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1 Introduction 21 IntroductionDefects such as pores, cracks, and inclusions are important to the structural integrityand durability of components. For example, material interfaces in composites aremodeled to predict the mechanical behavior and to establish macroscopic materialproperties. The accurate modeling of voids and inclusions is hence of interest to boththe theorist and the practitioner. In �nite element methods, the mesh is required toconform to internal boundaries in the model. Although mesh generation is very well-established in 2-dimensions, meshing arbitrary number and distribution of defectsand inclusions is still a time-consuming and burdensome task.In this paper, we describe the modeling of internal boundaries from a di�erentviewpoint, by using the level set method within the framework of the eXtended Fi-nite Element Method (X-FEM) (Mo�es et al., 1999). In the extended �nite elementmethod, the �nite element approximation is enriched by additional functions throughthe notion of partition of unity (Melenk and Babu�ska, 1996). The recognition anduse of partition of unity enrichment strategy to solve boundary-value problems withinternal boundaries is due to Oden and co-workers (Oden et al., 1996; Oden et al.,1998; Duarte et al., 1998; Duarte et al., 2000)|the numerical technique was coined asthe Generalized Finite Element Method (GFEM). Strouboulis et al. (2000) used localenrichment functions in the GFEM for modeling re-entrant corners in 2-dimensions,and in Strouboulis et al. (2000), enrichment functions for holes are proposed.In the X-FEM, the additional functions are used to model cracks, voids or in-homogeneities, and also to improve accuracy in problems where some aspects of thefunctional behavior of the solution �eld are known a priori . As opposed to the GFEMin which the analytical solution of a given boundary-value problem is embedded intothe �nite element space, in the X-FEM the proximity to the �nite element methodis consistently sought by carrying out only the requisite enrichment to model the in-ternal boundary (crack or inclusion) of interest. The GFEM is amenable to accuratenumerical solutions with coarse meshes and provides the capability of p-type adap-tivity. In the X-FEM, less dependence on known closed-form solutions is emphasizedwhich provides for greater 
exibility to solve a wider range of problems. For a fewapplications in the above spirit, see Mo�es et al. (1999) and Dolbow et al. (2000) forcrack modeling in 2-dimensions, and Sukumar et al. (2000) and Sukumar et al. (2000)for three-dimensional elastostatics and fatigue crack growth modeling.The level set method is a numerical technique for tracking moving interfaces (Os-her and Sethian, 1988). The evolving interface is represented as the zero level set ofa function of one higher dimension (i.e., '(x; t) = 0). The motion of the interfaceis embedded in a hyperbolic equation in terms of '(x; t). In this paper we pursue2-dimensional elastostatic applications, and hence the interface is static. The inter-face for geometric entities such as holes and inclusions is represented by the level setfunction. In addition, using ', the local enrichment function for material interfacesSukumar et al.



2 The Extended Finite Element Method 3is constructed.The outline of this paper follows. In the next section, we give a brief introductionto the eXtended Finite Element Method, and in Section 3, the level set method isintroduced. In Section 4, the modeling of voids and inclusions is addressed. Thestrong and weak forms of the Galerkin method for 2-dimensional elastostatics, alongwith the discrete equations for the X-FEM are given in Section 5. In Section 6, twodi�erent approaches for the numerical integration of the weak form are described.Numerical results are presented in Section 7, and we close with some concludingremarks in Section 8.2 The Extended Finite Element MethodIn the �nite element method, the presence of 
aws or inhomogeneities such as cracks,voids, and inclusions must be taken into account in the mesh generation process|theedges of the element must conform to these geometric entities.The eXtended Finite Element Method aims to alleviate much of the burden asso-ciated with mesh generation for problems with voids and interfaces by not requiringthe �nite element mesh to conform to internal boundaries. The essence of the X-FEMlies in sub-dividing a model into two distinct parts: mesh generation for the domain(excluding internal boundaries); and enriching the �nite element approximation byadditional functions that model the internal boundaries.Consider a domain 
 � R2 which is partitioned into �nite elements, and letN = fn1; n2; : : : ; nmg be a set of m nodes in the mesh. In addition, let 
g � 
 bea region for which some enrichment is required. For a material interface, the domain
g is the curve representing the material interface and in the case of a void, 
g is theregion occupied by the void. The X-FEM displacement approximation assumes thegeneral form:uh(x) = XInI2N�I(x)uI + XJnJ2Ng �J (x) (x)aJ; (uI ; aJ 2 R2) (1)where the nodal set Ng is de�ned as:Ng = fnJ : nJ 2 N; !J \ 
g 6= ;g: (2)In the above equation, !J = supp(nJ ) is the support of the nodal shape function�J(x), which consists of the union of all elements with nJ as one of its vertices.The choice of the enrichment function  (x) for voids and material interfaces will bedescribed in Section 4. Sukumar et al.



3 The Level Set Method 43 The Level Set MethodThe level set method (Osher and Sethian, 1988) is a numerical technique for trackingmoving interfaces. It is based upon the idea of representing the interface as a levelset curve of a higher-dimensional function '(x; t). In keeping with the applicationspursued in this paper, we consider 1-dimensional curves in R2.A moving interface �(t) � R2 can be formulated as the level set curve of a function' : R2 �R! R, where �(t) = fx 2 R2 : '(x; t) = 0g: (3)One important example of such a function ' would be the signed distance function:'(x; t) = � minx�2�(t)kx� x�k; (4)where the sign is positive (negative) if x is outside (inside) the contour de�ned by�(t) (we assume that the interface �(t) is such that one can de�ne an interior andexterior to it).The evolution of the interface is then embedded in the evolution equation for ',which is given by (Osher and Sethian, 1988)'t + Fkr'k = 0; (5a)'(x; 0) given; (5b)where F (x; t) is the speed of the interface at x 2 �(t) in the direction of the outwardnormal to the interface. The key advantages of this method are that it is computedon a �xed Eulerian mesh, handles topological changes in the interface naturally, andcan easily be formulated in higher dimensions. Application of the level set methodto various problems in engineering and the applied sciences can be found in Sethian(1999).For our purposes in this paper, the interface is static, so we only use the level settheory for representing the interface. For circular voids, we use'(x; 0) = minxic2
ici=1; 2;::: ; nc �kx� xick � ric	 ; (6)where 
ic is the domain of the ith void, nc is the number of circular voids, and xic andric are the center and radius of the ith void, respectively.Consider an elliptical void with semi-major and semi-minor lengths of a and b,respectively, with the axes oriented along the local x̂1 and x̂2-axes, respectively. Inaddition, let ê = Re be the mapping between the global and the local unit basevectors. Now, the coordinates of a point in the local orthogonal coordinate systemSukumar et al.



3 The Level Set Method 5with the origin at the center of the ellipse is given by: x̂ = R(x�xc), where xc is thecenter of the ellipse. Letting � = (�1; �2), and �1 = x̂1=a and �2 = x̂2=b, the equationof the ellipse in the local coordinate system is: f(�) = k�k� 1 = 0. Hence a level setfunction for elliptical voids is given by�(x; 0) = mini=1; 2;::: ; ne f(�i); (7a)f(�i) = k�ik � 1; (7b)�i = � x̂i1ai ; x̂i2bi � ; (7c)x̂i = Ri(x� xic); (7d)where ne is the number of elliptical voids. Note that in Eq. (7), � is a level setfunction, but not a signed distance function. In order to obtain the signed distancefunction ' to an elliptical void (interface), one applies the fast marching method toEq. (9) with G(x) = 1.Now, consider a polygonal void, whose interface �p (�p = [pi=1li) consists of psegments: l1 = [x1; x2], l2 = [x2; x3], : : : , lp = [xp; x1]. The level set function for apolygonal interface is given by'(x; 0) = kx� xmink sgn�(x� xmin) � nmin�; (8a)sgn(�) = (1 if � � 0�1 if � < 0 ; (8b)kx� xmink = minxi2lii=1; 2;::: ; p kx� xik; (8c)where xmin is the orthogonal projection of x on the interface �p and nmin is theoutward normal to the interface at xmin. If no unique normal is de�ned at xmin,the sign is positive if x � xmin belongs to the cone of normals at xmin and negativeotherwise.In Fig. 1, the level set function for a hexagonal interface is shown. For moregeneral interfaces given only as a parameterized curve, the signed distance functionis most e�ciently calculated using the fast marching method (Sethian, 1996), whichoptimally solves an equation of the formkr'k = 1G(x) ; (9)where G : R2 ! R is given. If we take G(x) = 1 and apply the fast marchingmethod to Eq. (9), we can obtain the signed distance function to the interface. Thismethod can be applied to both rectilinear meshes (Sethian, 1999) and also to generaltriangulated meshes (Barth and Sethian, 1998). Sukumar et al.
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(b)Figure 1: Level set function for a hexagonal interface. (a) Mesh, and (b) Level set function.Sukumaretal.



4 Modeling Voids and Inclusions 74 Modeling Voids and InclusionsLevel set methods are used to track the evolution of material interfaces. The geometricdescription of an interface (for instance, boundary of a hole or inclusion) is representedby the zero level set curve ' � '(x; t) = 0. In essence, the physical description ofthe interface is converted to a discrete functional representation through the function'(x; t). The geometrical degrees of freedom at a �xed set of points xI (nodes) areused to determine ', and hence the location of the interface. In this study, each�nite element node is associated with a geometrical degree of freedom for the levelset function. Finite element interpolation is used to compute ' at any point x in thedomain: '(x) =XI �I(x)'I ; (10)where the summation is over all nodes in the connectivity of the element that containsx, �I(x) are standard �nite element shape functions, and 'I are the nodal valuesof the level set function. The internal boundaries are then approximately piecewiselinear for bilinear quadrilateral elements and exactly linear for three-noded triangularelements.In the extended �nite element method, there is no need to mesh internal bound-aries. The computational geometry issues that are associated with the �nite elementmesh and the internal geometric entities (such as cracks or inclusions) are an im-portant consideration in the X-FEM computations. In light of this, the level setmethod is an appealing choice that would greatly simplify and speed-up the geomet-ric computations in the X-FEM. In addition, the level set function can also be usedto construct enrichment functions within the X-FEM framework. This provides themotivation and seemingly natural choice to use the level set method in conjunctionwith the extended �nite element method.4.1 VoidsThe modeling of voids in the X-FEM is carried out using an enrichment functionV (x) for nodes that intersect the boundary of the void. If the node lies outsidethe void V (x) = 1, and V (x) = 0 if the node is in the interior of the void. InDaux et al. (2000), the discretization of the boundary of the hole was independentof the �nite element mesh. The degrees of freedom associated with nodes whosesupport is entirely inside the void are removed from the system of equations. Inthe 2-dimensional implementation, instead of using V (x), elements that intersect theboundary of the hole are partitioned such that the weak form is not integrated in thevoid interior (Daux et al., 2000).In this work, the point of departure in the modeling of voids lies in using thelevel set method to represent the voids, and all geometric computations that pertainSukumar et al.



4.2 Inclusions 8to the void are carried out using the level set function '. The level set methodprovides a convenient and appealing means to model voids with greater 
exibilityand better computational e�ciency. In addition, the �nite element mesh and theinternal geometric boundary are linked, whereby a self-consistent representation ofthe internal boundary is obtained for a given �nite element mesh.The computation of the level set function for voids is described in Section 3. Forcircular voids, the geometrical degrees of freedom indicated in Eq. (10) are evaluatedusing Eq. (6): 'I = minxic2
ici=1;2;::: ; nc �kxI � xick � ric	 : (11)4.2 InclusionsInclusions are inhomogeneities in a matrix with di�ering material properties. Themodeling of inclusions requires the satisfaction of the Hadamard condition, namelyF+ �F� = a
 n+; (12)where F is the deformation gradient, n+ is the outward normal to the material inter-face, and a is an arbitrary vector in the plane. In Krongauz and Belytschko (1998),a technique for incorporating discontinuities in derivatives for meshless methods wasproposed. The use of the level set function ' in the X-FEM provides an elegantand simpli�ed means to achieve the same end. Using  (') as the local enrichment,the X-FEM displacement approximation for two-dimensional domains with inclusionsassumes the form:uh(x) = XInI2N�I(x)uI + XJnJ2NI �J(x) �'(x)�aJ ; (uI ; aJ 2 R2) (13)where the nodal set NI is de�ned as:NI = fnJ : nJ 2 N; !J \ �I 6= �g; (14)where �I is the boundary of the inclusion (material interface), and the nodal setN is de�ned in Section 2. The enrichment function  �'(x)� = j'(x)j is used inthe elements that intersect the material interface, and it is smoothed away fromthe interface. By construction, since ';n 6= 0, the displacement derivatives ui;n arediscontinuous across �I.The level set functions for inclusions follows that which is described in Section 3 forvoids. We associate a level set function ' with every distinct material-pair interface(A-B). Hence, all inclusions with interface-pair AI{BI are represented by the samelevel set function, and the number of distinct level set functions is equal to the numberof distinct material-pair interfaces. The geometrical degrees of freedom 'I for circularinclusions are evaluated analogous to that given in Eq. (11). Sukumar et al.



4.2 Inclusions 94.2.1 Nodal EnrichmentThe level set function ' is used to develop the local enrichment function for materialinterfaces. In order to determine the nodes that need to be enriched, the level setfunction ' is used. We �rst loop over the elements of the mesh. For a given element,if there exists two nodes nI and nJ in the connectivity of the element such that'I'J < 0, we add the element t to the set T of �nite elements that intersect theinterface. The enriched nodal set Ne consists of all nodes that are in the connectivityof the elements in the set T. The above algorithm ensures that if a node belongsto two edges that both lie on the interface, then the node is not enriched. Hencethe �nite element space is obtained (no enrichment) if the interface lies precisely onelement edges.Let  (') be the enrichment function for a material interface. A �rst and apparentchoice for the enrichment function is:  (') = j'j. A second alternative is to take (') = j'j only in the elements that intersect the interface. Since the enrichmentfunctions exist over the domain of support of the nodes, these enrichment functionsare required to be computed one element layer on either side of the elements thatintersect the material interface. If Ne is the set of nodes that are enriched, and 'Iare the level set function values at these nodes, then  I = 'I at these nodes. LetN = fnp+1; np+2; : : : ; nqg be the set of nodes that belong to the adjacent element(outward and inward from the interface), such that nI 2 N are sorted in increasingvalue of the level set function '. Initially, the value of  I is set to 'I for the nodesin N , then we compute a new value for  at these nodes based on the followingalgorithm:� for J = p+ 1 to J = q{ create the set PJ , wherePJ = fnI 2 Ne [N : j I j < j'J j and nI ; nJ share an edge in the meshg:{ minimize the following expression to obtain  J :min XnI2PJ � J � 'ILI �2 ; (15)where LI is the distance from node nI to node nJ .� end for Sukumar et al.



5 Governing equations 10The solution to the minimization problem in Eq. (15) is explicitly given by J = XnI2PJ �I'I ; �I = 1L2IPnK2PJ 1L2K ; (16)and hence the modi�ed enrichment function is given by (x) �  1(x) = �����XI �I(x) I����� : (17)5 Governing equationsIn this section, we present the governing equations of linear elastostatics, togetherwith the weak form and the discrete system for the X-FEM. The case of internalboundaries is considered in the presentation.5.1 Strong FormConsider a body which is described by an open bounded domain 
 � R2, withboundary �. The boundary � is composed of the sets �u, �t, �ih and �iI , such that� = �u [�t [mi=1 �ih [ni=1 �iI . All the internal holes �ih are assumed to be traction-free,and traction continuity holds along the material interfaces �iI . The �eld equations ofelastostatics are: r � � + b = 0 in 
; (18a)� = C : "; (18b)" =rsu; (18c)where rs is the symmetric gradient operator and C is the tensor of elastic modulifor a homogeneous isotropic material.The essential and natural boundary conditions are:u = �u on �u; (19a)� � n = �t on �t; (19b)� � nih = 0 on �ih; (i = 1; 2; : : : ; m); (19c)J� � niIK = 0 on �iI ; (i = 1; 2; : : : ; n); (19d)where n is the unit outward normal to 
, and �u and �t are prescribed displacementsand tractions, respectively. Sukumar et al.



5.2 Weak Form 115.2 Weak FormLet u be the displacement solution for the stated elastostatic boundary value problem,with �(u) the corresponding Cauchy stress tensor. Let u 2 V be the displacementtrial solution, and v 2 V0 be any set of kinematically admissible test functions(virtual displacements). The space V = H1(
) is the Sobolev space of functionswith square-integrable �rst derivatives in 
, and V0 = H10(
) is the Sobolev spaceof functions with square-integrable �rst derivatives in 
 and vanishing values on theessential boundary �u. The weak form of the governing equation and associatedboundary conditions can be written asFind u 2 V such thatZ
 �(u) : "(v) d
 = Z
 b � v d
 + Z�t �t � v d� 8 v 2 V0: (20)5.3 Discrete SystemConsider the Bubnov-Galerkin implementation for the X-FEM in two-dimensionallinear elasticity. In the X-FEM, �nite-dimensional subspaces Vh � V and Vh0 � V0are used as the approximating trial and test spaces. The weak form for the discreteproblem can be stated as: Find uh 2 Vh � V such thatZ
h �(uh) : "(vh) = Z
h b � v d
 + Z�ht �t � v d� 8 vh 2 Vh0 � V0: (21)In a Bubnov-Galerkin procedure, the trial functions uh as well as the test functionsvh are represented as linear combinations of the same shape functions. The trial andtest functions are: uh(x) =XI �I(x)uI +XJ �J(x) �'(x)�aJ ; (22)vh(x) =XI �I(x)vI +XJ �J (x) �'(x)�bJ ; (23)where �I(x) are the �nite element shape functions, '(x) is the level set function, and �'(x)� is the enrichment function for a material interface.On substituting the trial and test functions from Eq. (22) in Eq. (21), and usingthe arbitrariness of nodal variations, the following discrete system of linear equationsis obtained: Kd = f ; (24)Sukumar et al.



6 Numerical Integration 12where KIJ = Z
h BTI CBJ d
; (25a)fI = Z�ht �̂I�t d� + Z
h �̂Ib d
; (25b)where �̂I � �I for a �nite element displacement degree of freedom, and �̂I � �I foran enriched degree of freedom. In the above equations, C is the constitutive matrixfor an isotropic linear elastic material, and the matrix BI is given byBI = 24�̂I;x 00 �̂I;y�̂I;y �̂I;x35 : (26)6 Numerical IntegrationIn standard �nite element methods, each �nite element is associated with a materialtype; however, in the X-FEM, since internal boundaries of geometric entities do notconform to the mesh, such an association does not exist a priori . Using the levelset function ', we can consider two di�erent computational strategies to perform thenumerical integration of the weak form. In the �rst approach, we establish the asso-ciation between an element or sub-element (partitioned element) and a material type,and use Gauss quadrature rules in each element to carry out the numerical integra-tion. Alternatively, since the material type of a point x in the domain is known by thesign of '(x), a quad-tree or octree sub-division in 2- and 3-dimensions, respectively,in conjunction with Gauss quadrature, Simpson's rule, or other quadrature rules, isa possible candidate for the numerical integration.In order to implement the �rst approach in 2-dimensions, we partition the �niteelements that intersect the boundary of the hole or inclusion, into triangles. The levelset function ' is used to obtain the 1-dimensional segments of the interface, whereeach segment sub-divides a �nite element t 2 T (see Section 4.2.1) into precisely twodomains. An algorithm is implemented to partition a �nite element t 2 T that is cutby a segment [a; b], where a and b lie on the edges of t. The edges of the element tare traversed and if for a particular edge e with nodal connectivity [neI ; neJ ], 'eI'eJ < 0,then the intersection point xp is determined byxp = xeI + �(xeJ � xeI); � = � 'eI'eJ � 'eI : (27)The points a and b are found using the above relations. An illustration of thepartitioning is depicted in Fig. 2 for an elliptical interface. In Fig. 2, the discretizationSukumar et al.



7 Numerical Results 13of the elliptical interface that is realized by the level set computations is shown, alongwith the partitioned sub-elements on either side of the interface. If the discretizedsegment of an interface lies along an edge of a �nite element, then the element isnot partitioned. The above approach is accurate and feasible in 2-dimensions, since
Interface

Material A

Material BFigure 2: Partitioning and material typing of sub-elements.the discretization of the interface into linear segments and the partitioning of the�nite elements into sub-triangles is readily performed. In 3-dimensions, however,the interface is represented by the union of triangles, and hence the implementationof a partitioning algorithm for the �nite elements is non-trivial. In 3-dimensionalcomputations, the second approach we allude to has merit. By an octree sub-divisionof the �nite elements that intersects the interface, and integrating on a given cell ifall its vertices lie on the same side of the interface, an easy-to-implement algorithmemerges.7 Numerical ResultsThree problems in 2-dimensional elastostatics are presented to illustrate the accuracyof the new technique. We �rst solve the problem of an in�nite plate with a circularhole under uniaxial tension, and then study two problems of a bimaterial subjected toSukumar et al.



7.1 In�nite Plate with a Circular Hole 14pure displacement boundary conditions. Since all problems possess an exact solution,a convergence analysis is performed to study the accuracy and rate of convergence ofthe proposed method. The error in the energy norm that is used in the analysis isde�ned as: ku� uhkE(
) = �Z
("� "h)TC(" � "h) d
�1=2: (28)7.1 In�nite Plate with a Circular HoleAn in�nite plate with a traction-free circular hole under uniaxial tension (�0 = 1)along x1 is considered. The exact solution to this problem is given in Szab�o andBabu�ska (1991). In the numerical model, we consider a square domain of edge lengthL with a circular hole of radius a at its center. We impose the exact tractions onthe boundary of the square domain, with appropriate constraints added to removerigid body modes. The material properties chosen are: Young's modulus E = 105and Poisson's ratio � = 0:3.In polar coordinates (r; �), the exact stress distribution for �0 = 1 is given by�11(r; �) = 1� a2r2 �32 cos 2� + cos 4�)�+ 32 a4r4 cos 4�; (29a)�22(r; �) = �a2r2 �12 cos 2� � cos 4�)�� 32 a4r4 cos 4�; (29b)�12(r; �) = �a2r2 �12 sin 2� + sin 4�)�+ 32 a4r4 sin 4�; (29c)where a is the radius of the circular hole. The displacement components are:u1(r; �) = a8� � ra(�+ 1) cos � + 2ar ((1 + �) cos � + cos 3�)� 2a3r3 cos 3�� ; (30a)u2(r; �) = a8� � ra(�� 3) sin � + 2ar ((1� �) sin � + sin 3�)� 2a3r3 sin 3�� ; (30b)where � is the shear modulus and � (Kolosov constant) is de�ned as� =8<:3� 4� (plane strain);3� �1 + � (plane stress): (31)In the numerical computations, L = 2 and plane strain conditions are assumed.A convergence study is carried out using equi-spaced rectangular Lh � Lh meshes:Lh = 10; 20; 40; 80; 160 are used in the computations. The analyses are performedSukumar et al.



7.1 In�nite Plate with a Circular Hole 15for two di�erent hole radii: a = 0:3 and a = 0:4. In Fig. 3, the plot of the error inthe energy norm versus the mesh spacing is shown on a log{log plot. The rate ofconvergence (R) in the energy norm is 0.96, which compares well to the optimal rateof one.
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Figure 3: Rate of convergence in energy norm for the plate with a hole problem.In order to assess the accuracy of the use of level sets in the X-FEM for modelingvoids, we compare the �nite element solution to that obtained by the new techniquefor a mesh with approximately the same number of unknowns. The radius of the holea = 0:4. The �nite element mesh used consists of 3088 3-noded triangular elementswith 1569 nodes (hole explicitly modeled by the mesh), and the corresponding meshfor the X-FEM implementation has 3406 3-noded triangular elements and 1704 nodes(Fig. 4). In Fig. 4, the nodes that are removed from the discrete system are indicatedby the dark circles. The number of unknowns in the FE computations is 3135, andthat in the X-FEM computations is 3103. A contour plot of the normal stress �11using the two approaches is presented in Fig. 5. It is seen that the agreement betweenthe results obtained by the two methods is excellent. Sukumar et al.
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Figure 4: Mesh used in the X-FEM computations.7.2 Bimaterial BarConsider a bimaterial bar (
 = 
1 [
2) of length L = 2 with material moduli E1 in
1 and E2 in 
2, where 
1 = (�1; �) and 
2 = (�; 1). The interface �I is located atx1 = �. For the pure Dirichlet problem with u1 = 0 at x1 = �1, u1 = 1 at x1 = 1,and no body forces, the exact displacement solution assumes the form:u1(x1) =8<:(1 + x1)� �1 � x1 � �1 + E1E2 (x1 � 1)� � � x1 � 1 ; (32)where � = E2E2(1 + �)� E1(� � 1) : (33)In order to explore the appropriate enrichment function for the material interface, wesimulate a 1-dimensional bimaterial problem in a 2-dimensional domain. Since the ex-Sukumar et al.



7.2BimaterialBar
17X

Y

-1 -0.5 0 0.5 1
-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

σ11

2.73943
2.42747
2.11551
1.80356
1.4916
1.17964
0.867687
0.55573
0.243773

(a) X

Y

-1 -0.5 0 0.5 1
-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

σ11

2.73943
2.42747
2.11551
1.80356
1.4916
1.17964
0.867687
0.55573
0.243773

(b)Figure 5: Contour plot of the normal stress �11. (a) FEM; and (b) X-FEM.Sukumaretal.



7.3 Bimaterial Boundary Value Problem 18act displacement solution is piecewise linear for the bimaterial bar in 1-dimension, weseek an enrichment function for the material interface that preserves the equivalencebetween the discrete X-FEM space and the discrete FEM space in which the interfaceis explicitly modeled using �nite elements. By analyzing the numerical results for thebimaterial bar problem, we can generalize the enrichment methodology for generalcurvilinear interfaces in 2-dimensions, with an aim towards accuracy and convergencerate that are on par with �nite elements in which the interface is explicitly modeledusing elements.We consider a 2-dimensional domain 
 = (�1; 1) � (�1; 1) with the materialinterface �I located at � � (�1; 1). Let the Young's modulus and Poisson's ratio in
1 = (�1; �)� (�1; 1) be E1 = 1, � = 0, and that in 
2 = (�; 1)� (�1; 1) be E2 = 10,� = 0. Numerical results are computed on an equi-spaced 10�10 regular �nite elementmesh with �ve di�erent locations of the interface: � = 0:01; 0:05; 0:1; 0:15; and 0:19.The enrichment functions  = j'j and  =  ̂ are considered. In Fig. 6a, the �niteelement mesh and the interface are shown for � = 0:1, and in Fig. 6b, the enrichmentfunction  ̂ is illustrated. The numerical results for the relative error in the energynorm are presented in Table 1. On using  = j'j as the enrichment function, a linearapproximation is not obtained in elements that are adjacent to those intersected bythe interface. This adversely a�ects the energy error norm results. However, by usingthe enrichment function  ̂ shown in Fig. 6b, a linear approximation is obtained in 
which leads to very accurate results. The numerical results for this model problemindicate that the enrichment function away from the material interface needs to be aconstant in order to pass the bimaterial patch test.7.3 Bimaterial Boundary Value ProblemIn Fig. 7, a body composed of two di�erent materials is shown. The material constantsare constant in 
1 and 
2, but there is a discontinuity in the material constants acrossthe interface �1 (r = a). The Lam�e constants in 
1 are chosen as: �1 = �1 = 0:4, andthose in 
2 are: �2 = 5:7692, �2 = 3:8461. These correspond to E1 = 1, �1 = 0:25,and E2 = 10, �2 = 0:3. We impose the linear displacement �eld: u1 = x1, u2 = x2(ur = r, u� = 0) on the boundary �2 (r = b). The Navier's equation in polarcoordinates reduces to ddr �1r ddr (rur)� = 0: (34)
Sukumar et al.
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7.3 Bimaterial Boundary Value Problem 20Table 1: Relative error in the energy norms for the bimaterial bar problem.Interface EnrichmentLocation� j'j  ̂0.01 8:3� 10�2 3:0� 10�80.05 1:6� 10�1 2:8� 10�80.10 1:8� 10�1 2:1� 10�80.15 1:8� 10�1 3:8� 10�80.19 1:6� 10�1 3:6� 10�8By considering displacement and traction continuity across the interface, the exactdisplacement solution can be written asur(r) = 8>><>>:��1 � b2a2��+ b2a2� r; 0 � r � a�r � b2r ��+ b2r a � r � b (35a)u� = 0; (35b)where � = (�1 + �1 + �2)b2(�2 + �2)a2 + (�1 + �1)(b2 � a2) + �2b2 : (35c)The radial ("rr) and hoop ("��) strains are given by"rr(r) = 8>><>>:�1� b2a2�� + b2a2 ; 0 � r � a�1 + b2r2�� � b2r2 a � r � b (36a)"��(r) = 8>><>>:�1� b2a2�� + b2a2 ; 0 � r � a�1� b2r2��+ b2r2 a � r � b (36b)Sukumar et al.
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1) of radius a = 0:4. On the boundary of the plate, the exact tractionsusing Eq. (37) are imposed (a = 0:4 and b = 2:0 are chosen) with appropriate dis-placement constraints added to remove rigid body modes. A convergence study isconducted using equi-spaced rectangular Lh � Lh meshes: Lh = 10; 20; 40; 80. The�nite element computations are carried out using 3-noded triangular elements.The convergence analysis is carried out for three cases using the X-FEM: (a) Noenrichment; (b) Enrichment function  = j'j; and (c) Enrichment function  =  1,where  1 is the modi�ed level set function based on the smoothing procedure de-scribed in Section 4.2.1. The motivation for the smoothing procedure presented inSection 4.2.1 stems from the numerical experiments conducted in Section 7.2. Theenrichment functions for the 20� 20 mesh is shown in Fig. 8. In all the above cases,the weak form is integrated appropriately by partitioning the elements that are in-tersected by the interface. The degrees of freedom of the meshes used in the FEMSukumar et al.



7.3 Bimaterial Boundary Value Problem 22and in the X-FEM computations are presented in Table 2. The numerical results forthe convergence in energy norm are shown in Fig. 9. The accuracy and rate of con-vergence of the X-FEM with the smoothed form of the enrichment are signi�cantlybetter than the other two cases. The rate (R = 0:91) using the enrichment function 1 is also on par with the optimal rate of unity which is obtained using �nite elementswith the interface truly modeled by the mesh.Table 2: Degrees of freedom for the meshes used for the bimaterial problem.Mesh FEM X-FEM X-FEM(h) (No Enrichment) (Enrichment)0.2 277 239 2870.1 915 879 9910.05 3559 3359 35990.025 13693 13119 13615Even though the enrichment function  1 used in this paper is appropriate from anaccuracy and convergence viewpoint, a more general enrichment methodology whichwould be valid for a wider class of interface problems is attractive. To this end, onecan consider the enrichment nodal data  I as also unknowns in the statement of theprinciple of virtual work (variational form). The nodal data  I are known on nodesthat are in the connectivity of the elements that intersect the interface: the modulusof the level set function (j'j) is an appropriate choice for this purpose. On elementsthat are one layer on either side (outer and inner) of these elements, the  I are tobe determined by the numerical procedure. As an initial guess, the  I can be setusing the smoothing procedure given in Eqs. 15{17. Thereafter, an iterative schemebetween the solution of the minimization problem with respect to fuI ; aIg and thatwith respect to  I would provide the minimization of the global problem. This wouldresult in an optimum choice for  I , and an appropriate form for the enrichmentfunction  which is best suited for a given problem. Sukumar et al.
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Finite element (R = 1.00)Figure 9: Rate of convergence in energy norm for the bimaterial problem.8 ConclusionsA methodology to model arbitrary holes and material interfaces (inclusions) withoutmeshing the internal boundaries was proposed. The numerical method couples thelevel set method (Osher and Sethian, 1988) to the eXtended Finite Element Method(X-FEM) (Mo�es et al., 1999). In the X-FEM, the �nite element space is enrichedby adding additional functions to the approximation using the notion of partitionof unity. The level set function ' is used to represent holes and inclusions, and inaddition, ' is used to develop the local enrichment for material interfaces to modelinclusions.Numerical examples in 2-dimensional linear elastostatics were presented to testthe accuracy of the new technique. For the plate with a hole problem, a convergencestudy was performed for two di�erent radii of the hole. Optimal rate of convergencein energy norm �O(h)� was obtained using the new technique. A bimaterial bound-ary value problem with pure displacement boundary conditions was also considered.Issues pertaining to appropriate choice of enrichment functions for material interfacesSukumar et al.
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