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tFibring has been shown to be useful for 
ombining logi
s endowed withtruth-fun
tional semanti
s. One wonders if �bring 
an be extended in or-der to 
ope with logi
s endowed with non-truth-fun
tional semanti
s as,for example, para
onsistent logi
s. The �rst main 
ontribution of the pa-per is a positive answer to this question. Furthermore, it is shown that thisextended notion of �bring preserves 
ompleteness under 
ertain reasonable
onditions. This 
ompleteness transfer result, the se
ond main 
ontribu-tion of the paper, generalizes the one established by Zanardo et al. andis obtained using a new te
hnique exploiting the properties of the meta-logi
 where the (possibly non-truth-fun
tional) valuations are de�ned. Themodal para
onsistent logi
 of da Costa and Carnielli is obtained by �bringand its 
ompleteness is so established.1 Introdu
tionIn re
ent years, the problem of 
ombining logi
s has gained the attention ofmany resear
hers in mathemati
al logi
. Besides leading to very interestingappli
ations whenever it is ne
essary to work with di�erent logi
s at the sametime, 
ombinations of logi
s are also of great interest on purely theoreti
algrounds [3℄.The pra
ti
al impa
t of the problem is 
lear, at least from the point of viewof those working in knowledge representation (within arti�
ial intelligen
e) andin formal spe
i�
ation and veri�
ation (within software engineering). Indeed,in these �elds, the need for working with several formalisms at the same time isthe rule rather than the ex
eption. For instan
e, in a knowledge representationproblem it may be ne
essary to work with both temporal and deonti
 aspe
ts.�This work is a natural sequel of the work presented in [5℄, whi
h started during a visitby the third author to CMA at IST, entirely supported by Funda�
~ao para a Ciên
ia e aTe
nologia, Portugal. A subsequent visit to CMA by the se
ond and third authors was alsosupported by Coordena�
~ao de Aperfei�
oamento do Pessoal do Ensino Superior , Brazil.



And in a software spe
i�
ation problem it may be ne
essary to work with bothequational and temporal spe
i�
ations.>From a theoreti
al point of view, one might be tempted, for instan
e, tolook at predi
ate temporal logi
 as resulting from the 
ombination of �rst orderlogi
 and propositional temporal logi
. But the approa
h will be of signi�
an
eonly if general preservation results are available about the me
hanism used for
ombining the logi
s. For example, if it had been established that 
ompletenessis preserved by the 
ombination me
hanism Æ and it is known that logi
 L isgiven by L0 ÆL00, then the 
ompleteness of the 
ombination L would follow fromthe 
ompleteness of L0 and L00. No wonder that so mu
h theoreti
al e�ort hasbeen dedi
ated to establishing preservation results and/or �nding preservation
ounterexamples within the 
ommunity of logi
ians working in the problem of
ombining logi
s.Among the di�erent te
hniques for 
ombining logi
s, �bring [11, 12, 21, 22,23℄ deserves 
lose attention. But what is �bring? The answer 
an be given ina few paragraphs for the spe
ial 
ase of logi
s with a propositional base, thatis, with propositional variables and 
onne
tives of arbitrary arity.The language of the �bring is obtained by the free use of the language
onstru
tors (atomi
 symbols and 
onne
tives) from the given logi
s. So, forexample, when �bring a temporal logi
 and a deonti
 logi
, mixed formulae, like((G�) � (O(F�))), appear in the resulting logi
. Naturally, in many 
ases onewants to share some of the symbols. The previous example would involve the
onstrained form of �bring imposed by sharing a 
ommon propositional part.At the dedu
tive system level, provided that the two given logi
s are en-dowed with dedu
tive systems of the same type, the dedu
tive system of the�bring will be obtained by the free use of the inferen
e rules from both. This ap-proa
h will be of interest only if the two given dedu
tive systems are s
hemati
in the sense that their inferen
e rules are open for appli
ation to formulae withforeign symbols. For instan
e, when one represents Modus Ponens by the ruleMP, f(�1 � �2); �1g ` �2, in some Hilbert system, one may impli
itly assumethat the instantiation of the s
hema variables �1; �2 by any formulae, possiblywith symbols from both logi
s, is allowed when applying MP in the �bring.Although �bring at the synta
ti
 level is quite simple as des
ribed above, thesemanti
s of �bring is mu
h more 
ompli
ated and it is advisable to 
onsideronly the spe
ial 
ase where both logi
s have semanti
s with similar models.Following [21, 23℄, a 
onvenient, but quite general, model for a wide 
lass oflogi
s with propositional base is provided by a triple hU;B; �i where U is a set(of points, worlds, states, whatever), B � }U , and �(
) : Bn ! B for ea
hlanguage 
onstru
tor 
 of arity n � 0. We look at the pair hB; �i as an algebraof truth-values. In this sense, su
h models are said to be truth-fun
tional .Given two logi
s L0;L00 with models of this type, what is the semanti
s oftheir �bring? As �rst shown in [21℄, it is a 
lass of models of the same type,su
h that at ea
h point u 2 U it is possible to extra
t a model from L0 and onefrom L00. Clearly, if symbols are shared, the two extra
ted models should agreeon them. In order to visualize the semanti
s of �bring, 
onsider the �bringof a propositional linear temporal logi
 with a propositional linear spa
e logi
.Ea
h model of the �bring will be a 
loud U of points su
h that at ea
h point2



one knows the time line and the spa
e line 
rossing there. For instan
e, atthe point hBerlin, 10h15m 25 Mar
h 2000i one knows the time line (of past,present and future) of Berlin and the spa
e line (the universe taken as a linefor the sake of the example) at that time. However, so far, as sket
hed above,those working on the semanti
s of �bring have assumed that the logi
s at handare truth-fun
tional and, therefore, have not 
onsidered non-truth-fun
tionallogi
s like para
onsistent logi
s.Para
onsistent logi
s were introdu
ed in [6℄ and sin
e then have been theobje
t of 
ontinued attention, be
ause of their theoreti
al and pra
ti
al signif-i
an
e. In parti
ular, the para
onsistent systems Cn of [6℄ are subsystems ofpropositional 
lassi
al logi
 in whi
h the prin
iple of Pseudo S
otus 
;: 
 ` Ædoes not hold. Some systems of para
onsistent modal logi
 were investigated in[9, 10, 8, 20℄. One might wonder if we should try to obtain su
h a mixed logi
as the �bring of the underlying modal and para
onsistent logi
s.The �rst main 
ontribution of this paper is a positive answer to this question.To this end, previous work on the semanti
s of �bring is extended to a moregeneral notion of logi
 system en
ompassing the 
ase of non-truth-fun
tionalvaluations. Furthermore, it is shown that this extended notion of �bring pre-serves 
ompleteness under reasonable 
onditions. This 
ompleteness transferresult, the se
ond main 
ontribution of this paper, generalizes the one estab-lished in [23℄ and is obtained using a new te
hnique exploiting the properties ofthe meta-logi
 where the (possibly non-truth-fun
tional) valuations are de�ned.In Se
tion 2, the notion of interpretation system presentation as a spe
-i�
ation of the intended valuations within a suitable meta-logi
 of equationalnature is introdu
ed. The interpretation stru
tures appear as models (algebras)of the spe
i�
ation. We adopt CEQ (
onditional equational logi
 [13, 18℄) asthe meta-logi
. Se
tion 3 de�nes the notions of un
onstrained and 
onstrained�bring of interpretation system presentations. The main example, �bring thepara
onsistent system C1 and the modal system KD, is dis
ussed in Se
tion 4at the semanti
 level. Se
tion 5 
ontains a brief a

ount of the appropriateproof-theoreti
 notions and returns to the main example at the dedu
tion level.Se
tion 6 establishes the 
ompleteness preservation theorem and applies it forproving the 
ompleteness of the modal para
onsistent logi
 in [8℄. Se
tion 7dis
usses appli
ations of self-�bring, namely in the 
ontext of the Cn hierar
hyof para
onsistent systems. Se
tion 8 
on
ludes with an assessment of what wasa
hieved and what lays ahead.2 Spe
ifying valuation semanti
sSin
e the obje
t logi
s under investigation are propositional-based, the followingnotion of signature suÆ
es for our purposes:De�nition 2.1 An obje
t signature is a family C = fCkgk2N where ea
h Ck isa set (of 
onne
tives of arity k).In parti
ular, the set of propositional symbols is in
luded in C0.3



We assume given on
e and for all the set � = f�1; �2; : : : g of propositionals
hema variables, to be used in inferen
e rules, su
h that � \ C0 = ;.We denote by L(C;�) the set of s
hema formulae indu
tively built from Cand �. For example, �1 � (p_: �2) is a s
hema formula, if p 2 C0, : 2 C1 and�;_ 2 C2.Our next step will be to de�ne an equational signature indu
ed by a givenobje
t signature C as a meta-linguisti
 devi
e whi
h permits to talk about thesemanti
s of logi
s based on C. For this purpose, it is 
onvenient to 
onsidertwo new sorts, � (for formulae) and � (for truth-values). As usual, � denotesthe empty string over S = f�; �g and, if w 2 S� and s 2 S, then Ow s denotesthe set of operations with domain w and 
odomain s.De�nition 2.2 Given an obje
t signature C, the indu
ed meta-signature is the2-sorted equational signature �(C;�) = hS; Oi where S = f�; �g and:� O� � = C0 [ �;� O�k � = Ck for k > 0;� O� � = fvg;� O� � = f>;?g;� O� � = f�g;� O�� � = fu;t;)g;� O! s = ; in the other 
ases.We shall use �(C) to denote the subsignature �(C; ;), that is, where O� � = C0.In this 
ontext, � and � are the sorts of s
hema formulae and truth-values,respe
tively. The symbols >, ?, �, u, t and ) are used as generators oftruth-values. The symbol v will be interpreted as a valuation map.We 
onsider the following sets of variables for �(C) and �(C;�): X� =fx1; x2; : : : g and X� = fy1; y2; : : : g. Re
all that a term t is 
alled a groundterm if it does not 
ontain variables, and that a substitution � is said to beground if it repla
es every variable by a ground term.We want to write valuation spe
i�
ations (within the adopted meta-logi
CEQ) over �(C) and X. Re
all that a CEQ-spe
i�
ation is 
omposed of 
on-ditional equations of the general form:(equation1 & : : : & equationn ! equation)with n � 0. Conditional equations are universally quanti�ed, although, for thesake of simpli
ity, we omit the quanti�er, 
ontrarily to the notation used in[18℄. For example, (! v(y1^y2) = u(v(y1); v(y2))) is a 
onditional equation ofsort � , supposing that ^ 2 C2. It is 
lear, from this and also the forth
omingexamples, that we only need to 
onsider spe
i�
ations 
ontaining ex
lusively
onditional equations (or meta-axioms) of sort � . Su
h spe
i�
ations are 
alled� -spe
i�
ations in the sequel. 4



An important remark is that, in the 
ontext of the meta-signature �(C;�),it might seem that we have two di�erent ways to represent arbitrary formulae:by means of propositional s
hema variables (i.e., �1; �2, et
.) and by means ofvariables of sort � (i.e., y1; y2, et
.). The former shall indeed represent arbitraryformulae but only in the 
ontext of Hilbert Cal
uli (to be de�ned in Se
tion 5).The latter represent arbitrary formulae in the meta-language of CEQ. In thismeta-language, propositional s
hema variables appear as 
onstants.De�nition 2.3 An interpretation system presentation (isp) is a pair S = hC;Siwhere C is an obje
t signature and S is a � -spe
i�
ation over �(C).De�nition 2.4 Given an isp S, the 
lass Int(S) of interpretation stru
turespresented by S is the 
lass of all Heyting algebras over �(C;�) satisfying thespe
i�
ation S.We denote by S� the spe
i�
ation 
omposed of the meta-axioms in S plus� -equations over �(C) spe
ifying the 
lass of all Heyting algebras. Note thatInt(S), that is, the 
lass of all algebras over �(C;�) satisfying S�, is alwaysnon-empty. Indeed, the trivial algebra with singleton 
arrier sets for all sortssatis�es any set of 
onditional equations.For the sake of e
onomy of presentation, we introdu
e the following abbrevi-ations: x1 � x2 for u(x1; x2) = x1, and ,(x1; x2) for u()(x1; x2);)(x2; x1)).The relation symbol � denotes a partial order on truth-values. Furthermore,the partial order is a bounded latti
e with meet u, join t, top > and bottom ?(
f. [2℄). As expe
ted, given an algebra A, a1 �A a2 and,A(a1; a2) are abbre-viations of uA(a1; a2) = a1 and uA()A(a1; a2);)A(a2; a1)), respe
tively. It isalso well known that the Heyting algebra axioms further entail the followingresult:Proposition 2.5 Let S be an isp, t1 and t2 terms of sort � and A 2 Int(S).Then, for every assignment � over A:[[t1℄℄�A �A [[t2℄℄�A i� )A ([[t1℄℄�A; [[t2℄℄�A) = >Aand [[t1℄℄�A = [[t2℄℄�A i� ,A ([[t1℄℄�A; [[t2℄℄�A) = >A:As explained, our framework is intended to study properties of �bring ofnon-truth-fun
tional logi
s in general. We now illustrate the notion of isp withtwo examples that will be used throughout the rest of the paper.Example 2.6 Para
onsistent system C1 [6℄:� Obje
t signature - C:{ C0 = fpn : n 2 Ng [ ft; fg;{ C1 = f:g;{ C2 = f^;_;�g. 5



� Meta-axioms - S:{ Truth-values axioms { further axioms in order to obtain a spe
i�
a-tion of the 
lass of all Boolean algebras, e.g., adding the equation:� ( ! �(�(x1)) = x1).{ Valuation axioms:� ( ! v(t) = >);� ( ! v(f) = ?);� ( ! v(y1 ^ y2) = u(v(y1); v(y2)));� ( ! v(y1 _ y2) = t(v(y1); v(y2)));� ( ! v(y1 � y2) =)(v(y1); v(y2)));� (v(y1) = ? ! v(: y1) = >);� (v(:: y1) = > ! v(y1) = >);� (v(yÆ2) = > & v(y1 � y2) = > & v(y1 � : y2) = > !v(y1) = ?);� (v(yÆ1) = > & v(yÆ2) = > ! v((y1 ^ y2)Æ) = >);� (v(yÆ1) = > & v(yÆ2) = > ! v((y1 _ y2)Æ) = >);� (v(yÆ1) = > & v(yÆ2) = > ! v((y1 � y2)Æ) = >).As usual in the Cn systems, 
Æ is an abbreviation of :(
 ^ : 
).The reader should be warned that we are using Boolean algebras here as ametamathemati
al environment suÆ
ient to 
arry out the 
omputationsof truth-values for the formulae in C1. Spe
i�
ally we are not introdu
ingany unary operator in the Boolean algebras 
orresponding to para
onsis-tent negation, but we are 
omputing the values of formulae of the form: 
 by means of 
onditional equations in the algebras. In other words, :does not 
orrespond to the Boolean algebra 
omplement �. Therefore weare not atta
hing any algebrai
 meaning to C1.1 4In the 
ontext of an isp S, a truth-fun
tional derived 
onne
tive of arity k isa �-term �y1 : : : yk : Æ where the set of s
hema variables o

urring in the s
hemaformula Æ is fy1; : : : ; ykg and su
h that some equation of the formv(Æ) = t �v(y)xis derived from S� (within the meta-logi
 CEQ), where t is some � -term inwhi
h only the variables x1; :::; xk may o

ur, and �v(y)x is the substitution su
hthat �v(y)x (xn) = v(yn) for every n � 1.In C1, 
lassi
al negation � := �y1 : : y1 ^ yÆ1 (take t as �(x1)) and equiva-len
e � := �y1y2 : (y1 � y2) ^ (y2 � y1) (take t as ,(x1; x2)) are both truth-fun
tional derived 
onne
tives. And, of 
ourse, so are the primitive 
onjun
tion�y1y2 : y1 ^ y2, disjun
tion �y1y2 : y1 _ y2, and impli
ation �y1y2 : y1 � y2. But,para
onsistent negation �y1 : : y1 is not truth-fun
tional.1The question of algebraizing para
onsistent logi
 is a separate issue and we refer theinterested reader to [19, 16℄. 6



In the following isp, all derived 
onne
tives are truth-fun
tional, but themodality �y1 : L y1 would require in �(C) the extra generator � in O� � satis-fying:� ( ! �(>) = >);� ( ! �(u(x1; x2)) = u(�(x1);�(x2)));� ( ! u(�(x1);�(�(�(x1))) = �(x1));� ( ! v(Ly1) = �(v(y1))).Example 2.7 Modal system KD [14, 15℄:� Obje
t signature - C:{ C0 = fpn : n 2 Ng [ ft; fg;{ C1 = f:; Lg;{ C2 = f^;_;�g.� Meta-axioms - S:{ Truth-values axioms:� Further axioms in order to obtain a spe
i�
ation of the 
lass ofall Boolean algebras as in the previous example.{ Valuation axioms:� ( ! v(t) = >);� ( ! v(f) = ?);� ( ! v(: y1) = �(v(y1)));� ( ! v(y1 ^ y2) = u(v(y1); v(y2)));� ( ! v(y1 _ y2) = t(v(y1); v(y2)));� ( ! v(y1 � y2) =)(v(y1); v(y2)));� ( ! v(L t) = >);� ( ! v(L(y1 ^ y2)) = u(v(Ly1); v(Ly2)));� ( ! u(v(Ly1); v(:L: y1)) = v(Ly1);� (v(y1) = v(y2)! v(Ly1) = v(Ly2)).Note that the last four axioms are related to the axioms on �. Theirin
lusion allows us to spe
ify the intended modal algebras while avoidingthe use of the � that is not in the signature �(C). 4Returning to the �rst example (para
onsistent system C1), it is straight-forward to verify that every para
onsistent valuation introdu
ed in [7℄ has a
ounterpart, up to isomorphism be
ause of the built-in freedom in the truth-values, in Int(S). Furthermore, the additional interpretation stru
tures do not
hange the semanti
 entailment (as de�ned below). Note that it is easy to ex-tend this example in order to set up the isp's for the whole hierar
hy Cn byspe
ifying the para
onsistent n-valuations introdu
ed in [17℄.7



With respe
t to the se
ond example (modal system KD), it is also straight-forward to verify that every Kripke model has a 
ounterpart in Int(S): 
onsiderthe algebra of truth-values given by the power set of the set of worlds. Further-more, every general model in [23℄ also has a 
ounterpart in Int(S): take hB; �ias the algebra of the truth-values. Again, the extra interpretation stru
turesdo not 
hange the semanti
 entailment.We are now ready to de�ne the (global and lo
al) semanti
 entailments.To this end, we need to refer to the denotation [[t℄℄�A of a meta-term t givenan assignment � over an algebra A. As expe
ted, an assignment maps ea
hvariable to an element in the 
arrier set of the sort of the variable. In the 
aseof a ground term t, as usual, we just write [[t℄℄A for its denotation in A.De�nition 2.8 Given an isp S, a set � of s
hema formulae and a s
hemaformula Æ, we say that:� � �Sg Æ (� globally entails Æ) i�, for every A 2 Int(S), vA([[Æ℄℄A) = >Awhenever vA([[
℄℄A) = >A for every 
 2 �;� � �Sl Æ (� lo
ally entails Æ) i�, for every A 2 Int(S) and b 2 A�, vA(b) �AvA([[Æ℄℄A) whenever vA(b) �A vA([[
℄℄A) for every 
 2 �.Observe that � �Sl Æ implies that � �Sg Æ, provided that vA(b) = >A forsome b 2 A�. On the other hand, if either � = ; or A� = f?A;>Ag with?A �A >A, then � �Sl Æ i� � �Sg Æ.Before turning our attention to the problem of �bring isp's, we �rst de�nethe 
ategories Sig and Isp. The obje
ts of the 
ategory Sig are obje
t signa-tures. A morphism h : C ! C 0 in Sig is of the form h = fhk : Ck ! C 0kgk2N ,ea
h hk being a map. The obje
ts of the 
ategory Isp are isp's. The appropriatenotion of morphism in the 
ategory Isp is as follows: ea
h h : hC;Si ! hC 0; S0iis a morphism h : C ! C 0 in Sig su
h that for ea
h s 2 S, ĥ(s) is in S0�. Here,ĥ is the unique map from the meta-language over �(C) to the meta-languageover �(C 0) that extends the map h. Note that su
h a morphism imposes the
ondition that for every A0 2 Int(S 0) its redu
t to �(C), via h and the identityon the generators, is in Int(S).In what follows, we shall also use the forgetful fun
tor N from Isp to the
ategory Sig of obje
t signatures. This fun
tor maps ea
h S to the underlyingobje
t signature C and ea
h morphism h to the underlying obje
t signaturemorphism.3 Fibring non-truth-fun
tional logi
sWe assume that we are given two isp's S 0 and S 00. Following the methodproposed in [21℄, we start by 
onsidering the notion of un
onstrained �bringthat 
orresponds to 
ombining the two isp's without sharing any of the symbolsof the obje
t signatures C 0 and C 00. That is, if we so 
ombine C1 and KD weshall obtain in the result of the �bring two di�erent symbols for 
onjun
tion,8



disjun
tion, et
. This 
onstru
tion appears as the 
oprodu
t of S 0 and S 00 inthe 
ategory Isp(G). Therefore,S 0 � S 00 = hC;Siwhere:� C = C 0 � C 00 within Sig with the inje
tions i0 and i00;� S = î0(S0) [ î00(S00).Proposition 3.1 Given S 0 and S 00 as above, a �(C 0�C 00;�)-algebra A belongsto Int(S 0 � S 00) i�:� Aji0�(C0;�) 2 Int(S 0);� Aji00�(C00;�) 2 Int(S 00);where Aji0�(C0;�) and Aji00�(C00;�) are the redu
ts of A to the signatures �(C 0;�)and �(C 00;�), respe
tively, via the indi
ated in
lusions and the identity on thegenerators.Again following the method in [21℄, it is easy to introdu
e the notion of
onstrained �bring by sharing 
onne
tives and/or propositional symbols that
orresponds to 
ombining the two isp's while sharing some of the symbols of theobje
t signatures C 0 and C 00: the 
onstru
tion appear as a 
o-Cartesian liftingby the fun
tor N along the signature 
oequalizer for the envisaged pushout ofthe signatures. We refrain from dwelling further on this 
onstru
tion sin
e itdoes not bring any insight to the main issue of this paper (that is, the �bring oflogi
s possibly with non-truth-fun
tional semanti
s). For an interesting exampleof 
onstrained �bring see the next se
tion.4 Appli
ation I: modal para
onsistent logi
The idea is to 
ombine C1 and KD by �bring them while sharing the propo-sitional symbols, 
onjun
tion, disjun
tion, impli
ation, true and false. LetS 0 = hC 0; S0i be the isp for C1 as des
ribed in Example 2.6 and S 00 = hC 00; S00ithe isp for KD as des
ribed in Example 2.7.We work �rst in the 
ategory Sig. Consider the propositional-based signa-ture B as follows:� B0 = fpn : n 2 Ng [ ft; fg;� B2 = f^;_;�g;� Bk = ; for the other values of k.
9



The propositional-based signature C 0 f 0Bf 00� C 00 of the envisaged 
onstrained�bring is obtained by the pushout of C 0 f 0 B f 00! C 00 where f 0 and f 00 are theobvious in
lusions.The unique morphism z from the 
oprodu
t C 0 �C 00 to C 0 f 0Bf 00� C 00 is nowused to obtain the envisaged isp as brie
y des
ribed at the end of the previousse
tion. The isp we want, S 0 f 0Bf 00� S 00;
orresponding to the 
onstrained sharing of S 0 and S 00 while sharing the symbolsin B, appears as the 
o-Cartesian lifting by the fun
tor N along z on the ispS 0 � S 00. That is,S 0 f 0Bf 00� S 00 = hC 0 f 0Bf 00� C 00; ẑ(̂i0(S0) [ î00(S00))i:As expe
ted, the interpretation stru
tures presented by this isp are pre
iselythose algebras in the un
onstrained �bring that agree on the shared symbols.Note that we end up having two negations: z(i0(:)) 
oming from C 0 andz(i00(:)) 
oming from C 00. The former is a para
onsistent negation and thelatter is the 
lassi
al negation inherited from KD. Clearly, the (
lassi
al) strongnegation �y1 : : y1 ^ yÆ1 inherited from C1 
ollapses into z(i00(:)).One parti
ularly interesting appli
ation of modal para
onsistent logi
 is in
oping with 
ertain problems of deonti
 logi
 having to do with deonti
 para-doxes and moral dilemmas. In [8℄ a para
onsistent deonti
 logi
 
alled CD1 isintrodu
ed by 
ombining the para
onsistent system C1 with modal KD inter-preting the modal operator L as \obligatory". In order to re
over CD1 at thesemanti
 level in our setting we have to add one additional meta-axiom forvaluations:� (v(yÆ1) = > ! v((Ly1)Æ) = >):Using the terminology introdu
ed in [4℄, this pro
edure 
an be seen as asplitting of CD1 in the 
omponents KD and C1.5 Logi
 systemsThis se
tion is devoted to extending the �bring te
hniques to the synta
ti
al
ounterpart of isp's. As we have hinted before, we shall use the propositionals
hema variables in � = f�1; �2; : : : g to write inferen
e rules.De�nition 5.1 A Hilbert 
al
ulus over � is a triple hC;P;Di in whi
h (1) Cis an obje
t signature, (2) P is a subset of }�nL(C;�) � L(C;�), (3) D is asubset of (}�nL(C;�) n ;)� L(C;�), and (4) D � P .Given any r = h�; 
i in P , the (�nite) set � is the set of premises of r and 
is the 
on
lusion; we will often write r = hPrem(r);Con
(r)i. If Prem(r) = ;,then r is said to be an axiom s
hema; otherwise, it is said to be a proof rules
hema. Ea
h r in D is said to be a derivation rule s
hema.10



Example 5.2 In the modal Hilbert 
al
ulus KD we have:� P = fh;; �1 � (�2 � �1)i;h;; (�1 � (�2 � �3)) � ((�1 � �2) � (�1 � �3))i;h;; (: �1 � : �2) � (�2 � �1)i;h;; L(�1 � �2) � (L�1 � L�2)i;h;; L �1 � :L: �1i;h;; (�1 _ �2) � (: �1 � �2)i;h;; (�1 ^ �2) � :(: �1 _ : �2)i;h;; t � (�1 � �1)i;h;; f � (�1 ^ : �1)i;hf�1; �1 � �2g; �2i;hf�1g; L �1ig;� D = fhf�1; �1 � �2g; �2ig.Example 5.3 The Hilbert 
al
ulus C1 is easily de�ned adapting the well knownaxiomati
s presented in [7℄.De�nition 5.4 A s
hema formula Æ 2 L(C;�) is provable from the set ofs
hema formulae � � L(C;�) in the Hilbert 
al
ulus hC;P;Di, denoted by� `PDp Æ, i� there is a sequen
e 
1; : : : ; 
m 2 L(C;�)+ su
h that 
m = Æ and,for i = 1 to m, either(1) 
i 2 �, or(2) there exist a rule r 2 P and a s
hema variable substitution � : �! L(C;�)su
h that Con
(r)� = 
i and Prem(r)� � f
1; : : : ; 
i�1g.De�nition 5.5 A s
hema formula Æ 2 L(C;�) is derivable from the set ofs
hema formulae � � L(C;�) in the Hilbert 
al
ulus hC;P;Di, denoted by� `PDd Æ, i� there is a sequen
e 
1; : : : ; 
m 2 L(C;�)+ su
h that 
m = Æ and,for i = 1 to m, either(1) 
i 2 �, or(2) 
i is provable from the empty set of formulae, or(3) there exist a rule r 2 D and a s
hema variable substitution � su
h thatCon
(r)� = 
i and Prem(r)� � f
1; : : : ; 
i�1g.Clearly, if � `PDd Æ then also � `PDp Æ. Furthermore, if `PDp Æ then `PDd Æ.The following stru
turality properties are also immediate: for every s
hemavariable substitution �, if � `PDp Æ then �� `PDp Æ�, and if � `PDd Æ then�� `PDd Æ�.De�nition 5.6 The un
onstrained �bring of the Hilbert 
al
uli hC 0; P 0;D0iand hC 00; P 00;D00i is the Hilbert 
al
ulushC 0; P 0;D0i � hC 00; P 00;D00i = hC 0 � C 00; î0(P 0) [ î00(P 00); î0(D0) [ î00(D00)i:
11



De�nition 5.7 The 
onstrained �bring of the Hilbert 
al
uli hC 0; P 0;D0i andhC 00; P 00;D00i sharing C a

ording to the inje
tive morphisms f 0 : C ! C 0 andf 00 : C ! C 00 is the Hilbert 
al
ulus hC 0; P 0;D0i f 0Cf 00� hC 00; P 00;D00i de�ned asfollows: hC 0 f 0Cf 00� C 00; ẑ(̂i0(P 0)) [ ẑ(̂i00(P 00)); ẑ(̂i0(D0)) [ ẑ(̂i00(D00))i:By adopting the notion of Hilbert 
al
ulus morphism proposed in [21℄, bothforms of �bring above again appear as universal 
onstru
tions (
oprodu
t and
o-Cartesian lifting). It follows that there is a morphism from ea
h given Hilbert
al
ulus to the �bring, e.g., h0 from hC 0; P 0;D0i to hC;P;Di. Therefore:� if � `P 0D0p Æ then ĥ0(�) `PDp ĥ0(Æ);� if � `P 0D0d Æ then ĥ0(�) `PDd ĥ0(Æ).The �bring of Hilbert 
al
uli for C1 and KD, sharing the propositional sym-bols, 
onjun
tion, disjun
tion, impli
ation, true and false, is the Hilbert 
al
uluswhere we have all the proof and derivation rules for both C1 and KD. In orderto get the deonti
 para
onsistent system CD1 of [8℄, at the proof-theoreti
 level,we need to introdu
e the following proof rule:� h;; �Æ1 � (L�1)Æi:De�nition 5.8 A logi
 system is a tuple L = hC;S; P;Di where the pair hC;Si
onstitutes an isp and the triple hC;P;Di 
onstitutes a Hilbert 
al
ulus.As expe
ted, the (un
onstrained and 
onstrained) �bring of logi
 systemsis obtained by the 
orresponding �bring of the underlying isp's and Hilbert
al
uli.Example 5.9 The logi
 systems for C1 and KD will be denoted by LC1 andLKD, respe
tively, and their �bring while sharing B will be denoted by LC1�KD.De�nition 5.10 Given a logi
 system L = hC;S; P;Di, we say that the dedu
-tion system hC;P;Di is sound w.r.t. the isp hC;Si, or simply that L is sound ,i� for every set � of s
hema formulae and every s
hema formula Æ:� � `PDp Æ implies � �Sg Æ;� � `PDd Æ implies � �Sl Æ.We say that hC;P;Di is adequate w.r.t. hC;Si, or simply that L is adequate,i� for every set � of s
hema formulae and every s
hema formula Æ:� � `PDp Æ is implied by � �Sg Æ;� � `PDd Æ is implied by � �Sl Æ.Furthermore, we say that hC;P;Di is 
omplete w.r.t. hC;Si, or simply that Lis 
omplete, i� it is both sound and adequate.Example 5.11 The logi
 systems LC1 and LKD are 
omplete.12



6 Preservation resultsThe main goal is to establish the preservation of 
ompleteness by �bring. To thisend, it is 
onvenient to take advantage of the 
ompleteness of CEQ as provedfor instan
e in [13, 18℄ by en
oding the dedu
tion system of the meta-logi
 CEQin the obje
t Hilbert 
al
ulus.In order to deal with lo
al reasoning at the meta-level, we shall take advan-tage of the following two s
hema variable substitutions:� �+1 su
h that �+1(�i) = �i+1 for every i � 1;� ��1 su
h that ��1(�1) = �1 and ��1(�i) = �i�1 for every i � 2.Note that if 
 is a s
hema formula then 
�+1 is a variant of 
 where �1 doesnot o

ur. Furthermore, easily, 
�+1��1 = 
.6.1 En
odingFirst we analyse what 
an be obtained proof-theoreti
ally within CEQ. Givenan isp S = hC;Si, we adopt the following abbreviations, where � [ fÆg �L(C;�):� � `Sg Æ for S� [ f(! v(
) = >) : 
 2 �g `CEQ�(C;�) v(Æ) = >;� � `Sl Æ for S� [f(! v(�1) � v(
�+1)) : 
 2 �g `CEQ�(C;�) v(�1) � v(Æ�+1).Theorem 6.1 Given an isp S = hC;Si and � [ fÆg � L(C;�), we have:� � �Sg Æ i� � `Sg Æ;� � �Sl Æ i� � `Sl Æ.Proof: This is an immediate 
onsequen
e of the 
ompleteness of the meta-logi
 CEQ. In the lo
al 
ase it is essential to note that, sin
e s
hema variables
annot o

ur in S�, we 
an freely 
hange the denotation of s
hema variablesgiven by an algebra A 2 Int(S) (namely a

ording to �+1 or ��1) and stillobtain an algebra in Int(S). The fa
t that �1 
annot o

ur in s
hema formulaeinstantiated by �+1 does the rest. QEDFor the envisaged en
oding, it is ne
essary to assume that the logi
 systemat hand is suÆ
iently expressive:De�nition 6.2 A logi
 system L = hC;S; P;Di is said to be ri
h i�:1. t; f 2 C0 and ^;_;�2 C2;2. S� `CEQ�(C;�) v(t) = >;3. S� `CEQ�(C;�) v(f) = ?;4. S� `CEQ�(C;�) v(y1 ^ y2) = u(v(y1); v(y2));13



5. S� `CEQ�(C;�) v(y1 _ y2) = t(v(y1); v(y2));6. S� `CEQ�(C;�) v(y1 � y2) =)(v(y1); v(y2));7. hf�1; �1 � �2g; �2i 2 D.Example 6.3 Both logi
 systems LC1 and LKD, as well as many other 
ommonlogi
s, are ri
h.Within a ri
h logi
 system it is possible to translate from the meta-logi
level to the obje
t logi
 level. A ground term of sort � over �(C;�) is mappedto a formula in L(C;�) a

ording to the following rules:� v(
)� is 
� >� is t;� ?� is f ;� �(t)� is t� � f ;� u(t1; t2)� is t�1 ^ t�2;� t(t1; t2)� is t�1 _ t�2;� )(t1; t2)� is t�1 � t�2.Moreover, a ground � -equation (t1 = t2) is translated to (t1 = t2)� given byt�1 � t�2. Finally, if E is a set of ground � -equations, then E� will denote the setfeq� : eq 2 Eg.Lemma 6.4 Let L be a ri
h logi
 system and t a ground � -term over �(C;�).Then: S� `CEQ�(C;�) v(t�) = t:Proof: Immediate by de�nition, taking into a

ount the requirements of ri
h-ness and the 
ompleteness of CEQ. QEDLemma 6.5 Let L be a ri
h logi
 system, t1 and t2 ground � -terms over �(C;�)and A 2 Int(S). Then:[[t1℄℄A �A [[t2℄℄A i� vA([[t�1 � t�2℄℄A) = >Aand [[t1℄℄A = [[t2℄℄A i� vA([[t�1 � t�2℄℄A) = >A:Proof: Dire
t 
orollary of Proposition 2.5 using the previous Lemma and takinginto a

ount the 
ompleteness of CEQ. QEDIn a ri
h logi
 system, under 
ertain 
onditions (
f. De�nition 6.6 below),one 
an en
ode the relevant part of the meta-reasoning into the obje
t 
al
ulus.14



De�nition 6.6 A ri
h logi
 system L is said to be equationally appropriate i�for every 
onditional equation (eq1 & : : : & eqn ! eq) in S� and every groundsubstitution �: f(eq1�)�; : : : ; (eqn�)�g `PDp (eq �)�:Finally, we obtain the main results of this Se
tion relating adequa
y toequational appropriateness. Su
h results are important be
ause it is mu
h easierto analyze the preservation by �bring of equational appropriateness than ofadequa
y dire
tly.Theorem 6.7 Every ri
h and adequate logi
 system is equationally appropri-ate.Proof: Assume that L is a ri
h and adequate logi
 system and A 2 Int(S),and let (t1 = s1 & : : : & tn = sn ! t = s) be a 
onditional equation in S�and � a ground substitution.If it is the 
ase that vA([[(ti�)� � (si�)�℄℄A) = >A for i = 1; : : : ; n, then,a

ording to the previous Lemma, this means pre
isely that [[ti�℄℄A = [[si�℄℄A fori = 1; : : : ; n. Consider the assignment � = [[ ℄℄A Æ �. It is straightforward toverify that [[r�℄℄A = [[r℄℄�A, for every � -term r over �(C;�). So, sin
e by de�nitionof Int(S) we know that A is a model of the 
onditional equation, it immediatelyfollows that also [[t�℄℄A = [[s�℄℄A, or equivalently, vA([[(t�)� � (s�)�℄℄A) = >A.Therefore, we have f(t1�)� � (s1�)�; : : : ; (tn�)� � (sn�)�g �Sg (t�)� � (s�)�.Now, equational appropriateness follows easily sin
e, from adequa
y, we musthave f(t1�)� � (s1�)�; : : : ; (tn�)� � (sn�)�g `PDp (t�)� � (s�)�. QEDBefore proving the 
onverse of this theorem, we need to establish somete
hni
al lemmas.Lemma 6.8 Let L be an equationally appropriate logi
 system and �[fÆg be aset of s
hema formulae where �1 does not o

ur. If f�1 � 
 : 
 2 �g `PDp �1 � Æthen � `PDd Æ.Proof: First of all we note that, sin
e S� must 
ontain a spe
i�
ation of the
lass of all Heyting algebras, equational appropriateness implies that every in-tuitionisti
 theorem written with t; f ;^;_;� must be provable in the Hilbert
al
ulus. In the sequel, we shall use this fa
t without further noti
e.Let us assume that f�1 � 
 : 
 2 �g `PDp �1 � Æ. Immediately, by the �nite
hara
ter of derivations, f�1 � 
1; : : : ; �1 � 
ng `PDp �1 � Æ, where ea
h 
i 2 �.Let now 
 be the s
hema formula 
1 ^ : : : ^ 
n and take the s
hema variablesubstitution � su
h that �(�1) = 
 and �(�i) = �i for every i � 2. Sin
e �1does not o

ur in � or Æ, the stru
turality of proofs easily implies that we mustalso have f
 � 
1; : : : ; 
 � 
ng `PDp 
 � Æ. But it is 
lear by easy intuitionisti
reasoning that `PDp 
 � 
i for i = 1; : : : ; n. So, it follows that `PDp 
 � Æ, andsin
e by further intuitionisti
 reasoning we have `PDp 
1 � (: : : � (
n � 
) : : : ),the derivation rule of Modus Ponens immediately implies that � `PDd Æ. QED15



Lemma 6.9 Let L be an equationally appropriate logi
 system, E a set ofground � -equations over �(C;�) and � a ground substitution. IfS� [ f(! eq ) : eq 2 Eg `CEQ�(C;�) t1 = t2then either t1; t2 are the same term of sort �, or t1; t2 are of sort � andE� `PDp (t1�)� � (t2�)�:Proof: The rules of CEQ [18℄ are the usual Re
exivity, Symmetry, Transitivity,Congruen
e and a form of Modus Ponens that allows us to obtain eq � fromeq1�; : : : ; eqn� for any given 
onditional equation (eq1 & : : : & eqn ! eq).Given a ground substitution �, we show by indu
tion on the length n of aproof of S� [ f(! eq ) : eq 2 Eg `CEQ�(C;�) t1 = t2 that E� `PDp (t1�)� � (t2�)�.Base: n = 1.(i) t1 is s1�0, t2 is s2�0 and t1 = t2 is obtained by CEQ Modus Ponens from(! s1 = s2) 2 S�.Obviously t1 and t2 are � -terms. Immediately, by equational appropriateness,we have `PDp (s1�0�)� � (s2�0�)� and therefore E� `PDp (t1�)� � (t2�)� by themonotoni
ity of provability.(ii) t1 is s1�0, t2 is s2�0 and t1 = t2 is obtained by CEQ Modus Ponens from(! s1 = s2) with s1 = s2 2 E.Obviously t1 and t2 are 
losed � -terms, s1�0 is s1 and s2�0 is s2. Thus, (t1�)� �(t2�)� 2 E�, i.e., t�1 � t�2 2 E� and E� `PDp t�1 � t�2 by the extensiveness ofprovability.(iii) t1 and t2 are the same term, of either sort � or � , and t1 = t2 is obtainedby Re
exivity.If the sort is � we are done. Otherwise, obviously, (t1�)� and (t2�)� are thesame formula and trivial intuitionisti
 reasoning allows us to 
on
lude that`PDp �1 � �1. Therefore, E� `PDp (t1�)� � (t2�)� by the stru
turality andmonotoni
ity of provability.Step: n > 1.(i) t1 = t2 is obtained from S� [ f(! eq ) : eq 2 Eg `CEQ�(C;�) t2 = t1 by Symme-try.If the terms have sort �, by indu
tion hypothesis, they 
oin
ide. Otherwise, alsoby indu
tion hypothesis, we know that E� `PDp (t2�)� � (t1�)�. Elementaryintuitionisti
 reasoning allows us to 
on
lude that `PDp (�1 � �2) � (�2 � �1),and therefore also E� `PDp (t1�)� � (t2�)�.(ii) t1 = t2 is obtained from S� [ f(! eq ) : eq 2 Eg `CEQ�(C;�) t1 = t3; t3 = t2 byTransitivity.If the terms have sort � by indu
tion hypothesis they 
oin
ide. Otherwise, alsoby indu
tion hypothesis, we know that E� `PDp (t1�)� � (t3�)�; (t3�)� � (t2�)�.Simple intuitionisti
 reasoning allows us to 
on
lude that f�1 � �2; �2 � �3g `PDp�1 � �3, and therefore also E� `PDp (t1�)� � (t2�)�.(iii) t1 is f(t11; : : : ; t1k), t2 is f(t21; : : : ; t2k) and t1 = t2 is obtained fromS� [ f(! eq ) : eq 2 Eg `CEQ�(C;�) t11 = t21; : : : ; t1k = t2k by Congruen
e.It t1 and t2 have sort � then f 2 Ck and therefore all the terms tij are also16



of sort �. By indu
tion hypothesis, then, t1j and t2j must be identi
al and t1
oin
ides with t2. Otherwise, f 
an either be v or a generator among �;u;t;).In the �rst 
ase k = 1 and by indu
tion hypothesis t11 
oin
ides with t21 sin
ethey must have sort �. Therefore, t1 and t2 also 
oin
ide and we repeat step(iii) of the Base to obtain E� `PDp (t1�)� � (t2�)�. Finally, if f is a gen-erator then all the terms tij are of sort � . Thus, by indu
tion hypothesis,E� `PDp (t11�)� � (t21�)�; : : : ; (t1k�)� � (t2k�)�. Using again intuitionisti
 rea-soning we have that f�1 � �2; �3 � �4g `PDp (�1 ^ �3) � (�2 ^ �4); (�1 _ �3) �(�2 _ �4); (�1 � �3) � (�2 � �4). Given that � is translated using f and � thisis enough to guarantee that E� `PDp (t1�)� � (t2�)�.(iv) t1 is s1�0, t2 is s2�0 and t1 = t2 is obtained using the 
onditional equation(s11 = s21 & : : : & s1k = s2k ! s1 = s2) 2 S� from S� [ f( ! eq ) : eq 2Eg `CEQ�(C;�) s11�0 = s21�0; : : : ; s1k�0 = s2k�0 by CEQ Modus Ponens.Obviously, all the terms are � -terms and the indu
tion hypothesis impliesthat E� `PDp (s11�0�)� � (s21�0�)�; : : : ; (s1k�0�)� � (s2k�0�)�. Moreover, byequational appropriateness, we have f(s11�0�)� � (s21�0�)�; : : : ; (s1k�0�)� �(s2k�0�)�g `PDp (s1�0�)� � (s2�0�)�. Therefore, E� `PDp (t1�)� � (t2�)�. QEDTheorem 6.10 Every equationally appropriate logi
 system is adequate.Proof: Let L be an equationally appropriate logi
 system and � [ fÆg �L(C;�).If � �Sg Æ then also � `Sg Æ, i.e., S� [ f( ! v(
) = >) : 
 2 �g `CEQ�(C;�)v(Æ) = >. Using the previous Lemma, we have that f
 � tg `PDp Æ � t.Trivial intuitionisti
 reasoning allows us to 
on
lude that `PDp �1 � (�1 � t),and therefore it follows that � `PDp Æ.If � �Sl Æ then also � `Sl Æ, i.e., S� [f(! v(�1) � v(
�+1)) : 
 2 �g `CEQ�(C;�)v(�1) � v(Æ�+1). Using the previous Lemma, we have that f(�1 ^ 
�+1) ��1 : 
 2 �g `PDp (�1 ^ Æ�+1) � �1. Trivial intuitionisti
 reasoning allows usto 
on
lude that `PDp (�1 � �2) � ((�1 ^ �2) � �1), and therefore it followsthat f�1 � 
�+1 : 
 2 �g `PDp �1 � Æ�+1. Thus, we already know that��+1 `PDd Æ�+1 and by stru
turality, using ��1, we have � `PDd Æ. QEDThe equivalen
e between adequa
y and equational appropriateness for ri
hsystems will be used below for showing that adequa
y is preserved by �bring ri
hsystems, but this equivalen
e may also be useful for establishing the adequa
yof logi
s endowed with a semanti
s presented by 
onditional equations. Indeed,it is a mu
h easier task to verify equational appropriateness than to establishadequa
y dire
tly.6.2 Preservation of 
ompleteness by �bringWe 
onsider in turn the preservation of soundness and of adequa
y by �bring.Theorem 6.11 Soundness is preserved by �bring.17



Proof: Let L be the �bring of two sound logi
 systems L0 and L00. It isenough to prove the following: � `PDp Æ implies that � `Sg Æ, and � `PDd Æimplies that � `Sl Æ, by Theorem 6.1. Moreover, it is enough to prove thatPrem(r) `Sg Con
(r) for every r 2 P , and Prem(r) `Sl Con
(r) for every r 2 D.Let r 2 P . Assume, without loss of generality, that r = ĥ0(r0). Then, byde�nition of proof, Prem(r)0 `P 0D0p Con
(r)0 and, so, Prem(r)0 `S0g Con
(r)0, bythe soundness of L0. This means thatS0� [ f(! v(
0) = >) : 
0 2 Prem(r)0g `CEQ�(C0;�) v(Con
(r)0) = >and then, by the uniformness of CEQ under 
hange of notation by ĥ0 (
f. [18℄),we obtainĥ0(S0)� [ f(! v(ĥ0(
0)) = >) : 
0 2 Prem(r)0g `CEQ�(C;�) v(ĥ0(Con
(r)0)) = >:This immediately implies ĥ0(Prem(r)0) `Sg ĥ0(Con
(r)0), that is, Prem(r) `SgCon
(r). The proof for derivations is similar. QEDWe, �nally, 
onsider the problem of preservation of adequa
y by �bring,taking advantage of the te
hni
al ma
hinery presented before on the en
odingof the meta-logi
 in the obje
t Hilbert 
al
ulus.Lemma 6.12 Ri
hness is preserved by �bring provided that 
onjun
tion, dis-jun
tion, impli
ation, true and false are shared.Proof: It is trivial that the signature and valuation requirements are preservedsin
e we are sharing 
onjun
tion, disjun
tion, impli
ation, true and false. More-over, it is 
lear that Modus Ponens is still a derivation rule in the �bring. QEDLemma 6.13 Equational appropriateness is preserved by �bring provided that
onjun
tion, disjun
tion, impli
ation, true and false are shared.Proof: Let L0 and L00 be equationally appropriate logi
 systems, and L their�bring by sharing 
onjun
tion, disjun
tion, impli
ation, true and false. Fromthe previous Lemma we already know that L is ri
h.Now, let 
eq be (t1 = s1 & : : : & tn = sn ! t = s) 2 S�, and � a groundsubstitution. Clearly, by de�nition of �bring, 
eq must be the translation of a
onditional equation in some of the 
omponents. Let us assume, without lossof generality, that 
eq 
omes from L0, i.e., 
eq is ĥ0(
eq0), where 
eq0 is the
onditional equation (t01 = s01 & : : : & t0n = s0n ! t0 = s0) 2 S0�. Sin
e we knowthat L0 is equationally appropriate, it follows thatf(t01�0)� � (s01�0)�; : : : ; (t0n�0)� � (s0n�0)�g `P 0D0p (t0�0)� � (s0�0)�;where �0 is the following ground substitution:� for every i � 1, �0(xi) = v(�2i�1) and �0(yi) = �2i.18



By de�nition of �bring of Hilbert 
al
uli, then, it must be also the 
ase thatfĥ0((t01�0)� � (s01�0)�); : : : ; ĥ0((t0n�0)� � (s0n�0)�)g `PDp ĥ0((t0�0)� � (s0�0)�):Consider now the substitution � on s
hema variables de�ned by:� �(�2i�1) = �(xi)�;� �(�2i) = �(yi).Using � and the stru
turality of the Hilbert 
al
ulus, now, we must also havefĥ0((t01�0)� � (s01�0)�); : : : ; ĥ0((t0n�0)� � (s0n�0)�)g� `PDp ĥ0((t0�0)� � (s0�0)�)�:But, in fa
t, a straightforward indu
tive proof allows us to 
on
lude thatĥ0((u0�0)�)� = (ĥ0(u0)�)� for every term u0 of sort � over �(C 0;�), and thereforef(t1�)� � (s1�)�; : : : ; (tn�)� � (sn�)�g `PDp (t�)� � (s�)�:Thus, L is equationally appropriate. QEDTheorem 6.14 Given two ri
h and 
omplete logi
 systems, their �bring whilesharing 
onjun
tion, disjun
tion, impli
ation, true and false is also 
omplete.Proof: The preservation of adequa
y is an immediate 
onsequen
e of the twoprevious lemmas and the equivalen
e between equational appropriateness andadequa
y for ri
h systems. QEDExample 6.15 By �bring while sharing 
onjun
tion, disjun
tion, impli
ation,true and false the logi
 systems LC1 and LKD we obtain a new modal para-
onsistent logi
 system LC1�KD that is 
omplete. Observe that if we add toLC1�KD:� (v(yÆ1) = > ! v((Ly1)Æ) = >) as a meta-valuation axiom;� h;; �Æ1 � (L�1)Æi as an axiom in the Hilbert 
al
ulus;we obtain a 
omplete logi
 system that is equivalent to the system CD1 of [8℄both at the proof-theoreti
 and the semanti
 levels.7 Appli
ation II: self-�bring of truth-fun
tional andnon-truth-fun
tional logi
sIt is not diÆ
ult to see that, if S is a truth-fun
tional isp (that is, all the
onne
tives are truth-fun
tional derived 
onne
tives) then the self-�bring S�Sof S with itself, without sharing of 
onne
tives (just sharing the propositionalsymbols in C0), produ
es a 
opy of S where ea
h 
onne
tive appears dupli
ate.In fa
t, if 
 2 Ck (k > 0) and 
0 is its dupli
ate then vA([[
(t1; :::; tk)℄℄�A) isequal to vA([[
(t1; :::; tk)℄℄�A) for every interpretation A, assignment � over Aand terms t1; ::; tk of sort �. Additionally, if 
 2 C0 is a 
onstant symbol, su
h19



as t or f , then vA([[
℄℄A) is also equal to vA([[
0℄℄A). Of 
ourse, this property
an be extended to every ri
h and 
omplete logi
 system L while sharing C0,
onjun
tion, disjun
tion and impli
ation in the self-�bring L�L. In su
h 
asesthe formulae 
(t1; :::; tk) and 
0(t1; :::; tk) will be equivalent in L � L, even if 
and 
0 are not expli
itly shared.On the other hand, if S is an isp with some non-truth-fun
tional 
onne
tive
, then vA([[
(t1; :::; tk)℄℄�A) and vA([[
0(t1; :::; tk)℄℄�A) do not ne
essarily 
oin
ide inthe models of S �S and, 
onsequently, the formulae 
(t1; :::; tk) and 
0(t1; :::; tk)are not ne
essarily equivalent in L� L, unless 
 and 
0 are expli
itly shared.As a 
on
rete instan
e, 
onsider the isp S of example 2.6, representing thesemanti
s of the para
onsistent 
al
ulus C1 (
f. [6℄). If we perform the �bringS � S of S with itself, while sharing the symbols in C0, then we obtain twofamilies of 
onne
tives: f^;_;�;:g and f^0;_0;�0;:0g. A model for S � Sgives a valuation map vA su
h thatvA([[t1 � t2℄℄�A) = vA([[t1 �0 t2℄℄�A) for � 2 f^;_;�g;be
ause those 
onne
tives are truth-fun
tional. On the other hand, vA([[:t℄℄�A)does not 
oin
ide ne
essarily with vA([[:0t℄℄�A). For example, let v1 and v2 betwo C1-bivaluations su
h that v1(p1) = v1(:p1) = 1 and v2(p1) = 1, v2(:p1) =0. Moreover, assume that v1(p) = v2(p) for every other propositional symbolp 2 C0. We 
an thus de�ne an interpretation A of S � S as follows:� A� = f0; 1g (with its usual Boolean algebra stru
ture);� vA restri
ted to the fragment with : 
oin
ides with v1;� vA restri
ted to the fragment with :0 
oin
ides with v2;� vA extended to the mixed language C �C 0 is obtained from v1 and v2 byusing the same te
hniques used in the proof of Proposition 6.1 in [4℄.The interpretation A satis�es: vA([[:p1℄℄A) 6= vA([[:0p1℄℄A), showing that :and :0 do not 
ollapse. Considering the �bring at the logi
 system level, weobtain, by the 
ompleteness-preservation theorem 6.15, that :t1 and :0t1 arenot equivalent formulae (unless they are both theorems).The example above shows that the �bring of Cn; n � 1 with itself produ
es,for every n, two disjoint 
opies of Cn (as the same argument 
an be appliedto the whole hierar
hy of para
onsistent 
al
uli Cn). We ex
lude C0(whi
h isjust the Classi
al Propositional Cal
ulus) sin
e in this 
ase the self -�bring will
ollapse with C0, be
ause this system is truth-fun
tional. On the other hand, the�bring of Cn with Cm, with m > n, produ
es a new para
onsistent system withtwo para
onsistent negations, :n and :m, whose axioms 
orrespond to addingthe axioms of Cn and of Cm, and whose interpretations are given by maps whi
hare simultaneously Cn and Cm valuations. It is an open question whether ornot there exists a formula (in the language of Cm) whi
h en
odes in Cm thepara
onsistent negation :n, for m > n (this, in fa
t, happens with the 
lassi
alnegation, whi
h is representable in every 
al
uli Cn). If this question has apositive answer, then the �bring of Cn and Cm (without sharing the negation)20



will be equivalent to Cm, for m > n. Of 
ourse, the �bring of Cn and Cm (whilesharing the negation) will be equivalent to Cn. If we generalize this argument,in
luding in the obje
t signature C an unary symbol :n for every n � 0, thenthe in�nite �bring of the whole hierar
hy Cn, without sharing the negations :n,will produ
e a new para
onsistent system with in�nitely many para
onsistentnegations. If negations are shared in the �bring, the result 
oin
ides withthe Classi
al Propositional Cal
ulus C0. It is worth remarking that, althoughtwe 
on
entrate most of the time on para
onsistent 
al
uli be
ause these areex
ellent examples of interesting non-truth-fun
tional logi
 systems, it is 
learthat our treatment is fully general.8 Con
luding remarksThe �rst main 
ontribution of this paper is a general semanti
s for �bringpropositional-based logi
s en
ompassing systems with non-truth-fun
tional val-uations. This goal was a
hieved by re
ognizing that su
h valuations are spe
i�edin some appropriate meta-logi
, in this 
ase 
onditional equational logi
. Al-though restri
ted to systems with a �nitary propositional base, the proposedsemanti
s deals with a wide variety of logi
s from para
onsistent to modal,many-valued and intuitionisti
 systems. Within this setting, �bring appears asa universal 
onstru
tion within the underlying 
ategory, generalizing previousresults for truth-fun
tional systems [21℄.The se
ond main 
ontribution of this paper is the 
ompleteness preservationtheorem that generalizes the result established in [23℄ and is obtained using anew te
hnique exploiting the properties of 
onditional equational logi
 wherethe (possibly non-truth-fun
tional) valuations are de�ned.As an example of appli
ation of our te
hniques, the use of �bring for 
om-bining para
onsistent logi
s with other logi
s is illustrated by re
overing themodal para
onsistent logi
 CD1 of da Costa and Carnielli [8℄ as a �bring. Webelieve that �bring is a very natural way of establishing new 
ombined systemsinvolving non-truth-fun
tional logi
s. This approa
h is more widely appli
ableas it appears to be: a large family of logi
s (in
luding many-valued and intu-itionisti
) admits bivalued non-truth-fun
tional semanti
s (
f. [1℄). Wheneverthat happens, the 
ompleteness preservation theorem 
an then be used for es-tablishing the 
ompleteness of the result as long as the given logi
s are 
ompleteand ful�ll the requirements of ri
hness.Other lines of resear
h are obvious, towards relaxing the assumptions of thispaper. For instan
e, we may want to work with more general obje
t logi
s (e.g.,predi
ate logi
s), or with a more general meta-logi
 (e.g., disjun
tive 
onditionalequational logi
), or with an even more general universe of truth-values (e.g.,involving less or extra generators), or with weaker ri
hness requirements andstill obtain 
ompleteness preservation by �bring.Still other lines of resear
h are related to more general forms of �bring,namely heterogeneous forms of �bring where we want to 
ombine two (or more)logi
s that are de�ned in quite di�erent forms (either at the dedu
tive systemlevel or at the semanti
 level). To summarize, our approa
h o�ers a framework21



formalizing the minimal metamathemati
al requirements that are suÆ
ient toexpress a large variety of logi
 systems; su
h representations of logi
 systems
onstitute a 
ategory and they 
an be 
ombined by means of �bring (that is,through universal 
onstru
tions in the 
ategory). We have also proved that the
ompleteness of su
h logi
 systems is preserved by �bring under 
ertain reason-able assumptions on the logi
 systems, guaranteeing the important property ofnon-destru
tiveness of our �bring 
onstru
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