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47Chara
terizing the Sum of Two CubesKevin A. BroughanUniversity of WaikatoHamilton 2001New Zealandkab�waikato.a
.nzAbstra
tAn intrinsi
 
hara
terization of positive integers whi
h 
an be represented as thesum or di�eren
e of two 
ubes is given. Every integer has a smallest multiple whi
h isa sum of two 
ubes and su
h that the multiple, in the form of an iterated 
ompositefun
tion of the integer, is eventually periodi
 with period one or two. The represen-tation of any integer as the sum of two 
ubes to a �xed modulus is always possible ifand only if the modulus is not divisible by 7 or 9.1 Introdu
tionConsider the beautiful 
hara
terization of numbers whi
h are the sum of two squares, namely[2, Theorem 366℄ a number n is the sum of two squares if and only if all the prime fa
torsof n of the form 4m + 3 have even exponent in the standard fa
torization of n. This is notmat
hed by any known 
omparable 
ondition for the sum of two 
ubes. In the absen
e ofsu
h a 
hara
terization there has been a great deal of interest in questions related to thesum of two 
ubes, see for example [6℄, [8℄.In Se
tion 2 we give an intrinsi
 
hara
terization, a property of n itself, whi
h will de-termine whether it is representable as the sum of two 
ubes or not. The 
hara
terization isnot so simple but is 
omplete, and 
overs both n = x3 + y3 and n = x3 � y3. To have arepresentation in either of these forms n must have a divisor m whi
h satis�es stri
t 
ondi-tions: m3�n=m must be divisible by 3 with quotient l satisfying m2+4l is a perfe
t square.The appli
able range for values of m and sign of l dis
riminates between the two equationsn = x3 + y3 and n = x3 � y3.In Se
tion 3 the equation n = x3+ y3 modulo m is 
onsidered and the main result of thepaper proved. The divisibility of m by 7 or 9 is de�nitive, in that it is in these 
ases, andonly in these 
ases, that the form n � x3+y3 mod m does not have a solution for every n.1
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Every positive integer has a multiple whi
h is the sum of two 
ubes. This phenonena isstudied in Se
tion 4 where fun
tions, �(n) and �(n) giving the \minimum multiple" of aninteger whi
h represents the sum of two 
ubes, are de�ned. These fun
tions, when iterated,are eventually periodi
 with period length one or two.2 Chara
terizing the sum of two 
ubesTheorem 2.1. Let n be a positive integer. Then the equation n = x3 + y3 has a solution inpositive integers x and y if and only if the following three 
onditions are satis�ed:1a. There exists a divisor m j n with n 13 � m � 2 23n 13 su
h that2a. for some positive integer l, m2 � n=m = 3l and su
h that3a. the integer m2 � 4l is a perfe
t square.The 
onditions equivalent to the existen
e of a solution to n = x3 � y3 in positive integersare as follows:1b. There exists a divisor m j n with 1 � m < n 13 su
h that2b. for some positive integer l, n=m�m2 = 3l and su
h that3b. the integer m2 + 4l is a perfe
t square.Proof. First we show that if the equation n = x3 + y3 has a solution then (1a-3a) must besatis�ed.(1a) Let n = u3 + v3 = (u+ v)(u2 � uv + v2) in positive integers u; v and let m = u+ vso m j n. The form x2 � xy + y2 = nmis the equation of an ellipse, 
alled here E, with major axis the line y = x, and (u; v) is apoint on the ellipse in the �rst quadrant.The straight line m = x + y 
uts the x-axis at x = m whi
h is equal or to the right ofthe point where the ellipse 
uts the axis, namely x =pn=m. Hen
er nm � m ) n 13 � m (1):The length of the major axis of E isp2n=m and the distan
e of the line x+ y = m fromthe origin m=p2. Sin
e the line 
uts the ellipse we must havemp2 �r2nm ) m � 2 23n 13 (2):By (1) and (2) n 13 � m � 2 23n 13 :2



(2a) Substitute v = m� u in n=m = u2 � uv + v2 to obtain the equationnm = 3(u2 �mu) +m2:Hen
e 3 j m2 � n=m. Sin
e, by (1a) n � m3, l = (m2 � n=m)=3 � 0.(3a) Now 
onsider the value of l: l = �u2 +mu. This means u is an integer root of thequadrati
 equation x2 � mx + l = 0 with integer 
oeÆ
ients, so the dis
riminant, namelym2 � 4l, must be a perfe
t square.(1b) If u � 0 and v < 0 then the point (u; v) lies on E in the fourth quadrant so the linem = x + y 
uts the x-axis to the left of x = pn=m leading to the bound m < n1=3. Theproofs of (2b) and (3b) are similar to those of (2a) and (3a).Now assume that (1a-3a) are satis�ed. (The 
ase (1b-3b) is similar.)Given m, from (1a) de�ne l using (1b) so 3l = m2 � n=m. Let x1; x2 be the two integerroots (given by 
ondition (1
) of the quadrati
 equationx2 �mx+ l = 0so x1x2 = l, the produ
t of the roots, and m = x1 + x2, the sum of the roots.Then n = m � nm= (x1 + x2)(m2 � 3l)= (x1 + x2)((x1 + x2)2 � 3x1x2)= (x1 + x2)(x21 � x1x2 + x22)= x31 + x32:3 Modular ConstraintsBy analogy with the sum of two squares it is natural to 
onsider modular 
onditions on nfor it to be representable as the sum of two 
ubes. Something interesting is happening herewhen the modulus is divisible by 7 or 9:Example 3.1. Let n 2 N be su
h that n satis�es one of the 
ongruen
es listed below.Then n = x3 + y3 has no solution in Z:1. n � 3 or 4 mod 7,2. n � 3; 4; 5 or 6 mod 9,3. n � 3; 4; 5; 6; 10; 11; 12; 13; 14; 15; 17; 18; 21;22; 23; 24; 25; 30; 31; 32; 33; 38; 39; 40;41; 42; 45; 46; 48; 49; 50; 51; 52; 53; 57;58; 59; or 60 mod 63. 3



Theorem 3.2. Let m;n be su
h that there exist u; v; x; y withm � u3 + v3 mod 7n � x3 + y3 mod 9:Then there exist integers A;B su
h that28m� 27n � A3 +B3 mod 63:Furthermore, every sum of two 
ubes modulo 63 arises in this manner.Proof. Let A = 28u� 27x and B = 28v � 27y and expand A3+B3 modulo 63 to derive thegiven equation. A 
omputation veri�es the last 
laim of the theorem statement.If N � 2 letÆ(N) = #fn 2 f1; : : : ; Ng : n � x3 + y3 mod N has a solutiongN :Lemma 3.1. Let n 2 Z be given and p be a prime with p 6= 3. Then if the equationn � x3 + y3 mod p has a solution so also does the equation n � x3 + y3 mod p� for every� � 1.Proof. Let n � x3 + y3 mod p. Assume that p - x. (If p j x and p j y then p j n, so we 
anuse x = 1 and y = �1.) Assume, using indu
tion, that n � x3 + y3 mod p� has a solutionfor some � � 1 with p - x. Then x3 + y3 � n = lp�for some l 2Zand so, if m is an integer to be 
hosen later,(x+mp�)3 = y3 � n � x3 + y3 � n+ 3mx2p� mod p�+1� p�(l + 3mx2) mod p�+1:But p 6= 3 and p - x so we 
an 
hoose m with l + 3mx2 � 0 mod p givingn � (x+mp�)3 + y3 mod p�+1and p - x+mp� sin
e p - x. This 
ompletes the indu
tive step.Lemma 3.2. Let n 2 Zbe given. Then if the equation n � x3 + y3 mod 32 has a solutionso also does the equation n � x3 + y3 mod 3� for every � � 2.Proof. Let n � x3 + y3 mod 32. Assume that 3 - x. (If 3 j x and 3 j y then 32 j n, so we 
anuse x = 1 and y = �1.) Assume that n � x3 + y3 mod 3� has a solution for some � � 2with 3 - x. Then x3 + y3 � n = l3�for some l 2Zand so, if m is an integer to be 
hosen later,(x+m3��1)3 = y3 � n � x3 + y3 � n +mx23� mod 3�+1� 3�(l +mx2) mod 3�+1:4



Choose m with l +mx2 � 0 mod 3 givingn � (x+m3��1)3 + y3 mod 3�+1:Theorem 3.3. The positive integer m is su
h that 7 - m and 9 - m if and only if Æ(m) = 1.If 7 j m and 9 - m then Æ(m) = 5=7. If 9 j m and 7 - m then Æ(m) = 5=9. If 7 j m and 9 j mthen Æ(m) = 25=63.Proof. The \if" dire
tion follows dire
tly from the example at the start of this se
tion, soassume m is su
h that 7 - m and 9 - m.By [9℄, Æ(p) = 1 for p 6= 2; 3; 7. Simple 
omputations lead to the values Æ(2) = 1; Æ(3) =1; Æ(9) = 5=9, Æ(7) = 5=7.By the Chinese remainder theorem and the de�nition of addition and multipli
ation in aprodu
t ring, if (N;M) = 1, then Æ(MN) = Æ(M)Æ(N). Hen
e we need only 
onsider valuesof m whi
h are prime powers.By Lemma 1, if p 6= 3, Æ(p�) = Æ(p) for all � � 1. By Lemma 2, Æ(3�) = Æ(9) for all� � 2 and the theorem follows dire
tly.4 The Fun
tions Theta and EtaDe�nition 4.1. Let n 2 N. Then �(n) is the least positive integer su
h that the Dio-phantine equation n�(n) = x3 + y3has a solution with x � 0 and y � 0.Be
ause (n+ 1)3 + (n � 1)3 = 2n(n2 + 3)the fun
tion � is well de�ned and �(n) � 2(n2 + 3). The positive integer n is expressible asthe sum of two positive 
ubes if and only if �(n) = 1.Sometimes a distin
tion is made between general solutions to equations like n = x3 + y3and the narrower 
lass of so 
alled \proper" or \primitive" solutions, namely those with x andy having no 
ommon fa
tors, (x; y) = 1. This is to ex
lude the solutions ab3 = (xb)3+(yb)3,given the representation a = x3 + y3.De�nition 4.2. Let n 2 N. Then �(n) is the least positive integer su
h that the Dio-phantine equation n�(n) = x3 + y3has a solution with x � 0 and y � 0 and (x; y) = 1.Be
ause (n+ 1)3 + (n � 1)3 = 2n(n2 + 3)5



and satis�es (n + 1; n� 1) = 1 if n is even, and(n + 12 )3 + (n� 12 )3 = n(n2 + 34 )satis�es (n+12 ; n�12 ) = 1 if n is odd, the fun
tion � is well de�ned and �(n) = O(n2) also. Thepositive integer n is expressible as the sum of two positive 
ubes whi
h are 
oprime if andonly if �(n) = 1. Clearly �(n) � �(n) for all n 2 N.Theorem 4.3. The 
omposite fun
tion values �Æ� and �Æ� satisfy �2(n) � n and �2(n) � nfor all n 2 N.Proof. By the de�nition of � applied to �(n), there exist x; y su
h that �2(n) � �(n) = x3+ y3and �2(n) is the smallest multiple of �(n) whi
h 
an be expressed as the sum of two 
ubes.But n � �(n) = u3+v3 for some u; v also. Therefore �2(n) � n. The proof for � is similar.Theorem 4.4. For ea
h n 2 N the sequen
es (�j(n)) and (�j(n)) are either 
onstant aftera �nite number of terms or periodi
 with period 2.Proof. Sin
e for all n 2 N, n � �2(n) � 1, the sequen
e of values (�j(n) is eventually periodi
.Assume the length of the period is n � 3. Then there exist distin
t integers a1; � � � ; an with�(a1) = a2; �(a2) = a3; � � � ; �(an�1 = an; �(an) = a1:If n is even a1 � a3 � a5; � � � � an�1 � a1 so a1 = a3 whi
h is false. If n is odd we 
y
lethrough twi
e: a1 � a3 � � � � an � a2 � � � � � a1;so again a1 = a3. Hen
e the length of the period n must be one or two. The proof for � issimilar.Note that if (x; y) is the 
losest integral point on n = x2 � xy + y2 to the line y = �xand su
h that x+ y > 0 then �(n) � x+ y. Another problem is to 
hara
terize those n su
hthat �(n) = x+ y, this minimum positive value.Note also that a fun
tion like � 
an be de�ned for forms with appropriate symmetryproperties, e.g. f(x; y) = xk + yk for k odd.A
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