
An existential fragment of second order logicEric Rosen�Mathematische Grundlagen der InformatikRWTH Aachenerosen@informatik.rwth-aachen.deJanuary, 19971 IntroductionIn this paper, we examine an existential fragment of second order logic. In par-ticular, we are interested in analyzing the expressive power of this logic over theclass of �nite structures. Thus, this research is naturally connected to centralareas of �nite model theory and descriptive complexity theory. On the one hand,following Fagin's theorem that �11 = NP, fragments of �11 have been studied ex-tensively (e.g., see [2], [3], [8], [9]). A major goal of this line of research has beento develop logical tools to separate the expressive power of di�erent langauges,in the hope that they will have applications to some of the important openquestions in complexity theory. From a slightly di�erent perspective, Kolaitisand Vardi ([15] and [16]) have investigated the existence of 0-1 laws for frag-ments of �11 that are de�ned in terms of their �rst order quanti�er pre�x. Onthe other hand, `existential' fragments of di�erent languages have been studiedin various contexts (e.g., [17], [24], [11]). The most well known such languageis undoubtedly the database language Datalog. Here, we do not have a formalde�nition of `existential logic', but the basic idea is that the syntax guaranteesthat every class de�nable in the logic is closed under extensions. Observe thatin this sense, �11, `existential second order logic', is not an existential logic.In connection with the subjects mentioned above, SO(9), the topic of thispaper, seems to be interesting for a number of reasons. First, it is rather ex-pressive. Already, �11(9) strictly contains Datalog(:) and can express coNP-complete problems. (It turns out that there is not a natural sublogic of SO(9)that de�nes problems in NP. �11(9) is equivalent to the existential fragment of�rst order logic, which is extremely weak.) More generally, for each n 2 !, there�This research was partially supported by a postdoctoral fellowship from the Israel Councilfor Higher Education and by a research grant of the German-Israeli Foundation (GIF).1



is a complete problem for �p2n+1, in the polynomial hierarchy, that is de�nablein �12n+1(9). Second, we introduce a technique using a result from Ramsey the-ory (see [22]) for proving non-de�nability results. In particular, we show thatthere is a class C that is in NP and closed under extensions that is not de�nablein full SO(9). While the use of Ramsey theory to prove non-de�nability is notentirely new (e.g., see [14]), the context here is somewhat di�erent. Our use ofthe theorem of Ne�set�ril and R�odl, though, was directly inspired by an idea ofKolaitis and Vardi [15]. Finally, we believe that interesting new questions arisein connection with SO(9). For example, apparently di�cult open problems re-garding separations between fragments of second order logic (see [8]) can bereformulated in terms of SO(9), and may be more tractable in this context.The dual logic SO(8) was studied by Mal0tsev [20] and also by Kreisel andKrivine [18], who proved independently that every SO(8) sentence is equiva-lent to a set of universal FO sentences. More recently, SO(9) has also beeninvestigated in the context of �nite model theory by Lacoste [19].In Section 2, we provide de�nitions and establish some basic properties ofSO(9). In order to motivate the study of this language, we also present anumber of examples of properties that are de�nable in it. Section 3 containsa number of general and basic model theoretic results about SO(9). First, weestablish the decidability of its satisfaction problem using a theorem due toNe�set�ril and R�odl. We also discuss some consequences of the fact that SO(9)has the �nite submodel property, which is an immediate corollary of the resultof Mal0tsev and of Kreisel and Krivine mentioned above. In particular, thisproperty generalizes the compactness principle from Ramsey theory (see [10])and implies that the language has some nice model theoretic properties, e.g. thedownward L�owenheim-Skolem property.Sections 4 and 5 examine questions regarding de�nability in SO(9) that aremore in the spirit of �nite model theory. In the Section 4, we prove some factsabout the expressive power of SO(9) over �nite structures. In particular, weshow how the Ne�set�ril and R�odl theorem can be used to obtain non-de�nabilityresults. In the next section, we consider the �nite variable fragments of SO(9),and use the same machinery to prove that they form a strict hierarchy. We alsoprove that for every purely relational �nite model A whose signature contains arelation symbol of arity � 4, the property of containing a submodel isomorphicto A is not expressible by any SO(9) sentence containing less than jAj (reusable)�rst order variables.It is perhaps worth noting that in the proofs of the non-de�nability resultsthat use the Ne�set�ril and R�odl theorem, we always (implicitly or explicitly) makeuse of a built in order on the universe, so that the arguments simultaneouslyprove the results over the class of ordered structures. In this sense, the situationhere for SO(9) contrasts sharply with the case of m.�11, where it is much moredi�cult to obtain non-de�nability results over ordered structures (see [25]). Onthe other hand, the proofs do not carry over to classes with a built in successorrelation (which is not de�nable from a linear order in SO(9)).2



AcknowledgementsI am grateful to Prof. Janos Makowsky for many valuable discussions on thesubject of this paper, and to Prof. J�org Flum for bringing the work of Kreiseland Krivine to my attention. I would also like to thank Joel David Hamkins forallowing me to include Theorem 4, which is due to him.2 De�nitions and basic resultsWe �rst recall some standard concepts and �x our notation. We use FO(9)[FO(8)] to refer to the set of existential [universal] �rst order formulas, and SOfor second order logic. sig(A) and sig(') denote the signature of a structureand a formula, respectively. Given a signature �, the arity of � is the maximumarity of any relation R 2 �. Unless noted otherwise, signatures are always �niteand relational. Given a structure A and a signature �, sig(A) \ � = ;, we use(A; �) or (A; �A) to denote an expansion of A that interprets each symbol from� in A. Going in the other direction, if A is a � model and ���, then Aj�denotes the � -reduct of A.We sometimes write A<, etc., to indicate a linear order on the universe ofA that is not part of the logical vocabulary. In this case, we will say that A<is an ordered model or an ordered expansion of A. We will sometimes also callmodels of the form (A<; �) ordered expansions of A. In some contexts, it will bemore convenient to include the symbol < in our signature � and to restrict ourattention to � models with a built in order, that is, the class O� = fA j Aj < isa linear orderg. For A a model, RA the interpretation of a k-ary relation symbolin A, and B�A, we write RAjB for the restriction of RA to the universe of B,that is, RAjB = RA \Bk. In particular, if (A;RA) is an R expansion of A, andB�A, then (B;RAjB) is a submodel of (A;RA).The following game provides a useful characterization of the satisfaction ofa formula in a model.De�nition 1 Let ' be a prenexed second order sentence, ' = Q1 : : :Qn�(x),Qi a �rst or second order quanti�er, � quanti�er free. The '-game on A is ann round game played by two players, 9 and 8, on the universe of the structure.In each round i, 9 plays i� Qi is existential. If Qi binds a relation symbol Rthen the appropriate player adds an interpretation of R to A. If Qi binds a �rstorder variable xi, then the player plays a constant ci on some element of A.The position of the '-game after m rounds is the expansion of A by the relevantrelations and constants.9 wins the game after round n i� the resulting expansion of A satis�es �(c).Proposition 1 For all second order sentences ' and all models A, 9 has awinning strategy in the '-game on A i� A j= '.3



We now introduce the fragment of second order logic that is the subject ofthis paper.De�nition 2 Let SO(9) be the set of SO sentences, in prenex normal form,whose quanti�er pre�x is an arbitrary string of SO quanti�ers followed by astring of existential �rst order (FO) quanti�ers. Let �1n(9)[�1n(9)] be the frag-ment of SO(9) that consists of those sentences whose second order quantifer pre-�x consists of n alternating blocks of quanti�ers, beginning with 8[9]. MonadicSO(9), denoted m.SO(9), is the language in which all quanti�ed SO relationsare unary. Other languages, such as SO(8) and m.�1n(9), are de�ned in theobvious manner.The next proposition states the fundamental property of all classes de�nedby SO(9) sentences.Proposition 2 For all ' 2 SO(9), Mod(') is closed under extensions.In particular, SO(9) does not have the full expressive power of �rst orderlogic. The following examples show that the expressive power of �11(9), andhence also of SO(9), is incomparable with that of FO. Observe that �11(9) isequivalent to FO(9), the existential fragment of �rst order logic.Example 1 Over the signature � = fs; t; Exyg, let C be the class of (s; t)-connected graphs, that is, C = fA j there is a path from s to tg. Then C isde�ned by the following sentence.' = 8Rxy9xyz((Exy ^ :Rxy) _ (Rxy ^Ryz ^ :Rxz) _Rst)On any graph A;' says that for every relation RA, if EA�RA and RA is tran-sitively closed, then A j= Rst:Generalizing this idea yields the following proposition, due to Blass andGurevich [4]. (For more information on Datalog, see also [17] or [1].)Proposition 3 Every class C that is de�nable in Datalog(:) is de�ned by asentence in �11(9).In this paper, a graph is always a (possibly in�nite) undirected loop-freegraph.Example 2 For each n, the class of graphs that are not n-colorable is de�nablein �11(9). For example,8P1xP2xP3x(9x:(P1x _ P2x _ P3x) _ 9xy_i�3(Exy ^ Pix ^ Piy))de�nes the class of non 3-colorable graphs.4



Dawar [7] proved that, over the class of �nite models, non 3-colorabilityis not even de�nable in L!1! , in�nitary �nite variable logic, which is strictlymore expressive than least �xed point logic. On the other hand, since L!1!(9),the existential fragment of L!1! , can express non-recursive queries, SO(9) andL!1!(9) have incomparable expressive power.In fact, many combinatorial properties can be expressed in SO(9), or even�11(9). We provide two more examples. Given graphs F;G;H, let F ! (G;H)mean that if the edges of F are colored `red' and `blue', then there must beeither an induced subgraph isomorphic to G colored red or an induced sugbraphisomorphic to H colored blue. It is known, for example, that if G and H aretriangles, then the class of graphs F such F ! (G;H) is coNP-complete (e.g.see [5]).Example 3 Let G and H be �xed graphs of cardinality m and n respectively.Then fF j F ! (G;H)g is de�nable over the class of graphs by the following�11(9) sentence.8Rxy9x0 : : :xm�19y0 : : : yn�1((�G(x) ^ ^i<j�m�1(Exixj ! (Rxixj _Rxjxi)))_(�H (y) ^ ^i<j�n�1(Eyiyj ! :(Ryiyj _Ryjyi))))where �G(x) is a quanti�er free formula such that for all graphs A;A j= �G(a)i� the induced subgraph on a is isomorphic to G (likewise for �H (y) and H).The following proposition illustrates a connection between SO(9) and com-plexity theory. A version of Proposition 4 was discovered independently byLacoste [19].Proposition 4 For all n, there is a ' 2 m:�12n+1(9)[m:�12(n+1)(9)] such thatC =Mod(') is �p2n+1-complete [�p2(n+1)-complete].Proof. We show that the satisfaction problem for quanti�ed Boolean formulaswith �xed number of quanti�er alternations can be expressed in m.SO(9). Recallthat a quanti�ed Boolean formula is a sentence of the form (Q1x1) : : : (Qjxj)�,where � is a propositional formula and each quanti�er Qi binds a propositionalvariable xi. Let QBFk;9[QBFk;8] be the set of true QBF formulas whose quan-tifer pre�x consists of k alternating quanti�er blocks beginning with 9 [8] (see[13]). It is well-known that QBFk;9 [QBFk;9] is a complete problem for theclass �pk [�pk] in the polynomial hierarchy (PH).First we show how we code formulas as models. Fix a number n 2 !, wheren will be the (maximum) number of quanti�er blocks in the formulas that arerepresented. Let �n = fExy; c; L^; L_; L:; Y1; : : : ; Yng, Exy a binary relation,c a constant, and all other symbols unary relations. A formula ' is coded5



as a model A' whose universe consists of two disjoint sets, T' and V '. T'represents the formula as a tree, while elements of V ' correspond to quanti�edvariables in the formula. Let V ' = fxj j xj occurs in 'g and interpret Yl as theset of elements xj in V ' such that xj occurs in the lth quanti�er block. (Thus,the interpretations of the predicates Yl partition the set V '.) The quanti�erfree matrix of ' is represented in the obvious way as a tree. Each element ofT' corresponds to a subformula, and for any two such elements a1; a2, there isan edge Ea1a2 i� a2 represents a maximal subformula of a1. In particular, theleaves of the tree correspond to variable occurences and the root represents theentire formula. The constant names the root, and each non-leaf is labeled byexactly one of the predicates L^; L_; L:, in the obvious way. Finally for eachelement xi 2 V ' and each leaf a 2 T', there is an edge Exia i� a represents anoccurence of the variable xi. (Thus, Exy de�nes a tree only when restricted tothe set T'.)We make the following two observations. First, since we do not representthe order of variables within a quanti�er block, nor the order of subformulas,there are distinct formulas ' and � such that A' �= A�. But it is easy to seethat whenever this happens, then ' and � are logically equivalent. Second, itis clear that for any ' the model A' can be constructed in polynomial time,which gives us the necessary reduction. Thus it only remains to show that foreach odd n [even n], there is a formula  2 m:�1n(9) [m:�1n(9)] such that foreach quanti�ed Boolean formula ' with quanti�er pre�x in �n [�n], A' j=  i�' is in QBFn;8 [QBFn;9].For n odd, let  be the following sentence.8S19S28S3 : : :8Sn8T (_i�n 9xy(Yix ^Exy ^ (Six$ :Ty))_9xyz(P^x ^Exy ^Exz ^ (Tx$ :(Ty ^ Tz)))_9xyz(P_ ^Exy ^Exz ^ (Tx$ :(Ty _ Tz)))_9xy(P:x ^Exy ^ (Tx$ Ty)) _ Tc)Intuitively, we use the relations Si to assign truth values to the variables inYi and we use the relation T (`true') to evaluate the truth of each subformulaunder the assignment determined by the Si from the `bottom-up', starting atthe variable occurences. One of the �rst four disjuncts is true i� T is an incorrectevaluation, so the whole sentence says that either T is incorrect or Tc, i.e. theformula is true.One might wonder whether the expressive power of SO(9) [�1n(9)] wouldbe increased by allowing existential FO quanti�ers to occur anywhere in thequanti�er pre�x. It turns out that this change would not make a di�erence.6



It is well-known that any SO sentence ' can be transformed into another suchsentence in pre�x normal form such that every SO quanti�er is outside of everyFO quanti�er. For the sake of completeness, we show that if ' is already inpre�x normal form, then this can done without increasing either the number ofSO quanti�ers or alternations, and without introducing any new FO universalquanti�ers. It clearly su�ces to show that any sentence of the form � = 9xQS ,where Q is a second order quanti�er, is equivalent to a sentence of the formQS09x 0, where  and  0 have identical quanti�er pre�xes. If Q is 9 then �is obviously equivalent to 9S9x . On the other hand, if Q is 8, then it is easyto verify that � is equivalent to 8S09x 0, where arity(S0) = arity(S) + 1 and 0 is obtained by replacing each occurence of an atomic formula of the formS(t1; : : : ; tn) by the formula S0(t1; : : : ; tn; x).3 DecidabilityIn this section, we establish some basic facts about SO(9). First, we show thatthere is a decision procedure that determines whether any sentence in SO(9)is satis�able. In particular, we use a generalization of Ramsey's theorem �rstproved in Ne�set�ril and R�odl [21] to show that there is a recursive function f(x)such that for all ' 2 SO(9); ' is satis�able i� it has a model of cardinality� f('). [Observe that validity of SO(9) sentences is trivially decidable, sinceeach such ' is valid i� it is true in every model of size = 1.] We then discusssome consequences of the theorem, due to Mal0tsev and to Kreisel and Krivine,that SO(9) has the �nite submodel property, that is, for all ' 2 SO(9) andall A, if A j= ', then there is a �nite submodel B � A such that B j= '.This result generalizes the compactness principle from Ramsey theory (see [10])and can be proved in much the same way (using the Tychono� theorem fromtopology), though their proofs are purely model theoretic. [The compactnessprinciple states that if an in�nite graph G is not r-colorable, then there is a�nite subgraph H � G that is not r-colorable.]3.1 Ramsey theoretic backgroundIn this section, we present the theorem of Ne�set�ril and R�odl which is the maintechnical tool used in the proofs of Theorem 2, 5, and 6. We �rst introducesome model theoretic preliminaries.For each j; j � 0 a (complete atomic) j-�-type is the conjunction of a max-imally consistent set of basic (i.e. atomic or negated atomic) formulas withlogical symbols from � and variables from x1; : : : ; xj. We restrict our attentionto `injective' types, that is, those types that contain conjuncts xi 6= xi0 , for alli < i0 � j, For each j, let ��j be the (�nite) set of j-�-types. For each (injective)j-tuple a � A, we de�ne the (complete atomic) j-�-type, tp(a) of a to be theunique � (x) 2 ��j such that A j= � [a]. When A< is an ordered model, we will7



only consider (types of) `monotone' tuples, that is, those a = (a1; : : : ; aj) suchthat for all i < i0 � j, ai < ai0 . This allows us to associate a unique type witheach set of elements.If R is a k-ary relation symbol and x is a k-tuple of variables, we say thatRx is an R formula (or an i-R formula) if x = fx1; : : : ; xig, for some i � k. Forexample, Rx2x3x1 and Rx1x2x1 are R formulas, but Rx2x3x4 is not. Observethat for each relation symbol R, there are �nitely many R formulas. For anysignature �, let �� denote the the union of all Rm formulas, Rm 2 �.To state the result of Ne�set�ril and R�odl, we need the following concepts.De�nition 3 1. A kind is a sequence � = (�1; : : : ; �t); �s 2 N, the set ofnatural numbers.2. A set system of kind � is a pair (X;M), with X an ordered �nite set andM = (M1; : : : ;Mt) a sequence of sets such that for all s � t, if Y 2Ms,then Y�X and jY j = �s. We assume that X�N and inherits the naturalordering.3. (X;M) is irreducible i� for all x; y 2 X, there is M 2 SM such thatfx; yg�M .4. B = (XB ;MB) is a weak subsystem of A = (XA;MA), written B�wA,i� XB�XA and for all s � t, MBs �MAs . B is an induced subsystem ofA, B�A, i� XB�XA and for all s � t, MBs =MAs \ [XB ]�s .5. Soc(�) is the set of all set systems of kind �. Let A be a set of irreducibleset systems of kind �, closed under isomorphism. Then,Soc(�;A) = fA j A 2 Soc(�) and for all B�wA then B 62 Ag6. A system of colors of arity n is a sequence � = (c1; : : : ; cn); cm 2 N �f0g. Each c 2 N is identi�ed with its set of predecessors, that is, c =f0; 1; : : : ; c � 1g. A �-coloring of (X;M) is a function f� : [X]�n �!Sm�n cm such that for all Y 2 [X]m; f�(Y ) 2 cm. A �-coloring f� of(X;M) is homogeneous i� for all m and all Y; Z�[X]m, if (Y;MY ) �=(Z;MZ), then f�(Y ) = f�(Z).7. For B;C 2 Soc(�), and � a system of colors, we write C,!�B i� every�-coloring f� of C there is a B0�C;B0 �= B, that is colored homogeneouslyby f�jB0.Theorem 1 (Ne�set�ril and R�odl [21]) Let � be a kind, � a system of colors,and A a set of irreducible set systems. Then for all B 2 Soc(�;A); there is aC 2 Soc(�;A) such that C,!�B. 8



There is a straightforward way to view any ordered model as a set system.Let � be a relational signature and recall that �� is the union of allRm formulas,Rm 2 �. Choose � = (�1; : : : ; �j��j) to be any kind such that there is a bijectionh(x) from �� to f1; : : : ; j��jg such that for each i-R-formula � 2 �� ; �h(�) = i.Then each A< with signature � corresponds to the unique set system of kind �over the same (ordered) universe, such that for each (monotone) i-tuple a, andeach i-R formula �(x) 2 �� , A< j= �[a] i� a 2 Mh(�). In fact, it is clear thatthis correspondence induces a natural bijection between ordered � models andset systems of kind �. Likewise, expansions of ordered models can be treatedas colorings of set systems. If � is a signature of arity k, then it correspondsto a system of colors of arity k, (c1; : : : ; ck), such that for each i � k; ci is thenumber of atomic formulas over � whose free variables are exactly fx1; : : : ; xig.By (implicitly) relying on these correspondences, we can apply the termi-nology of set systems to ordered models. For example, we will often say thatan expansion (A<; RA) is a homogeneous R-coloring of A<. Also, observe thatan ordered � model A< is irreducible i� for all a1; a2 2 A, there is a k-aryrelation R 2 � and a k-tuple b in A such that a1; a2 2 b and Rb. Below we willalso say that an arbitrary (not ordered) model A is irreducible if it satis�es thiscondition. On the other hand, when we are considering models in O�, with abuilt in order, we de�ne a model to be irreducible i� every pair of elements is`connected' by some relation R 2 � n f<g. (Otherwise, every A 2 O� would beirreducible.) Finally, if A is a set of irreducible � models, then Soc(A) denotesthe set of [ordered] � models that do not contain any A 2 A as a weak submodel.The following de�nition from Kolaitis and Vardi [15] plays a crucial role inour proofs.De�nition 4 Let A< be an ordered model. For k 2 !, we say that A< is k-P -rich i� for every complete atomic k-P -type � (x1; : : : ; xk), there is a monotonek-tuple a = (a1; : : : ; ak)�A such that A j= � [a].Since there are only �nitely many k-P -types, it is obvious that for all k andP , there are (�nite) k-P -rich ordered models.3.2 DecidabilityTheorem 2 The satis�ability problem for the language SO(9) is decidable.Speci�cally, there is a recursive function f(x) such that for all SO(9) sentences', if ' is satis�able, then it has a model of cardinality � f(').The theorem follows immediately from the following proposition.Proposition 5 For every ' in SO(8), there is a �nite model A', which can befound e�ectively, such that ' is valid i� A' j= '.Proof of proposition. Let ' = 9R18S19R2 : : :9Rn+18x�(P ;R; S; x), ' 2�12n+1(8), where � is quanti�er free, P is the (purely relational) signature of9



', R = Si�n+1Ri and S = Si�n Si. k is length(x), and we assume that thearity of every relation is � k. [The argument generalizes to allow the addition ofconstants to the signature.] Let �0 = P , and, for 1 � m � n, �m = P[Sl�m Sl.By De�nition 1, ' is valid i� 9 wins the '-game on every structure. The basicidea is to �nd a �nite structure A' such that if 9 has a winning strategy on A',then this proves that he can win the '-game on every structure. The existenceof A' will be proved using the result of Ne�set�ril and R�odl. In essence, we willshow that if 9 wins on A', then he has a `uniform' winning strategy that canbe used on every model.De�nition 5 An ordered model B< = (A<; R; S) is stepwise R;S homoge-neous i� it is k-�n-rich and for all m; 0 � m � n, Bm< = B<j�m is homoge-neously Rm+1-colored in the expansion B<. We will also say that a model Awith signature �0 is stepwise R;S homogeneous if there is an ordered expansionB< = (A<; R; S) that is stepwise R;S homogeneous.We say that A has Property 
 if A j= ' i� A has a stepwise R;S homoge-neous submodel D such that (D<; R; S) j= 8x�.Claim 1 1. Suppose that B< = (A<; R; S) is stepwise R;S homogeneous,and that (A<; R; S) j= 8x�. Then ' is valid.2. For all A, if A has Property 
, then A j= ' i� ' is valid.To prove 1., let M be an arbitrary �0 structure, and M< be any orderedexpansion. In the '-game onM<, 9's strategy is as follows. In round 2m�1, heRm colors (M<; RM1 ; SM1 ; : : : ; SMm�1) according to the (homogeneous) Rm color-ing of Bm�1< . That is, he chooses RMm such that for all submodels N<�M< ofsize � k, and all C<�Bm�1< , if (M<jN<; SM1 jN<; : : : ; SMm�1jN<) �= C< then(M<jN<; SM1 jN<; : : : ; SMm�1jN<; RMm jN<) �= (C<; RBmjC<). Since each suchBm�1< is k-�m�1-rich, this strategy is well-de�ned. Finally, after round 2n+ 1,it is clear that the structure M 0< = (M;R; S) only realizes atomic k-(P [R[R)-types that are realized in B<. Therefore M j= 8x�, as desired.One direction of 2. is immediate, for if A 6j= ', then ' is not valid. Sup-pose that A j= '. Then by the de�nition of Property 
, there is a stepwiseR;S homogeneous submodel D of A with an ordered expansion such that(D<; R; S) j= 8x�. By 1., this implies that ' is valid.It now su�ces to show that there is a �nite A with Property 
. Then toobtain such an A e�ectively, simply enumerate all �nite structures, and checkthem in order until �nding one with the property.Claim 2 There is a �nite A' with Property 
.We inductively de�ne a sequence of ordered models, An<; Bn<; : : : ; A0<; B0<such that A' will be B0j�0. (Here B0 is the model whose ordered expansionis B0<.) Let An< be a k-�n-rich structure. For all m � n, given Am< , let Bm<10



be such that Bm< ,!Rm+1Am< , sig(Bm< ) = �m. [Note that it is an immediateconsequence of the Ne�set�ril and R�odl theorem that Bm< can be found e�ectively.Since it is decidable, given two models B and A, whether B,!Rm+1A, onesimply enumerates all the �nite models, B1; : : :, and searches until a Bk suchthat Bk,!Rm+1A is found.] Given Bm< , de�ne Am�1< to be Bm< j�m�1. Finally,let A' = B0j�0. Observe again that there is an algorithm for �nding A'. Itmay be helpful to note that the construction has the following properties.1. Each Am< has signature �m and is k-�m-rich.2. For l < m � n, Am< j�l is a submodel of Al<.3. Each Am< is a submodel of Bm< .4. For all m, Am�1< and Bm< have the same universe.We now show that A' has Property 
. If A' 6j= ', then ' is not valid and,by Claim 1, there is no stepwise R;S homogeneous model that satis�es 8x�:Suppose that A'< j= ', where A'< = B0<j�0. We must demonstrate that there is astepwise R;S homogeneous expansion (D<; R; S) of a submodelD< of A'<, suchthat (D<; R; S) j= 8x�: We de�ne a sequence of models Ci<; Di<; Ci0<; i � n + 1such that the C<'s are expansions of A' and the D<'s are submodels of A'<,such that for all i < j, Dj< � Di<.Let C1< = (A'<; RA1 ) be an expansion of A'< such that C1< j= 8S19R2 : : :8x�.By the construction, there is a D1<�A'<; D1< �= A0<, such that RA1 jD1< is ahomogeneous R1-coloring of D1<. By the de�nition of A0<, there is an S1 ex-pansion of (D1<; RA1 jD1<) isomorphic to B1<. Let C10< = (A'<; RA1 ; SA1 ) be anyS1 expansion of C1< such that (D1<; SA1 jD1<), is isomorphic to B1<. Observethat C10< j= 9R28S2 : : :8x�. Let C2< be an R2 expansion of C10< such thatC2< j= 8S2 : : :8x�. Let D2< be a submodel of D1< such that (D2<; SA1 jD2<) �= A1<and RA2 jD2< is a homogeneous coloring of (D2<; SA1 jD2<). By iterating this pro-cedure, we get a submodel Dn+1< of A'< such that (Dn+1< ; RAjDn+1< ; SAjDn+1< )is stepwise R;S homogeneous.This proves the claim and also the proposition.Observe that the proposition immediately implies that SO(9) has the �nitemodel property.It would be interesting to know whether this result could be strengthened insome way, e.g., by extending it to stronger logics. Certain known results estab-lish that for some natural extensions of SO(9), the satis�ablity problem becomesundecidable. Blass and Gurevich [4] proved that if one allows function symbolsin the signature, then already for �11(9) both the satis�ability and validity prob-lems are undecidable. They also observe that �11(9) does have the �nite modelproperty, which they attribute to Mal0tsev. Another question is whether the11



implication problem for SO(9) is decidable. That is, given �; ' 2 SO(9), does� imply '? Shmueli [26] proved a stronger negative result, that for Datalog,a sublogic of �11(9), the implication problem is undecidable. This immediatelyimplies that already the sati�ability problem for the language B:�11(9), the setof Boolean combinations of �11(9) sentences, is undecidable. On the other hand,it is easy to show that B:SO(9) still has the �nite submodel property (see The-orem 3 below). Clearly together these results imply that there is no recursivefunction f(x) such that for all ' 2 B:�11(9), ' is satis�able i� it has a model ofsize � f(').The �nite submodel propertyThe following theorem says that SO(9) has the �nite submodel property.Theorem 3 (Mal0tsev [20]; Kreisel and Krivine [18]) Let ' be a sentence inSO(9). For all A, if A j= ', then there is a �nite submodel B � A such thatB j= '.They both actually prove the result stated below, which immediately yieldsthe preceding theorem. For the sake of completeness, we include the proof ofKreisel and Krivine.Proposition 6 For all ' 2 SO(8), ' is equivalent to a set of FO(8) sentences.Proof. We argue by induction on the number of SO quanti�ers. If there arenone, then the claim is obvious. Suppose, then, that ' = QnRn : : :Q1R18x�,where each Qi is either 9 or 8, and � is quanti�er free. Let P [ fR1; : : : ; Rngbe the set of relation symbols occuring in �. For all m; 0 � m � n, let �m =P [ fRm+1; : : : ; Rng, (so that �n = P ). For all m, let Lm be the set of FOsentences containing only relation symbols from �m. Let T 0 = f�00; �01; : : :g bean enumeration of the set f j  2 FO(8) \ L0 and 8x� j= 'g. Clearly 8x� isequivalent to T 0.For the induction step, suppose that Qn�1Rn�1 : : :Q1R18x� is equivalent toan in�nite set, Tn�1 = f�n�10 ; �n�11 ; : : :g of sentences in FO(8)\Ln�1. Withoutloss of generality, we can assume that Tn�1 is closed under logical consequence.We consider two cases.One, Qn is 9. Then for all models A;A j= 9Rn(Vi2! �n�1i ) i� there isa (B;RBn ) such that A � B and (B;RBn ) j= Vi2! �n�1i . (Here we implicitlyuse the fact that Mod(') is closed under substructures). By the compactnesstheorem, such a (B;RBn ) exists i� for all � 2 Tn�1 \ Ln; A j= �. Therefore letTn = Tn�1 \ Ln.Two, Qn is 8. We know that ' is equivalent to 8Rn(Vi2! �n�1i ), which isequivalent to Vi2!(8Rn�n�1i ). It is easy to see that each conjunct, 8Rn�n�1i isequivalent to a sentence �ni 2 FO(8) \ Ln such that qr(�ni ) = qr(�n�1i ). [qr isquanti�er rank.] Therefore let Tn = f�n0 ; �n1 ; : : :g.12



We now observe some easy corollaries which indicate the strength of the�nite submodel property. The �rst is a form of (logical) compactness. Here wedo consider in�nite signatures.Corollary 1 Let � be a set of SO(9) sentences over a purely relational vocab-ulary of cardinality �. If each 
 2 � is satis�able, then there is a model A ofcardinality max(�; !) such that A j= �:Proof. By Theorem 2 or 3, for each satis�able 
 2 �, there is a �nite A
 suchthat A
 j= 
: Let A be the disjoint union of these structures, A = S
2�A
 :The next observation provides some additional information. (Allowing con-stants, the question becomes trivial.)Observation 1 For all in�nite cardinals �; �, if 2� < �, then there is a consis-tent set of SO(9) [in fact, FO(9)] sentences S containing no constants, of size�, that has no model of cardinality �:Proof. Suppose that �; � are in�nite cardinals such that 2� < �. Let � = fP� j� < �g be a set of unary relation symbols, and let S = f9x(P�x^ :P�x) j � <� < �g. Given any model A such that jAj = �, let A� = fa 2 A j A j= P�ag.Because there are only 2� subsets of A, there are �; � such that A� = A�.Therefore A 6j= 9x(P�x ^ :P�x).The following result improvingCorollary 1, and the converse of the precedingObservation, is due to Joel David Hamkins.Theorem 4 (Hamkins) For all in�nite cardinals �; �, if 2� � �, then every setof satis�able SO(9) sentences, without constants, of cardinality � has a modelof cardinality �.Proof. First observe that, without loss of generality, we can assume that � = 2�,that � is a vocabulary consisting of � many n-ary relations for each n, and thatS is the set of all consistent SO(9) sentences over �. Second, by the �nite modelproperty for SO(9), each ' 2 S is implied by some consistent FO(9) sentence,so it su�ces to show that there is a model of cardinality � satisfying each suchFO(9) sentence.Observe also that it su�ces to show that for each n, the set of consistentsentences f' j ' = 9x0 : : :xn�1(Vi<j xi 6= xj ^  (x))g, where  (x) is a con-junction of atomic and negative atomic formulas, has a model An of size �. Forthen the model A = SnAn, the disjoint union of all the An, has the desiredproperty. Furthermore, we claim that it su�ces to prove the result for n = 1.To generalize to each larger n, we treat the universe as a set of � many pairwisedisjoint n-tuples, and view each atomic formula with free variables from amongx0; : : : ; xn�1 as a unary predicate on each such n-tuple.We now prove the case for n = 1. To simplify the notation, we identfy � with�2, the set of all functions from � into f0; 1g. Let �f (x); f 2 �, be the set of13



all atomic formulas with one free variable, that is, �f (x) = P (x; : : : ; x), whereP is any relation in �. Each element of A1 will be a function in �2, and theinterpretation of each atomic formula �f is determined as follows. For each �fand each a 2 A1, A j= �f (a) i� a(f) = 1. (Recall that a is actually a functionon �.) All that remains is to show that there is a set A1 � �2, of size �, suchthat for each �nite set of functions f1; : : : fl; g1; : : : ; gm in �, there is an a 2 A1such that for all i � l; a(fi) = 1 and all j � m; a(gj) = 0. [Note that this isequivalent to the topological fact that �2 has a dense subset of size �. This isthe key idea in the proof.]Let A1 � �2 be the following set.fa 2 �2 j 9 �nite set U 2 � such that 8f; g 2 � if f jU = gjU then a(f) = a(g)gIt is clear that jAj = �. Let f1; : : :fl; g1; : : : ; gm be as above, and let U � � bea �nite set such that for each pair fi; gj there is an element u 2 U such thatfi(u) 6= gj(u). Then it is easy to see that there is an a 2 A1 that is `closed underfunctions restricted to U ' such that for all i; a(fi) = 1 and for all j; a(gj) = 0.We write A �SO(9) B [(A; a) �SO(9) (B; b)] i� for all ' 2 SO(9) [�(x) 2SO(9)], A j= ' i� B j= ' [A j= �(a) i� B j= �(b)]. Also, for B � A, letB �SO(9) A i� for all tuples b � B and all formulas �(x) 2 SO(9), A j= �(b)i� B j= �(b). Likewise, de�ne A �FO(9) B and B �FO(9) A. By the �nitesubmodel property, it is clear that for all A and B, A �SO(9) B i� A �FO(9) B[A �SO(9) B i� A �FO(9) B]. In particular, every complete SO(9) [ SO(8)theory is equivalent to a set of FO(9)[FO(8) sentences. This also yields thefollowing, by using the analagous result for �rst order logic.Corollary 2 [Downward L�owenheim-Skolem property] Let A be an in�nitemodel, with signature � of size �. Then there is a B�A; jBj � � such thatB �SO(9) A.We now turn brie
y to discuss SO(8) and compactness. By Proposition 6and the compactness theorem for �rst order logic, the logic SO(8) satis�es thefollowing form of the compactness theorem. Any set � of SO(8) sentences issatis�able i� only every �nite subset of � is satis�able. Another statement of(logical) compactness asserts that if for all pairs of sets of sentences �;�, if � j=� then there are �nite �0�� and �0�� such that �0 j= �0. (Recall that � j= �i� for all modelsA, ifA satis�es every 
 2 �, then it satis�es some � 2 �.) Thesetwo notions are clearly equivalent for logics that are closed under negation, butnot for SO(9) and SO(8). This follows immediately from Compton's result [6]that already Datlog(:) fails to have this form of compactness. For example, over� = fs; t; Exyg, let � consist of the single sentence � 2FO(9), � = 9xyz(Etx _(y 6= z ^ Exy ^ Exz)), and let � = f
0; 
1; : : :g, where 
0 2 �11(9) says thatthere is a path from s to t and for all i � 1, 
i 2FO(9) says that there is a pathof length i rooted at s. Then clearly � j= �, though this does not hold for any�nite �0��. 14



4 De�nability and non-de�nability4.1 Non-de�nability via Ramsey theoryFollowing Fagin's theorem that �11 = NP, there has been a great deal of workin �nite model theory that shows that various properties that are known to bein NP (that is, in �11) are not de�nable in certain fragments of �11 (e.g. see [2],[3], and [9]). These fragments are de�ned in terms of a restriction on the use ofSO quanti�cation, and the results are generally proved using either a modi�edEhrenfeucht-Fra��ss�e game, or some version of Hanf's lemma. In this section, wecontinue our investigation of the languages �11(9) and SO(9), which limit theuse of FO quanti�cation. The main result, which uses the theorem of Ne�set�riland R�odl, is that there is a property expressible in �11 that is closed underextensions but not de�nable in SO(9). This result can also be viewed as sayingthat a certain existential preservation theorem fails for �11 and for SO.We �rst de�ne the �11 property that is closed under extensions that we willprove is not expressible in SO(9). Let � = fExy;Rxyg. A (directed) cycle0 ina model is a sequence of distinct elements (a0; : : : ; an); n � 2, such that for allm < n;Eamam+1; Eana0; and for all i 6= j; Raiaj. It is clear that the classof models that contain a cycle0 is closed under extensions and de�nable in �11.Notice also that every cycle0 is irreducible; this is why we need the relation Rxy.This will allow us to apply the stronger form of the Ne�set�ril and R�odl theoremover classes of the form Soc(A), where A will be the class of all (expansions of)cycle0s in O� .Theorem 5 There is a class C 2 �11 that is closed under extensions that is notde�nable by any SO(9) sentence.Proof. As in the proof of Theorem 2, it is easier to work with SO(8), so wewill show that the class of cycle0-free models is not in SO(8). In fact, in orderto be able to apply the Ne�set�ril and R�odl theorem more directly, we will provethis claim over the class O� , � = � [ f<g, which obviously implies the generalresult. More precisely, letting C = fA j A 2 O� and A contains a cycle0g andC = O� n C, we prove that there is no ' 2 SO(8) such that Mod(') \O� = C.We require the following de�nition, a re�nement of the notion of k-P -rich.De�nition 6 Let � be a signature containing <, � a signature disjoint from � ,and k 2 !. For all A 2 O� and all B 2 O�[�, we say that B is k-�-A-rich i�1. for all C 2 O�[� ; jCj = k, if Cj� is isomorphic to a submodel of A, thenC is isomorphic to a submodel of B;2. for all B0�B such that B0j� is irreducible, there is an A0�A such thatA0 �= B0j� . 15



It is easy to see that for any ordered A, there are �nite k-�-A-rich structures.The basic idea of the proof is as follows. We argue by contradiction. Supposethat ' 2 SO(8) de�nes C, and let k be the number of FO quanti�ers in '. Firstwe de�ne a model A' 2 C, using a construction similar to that in the proof ofTheorem 2, such that the existence of a winning strategy for 9 in the '-game onA' implies that 9 has a `homogeneous' winning strategy on a su�ciently `k-rich'expansion of a submodel A'1 of A'. As before, there will be something like a`stepwise R;S homogeneous expansion' of A'1 that satsi�es the FO part, 8x�,of '. We then choose B 2 C to be a simple cycle0 of length k + 1, containingno shorter cycle0s. By the `richness' of A'1 , every submodel B0�B of size k isisomorphic to a submodel of A'1 . Using his homogeneous winning strategy onA'1 , 9 can also win the '-game on B. Thus B j= ', contradicting the assumptionthat ' de�nes C.To simplify the proof, we assume that ' 2 �12(8); ' = 8S9R8x�, and k =length(x). [To generalize the argument, one just iterates the construction ofA' as in the proof of Theorem 2.] Let E = fB j B 2 C and jBj = kg; and letA'0 be a model in C such that every B 2 E is isomorphic to a submodel of A'0 .For example, one can take the disjoint union of all B 2 C, up to isomorphism,and then extend f<g to be a total order. Observe that here every irreduciblesubmodel of A'0 is a submodel of some B 2 E , so that A'0 is indeed cycle0-free.Let (A'1 ; SA1); A'1 2 C, be a k-S-A0-rich model. Let A = fA j A is a � [ Smodel and Aj� 2 O� is a cycle0g. Observe that every A 2 A is an irreduciblemodel, so we can apply the Ne�set�ril and R�odl theorem to Soc(A) (implicitlyinvoking the correspondence between models and set systems). Observe that(A'1 ; S) 2 Soc(A). In fact, Soc(A) is just the class of all S expansions of cycle0free models in C. Therefore, by the Ne�set�ril and R�odl theorem, there is an(A'; SA) 2 Soc(A) such that (A'; SA),!R(A'1 ; S). Note that A' 2 C. Thiscompletes the construction.By hypothesis, since A' 2 C; A' j= ' and (A'; SA) j= 9R8x�. Let (A'; SA; RA)be an R expansion such that (A'; SA; RA) j= 8x�. By the construction of A',there is a submodel A1�A', (A1; SAjA1) �= (A'1 ; SA1), such that RAjA1 homo-geneously colors (A1; SAjA1). Since 8x� is preserved under substructures, also(A1; SAjA1; RAjA1) j= 8x�:Finally, let B 2 C be a cycle0 of length k + 1. We claim that B j= ',that is, B j= 8S9R8x�. Let (B; SB) be any expansion of B. Observe thatevery B0�B; jB0j = k, is in E , and hence isomorphic to a submodel of A'0 .As (A'1 ; SA) is k-A'0 -S-rich, (B0; SBjB0) is also isomorphic to a submodel of(A1; SAjA1). Then, since RAjA1 is a homogeneous coloring of (A1; SAjA1), itdetermines a unique R expansion (B; SB ; RB) such that for every B0�B withjB0j = k, (B0; SB jB0; RB jB0) is isomorphic to a submodel of (A1; SAjA1; RAjA1).Therefore (B; SB ; RB) j= 8x�, and (B; SB) j= 9R8x�. As SB was an arbitrary16



S expansion of B, this proves that B j= 8S9R8x�, contradicting the assumptionthat ' de�nes C.We now observe a few corollaries of the above proof. Recall that a homo-morphism fromA to B is a function f : A �! B such that for all k-ary relationsR 2 sig(A) and all k-tuples a in A, if A j= Ra, then B j= R(f(a)). (Here, f isnot required to be either injective or surjective.) Obviously any class closed un-der homomorphisms is also closed under extensions. Again, let � = fExy;Rxygand let C 0 = fA j A contains a cycle0 or A j= 9xExxg. It is easy to see that C0is closed under homomorphisms and de�nable in �11. By the preceding proof,C0 is not de�nable in SO(9). Therefore we have the following strengthening ofthe previous theorem.Corollary 3 There is a class C 2 �11 that is closed under homomorphisms thatis not de�nable by any SO(9) sentence.Examining the proof of Theorem 5, it is clear that we only used the followingproperties of the class C of structures containing cycle0s. One, it is closed underextensions and contains arbitrarily large `minimal models', i.e., models A suchthat for all proper submodels B�A;B =2 C. Two, every A 2 C has an irreduciblesubmodel B�A that is also in C. (Equivalently, every minimal model of C isirreducible.) Therefore the proof yields the following result.Corollary 4 Let C be any class of models that is closed under extensions andcontains arbitrarily large minimal submodels, such that every minimal model isirreducible. Then C is not de�ned by any SO(9) sentence.The proof of Theorem 5 also su�ces to establish a strict hierarchy in SO(9)based on the number of FO quanti�ers. (In the next section, we prove a strength-ening of this result, that requires some new de�nitions and further argument.)De�ne SO(k � 9) to be the set of SO(9) sentences containing at most k FOquanti�ers. [This in not FO quanti�er rank.] The argument shows that if Ais a cycle0 of size k + 1, CA = fB j A�Bg, and ' 2 SO(k � 8) is true in everyB 2 CA, then also A j= '. Since the only property of A that is used is that itis irreducible, we have essentially shown that for any irreducible A; jAj = k+ 1,CA can not be de�ned in SO(k � 9). (In fact, we even have that for all consistent' 2 SO(k � 9);Mod(') 6� CA.) Clearly, though, CA is de�nable in FO(k+ 1 � 9).Corollary 5 For all k 2 !; SO(k � 9) 6= SO(k + 1 � 9). Therefore the fragmentsSO(k � 9); k 2 !, form a hierarchy of strictly increasing expressive power.More generally, by the same argument, we can establish that every consistentSO(k � 9) sentence has a model which contains no irreducible submodels of size> k. On the other hand, even over the empty signature, for all k � 2 and all n,there is a consistent 'n 2 m:�11(k � 9) all of whose models are of size � n. Forexample, 'n = 8R1x : : :8Rnx�n 2 m:�11(2 � 9), where �n says that two elementsrealize the same atomic 1-R-type, has models of exactly those cardinalities thatare > 2n. 17



4.2 De�nability in m.SO(9)Proposition 7 There is a ' in �11(9) that is not equivalent to any sentence inm.SO(9).Proof. Let � = fExy; s;m; tg. Let C be the class of models such that thereare paths from s to m and from m to t of the same length. It is easy to seethat C can be computed by a Datalog program, and hence is de�nable in �11(9).In fact, C is de�ned by the following sentence, with the minimal possible SOquanti�er pre�x.8Rxy(:Rsm _ 9xyzw(Rxy ^Exz ^Eyw ^ :Rzw) _Rmt)Let D be the class of �nite models A such that EA is a simple directed pathfrom s to t, and let D0 � D be the subset consisting of those A such that m is themidpoint of the path. Suppose, for contradiction, that C is de�ned by a m.SO(9)sentence �. Then, over the class D, � de�nes D0. Now, view each A 2 D as aword, in the sense of formal language theory, over the alphabet fm; og, (whichcontains exactly one occurence of the letter m). By Buchi's theorem, (see [12])every m.SO sentence de�nes a regular language over `word models', as above.But D0 is not a regular language, so it cannot be de�ned by any m.SO sentence.[One can also prove the result using a simple m.SO pebble game instead ofBuchi's theorem.]The next proposition separates the �rst two levels of the m.SO(9) hierarchy.Proposition 8 There is a class C that is de�nable in m.�12(9)�m.�11(9).Proof. Let � = fExy; c1; c2; d1; d2g, and let C be the class of models over �such that there are disjoint paths from c1 to c2 and from d1 to d2. It is knownthat this class is NP-complete. We �rst show that it is de�nable in m.�12(9).Let ' be the following sentence,9S9T8P8Q(c1 6= d1 ^ Sc1 ^ Td1^(:Pc1 _ :Qd1 _ 9x1x2(Px1 ^Ex1x2 ^ Sx2 ^ :Tx2 ^ :Px2)_9x1x2(Qx1 ^Ex1x2 ^ Tx2 ^ :Sx2 ^ :Qx2) _ (Ps2 ^Qt2)))It is easy to check that A j= ' i� there is an expansion (A; S; T ) such that thereare paths P from c1 to c2 [Q from d1 to d2], all of whose elements are in S ^:T[T ^ :S].We prove that C is not in m.�11(9) by showing that C is not de�nable inm.�11(8). Suppose that  = 9R8x�; with n = length(R) and k = length(x).It su�ces to show that there is an A 2 C and is a B 2 C such that if A j=  ,18



then B j=  : Let the universe of A be fc1; c2; d1; d2; 0; 1; : : : ; 2n � 3k + 2g, andthe universe of B be A [ feg: Let EA bef(c1; 0); (2n � 3k + 2; c2)g [ f(i; j) j i; j 2N and j = i + 1g[f(d1; i) j 1 � i � 2n � 3k + 1g [ f(i; d2) j 1 � i � 2n � 3k + 1g;and EB = EA[f(d1; e); (e; d2)g. In A, c1 and c2 are connected by a single pathof length 2n � 3k+ 3, and d1 and d2 are connected by 2n � 3k+ 1 paths of length2 that each intersect the only path from c1 to c2. B contains a disjoint pathfrom d1 to d2, through e. Hence A 2 C and B 2 C.Suppose that A j=  and A0 = (A;R) is an expansion such that A0 j= 8x�:It su�ces to show that there is an expansion B0 = (B;R) such that every k-(�[R)-type that is realized in B0 is also realized in A0. There are 2n 1-R-types,so there is one such type, � , that is realized at least 3k + 1 times among theelements f1; : : : ; 2n � 3k+ 1g of A. Let B0 = (B;R) be the expansion of B suchthat it contains (A;R) as a submodel, and tp(e) = � .Let b = (b1; : : : ; bk) be a k-tuple in B. If each bi is in A, then b realizes thesame type in A0 and B0, since the types are atomic and A0�B0. So suppose thatsome bi is the element e and assume, without loss of generality, that i = 1, bis injective and b does not contain any element named by a constant. By ourconstruction, there is a b0 in f1; : : : ; 2n � 3k + 1g of type � that is not equal toor adjacent to any of the bi 2 b. It is easy to see that b0 = (b0; b2; : : : ; bk) and brealize the same type. As observed above, the type of b is also realized [by b] inA0, as desired.Observe that in the preceding proof, we could have used the simpler property`there is an element a and a path from s to t that does not contain a'.5 Finite variable SO(9)In this section we examine a hierarchy in SO(9) based on the number of FOvariables that occur in a formula. Finite variable logic Lk has been studiedextensively in the context of �nite model theory. In some earlier papers ([24],[23]) we investigated the existential fragment Lk(9). Here we consider SO(9k),second order Lk(9), and prove that the fragments SO(9k); k 2 !; form a stricthierarchy of increasing expressive power. We also show that if A is a � model,and � includes a relation symbol of arity � 4, then the property of containinga submodel isomorphic to A is not de�nable in SO(9jAj�1).We recall the following de�nitions. Let Lk be the set those FO formulas allof whose variables, both free and bound, are among x1; : : : ; xk. We let Lk(9)be the set of existential formulas of Lk, that is, the closure of the set of basicLk formulas under ^;_, and 9. Observe that Lk(9)�FO(9), though it is easyto see that for all k � 2 and all n; Lk(9) 6�FO(n � 9). (For example, below it isshown how to say that there is a path of arbitrarily long length in L2(9).) Let19



Lk;n(9) be the set of Lk(9) formulas with quanti�er rank � n. For all A and B,A�k;nB i� for all ' 2 Lk;n(9), if A j= ', then B j= '.This relation may be characterized by the following variant of the Ehrenfeucht-Fra��ss�e game. The n-round 9k-game from A to B is played between a Spoilerand a Duplicator, with k pairs of pebbles (�1; �1); : : : ; (�k; �k). In each round,the Spoiler �rst plays a pebble �i (which might already have been played) on anelement in A, and the Duplicator responds by placing the corresponding pebble,�i, on an element in B. We say that the Duplicator has a winning strategy inthe game if she can play so that after each round m;m � n, the current posi-tion of the pebbles on A and B determines a partial isomorphism. The followingproposition expresses the connection between this game and logical de�nability.Proposition 9 (Kolaitis and Vardi [17]) For all structures A and B, thefollowing conditions are equivalent.1. A�k;nB2. The Duplicator has a winning strategy in the n-round 9k-game from A toB.De�nition 7 For k 2 !, let SO(9k) be the closure of Lk(9) under SO quan-ti�cation. That is, Lk(9)�SO(9k) and for all ' 2 SO(9k), 9R' 2 SO(9k) and8R' 2 SO(9k).As in the FO case, observe that SO(9k)�SO(9) and SO(k � 9)�SO(9k). Onthe other hand, we do not know whether the latter inclusion is proper. Thestrictness of the SO(9k) hierarchy will follow fromour proof that every consistentSO(9k) sentence has a model that contains no irreducible submodel of size k+1.In [23], a model A is de�ned to be k-universal if for all consistent sentences� 2 Lk1!(9), in�nitary Lk(9), A j= �. Equivalently, A is k-universal just in casefor all B, B�k1!A. (The existence of �nite k-universal models was observed in[24]. Note that this implies that for all k and all signatures �, there is an n 2 !such that every consistent Lk(9) sentence over � has a model of cardinality n.)Here we need a notion of k-universal over ordered structures, strati�ed in termsof quanti�er rank.De�nition 8 Let � be a signature containing <. For A 2 O�, we say that Ais k<n -universal i� for all B 2 O�, B�k;nA.It is easy to show that for all k; n, and �, there are �nite k<n -universal modelsthat contain no irreducible submodels of size k+1. [For example, one can modifythe construction of the kn-universal models Bnk from the proof of Proposition 13in [24] to allow for the built in order.] In contrast to Lk(9), we observe belowthat for all n, there is a sentence 'n 2 �11(92), containing a single (binary)second order variable, that only has models of size � n. In particular, thisimplies that even for a very restricted set of sentences in SO(92), there is no20



�nite universal model that satis�es every sentence in the set. [We do not knowwhether there are �nite universal models for fragments of m:SO(9k) containinga �xed number of SO variables.]Observation 2 For all n, there is a 'n 2 SO(92), containing a single binarysecond order variable, that only has models of cardinality � n.Proof. It is well known that for all n, there is a sentence �n in L2(9), thatsays that there is a directed path of length 2. [For the sake of completeness,we show that for all n, there is a formula  n(x) 2 L2(9) that says that thereis a path of length n starting at x. Then let �n = 9x n(x). Inductively de�ne 1(x) = 9yRxy and  n+1(x) = 9y(Rxy ^ (9x(x = y ^  n(x)))).] For n � 2, let'n = 8Rxy(9xy(x 6= y ^ (Rxy $ Ryx)) _ �n�1). Finally, observe that for allmodels (A;RA), if (A;RA) j= :9xy(x 6= y ^ (Rxy $ Ryx)), then (A;RA) j=�n�1 i� RA is a linear order of length � n� 1 or RA contains a loop or a cycleof length 3, in which case (A;RA) contains an in�nite path.Theorem 6 For all k; SO(9k) 6= SO(9k+1). Therefore the fragments SO(9k); k 2!, form a hierarchy of strictly increasing expressive power.The theorem follows immediately from the following proposition.Proposition 10 For all consistent ' 2 SO(9k), ' has a model containing noirreducible submodel of size k + 1.Proof of proposition. As in the previous proofs, it is easier to consider SO(8k)rather than SO(9k). Thus, we will show that for all ' 2 SO(8k), if ' is truein every A that does not contain an irreducible submodel of size k + 1, then' is valid. To simplify the notation, we will again assume that ' 2 �12(8k);to generalize the argument one simply iterates the construction here as in theproof of Theorem 2.To apply the Ne�set�ril and R�odl theorem, we will prove the proposition overthe class of models with a built in order. That is, let ' = 8S9R�; � 2 Lk;n(8),and sig(') = P = P0 [f<g. We show that if ' holds in every A 2 OP with noirreducible submodel of size k + 1, then ' is valid over OP .Let A0 = (A; SA) be a k<n -universal P [ S model containing no irreduciblesubmodel of size k + 1. Observe that A0 is also k-(P 0 [ S)-rich. We wantto show that there is an R expansion of A0 such that (A; SA; RA) j= � andRA homogeneously colors (A; SA). Here we argue precisely as in the proof ofTheorem 5.Let A = fB j sig(B) = P [ S and BjP 2 OP is an irreducible submodelof size k + 1g. Applying the Ne�set�ril and R�odl theorem to the class Soc(A) ofOP[S models, there is an A01 = (A1; SA1); A01 2 Soc(A), such that A01,!RA0.21



By the de�nition of Soc(A); A1 contains no irreducible submodel of sizek + 1, so by hypothesis A1 j= 8S9R�. Thus, (A1; SA1) j= 9R�, and there isan expansion such that (A1; SA1 ; RA1) j= �. By the de�nition of A01, there isa submodel (B1; SA1 jB1)�(A1; SA1), isomorphic to A0 = (A; SA), such thatRA1 jB1 homogeneously R colors (B1; SA1 jB1). Since � 2 Lk(8) is preservedunder substructures, B001 = (B1; SA1 jB1; RA1 jB1) j= �.This completes the construction that we need. We now want to prove thatfor all C 2 OP , C j= 8S9R�. Let (C; SC) be an arbitrary S expansion of C. Itsu�ces to show that there is an R expansion of (C; SC) that satis�es �. Since B001is k-(P0[S)-rich and homogeneously R colored, we can take C 00 = (C; SC ; RC)to be the unique R expansion determined by B001 , [as in the proof of Theorem 5].Suppose, for the sake of contradiction, that (C; SC ; RC) j= :�. Since :� 2Lk;n(9) and B001 j= �, by Proposition 9 the Spoiler wins the n-round 9k-gamefrom C 00 to B00. On the other hand, B001 jP [ S is a k<n -universal P [ S model,so we know that it is instead the Duplicator who has a winning strategy inthe n-round 9k-game from C 00jP [ S to B00jP [ S. Now, observe that for allsubmodels M�B001 jP [ S, N�C 00jP [ S, with jM j = jN j � k, if M �= N ,then (M;RA1 jM ) �= (N;RC jN ). This is because the interpretation of SC wasdetermined by the `homogenous' interpretation RA1 jB1. Therefore every partialisomorphism from C 00jP [ S to B001 jP [ S between submodels of size j; j � k,is also a partial isomorphism between their respective R expanded structures.Thus the Duplicator's winning strategy on these structures is simultaneouslya winning strategy for the game played on their R expansions, C 00 and B00,thereby contradicting the supposition that C 00 j= :�. So C j= ', which provesthat ' is indeed valid over OP .Corollary 6 Let A be any irreducible model of size k. Then CA = fB j A�Bgis not de�nable in SO(9k�1) (even with a built in order).This result suggests the following question: Is it true that for all �nite modelsA, the class CA = fB j A�Bg is not de�nable in SO(9jAj�1)? Using the previoustheorem, we can show that if the signature of A contains a relation symbol ofarity � 4, then the answer is yes.We �rst sketch the basic idea of the proof, which is quite simple. By thepreceding Corollary, the property of containing a subgraph isomorphic toKl, thecomplete graph on l vertices, is not de�nable in SO(9l�1). By `symmetry', it iseasy to see that the same holds if we replace Kl by its complementK l, the emptygraph on l vertices. For if some sentence ' de�ned the latter property, then thesentence ', obtained by adding a negation sign in front of every occurence ofExy in ', would de�ne the former [and vice-versa]. Generalizing this idea, wehave that if the `complement' of a structure A is irreducible, then also CA isnot de�nable in SO(9jAj�1). It now su�ces to observe that for all A, if the22



signature of A contains a relation symbol of arity n; n � 4, then either A or itscomplement is irreducible.De�nition 9 Let A be any model with signature �. Then the complement of A,denoted A is the � model with the same universe as A, such that for all m-aryR 2 � and all m-tuples a in A, A j= Ra i� A j= :Ra.The next lemma is straightforward.Lemma 1 For all A, CA is de�nable in SO(9k) i� CA is de�nable in SO(9k).Lemma 2 Let A be a model such that sig(A) contains a n-ary relation symbolR, n � 4. Then either A or A is irreducible.Proof. Assume that A is not irreducible, so there are a1; a2 2 A such thatfor all n-tuples c containing both a1 and a2, A j= :Rc. A is irreducible i�for all b1; b2 there is a n-tuple c0, with b1; b2 2 c0, A j= :Rc0. For each b1; b2in A, choose d to be any n-tuple containing a1; a2; b1; and b2. By hypothesis,A j= :Rd, so that A j= Rd. Therefore A must be irreducible, as desired.The theorem follows immediately from Corollary 6 and Lemmas 1 and 2.Theorem 7 For all A such that sig(A) contains a n-ary relation symbol, n � 4,CA = fB j A�Bg is not de�nable in SO(9jAj�1).It is clear that the theorem fails for models with unary signatures. Theabove method does not seem to be su�cient to resolve the case of signatures ofarity 2 or 3.We remark that the corresponding statement for classes of the form DA =fB j B�Ag is false. Let � = fExyg and let A be a �nite � model of size2n; n � 2, such that EA is an equivalence relation with 2 classes of size n. Itis easy to show that DA can be de�ned by a Ln+1(8) sentence with quanti�errank n+ 1. This idea generalizes easily to any (non-empty) signature.6 Final remarksWe have begun investigating the existential logic SO(9). One direction for fu-ture research would be to consider stronger fragments of SO that still only de�neclasses closed under extensions. Allowing function symbols is one possibility.Another is to introduce SO quanti�cation over certain restricted classes of rela-tions. For example, extend SO(9) by adding the quanti�ers 9ORxy and 8ORxy,to be interpreted as `there is a linear order Rxy' and `for all linear orders Rxy'.More generally, let D be any class of models closed under substructures suchthat for all A 2 D and all cardinalities � > jAj, there is an extension B in D,A � B. Then the logic SOD(9), incorporating the `generalized' SO quanti�ers9D and 8D, also only de�nes classes that are closed under extensions.In a somewhat di�erent spirit, one could investigate the SO(9) theories of�xed in�nite structures, for example, to determine whether they are decidable.23
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