that 
 assigns end{verti
es of ea
h edge of Tdi�erent 
olors (thus H is redu
ed) and we may also assume D = E(T ).We assume further that ea
h Si is non{empty (we may add to it a singlevertex 
olored by 
 with the 
olor bi if ne
essary). For every C{edge e,�x two di�erent verti
es xe; ye 2 e su
h that 
(xe) = 
(ye) (every C{edge
ontains at least one pair of su
h verti
es). Repla
e every C{edge e by theC{edge e0 
onsisting of all verti
es of the xe; ye-path in T . Note that 
 isa pre
oloring extension with respe
t to S1; : : : ; Sk of the resulting mixedhypertree H 0. Moreover every pre
oloring extension of H 0 with respe
t toS1; : : : ; Sk is a pre
oloring extension of H . Every C{edge of H 0 indu
es apath in the underlying tree T , and therefore we may 
onsider end-verti
esof C{edges.Let us enlarge the sets Si (if ne
essary) a

ording to the following pro-
edure: If there is a C{edge e0 whi
h starts in a vertex xe 2 Si for some i,5



and ends in a vertex ye 62 Si, then add ye into Si. Repeat this step untilno su
h C{edge exists. Note that the new Si's are still disjoint after thispro
edure is �nished, be
ause we have only added verti
es of 
olor bi intothe set Si.For the sake of brevity, let us write S = Ski=1 Si. Next, we de�ne theset A of auxiliary two-element edges, whi
h 
onsists of the pairs xeye, e 2 Csu
h that e n fxe; yeg � S.De�ne the auxiliary graph T 0 as the graph obtained from T by remov-ing the verti
es of S and then 
ontra
ting all the auxiliary edges of A by
ollapsing their end-verti
es. We 
laim that T 0 has at least two verti
esand is a
y
li
. Indeed, sin
e the 
oloring 
 uses at least two 
olors not usedon the verti
es of S, these two additional 
olors must remain in T 0 (notethat the verti
es of di�erent 
olors 
annot be 
ontra
ted). Next, supposeT 0 has a 
y
le. This 
y
le 
orresponds to a 
y
le in A [ E(T n S) whi
h
ontains at least one edge, say t, of T 0. Repla
ing ea
h edge e in A by the
orresponding (xeye)-path in T , we get a 
losed walk in T whi
h traversesthe edge t pre
isely on
e, a 
ontradi
tion with the a
y
li
ity of T .Sin
e T 0 is a
y
li
, it 
an be 
olored by two 
olors, say by the 
olors bk+1and bk+2. And sin
e H has at least two verti
es, we 
an take su
h 
oloringwhi
h a
tually uses both 
olors. We 
laim that this 
oloring yields a properpre
oloring extension of H 0 with respe
t to S1; : : : ; Sk. It obviously usesexa
tly k + 2 
olors.This 
oloring is proper on all D{edges whi
h are a
tually edges of theunderlying tree T . We show that every C{edge e0 
ontains two verti
es ofthe same 
olor:� The edge e0 has at least one end-vertex in S: Then e0 has both end-verti
es in S by the enlargement pro
edure, and these end{verti
esare in the same Si, i.e., they are 
olored by the same 
olor.� The edge e0 has both end{verti
es in T nS and all other verti
es in S:Then xeye 2 A, xe and ye are 
ontra
ted into one vertex of G, and soxe and ye get the same 
olor.� The edge e0 has both the end{verti
es and at least one inner vertex inT n S: Then these 3 verti
es are 
olored by 
olors bk+1 and bk+2 andtwo of them must get the same 
olor.2The immediate 
orollary of the pre
eding lemma is the following:6



Corollary 1 The feasible set of any mixed hypertree is gap{free.Proof: If there exists a mixed hypertree whose feasible set 
ontains a gap,then there is su
h a redu
ed mixed hypertree H . Sin
e its feasible set
ontains a gap, �(H) � 4 due to Observation 1. Let t be a �xed inte-ger, 2 < t < �(H), let 
 be any 
oloring of H using �(H) 
olors and letS1; : : : ; St�2 be any t�2 
olor 
lasses of this 
oloring. If we apply Theorem 1to H pre
olored with respe
t to S1; : : : ; St�2, we get a proper 
oloring (apre
oloring extension with respe
t to S1; : : : ; St�2) using exa
tly t 
olors.Thus the feasible set of H does not 
ontain a gap whi
h 
ontradi
ts the
hoi
e of H .2We have seen that for a mixed hypertree H pre
olored with k 
olors,the feasible set equals either fkg [ [k + 2; �(H)℄ or [k; �(H)℄. One mayask if the latter is always the 
ase, i.e., if the feasible sets of pre
oloredmixed hypertrees are always gap-free. This is not true as proven in the nexttheorem:Theorem 2 For ea
h k � 2, there exists a mixed hypertree pre
olored withk 
olors su
h that this pre
oloring 
an be extended to a stri
t k{
oloring anda stri
t (k+2){
oloring, but it 
annot be extended to a stri
t (k+1){
oloring.Proof: We �rst present a 
ounterexample for k = 2. Consider the followingpre
olored mixed hypertree H :V (H) = fa; b; 
; d; �; �; 
; ÆgC(H) = fa��; b��; 

Æ; dÆ
; ��
; �
ÆgD(H) = fa�; b�; 

; dÆ; �
gS1 = fa; 
gS2 = fb; dgThe tree with the edge{set fa�; b�; 

; dÆ; ��; �
; 
Æg shows that H is ahypertree. The pre
oloring of H 
an be extended to a stri
t 2{
oloring byassigning the 
ommon 
olor of a and 
 to � and Æ and the 
olor of b andd to � and 
. On the other hand, the pre
oloring of H 
an be extendedto a stri
t 4{
oloring by assigning the same new 
olor both to � and �7



and another new 
olor both to 
 and Æ. We prove that these are the onlypossible pre
oloring extensions of H with respe
t to S1 and S2.Claim: In any proper pre
oloring extension of H with respe
t to S1 andS2, the verti
es � and � get either the same 
olor di�erent from the 
olorof a or b, or � gets the 
olor of b and � gets the 
olor of a.The proof of this 
laim 
an be easily done by 
he
king all possible 
ases.The same 
laim is true also for the verti
es 
 and Æ due to the symmetry ofH and the pre
oloring. For a proper pre
oloring extension using 3 
olors,there are only the following three possibilities:� The verti
es � and � are 
olored with a new 
olor, 
 with the 
olorof a and Æ with the 
olor b.� The verti
es 
 and Æ are 
olored with a new 
olor, � with the 
olor ofb and � with the 
olor a.� The verti
es �, �, 
 and Æ are all 
olored with the same new 
olor.None of these extension is proper: In the �rst two 
ases one of the C{edges��
 and �
Æ is multi
olored, while in the last 
ase the verti
es � and 
 ofa D{edge get the same 
olor.The proof 
an be easily extended to the 
ase that k > 2. It is enough toadd 4(k�2) verti
es ai, bi, 
i and di for 3 � i � k together with the D{edges�ai, �bi, 

i and Ædi for 3 � i � k. We pre
olor the verti
es ai, bi, 
i anddi with the same new 
olor, i.e., Si = fai; bi; 
i; dig, for 3 � i � k. Thearguments used above 
an be used also in this 
ase and thus the pre
oloredmixed hypertree has only two pre
oloring extensions, namely one using k
olors and one using k + 2 
olors.23 Con
ept of Witness Sequen
esWe introdu
e the 
on
ept of witness sequen
es in this se
tion.Let H = (V; C;D) be a mixed hypertree with an underlying tree T =(V;E) whi
h we 
onsider to be rooted at a �xed vertex; let level(v) bethe distan
e of v from the root. We 
all any sequen
e of distin
t verti
esw1; : : : ; wk, 0 = level(w1) < level(w2) � level(w3) � : : : � level(wk) ofverti
es V a witness sequen
e (note that w1 has to the root).On
e we have a witness sequen
e of length k, we want to �nd a stri
tk{
oloring 
 of H (if it exists) su
h that the 
olors of the verti
es w1; : : : ; wk8



are mutually di�erent. In order to do this, we divide the verti
es of H intothree sets: L is the set of the verti
es introdu
ing new 
olors (i.e., verti
esin the witness sequen
e) and their siblings:L = fvj9i; parent(v) = parent(wi) _ v = wig (1)R is the set of the neighbors of the verti
es of L:R = fvjv 62 L ^ 9u 2 L; uv 2 Eg (2)And O is the set of other verti
es of H :O = V n (L [R) (3)Later, we 
olor the verti
es of O as des
ribed in the two{
olorability proofabove.Next, we 
onstru
t a mapping � : V ! fF;G; 1; : : : ; kg. We de�ne aspe
ial set �(v) for ea
h vertex v as follows:�(v) = fF;Gg [ fijparent(v) = parent(wi) _ v = wig if v 2 L (4)�(v) = fF;Gg if v 2 R (5)�(v) = fFg if v 2 O and fv; parent(v)g 2 C (6)�(v) = fGg if v 2 O and fv; parent(v)g 62 C (7)We require that �(v) 2 �(v) for ea
h vertex v. The meaning of the fun
tion� is the following: The fun
tion � assigns the number i to the vertex/i
esintrodu
ing the 
olor i, to a vertex whi
h should be 
olored with the same
olor as its parent the value F and to a vertex whi
h should be 
olored withthe 
olor di�erent from the 
olor of its parent the value G. We des
ribe a
onstru
tion of a 
oloring ~
 whi
h is proper for some 
hoi
e of � if there is aproper 
oloring of H assigning to w1; : : : ; wk mutually di�erent 
olors andfor whi
h this sequen
e is minimal in the sense de�ned later. The 
oloring~
 of H is based on a witness sequen
e w1; : : : ; wk and a mapping �:~
(v) = 1 if w2 is an su

essor of v (8)~
(v) = �(v) if �(v) 2 f1; : : : ; kg (9)~
(v) = ~
(parent(v)) if �(v) = F (10)~
(v) = ~
?(parent(v)) if �(v) = G (11)where ~
?(u) is following: 9



� ~
?(u) = 2 if u is the root (note that ~
(u) = 1 in this 
ase)� ~
?(u) = ~
(parent(u)) if ~
(u) 6= ~
(parent(u))� ~
?(u) = ~
?(parent(u)) if ~
(u) = ~
(parent(u))Note that all inner verti
es v on the path from w2 to w1 get 
olor ~
(v) = 1.The last rule of the de�nition ~
 says that ~
(v) := ~
(w) for the �rst vertexw met when walking from parent(v) to w1 su
h that ~
(w) 6= ~
(parent(v)),and ~
(v) = 2 if su
h w does not exist (i.e., if all verti
es on the path fromparent(v) to w1 are 
olored with 
olor 1).The sequen
e w1; : : : ; wk of verti
es V is a witness sequen
e with respe
tto a stri
t k0{
oloring 
 : V ! f1; : : : ; k0g if 
(wi) 6= 
(wj) for i 6= j (it 
ouldbe k � k0). A witness sequen
e is minimal with respe
t to 
 ifPi level(wi) isminimal. We say that the mapping � is 
onsistent with a stri
t k0{
oloring
 and a minimal witness sequen
e w1; : : : ; wk (k � k0) with respe
t to 
 ifit satis�es:� �(v) = 
(v) if 
(v) 2 �(v)� �(v) = F if 
(v) = 
(parent(v)) and F 2 �(v)(This holds in parti
ular when fv; parent(v)g is a C{edge.)� �(v) = G otherwiseIf parent(v) does not exist, the se
ond 
ondition does not apply. Note that ifw1; : : : ; wk is a minimal witness sequen
e with respe
t to 
 then a 
onsistentmapping � exists and is uniquely determined.The following theorem a
tually gives the sense to all the previous de�-nitions whi
h introdu
ed witness sequen
es:Theorem 3 If w1; : : : ; wk is a minimal witness sequen
e with respe
t to astri
t k0{
oloring 
, 2 � k � k0, of a mixed hypertree H and if � is 
onsistentwith 
 then ~
 based on w1; : : : ; wk and � is a stri
t k{
oloring.Proof: The 
oloring ~
 
learly uses exa
tly k 
olors. It remains to provethat ~
 is proper. Thus it is enough to prove that ea
h edge of D 
ontainstwo verti
es 
olored by ~
 with di�erent 
olors and ea
h edge of C 
ontainstwo verti
es 
olored by ~
 with the same 
olors.Let e be any edge of D and let u and v be two verti
es of e 
olored by
 with di�erent 
olors. We 
an assume w.l.o.g. that u and v are neighbors10



and that e.g. u = parent(v). Note that w2 is not an su

essor of v, sin
eotherwise it would hold that 
(u) = 
(v) = 1 due to the minimality of thewitness sequen
e and our assumption that 0 = level(w1) < level(w2) �: : : � level(wk). We 
laim that ~
(u) 6= ~
(v). We distinguish several 
ases:� �(v) = FThis 
ase is impossible due to 
onsisten
y of � with 
.� �(v) = GIt holds that ~
(v) = ~
?(parent(v)) 6= ~
(parent(v)) | note that w2is not an su

essor of v sin
e otherwise 
(u) = 
(v) = 1 due to theminimality of the witness sequen
e.� �(v) 2 f1; : : : ; kgThere is no prede
essor of v 
olored by ~
 with the 
olor �(v) = 
(v)due to the minimality of the witness sequen
e; it espe
ially holds that~
(u) 6= ~
(v), in this 
ase.We have just proved that all the D{edges 
ontain two verti
es 
olored bydi�erent 
olors. So, we fo
us our attention on the C{edges.Let e be any edge of C. If e 
ontains two verti
es whose su

essor is w2,then these two verti
es of e are 
olored by ~
 with 
olor 1. Next, we assumethat there is at most one vertex whose su

essor is w2; 
learly this vertex,if it exists, is the vertex of e whi
h is the nearest one in e to the root. Letu and v be two nearest verti
es of e 
olored by 
 with the same 
olor. It isnot ne
essary that ~
(u) = ~
(v). We �rst state a useful observation whi
h isgoing to be used several times in the proof:Claim 1 If e 2 C 
ontains a vertex u su
h that the following two 
onditionsare satis�ed:� �(u) 2 fF;Gg� fu; parent(u); parent(parent(u))g � e or fu; parent(u)g = eThen e 
ontains two verti
es 
olored by ~
 with the same 
olor.The 
ase that �(u) = F is trivial. If �(u) = G then e 
annot befu; parent(u)g due to the de�nition of �(u) and it is fu; parent(u); parent(parent(u))g �e. Let u0 = parent(u) and u00 = parent(u0) = parent(parent(u)). If~
(u0) = ~
(u00) the 
laim is 
lear. If ~
(u0) 6= ~
(u00) then ~
(u) = ~
?(u0) = ~
(u00)and the 
laim also holds. 11



We 
ontinue the proof of the theorem. We distinguish several 
ases toprove that e 
ontains two verti
es 
olored by ~
 with the same 
olor:� The vertex v is a prede
essor of u. (The 
ase that u is a prede-
essor of v is symmetri
.)In this 
ase e 
ontains all the verti
es between u and v, i.e. it 
ontainsparent(u) in parti
ular. We distinguish several 
ases:{ �(u) = FThen u and parent(u) are 
olored with the same 
olor.{ �(u) = GIf v is not a parent of u, then e 
ontains two verti
es 
olored by ~
with the same 
olor due to Claim 1. Let us 
onsider the remaining
ase that v is the parent of u (and thus ~
(u) 6= ~
(v)). Due to the
onsisten
y of � with 
, F 62 �(u) and thus u 2 O. Then, e must
ontain at least three verti
es, in parti
ular it 
ontains either a
hild of u, a sibling of u or a grand{parent of u:� e 
ontains a 
hild of u. Call it w.Sin
e u 2 O, we 
learly have w 2 R [ O and e 
ontainstwo verti
es 
olored by ~
 with the same 
olor due to Claim1 applied to w.� e 
ontains a sibling of u. Call it w.Sin
e u 2 O, we 
learly have w 2 R [ O and thus �(w) iseither F or G. If �(w) = F then ~
(w) = ~
(v) and the verti
esv and w are two verti
es of e 
olored by ~
 with the same
olor. If �(w) = �(u) = G then ~
(u) = ~
(w) = ~
?(v) andthus u and w are two verti
es of e 
olored by ~
 with the same
olor.� e 
ontains a grand{parent of u.In this 
ase e 
ontains two verti
es 
olored by ~
 with thesame 
olor due to Claim 1.{ �(u) 2 f1; : : : ; kgIf �(u) = i then we 
ould get by substituting wi (a member ofthe witness sequen
e with level(wi) = level(u) > level(v)) withv a witness sequen
e with a smaller level sum, 
ontradi
ting theminimality of the witness sequen
e.� Neither u is a prede
essor of v nor v is a prede
essor of u.Let w be the nearest 
ommon prede
essor of u and v. We distinguish12



several 
ases to prove that e 
ontains two verti
es 
olored by ~
 withthe same 
olor:{ �(u) = F or �(v) = FThen u (resp. v) and its parent belong to e and they are both
olored with the same 
olor by the 
oloring ~
.{ �(u) = G and �(v) = GIf parent(u) 6= w or parent(v) 6= w then e 
ontains two verti
esof the same 
olor due to Claim 1; otherwise it holds that w =parent(u) = parent(v). Then, it holds that ~
(u) = ~
(v) = ~
?(w)and thus u and v are two verti
es of e 
olored by ~
 with the same
olor.{ �(u) 2 f1; : : : ; kg and �(v) = G (the 
ase that �(u) = G and�(v) 2 f1; : : : ; kg is symmetri
)If u and v are siblings, then due to the 
onsisten
y of � with 
,it has to hold that �(u) = �(v). Thus u and v are not siblings.If parent(v) 6= w then e 
ontains two verti
es of the same 
olordue to Claim 1. We may therefore assume that w = parent(v).Sin
e w is the nearest 
ommon prede
essor of u and v, the levelof u is greater than the level of v. It follows from the 
onsisten
yof � with 
 and the witness sequen
e that u has a sibling wi,where i = 
(u) = 
(v) = 
(wi), 
ontradi
ting the minimality ofthe witness sequen
e (level(v) > level(wi)).{ �(u) 2 f1; : : : ; kg and �(v) 2 f1; : : : ; kgIf u and v are not siblings, then �(u)\�(v)\f1; 2; : : : ; kg = ;. Itfollows from the 
onsisten
y of � with 
 and the witness sequen
ethat 
(u) 2 �(u)\f1; 2; : : : ; kg and 
(v) 2 �(v)\f1; 2; : : : ; kg andhen
e 
(u) 6= 
(v), a 
ontradi
tion. Hen
e u and v are siblings.The 
onsisten
y of � implies that �(u) = �(v), and hen
e ~
(u) =~
(v) and u and v are two verti
es of e 
olored by ~
 with the same
olor.2Corollary 2 If a hypertree H has a stri
t k0{
oloring, then it also has astri
t k{
oloring for all 2 � k � k0. In parti
ular, the feasible set of anymixed hypertree is gap{free. 13



Proof: Let 
 be a stri
t k0{
oloring of H and let w1; : : : ; wk be a minimalwitness sequen
e with respe
t to 
. Let � be 
onsistent with 
. Then the
oloring ~
 based on the witness sequen
e w1; : : : ; wk and mapping � is astri
t k{
oloring. Set k0 = �(H) to derive that F(H) is gap-free.2Observation 2 Let H a mixed hypertree with an underlying tree T . Thenfor ea
h k 2 F(H), there exists a stri
t k{
oloring 
 satisfying the following:If u and v are two verti
es of H su
h that 
(u) = 
(v), then there eitherexists a vertex w on the path between u and v su
h that 
(u) = 
(v) = 
(w)or this path is mono
hromati
, i.e., all its inner verti
es have the same 
olorassigned by 
.Proof: If k = 1, the statement is trivial. Let 2 � k 2 F(H) be �xedthroughout the proof. Let 
 be a stri
t k{
oloring of H and let w1; : : : ; wkbe a minimal witness sequen
e with respe
t to 
. Let � be 
onsistent with
. Then ~
 
orresponding to w1; : : : ; wk and � satis�es the 
onditions of thestatement of the observation.24 AlgorithmsIn this se
tion, we present three polynomial time algorithms for de
idingstri
t k-
olorability of mixed hypertrees for restri
ted inputs. In parti
ular,we study the 
ases that maximum vertex load lv, maximum edge load le,the number k of 
olors or the maximum degree � of the underlying tree(whi
h is given as a part of the input in this 
ase) are bounded. Note thatle � lv � le� and hen
e bounded vertex load implies bounded edge load,and bounded the maximum degree together with edge load imply boundedvertex load.In the �rst algorithm, we use the 
on
ept of witness sequen
es from theprevious se
tion:Proposition 1 Let k and � be �xed integers. STRICT k--COLORING 
anbe solved in polynomial time for mixed hypertrees with underlying trees ofmaximum degree at most �. 14



Proof: The algorithm 
onsists in 
he
king all possible witness sequen
es.We des
ribe it formally:for all sequen
es w1; : : : ; wk of distin
t verti
es of H su
hthat 0 = level(w1) < level(w2) � : : : � level(wk)do 
onstru
t sets L, R and O for w1; : : : ; wk by rules (1)-(3)for every vertex v 
onstru
t the sets �(v) by rules (4)-(7)for all mappings � : V ! fF;G; 1; : : : ; kg su
h that �(v) 2 �(v)do 
onstru
t ~
 based on w1; : : : ; wk and � by rules (8)-(11)if ~
 is a proper 
oloring thenoutput YEShaltdonedoneoutput NOhaltWe 
laim that the algorithm outputs YES if and only if H has a stri
tk-
oloring; YES is output only if the last 
he
ked 
oloring ~
 is a stri
t k-
oloring. Suppose that H has a stri
t k-
oloring, say 
. Let w1; : : : ; wk be aminimal witness sequen
e with respe
t to 
 and let � be the mapping 
on-sistent with 
 and w1; : : : ; wk. It follows from Theorem 5 that the algorithm�nds the stri
t k-
oloring ~
 that is based on these w1; : : : ; wk and �.Next we estimate the running time of this algorithm. Let n (resp. m) bethe number of verti
es (resp. edges) of H and let d be the maximum degreeof T . There are O(nk�1) 
hoi
es of the witness sequen
e in the �rst step.Given w1; : : : ; wk, the sets L;R;O and �(v); v 2 V , 
an be 
onstru
ted intimeO(n+kd2). It is 
lear that jLj � k(d�1) � kd and jRj � k(d�1)2+k �kd2. There are exa
tly j�(v)j � k+2 
hoi
es of �(v) for v 2 L, two 
hoi
esof �(v) for v 2 R and one 
hoi
e of �(v) for v 2 O. Hen
e the total numberof 
hoi
es of � is Qv2V j�(v)j � (k + 2)kd2kd2 . For ea
h w1; : : : ; wk and �,the 
oloring ~
 
an be 
onstru
ted in time O(n2) and then 
he
ked in timeO(nm) if it is proper. The running time of the whole algorithm is thusmajorized by O(nk�1(n+ kd2 + (k+2)kd2kd2(n2 +nm))) = O(nk+1m) if kand d are bounded.2 15



The next algorithm is based on a more or less straightforward dynami
programming approa
h:Proposition 2 Let lv be a �xed integer. The problem STRICT COLORING
an be solved in polynomial time for mixed hypertrees with vertex load boundedby lv. Moreover, this problem is �xed parameter tra
table.Proof: Fix an underlying tree T ofH rooted in a vertex of degree one. Notethat the edge load of H is bounded by lv as well. In the des
ription of thealgorithm, we use 
olors 1; 2; : : : ; k and, to avoid 
onfusion, we distinguishedges of the underlying tree and hyperedges (edges of H). For an edgee = uv, with u being 
loser to the root of T than v, Te denotes the subtreeof T rooted in v whi
h is indu
ed by the verti
es whi
h belong to the same
omponent of T nv as u. He denotes the hypertree with the underlying treeTe 
onsisting of the hyperedges of H fully 
ontained in Te. For ea
h vertexv of H , we �x an ordering ev1; : : : ; evl of the hyperedges 
ontaining v (notethat l � lv).Let e be an edge of T and let v be its vertex 
loser to the root. Re
allthat ev1; : : : ; evl are the hyperedges 
ontaining v. We de�ne �e(x1; : : : ; xl)for xi 2 f;; C;D; 1; : : : ; lvg to be the maximum number of 
olors used bya proper 
oloring 
 of He whi
h assigns 
olor 1 to the vertex v and whi
hsatis�es the following:� If xi = C then 
 
olors two verti
es of evi \V (Te) with the same 
olor.� If xi = D then 
 
olors two verti
es of evi \V (Te) with di�erent 
olors.� If xi = � 2 f1; : : : ; lvg then 
 
olors a vertex of evi \ V (Te) with the
olor �.� If xi = ; then no requirements are imposed on evi \ V (Te).The algorithm will 
ompute the fun
tions �e by brute for
e in bottom upfashion. Note that for ea
h edge e, the fun
tion �e 
an be des
ribed by atable of its values of size (3 + lv)lv .Let v be a vertex of T and let e0; e1; : : : ; em be the edges adja
ent tov su
h that e0 is the edge joining v to its parent. Let us assume that wehave 
omputed �e1 ; : : : ;�em . When 
omputing �e0 , we �rst 
ompute fun
-tions �e01 ; : : : ;�e0m whi
h are de�ned similarly to the fun
tions �e1 ; : : : ;�emas follows: �e0i (x1; : : : ; xl) is the maximum possible number of 
olors of aproper 
oloring (under the 
onstraints posed by the variables x1; : : : ; xl)16



of the mixed hypergraph whose verti
es are verti
es of Te1 [ : : : [ Tei andwhose edges are the edges of H fully 
ontained in its vertex set. Ea
h �e0i
an be by a straightforward approa
h 
omputed from �e0i�1 and �ei in timeO((3 + lv)2lv ) for 2 � i � m (�e01 is just �e1). At this step, only verti
eswhose 
olors are expli
itly mentioned among variables xi have to preservetheir 
olors; the remaining verti
es 
an 
hange their original 
olors to other
olors (under the 
ondition that all the verti
es 
olored with the same 
olor
hange to the same new one). Thus we a
tually 
onsider also the 
oloringsusing 
olors whi
h are not among the 
olors 1; : : : ; lv. On the other hand, lv
olors are suÆ
ient to model all possible intera
tions between 
olors of ver-ti
es in edges 
ontained in di�erent subtrees (it is enough to model C{edges,sin
e for ea
h D{edge there are in a proper 
oloring two adja
ent verti
eswith di�erent 
olors).The fun
tion �e0 
an be then 
omputed from the fun
tion �e0m by 
on-sidering two possibilities | the end{verti
es of the edge e0 have either thesame 
olor or di�erent 
olors. The upper 
hromati
 number of a givenmixed hypertree 
an be easily determined from the values of fun
tion �fwhere f is the only edge adja
ent to the root of the tree. We may 
on-
lude that the problem STRICT COLORING for a mixed hypertree with nverti
es, m hyperedges and maximum vertex load lv 
an be solved in timeO((n+m)(3 + lv)2lv ).2Our last algorithm is a version of the algorithm of Proposition 1 and itis based on a 
on
ept of witness sequen
es simpli�ed for the 
ase of mixedhypertrees 
ontaining only C{edges:Proposition 3 Let k be a �xed integer. The problem STRICT k-COLORING
an be solved in polynomial time for mixed hypertrees 
ontaining only C{edges.Proof: Let H be a given mixed hypertree whi
h 
ontains only C{edges. Letv1; : : : ; vk be a minimal witness sequen
e with respe
t to a stri
t k-
oloring
. We de�ne a 
oloring 
0 as follows: 
0(v) = i if vi is the nearest prede
essorof v whi
h belongs to the witness sequen
e. We 
laim that 
 is a proper
oloring of H . Note that ea
h vertex whi
h is not 
ontained in the witnesssequen
e has the same 
olor as its parent. If a C{edge e is not properly
olored by 
0, then all its verti
es, ex
ept possibly its vertex 
losest to theroot, are members of the witness sequen
e. This 
ontradi
ts the minimality17



of the witness sequen
e with respe
t to 
, be
ause the vertex 
losest to theroot would have to be 
olored with the same 
olor as some other vertex of eby 
. Hen
e it suÆ
es to try all O(nk) possible witness sequen
es, 
onstru
tthe 
oloring 
0 for ea
h of them and 
he
k if at least one of them is proper.25 NP{
ompletenessThe following proposition without a bound on the edge{load was provedin [7℄; the proof with a bound on the edge{load 
an be found in [13℄:Proposition 4 The problem STRICT COLORING is NP-
omplete for mixedhypertrees 
ontaining only C-edges, and even for those with the maximumedge load bounded by four.We prove a modi�
ation of Proposition 4 for mixed bihypertrees:Proposition 5 The problem STRICT COLORING is NP-
omplete for mixedbihypertrees of maximum edge load bounded by twelve.Proof: We show a redu
tion from the de
ision problem on the independen
enumber of a 
ubi
 graph (see [8℄) is presented: Let G be a 
ubi
 graph withthe vertex set V (G) = fw1; : : : ; wng and the edge set E(G). Let T be a treewith the vertex set equal to V = f?; u1; : : : ; un; v1; : : : ; vng and the edge setequal to f?ui; uivij1 � i � ng. We de�ne a mixed bihypertree H on thevertex set V as follows: The edges of H are pre
isely the sets f?; ui; vi; ujgfor all i and j su
h that wiwj is an edge of G (sin
eH is a mixed bihypertree,all its edges are both C and D{edges). We 
laim that �(H) = n + � + 1where � is the size of the independent set of G. Note that ea
h edge of thetree T is 
ontained either in 6 or 12 edges of H (the edges in
ident to theroot are 
ontained in 12, the other edges in 6 edges of H).We prove the 
laim: Let wi1 ; : : : ; wi� be an independent set of G. Let 
be the following 
oloring of the verti
es of H :
(?) = 0
(vj) = k for all k = 1; : : : ; n
(uij ) = n+ j for all j = 1; 2; : : : ; �18




(uk) = 0 for all k 6= i1; : : : ; i�Let f?; ui; vi; ujg be an edge of H . Either 
(ui) = 0 or 
(uj) = 0, sin
e bothwi and wj 
annot be in the 
onsidered independent set and 
(?) = 0 6= 
(vi).Hen
e 
 is a stri
t (n + � + 1){
oloring of H . On the other hand, let 
 bea 
oloring using � 
olors, � � n. We 
onstru
t an independent set of G ofsize � = � � n� 1. Let R0 = ?; : : : ; R��1 (we assume that 
(?) = 0) be theminimal witness sequen
e with respe
t to T rooted at ?. We �rst de�ne anew �-stri
t 
oloring ~
:� We set ~
(?) = 0.� If both ui and vi are among R1; : : : ; R��1 (a ray of Type 1), we set~
(ui) = 
(ui) and ~
(vi) = 
(vi).� If only ui is among R1; : : : ; R��1 (a ray of Type 2), we set ~
(ui) = 0and ~
(vi) = 
(ui).� If only vi is among R1; : : : ; R��1 (a ray of Type 3), we set ~
(ui) = 0and ~
(vi) = 
(vi).� If neither ui nor vi is among R1; : : : ; R��1 (a ray of Type 4), we set~
(ui) = 0 and ~
(vi) to a 
ompletely new 
olor.Note that if 
 uses �(H) 
olors, the last 
ase 
annot o

ur. Let f?; ui; vi; ujgbe an edge of H ; ~
(?) 6= ~
(vi) due to the de�nition of ~
. If ui and uj belongboth to rays of Type 1, then the original 
oloring 
 
annot be proper. Thusat least one of them belongs to a ray of Type 2, 3 or 4 and is 
olored by0, the same 
olor as the vertex ?. We have just proven that ~
 is a proper
oloring. Let A = fwij~
(ui) 6= 
(?)g. The set A is an independent setof G, sin
e ~
 is a proper 
oloring, and its size is exa
tly �, sin
e verti
es?; v1; : : : ; vn are 
olored by mutually di�erent n+1 
olors. This �nishes theproof of the 
laim.2Proposition 6 The problem STRICT COLORING is NP-
omplete for mixedhypertrees 
ontaining C{edges only, even if the input hypertree is given to-gether with an underlying tree of maximum degree at most 3.Proof: We present a redu
tion from 3{SAT (
f. [8℄). Let � be a givenformula with n variables x1; : : : ; xn. Let T be a tree whose all internal19



verti
es have degree 3 and whi
h has exa
tly n leaves; let v1; : : : ; vn be theleaves. Let V be the set of the verti
es of T . We add to T other 2n verti
esvTi and vFi for 1 � i � n together with the edges vivTi and vivFi for 1 � i � n.The C{edges of the 
onstru
ted mixed hypertree are the following:� fvi; vTi ; vFi g for 1 � i � n� V [ fvXi ; vYj ; vZk g for ea
h 
lause 
ontaining the variables xi, xj andxk ; X is T if the o

urren
e of xi in the 
lause is positive, F otherwise;Y and Z are 
hosen in a similar manner.We 
laim that the upper 
hromati
 number of the 
onstru
ted mixed hy-pertree is jV j + n i� � has a satisfying assignment. Note that the upper
hromati
 number of the 
onstru
ted mixed hypertree 
annot be more thanjV j + n sin
e it 
ontains n disjoint C{edges (those 
orresponding to thevariables) and it has jV j+ 2n verti
es.Assume that � has a satisfying assignment. We 
olor the verti
es of themixed hypertree as follows: The verti
es of V are 
olored with jV j mutuallydi�erent 
olors. If xi is true, we assign the vertex vTi the 
olor of vi and thevertex vFi a 
ompletely new 
olor. If xi is false, we assign the 
olor of vi tothe vertex vFi and a 
ompletely new 
olor to the vertex vTi . This yields aproper 
oloring of the mixed hypertree with jV j+ n 
olors.Assume that the upper 
hromati
 number of the mixed hypertree isjV j+n and let 
 be a proper 
oloring of it using this number of 
olors. Themixed hypertree has jV j+ 2n verti
es and it 
ontains n disjoint C{edges ofsize three whi
h 
orrespond to the variables of � ea
h having exa
tly onevertex in 
ommon with V ; thus 
 assigns mutually di�erent 
olors to theverti
es of V . Moreover, the verti
es vi, vTi and vFi for ea
h 1 � i � n 
anbe 
olored as des
ribed in one of the following three possibilities:� 
(vi) = 
(vTi ) and vFi is the only vertex 
olored with the 
olor 
(vFi ).� 
(vi) = 
(vFi ) and vTi is the only vertex 
olored with the 
olor 
(vTi ).� The verti
es vTi and vFi are the only two verti
es 
olored with the 
olor
(vTi ) = 
(vFi ) 6= 
(vi).In the �rst 
ase, let xi be true; in the se
ond 
ase, let xi be false; in thethird 
ase, let the value of xi be arbitrary. The just obtained assignmentsatis�es �, sin
e ea
h C{edge whi
h 
orresponds to a 
lause, has to 
ontainat least two verti
es of the same 
olor and these verti
es has to be vi andvXi for some 1 � i � n and X 2 fT;Fg.20



2Proposition 7 The problem STRICT COLORING is NP-
omplete for mixedbihypertrees, even if the input bihypertree is given together with an underly-ing tree of maximum degree at most 3.Proof: If in the mixed hypertree H of the proof of Proposition 6 ea
hC{edge is also a D{edge, then the proof of Proposition 7 is obtained.2The last proposition of this se
tion does not provide an NP{
ompletenessresult, but it shows that polynomial{time algorithms for the last two re-maining open problems for general mixed hypertrees (
f. Table 1) wouldprovide a polynomial{time algorithm for 
oloring 
o{hypergraphs with a�xed number of 
olors:Proposition 8 The problem of determining whether the upper 
hromati
number of a given 
o{hypergraph is at least k 
an be polynomially redu
edto STRICT (k + 1)-COLORING of mixed hypertrees with maximum edge load4.Proof: LetH be a given 
o{hypergraph. We may assume that its maximumvertex degree is at most three (see [14℄ for details). Let v1; : : : ; vn be theverti
es of H . We 
reate a mixed hypertree on a star whose 
entral vertex isa new vertex ? and whose leaves are the verti
es v1; : : : ; vn. The D{edges ofthis mixed hypertree are all the pairs f?; vig for 1 � i � n and its C{edgesare the sets f?g [ C for ea
h C whi
h is a C{edge of H .Any proper 
oloring of the 
onstru
ted mixed hypertree assigns the ver-tex ? a 
olor whi
h is not used to 
olor any other vertex and thus the 
oloringof the verti
es v1; : : : ; vn of the mixed hypertree is a proper 
oloring of H .We immediately 
on
lude that �(H) is the upper 
hromati
 number of the
onstru
ted mixed hypertree de
reased by one.26 Con
lusionWe investigated the properties of pre
oloring extensions of mixed hyper-trees. Further we introdu
ed 
on
ept of witness sequen
es and we used this21



Bounded parameters: | le lv �, le �lv, le �, lv , (le)General mixed hypertreesk is �xed ? ? P P Pk is part of input NPC NPC P P NPCMixed bihypertreesk is �xed ? ? P P Pk is part of input NPC NPC P P NPCMixed hypertrees with only D{edges P P P P PMixed hypertrees with only C{edgesk is �xed P P P P Pk is part of input NPC NPC P P NPCTable 1: Complexity of determining whether the upper 
hromati
 number ofa given mixed hypertree is at least k for various 
lasses of mixed hypertrees;� is the maximum degree of the underlying tree, lv/le is the maximumvertex/edge load.
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on
ept to prove several results on mixed hypertrees (Corollary 2, Observa-tion 2) and to design an algorithm for 
oloring mixed hypertrees. Besidesthis algorithm, we designed two other algorithms, and we provided severalNP{
ompleteness redu
tions. The summary of our algorithmi
 results 
anbe found in Table 1 (note that for mixed hypertrees H 
ontaining onlyD{edges �(H) = n where n is the number of verti
es of H).A
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