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ABSTRACT: A mathematical model which describes the

dynamic interactions of thermal insulation with the other

components in a building system is presented in this paper.

INTRODUCTION

In THE PAST eight years much international activity has been directedtowards the energy problem. In the United States, a large proportion
of this activity has been focused on energy conservation in buildings.
Buildings were identified as prime candidates for saving energy as early
as the oil embargo of 1973. Of the various energy saving strategies
developed for buildings, thermal insulation has found greatest accep-
tance mainly because it is readily available at a low cost.

Unfortunately, the developments and applications of thermal insula-
tion have occurred without much consideration to other factors such as
its effects on the building, HVAC (heating, ventilating, and air-

conditioning) system, control strategy, weather, and thermal comfort.
In reality, the insulated envelope interacts dynamically with all the com-
ponents in a building system affecting the dynamic characteristics of
the total building system. It is very important to understand the
mechanisms of these interactions because this knowledge can be used
to produce a desirable influence on other energy saving strategies.
The intent of this paper is to report on an analytical model which

describes the dynamic interactions of thermal insulation with the other
components in a building system. It is shown that the model can be ap-
plied to predict the effects of thermal insulation on the dynamics of the
building system, and to study their influence on other energy saving
strategies.
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BACKGROUND

Interest in dynamic thermal performance of materials can be traced
back to 1822 when Fourier explained the basic mathematics for tran-
sient heat transfer in solids [1]. Applications of analytical techniques to
predict transient thermal response of building envelopes began in 1944
[2] and for the next 25 years research efforts in this area were of
academic interest only [3-6]. With the advent of high speed digital
computers, efforts were initiated to analyze actual building structures
for dynamic performance. In 1967, Mitalas and Stephenson initiated
the response factor method [7-8]. In 1969, Kusuda extended the
calculations of response factors to multilayer structures of various cur-
vatures [9]. Stephenson and Mitalas further developed the response
factor by using Z-transforms for the inversion [ 10) .
A few people have directed their research efforts to establishing

dynamic responses of the heating, ventilating and air-conditioning
components and their control systems. Zelenski, Lund, Harrison, and
Sowls investigated a closed-loop system for a duct air temperature con-
trol loop [11]. Room and envelope dynamics were excluded from this
loop. Dynamics of the heat exchanger, valve, actuator, controller and
transducer were lumped together in the forward block, and it was con-
cluded that this block could be approximated by a dead time and a time
constant. It was further reported that this system which contained one
slow component exhibited a first-order transient response corres-

ponding to the dominant time constant. The fast elements simply intro-
duced a delay or a dead time. Stoecker et al have also studied the
dynamic characteristics of an air temperature control loop to find the
limiting value of gain of the loop for stability [12]. This effort also ex-
cluded the room and envelope dynamics. All efforts of this kind regard-
ing dynamic performances of HVAC components and control systems
have been concerned mainly with finding the limiting gain of the
loop to keep the system stable while achieving minimum steady-state
deviation or offset.

Following the oil embargo of 1973, studies of the dynamics of air
temperature control loops included energy consumption considera-
tions. Hamilton, Leonard and Pearson investigated the dynamic
responses near full and part heating loads of a discharge air

temperature control system [13]. It was emphasized that design criteria
based on the dynamics of the components of the loop and envelope
should be developed to aid the designers in selecting components for
HVAC systems.
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Escalating fuel costs within the past 3-5 years have resulted in a
greater emphasis on insulating materials which has led to an increased
interest in their thermal performance. Many factors have been iden-
tified which have an effect upon thermal performance of insulations:
compaction, thickness, humidity, temperature, and moisture/air bar-
riers [14]. In general, the properties of generic insulating materials have
been sufficiently established under static (steady state) conditions. Ad-
ditional work is necessary to evaluate these materials under dynamic
(transient) conditions.

Properties of insulating materials have usually been presented
without consideration for the remainder of the building and there is lack
of sufficient experimental verification of the predicted performance of
the building systems as they are affected by the insulating materials
[151. Very few research efforts, if any, have been devoted to developing
models that describe dynamic interactions of insulating materials with
the rest of the building system and which can predict the effects of in-
sulation interactions on other energy saving strategies. The purpose of
this paper is to develop a mathematical model which describes the in-
teractions and predicts the effects of thermal insulation on the

dynamics of the building system.

ANALYTICAL MODEL

The thermal processes which take place in an occupied space of a
building are shown in Figure 1. The following assumptions are made.
1. The properties of the thermal process involved in heating the oc-

cupied space are those at the location at which the occupants ex-
perience the controlled conditions. This assumption permits us to
describe the process with ordinary linear differential equations in-
stead of partial differential equations.

2. Changes in the stored energy of space air are due only to changes in
dry-bulb temperature; those due to humidity changes are considered
negligible.

3. Heat transfer by radiation is absent.
4. The air in the occupied space is uniformly mixed.
5. Infiltration losses are considered to be a function of supply air flow

rate, occupant acivity, internal heat sources, room temperature, and
construction details in a given occupied space.
From an energy balance on the occupied space (Figure 1): Rate of

energy in = Rate of energy out + Rate of change in stored energy, or
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Figure 1. Schematic representation of a building system.

If we define,

and

then we may rewrite Eq 1 as:

For most applications, relatively small fluctuations in net heat gains and
space temperature will be experienced within the occupied space. For
this reason, only small perturbations about the operating or set point
will be considered. The operating point may be found by setting the
time derivative in Eq. 4 to zero:

*See list of nomenclature at the end of this article.
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Eqs. 4 and 5 may be combined to yield an equation in terms of perturba-
tions about the operating point:

Eq. 6 may be rewritten as:

From assumption 5, we may write

Linearizing Eq. 8 about the operating point yields:

The constants, K, and K2, are defined as follows and are evaluated at
the operating point:

~ Bar ( - ) notations indicate values at the operating point.
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Substituting Eq. 9 into Eq. 7, taking the Laplace transform, and rear-
ranging, we obtain for step inputs:

where:

DYNAMIC CHARACTERISTICS

The dynamics of systems are best described in terms of two essential
traits: stability and response. Stability is the measure of the system’s in-
herent tendency to be self-restoring. This means that a stable system,
when acted upon by some input, eventually assumes a finite output.
The output of an unstable system eventually becomes infinite in

magnitude. The response feature of dynamic performance indicates
how quickly a finite output is achieved.

Eq. 12 describes the dynamic performance of the occupied space of
the building system shown in Figure 1. This equation predicts the
dynamic changes in the ouput (space temperature) of the system when
different inputs, viz, heat transfer from the furnace, temperature of the
adjacent space, and weather (ambient temperature) are changed. KQ,
KT; and KTa are respectively the gains of the system relative to the
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above input variables and they govern the stability characteristics of the
system. The time constant Tos determines the response feature of the
occupied space.

It can be seen from Eqs. 13-16 that the stability characteristics
(gains) and the response feature of the occupied space to different in-
puts are dependent upon the overall heat transfer coefficient, U, of the
envelope which in turn is a function of the type and amount of applied
thermal insulation (see Eq. 3). The dynamic parameters of the occupied
space, described by Eqs. 13-16, include characteristics of the re-
mainder of the building system such as mass of enclosed air, supply air
flow rate in the HVAC system, and infiltration. Thus the response of the
building system predicted from Eqs. 12-16 will include interactions of
the thermal insulation with the rest of the system.

EFFECTS OF THERMAL INSULATION OF
DYNAMIC CHARACTERISTICS

Table 1 shows the calculated values of the dynamic characteristics of
an occupied space when one inch equivalent of different types of in-
sulating materials are used. Figure 2 is a graphical presentation of the
data given in Table 1.

Table 1. Dynamic Parameters of a Building System with One Inch of Different
Insulating Materials at Supply Air Rate of 7104 PoundslHr
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Figure 2. Effects of insulation on dynamic characteristics.

Eqs. 13-16 have been used to calculate the values given in Table 1.
Building System parameters (enclosed air mass, supply air flow rate,
envelope area etc.) of the Iowa State University (ISU) Energy Research
House were used. The constants K, and K~, which are defined by Eqs.
10-11 and are used in Eqs. 13-16, were determined experimentally at
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the ISU Energy Research House according to the following procedures:

Procedures for K,

1. The ISU Energy Research House was instrumented and metered to
record weather data, indoor temperatures, and energy consumed by
the different components of the HVAC system. Data points were
scanned and recorded by a programmable data logger.

2. The HVAC system was turned on and was allowed to cycle
automatically. A record of the system’s ON and OFF periods was
maintained. From the total ON period, for which the space

temperature was kept constant, energy transferred to the space by
the system was measured.

3. Simultaneous measurements on infiltration rates were made using a
nondispersive infrared (NDIR) gas analyzer to monitor the concentra-
tions of methane which was charged into the house. The output of
the gas analyzer was recorded on a strip chart recorder. The time
constant of the indoor air leakage process due to infiltration was
calculated from the slope of the methane concentration decay record
(see Figure 3). The number of air changes per hour, and hence
M,,inf, were calculated from the values of the time constant for in-
filtration and volume of indoor air in the house.

4. Eq. 10 was used to calculate the value of K, using the energy
transferred to the space and energy lost by infiltration at constant
space temperature.

Procedures for K2

1. Eq. 11 was modified by substituting:

Therefore,

2. Recorded ambient temperatures and average space temperatures
were plotted for a period when the HVAC system was off. The slope
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Figure 3. Methane concentration vs. time at ISU
Energy Research House.

of the plot was used to determine dTa/dT.
3. Simultaneous measurements on infiltration rates were made using

the tracer gas techniques described above.
4. Eq. 18 was used to calculate K2.

EFFECTS OF INSULATION ON ENERGY SAVING STRATEGIES

For an energy efficient design of a building, it is desirable
~ To minimize the value of KTa
~ To maximize the value of K6
~ To optimize the value of K

It can be seen from Figure 2 that adding insulation to a building
envelope decreases the value of KTa and increases the value of K6.
These two effects of thermal insulation reduce the energy consumption
in operating the building. The effects of insulation on KT; and on energy
consumption follow the same patterns as KQ.

The occupant’s thermal comfort considerations put a limit on the
maximum value for the time constant os. This maximum value depends
upon the amplitude and frequency of the space temperature drifts
which can be acceptable to the occupant without discomfort.

Temperature drifts in built environments have been reported as a mode
of energy conservation [16-18]. Although the effect of these drifts on
the occupant’s acceptability are not very clear at present [ 19,20], Grif-
fith and McIntyre have recommended a maximum rate of temperature
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change at 0.75°C/hr with a maximum deviation of 2.25°C from the
mean comfort temperature [21]. Thus a maximum value of 1.9 hrs for

TOS is suggested when such energy saving strategies are planned.
It can be seen from Figure 2 that addition of insulation to a building

envelope increases its time constant. Thus it appears that thermal com-
fort considerations under certain conditions discussed above put a
limit on the amount of thermal insulation that can be applied and which
could be insufficient with respect to other criteria. Applications of the
analytical model to study the interactions of thermal insulation with the
other parameters of the building system show that design optimization
can be accomplished. To illustrate this point, Figure 4 has been con-
structed using Eqs. 14-16, and it shows the effects of air supply rates
on the dynamics of the building system. The following procedures are
suggested to use Figures 2 and 4 for an optimal design which can have
desirable effects of insulation on comfort and on other energy saving
strategies.

Figure 4. Calculated effects of air supply
rates on the dynamics of occupied

, space.

1. Select the amount of thermal insulation so that the calculated value
of Tos, from Eq. 16 or from an extended version of Figure 2, lies to the
left of the line XY in Figure 4.

2. Select supply air temperature, TS’ for a certain design load and a
desired control temperature, T~, so that rig calculated from the
equation
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lies to the right of line XY in Figure 4. This step will prevent the selec-
tion of a value of KTa, which is too high and will result in an optimum
combination of EUA, ma and K2.

3. Determine the outlet air velocity for the proposed diffuser from the
equation:

4. Calculate VX’ the local velocity at the location of the occupants, for a
specified occupied space temperature, T, using

where K is the constant of proportionality and can be obtained from
manufacturer’s data.

5. Calculate the effective draft temperature, 0, from

6. Check that the values of 6 lie between ( -1.67) to ( + 1.11) when

velocity is in m/sec and temperatures are in °K.
7. If the calculated values in step 5 do not fall within the limits stated in

step 6, choose a new effective area for the diffuser and repeat steps
2-5.
A design procedure based on steps 1-7 should coordinate the ef-

fects of thermal insulation, dynamic performance, whole body and
local comfort conditions, and will allow the implementation of energy
efficient strategies of the kind discussed above.

CONCLUSIONS

A mathematical model which describes the dynamic interactions of
thermal insulation with the other components in a building system has
been presented in this paper. The model has been applied to study the
effects of thermal insulation on dynamic parameters. Procedures to
produce desirable effects of insulation on some other energy saving
strategies have been discussed.
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NOMENCLATURE 
’

A area: (m2) or (ft2) 
~ ’

K throw constant, dimensionless; thermal conductivity:
(J/hr.m. °C· or (Btu/hr.ft. OF)

L length: (m) or (ft) 
’

M mass: (kg) or (lbm)
Q energy: (J) or (Btu); volume flow rate (m3/s)
T air temperature: ( °C) or ( °F)
U overall heat transfer coefficient: (J/hr.m2. °C) or (Btu/h.ft2. OF)
V air velocity; (m/s) volume: (m3) or (ft3)
X distance from outlet to occupant: (m) or (ft)
c specific heat: (J/kg. °K) or ·Btu/Ibm. °F1
k thermal conductivity: (J/h.m. °K) or (Btu/hr.ft. °F)
m mass: (kg) or (Ibm)
t time: (hr) or (s)
x thickness: (m) or (ft)
y thickness: (m) or (ft)

Symbols and Subscripts

K gain, proportionality constant
L load
X local, at the occupant’s location
a air, ambient
c control
Cond. Conduction
e effective, outlet ,

i inlet ,

inf infiltration .>

insu insulation
int internal; integral
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m meter 

’ ’ 

.

o outlet; outside 
° 

.

occ occupant 
’ 

,

os occupied space
s sensor, supply
x local, at the occupant’s position

Greek Symbols

A perturbation of a variable
9 effective draft temperature ( °C) or ( °F)
p density: (kg/m3) or (fbm/ft3)
T time constant: (hr)
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