
Generalized permutative representations of the Cuntz algebras.III|Generalization of 
hain type|Katsunori KawamuraResear
h Institute for Mathemati
al S
ien
esKyoto University, Kyoto 606-8502, JapanWe introdu
e a generalization of permutative representa-tions of the Cuntz algebras with 
hain. We show their exis-ten
e, uniqueness, irredu
ibility, equivalen
e, de
ompositionand states asso
iated with them.1. Introdu
tionIn our previous papers([10, 11℄), we introdu
e a 
lass of representations ofthe Cuntz algebra ON whi
h is a generalization of permutative representa-tions with 
y
le by [5, 7, 8℄. As appli
ation, we have results about quantum�eld theory([1, 2, 3, 4℄), fra
tal sets([14℄) and dynami
al systems([13, 15,16, 17℄). We 
ontinue to treat 
hain 
ase in this paper. The remarkableresults are that this 
lass of representations is 
ompletely redu
ible. Fur-thermore the de
omposition formula is possible to des
ribe expli
itly.In x 2, we prepare several notions and symbols. In x 3, we de�ne ageneralized permutative representation of ON with 
hain, review results in[10, 11℄ and show its existen
e. In x 4, the 
onstru
tion of the 
anoni
al ba-sis of representation is shown. In x 5, we show the 
ondition of uniqueness,irredu
ibility and equivalen
e of representations and des
ribe de
ompositionformula. In x 6, we show states and spe
trums of ON asso
iated with gener-alized permutative representations. In x 7, we introdu
e several examples ofthem and appli
ations in [17℄. For example, the following appli
ation aboutstates of O2 is obtained:Theorem 1.1. For � 2 U(1) � f
 2 C : j
j = 1g, put a state !� of O2 bythe following 
onditions:!�(si1 � � � sik) = !�(s�jl � � � s�j1) = 0;!�(si1 � � � siks�jl � � � s�j1) = Æk;l �j1�i1�2(j2�i2) � � � �k(jk�ik)=2kfor ea
h i1; : : : ; ik; j1; : : : ; jl = 1; 2, k; l � 1. Then the followings hold:e-mail:kawamura�kurims.kyoto-u.a
.jp. 1



(i) !� is pure if and only if � is not a root of unity.(ii) For �; �0 2 U(1), GNS representations of O2 by !� and !�0 are equiva-lent if and only if � = �0 .(iii) If � is a root of unity, then there is a family f(Kw; �w)gw2U(1) of mu-tually inequivalent irredu
ible representations of O2 su
h that the GNSrepresentation of O2 by !� is equivalent toZ �U(1)(Kw; �w) d�(w)where � is the Haar measure of U(1).2. PreparationIn order to de�ne a generalized permutative representation, we prepare theparameter spa
e of representations. Fix N � 2.We introdu
e several sets of multi indi
es whi
h 
onsist of numbers1; : : : ; N .Put f1; : : : ; Ng� � [k�0f1; : : : ; Ngk, f1; : : : ; Ng0 � f0g, f1; : : : ; Ngk �f(jl)kl=1 : jl = 1; : : : ; N; l = 1; : : : ; kg for k � 1. For J 2 f1; : : : ; Ng�, thelength jJ j of J is de�ned by jJ j � k when J 2 f1; : : : ; Ngk, k � 0. ForJ1; J2 2 f1; : : : ; Ng�, J1 [ J2 � (j1; : : : ; jk; j01; : : : ; j0l ) when J1 = (j1; : : : ; jk)and J2 = (j01; : : : ; j0l ). Spe
ially, we de�ne J [ f0g = f0g [ J = J for J 2f1; : : : ; Ng� for 
onvention. For J1; J2 2 f1; : : : ; Ng�, we denote J1 = � [ J2(resp. J1 = J2 [ �) if there is J3 2 f1; : : : ; Ng� su
h that J1 = J3 [ J2 (resp.J1 = J2 [ J3). For J 2 f1; : : : ; Ng�, Jn = J [ � � � [ J| {z }n for n � 1.Next we de�ne sets of in�nite sequen
es of numbers 1; : : : ; N .Put f1; : : : ; Ng1 � f(in)n2N : in 2 f1; : : : ; Ng; n 2 Ng where N �f1; 2; 3; : : :g. For J 2 f1; : : : ; Ng�, J1 � J [J [ � � � [J [ � � � 2 f1; : : : ; Ng1.For J1; : : : ; Jk 2 f1; : : : ; Ng�,(2.1) (J�1 � � � J�k ) � [n�1(Jn1 [ � � � [ Jnk )= J1 [ � � � [ Jk [ J21 [ � � � [ J2k [ J31 [ � � � [ J3k [ � � � :For example (1)1 = (111 � � � ); (1�2�) = (121122111222 � � � ) 2 f1; : : : ; Ng1.We introdu
e a 
ontinuous generalization of dis
rete parameters.Denote S(CN ) � fz 2 CN : kzk = 1g is the unit 
omplex sphere inCN . Put a set of sequen
esS(CN )1 � f(z(n))n2N : z(n) 2 S(CN ); n 2 Ng:2



Furthermore, putS(CN )
k � fz(1)
� � �
z(k) 2 (CN )
k : z(j) 2 S(CN ); j = 1; : : : ; kg (k � 1);TS(CN ) �ak�1S(CN )
kwhere (CN )
k � CN 
 � � � 
CN| {z }k for k � 1. Note that TS(CN ) is a semi-group with respe
t to tensor produ
t. We denote z = (z(n))n2N 2 S(CN )1,z(n) 2 S(CN ) for n 2N. For z = (z(n)) 2 S(CN )1, denote(2.2) z[k℄ � z(1) 
 � � � 
 z(k) (k � 1):Note z[k℄ 2 S(CN )
k for k � 1. Let f"1; : : : ; "Ng be the 
anoni
al basisof CN , that is, z = z1"1 + � � � + zN"N for z = (z1; : : : ; zN ) 2 CN . Wedenote "J � "j1 
 � � � 
 "jk for J = (j1; : : : ; jk) 2 f1; : : : ; Ngk, k � 1. Then"J1 
 "J2 = "J1[J2 for ea
h J1; J2 2 f1; : : : ; Ng� n f0g. Clearly "j 2 S(CN )and "J 2 TS(CN) for j = 1; : : : ; N and J 2 f1; : : : ; Ng� n f0g. For J =(jn)n2N 2 f1; : : : ; Ng1, put "J � ("jn)n2N 2 S(CN )1.De�nition 2.1. (Parameter of 
y
le)(i) z 2 S(CN )
k is periodi
 if there is � 2 Zk n fidg su
h that �̂(z) = zwhere �̂ is an a
tion of the 
y
li
 group Zk on (CN )
k by transpositionof tensor fa
tors. In this 
ase, p is the period of z if p is the rank ofof � whi
h is minimal among Zk.(ii) z 2 S(CN )
k is non periodi
 if z is not periodi
.(iii) For z; z0 2 TS(CN ), z � z0 if there are k � 1 and � 2 Zk su
h thatz; z0 2 S(CN )
k and �̂(z) = z0 .De�nition 2.2. (Parameter of 
hain)(i) For z = (z(n)) and y = (y(n)) in S(CN )1, z � y if there are nonnegative integers L andM , and a sequen
e f
ngn�0 of 
omplex numberswith absolute value 1 su
h that y(n+L�1) = 
nz(n) for ea
h n �M .(ii) z = (z(n)) 2 S(CN )1 is eventually periodi
 if there are positive integersp, M and a sequen
e (
n)n�M in U(1) su
h that z(n+p) = 
nz(n) forany n �M . In this 
ase, p is 
alled the period of z if p is the minimalnumber whi
h satis�es the above 
ondition.(iii) z 2 S(CN )1 is non eventually periodi
 if z is not eventually periodi
.(iv) For y 2 S(CN )
n, n � 1, y(1); : : : ; y(n) 2 S(CN ) are the standardtensor 
omponents of y if y(1); : : : ; y(n) satisfy the following 
onditions:y = y(1)
� � �
y(n) and y(j)lj > 0 for ea
h j = 1; : : : ; k when lj � minfl 2f1; : : : ; Ng : y(j)l 6= 0g where y(i) = (y(i)1 ; : : : ; y(i)N ) for ea
h i = 1; : : : ; n.3



(v) For y 2 S(CN )
p, y1 2 S(CN )1 is de�ned by z = (z(n)) 2 S(CN )1,z(p(n�1)+i) � y(i) for ea
h n � 1 and i = 1; : : : ; p, that is,y1 = (y(1); : : : ; y(p); y(1); : : : ; y(p); : : :)where y(1); : : : ; y(p) are the standard tensor 
omponents of y.(vi) � is the shift on S(CN )1 if � is a transformation on S(CN )1 whi
h isde�ned by for z = (z(n)) 2 S(CN )1, (y(n)) = �(z) where y(n) = z(n+1)for ea
h n � 1.For example, for J � (1�2�) in (2.1), "J 2 S(C2)1 is non eventually periodi
.Relations � in De�nition 2.2 (i) and De�nition 2.1 (iii) are equivalen
e rela-tions. The notion of eventually periodi
 is taken from theory of dynami
alsystems([9℄). When z � y, we 
all that z and y are equivalent. These equiv-alen
es are 
orresponded to the notion of \tail equivalen
e" of permutativerepresentation in [5℄.The generalization of parameter spa
e is 
orresponded to generalizationof a 
lass of representations of ON . Remark that a 
ase M = 0 is possiblein De�nition 2.2 (i) but p � 1 in De�nition 2.2 (ii).3. De�nition and existen
e of generalized permutativerepresentations with 
hainFor N � 2, let ON be the Cuntz algebra([6℄), that is, it is a C�-algebrawhi
h is universally generated by generators s1; : : : ; sN satisfying(3.1) s�i sj = ÆijI (i; j = 1; : : : ; N); s1s�1 + � � �+ sNs�N = I:In this paper, any representation means a unital �-representation. By sim-pli
ity and uniqueness of ON , it is suÆ
ient to de�ne operators S1; : : : ; SNon an in�nite dimensional Hilbert spa
e whi
h satisfy (3.1) in order to 
on-stru
t a representation of ON . Put � an a
tion of a unitary group U(N) onON de�ned by �g(si) � PNj=1 gjisj for i = 1; : : : ; N . Spe
ially we denote
w � �g(w) when g(w) = w � I � U(N) for w 2 U(1) � fz 2 C : jzj = 1g.3.1. De�nition.We give the de�nition of generalized permutative repre-sentations with 
hain here by using parameters in x 2. In order to showde
omposition theorem of them in x 5.2, we review the de�nition and prop-erties of generalized permutative representations with 
y
le([10, 11℄), too.For z = (z1; : : : ; zN ) 2 S(CN ), denotes(z) � z1s1 + � � �+ zNsN :For z = z(1) 
 � � � 
 z(k) 2 S(CN )
k,s(z) � s(z(1)) � � � s(z(k)); s(z)� � s(z(k))� � � � s(z(1))�:De�nition 3.1. Let (H; �) be a representation of ON .4



(i) For z 2 TS(CN ), a unit ve
tor 
 2 H satis�es the 
y
le 
ondition withrespe
t to z if �(s(z))
 = 
.(ii) For z 2 S(CN )1, a unit ve
tor 
 2 H satis�es the 
hain 
onditionwith respe
t to z if R(z) � f�(s(z[n℄))�
 : n � 1g is an orthonormalfamily in H. R(z) is 
alled the 
hain of 
 by z.De�nition 3.2. (i) For z 2 TS(CN), (H; �;
) is a generalized permu-tative(=GP) representation of ON with 
y
le by z if (H; �) is a 
y
li
representation of ON with a unit 
y
li
 ve
tor 
 2 H whi
h satis�esthe 
y
le 
ondition with respe
t to z. p is the period of (H; �;
) if zhas the period p.(ii) For z 2 S(CN )1, (H; �;
) is a GP representation of ON with 
hainby z if (H; �) is a 
y
li
 representation of ON with a unit 
y
li
 ve
tor
 2 H whi
h satis�es the 
hain 
ondition with respe
t to z. p is theperiod of (H; �;
) if z has the period p.We 
all 
 in De�nition 3.2 both (i) and (ii) theGP ve
tor of a GP representa-tion. We denote GP (z) = (H; �;
) for (i), (ii) simply. We explain meaningsof 
y
le and 
hain in Example 3.4. We do not assume the 
ompleteness ofthe set f�(s(z[n℄))�
 : n � 1g in De�nition 3.1 (ii). For two representations(H1; �1) and (H2; �2) of ON , (H1; �1) � (H2; �2) means the unitary equiv-alen
e between (H1; �1) and (H2; �2). Spe
ially, GP (z) � GP (z0) meansthat two 
y
li
 representations of ON are unitarily equivalent.We review results about GP representation with 
y
le.Theorem 3.3. ([10℄)(i) (Existen
e) For any z 2 TS(CN ), there exists GP (z), that is, thereexists a 
y
li
 representation (H; �;
) of ON whi
h satis�es the 
y
le
ondition with respe
t to z.(ii) (Uniqueness and irredu
ibility) If z 2 TS(CN ) is non periodi
, thenGP (z) is unique up to unitary equivalen
es, and irredu
ible.(iii) (Equivalen
e) For non periodi
 elements z; z0 2 TS(CN ), GP (z) �GP (z0) if and only if z � z0 .Proof. (i) Proposition 3.4 in [10℄. (ii) The uniqueness is in Proposition5.4 in [10℄. The irredu
ibility is in Proposition 5.5 in [10℄. (iii) Proposition5.11 in [10℄. �By Theorem 3.3 (ii), we 
an regard a symbol GP (z) as the representativeelement of an equivalen
e 
lass of irredu
ible representations of ON whi
hsatis�es the 
y
le 
ondition with respe
t to non periodi
 z 2 TS(CN ). Fromthis, we see that the statement (iii) has no ambiguity. Note that our resultsin Theorem 3.3 (ii), (iii) are assumed the non-periodi
ity with respe
t to aparameter z 2 TS(CN ). About de
omposition of periodi
 
y
le, see [11℄.We show examples of them here.5



Example 3.4. (i) The standard representation (l2(N); �S) of ON is de-�ned by �S(si)en � eN(n�1)+i for n 2 N; i = 1; : : : ; N where fengn2Nis the 
anoni
al basis of l2(N)([1, 14℄). Then (l2(N); �S ; e1) satis�esthe 
ondition of GP ((1; 0; : : : ; 0)). Be
ause (1; 0; : : : ; 0) 2 S(CN ) isnon periodi
, (l2(N); �S) is irredu
ible.(ii) The bary
entri
 representation (L2[0; 1℄; �B) of ON is de�ned by(�B(si)�)(x) � �[(i�1)=N;i=N ℄(x)�(Nx � i+ 1)for � 2 L2[0; 1℄, x 2 [0; 1℄ and i = 1; : : : ; N where �Y is the 
har-a
teristi
 fun
tion of a subset Y of [0; 1℄([15℄). Then (L2[0; 1℄; �B ;
)is GP ((N�1=2; : : : ; N�1=2)) where 
 is the 
onstant fun
tion on [0; 1℄with value 1. (L2[0; 1℄; �B) is irredu
ible, too.(iii) In (ii), (L2[0; 1℄; �B Æ 
 �w; 
) is GP ((w=N1=2; : : : ; w=N1=2)) for w 2U(1).(iv) De�ne a representation (l2(N); �) of O3 by�(s1)e1 � e2; �(s1)e2 � e1; �(s2)e1 � e3; �(s3)e1 � e4;�(s2)e2 � e5; �(s3)e2 � e6; �(si)en � e3(n�1)+i (i = 1; 2; 3; n � 3):Then (l2(N); �) is 
y
li
 with 
y
li
 ve
tor e1 and �(s1s1)e1 = e1.Therefore (l2(N); �; e1) is GP ((1; 0; 0)
 (1; 0; 0)). The tree of the rep-resentation (l2(N); �) is following:
vvvv

v
v'& $%-� �R�R1 234 56a

a b
b
where verti
es and edges mean the 
anoni
al basis fexgx2N of l2(N)and the a
tion of operators �(s1); �(s2); �(s3) on fexgx2N, respe
tively.For example, if �(s1)ex = ey for x; y 2 N, then it is represented as- ss ax ywhere labels a; b,
 of edges 
orrespond to �(s1); �(s2); �(s3), respe
-tively. Sin
e (1; 0; 0)
 (1; 0; 0) 2 S(C3)
2 is periodi
, (l2(N); �) is notirredu
ible.(v) Put Ri � Z �Ni; Ni � fN(n � 1) + i : n 2 Ng for i = 1; : : : ; N .Then we have a de
omposition Z �N = R1 t � � � t RN . Consider a6



bran
hing fun
tion system f � ffigNi=1 on Z�N de�ned by(3.2) fi : Z�N! Ri; fi(n;m) � (n� 1; N(m� 1) + i)for i = 1; : : : ; N . Then f1(n; 1) = (n � 1; 1) for ea
h n 2 Z. Fromthis, we have fk1 (n; 1) = (n � k; 1) for k � 1 and n 2 Z. Put arepresentation (l2(Z � N); �f ) of ON by �f (si)ex � efi(x) for x 2Z�N; i = 1; : : : ; N . From this, we have �f (s�1)en;1 = en+1;1 for n 2 Z.Hen
e f�f ((s�1)n)e0;1 : n 2 Ng = fen;1 : n 2 Ng is an orthonormalfamily.When N = 2, the tree of the representation (l2(Z �N); �f ) is fol-lowing:
� � � � � ��� t6���� ��AA��AA r rr � t6���� ��AA��AA r rr � t6���� ��AA��AA r rr � t6���� ��AA��AA r rr � t6���� ��AA��AA r rra a a a a ab b b b b(n+1;1)(n;1)(n�1;1) (n;2)(n�1;2)(n�2;2)(l2(Z�N); �f ; e0;1) is GP ((1; 0; : : : ; 0)1) of ON .It is easy to show that 
y
li
ities and eigen equations in Example 3.4 followfrom their de�nitions, respe
tively. (i), (iv) and (v) are (
y
li
)permutativerepresentations in [5, 7, 8℄. Other examples are introdu
ed in x 7.3.2. Existen
e. Fix z = (z(n)) 2 S(CN )1. We show the existen
e ofGP (z) by 
onstru
ting (H; �;
) 
on
retely. Denote z(n) = (z(n)1 ; : : : ; z(n)N ) 2S(CN ) for ea
h n 2 N.For 
onvenien
e, we extend z = (z(n))n2Z by z(�n) � "1 for ea
h n � 0.Choose a set fg[n℄gn2Z of unitary matri
es in U(N) su
h that they satisfythe following 
onditions:(3.3) (g[n℄)1j = z(n�1)j (j = 1; : : : ; N; n 2 Z):Let (H; �) be a representation of ON in Example 3.4 (v) where H �l2(Z�N). For a set fg[n℄gn2Z � U(N) in (3.3), de�ne a family f�0(si)gNi=1of operators on H by(3.4) �0(si)en;m � � ��g[n℄(si)� en;m ((n;m) 2 Z�N)):We see that �0(si)�en�1;N(m�1)+q = g[n℄qien;m for (n;m) 2 Z � N; i; q =1; : : : ; N and (H; �0) is a representation of ON .Proposition 3.5. For any z 2 S(CN )1, there always exists GP (z).Proof. Let (H; �0) be a representation of ON in (3.4). By (3.3),(g[n℄�)j1 = z(n�1)j for n 2 Z and j = 1; : : : ; N . By Lemma A.7 (iv), wehave s(z(n�1)) = �g[n℄�(s1) for ea
h n 2 Z. Then �0(s(z(k�1)))ek;1 = (� Æ7



�g[k℄)(�g[k℄�(s1))ek;1 = �(s1)ek;1 = ek�1;1. From this, �0(s(z[k � 1℄))ek;1 =e0;1. Hen
e �0(s(z[k�1℄))�e0;1 = ek;1 for k 2 N. Therefore f�0(s(z[k℄))�e0;1 :k 2 Ng is an orthonormal family in H. Put V � �0(ON )e0;1. Then(V; �0 ; e0;1) is GP (z). �We show this 
onstru
tion of representations in the point of view from grouptheory in [12℄. 4. Constru
tion of the 
anoni
al basisIn order to show the uniqueness of GP representation in x 5, we 
onstru
tthe 
anoni
al basis of GP representations with 
hain. The 
onstru
tion isgiven by making a \tree" of representation in Example 3.4.4.1. Constru
tion of the tree of a representation. At �st, we prepareroots of the tree.Fix z = (z(n)) 2 S(CN )1. We extend z = (z(n))n2Z as z(�n) � "1 forn � 0. Choose g = (g[n℄)n2Z whi
h satis�es (3.3) and g[�n℄ = I for n � 0.Let (H; �;
) be GP (z). We denote �(si) by si simply in this se
tion. Put(4.1) 
�n � sn1
; 
0 � 
; 
n � s(z[n℄)�
 (n � 1):By De�nition 3.2 (ii), R(z) � f
ngn2N is an orthonormal family in H.Lemma 4.1. (i) s(z(n))
n = 
n�1 for ea
h n 2 Z.(ii) f
ngn2Z is an orthonormal family in H.Proof. (i) We see < s(z(n))
nj
n�1 >= 1 for ea
h n 2 Z. Hen
eks(z(n))
n�
n�1k2 = ks(z(n))
nk2�2Re < s(z(n))
nj
n�1 > +k
n�1k2 =0 for ea
h n 2 Z.(ii) For ea
h n 2 Z, we see k
nk = 1. Let n;m � 1. Then< 
�nj
�(n+m) >=<sn1
jsn+m1 
 >. By (i), 
 = s(z[m℄)
m. Hen
e < sn1
jsn+m1 
 >=< "
n1 
z[m℄j"
(n+m)1 >< 
mj
 >. Sin
e < 
mj
 >= 0, < 
�nj
�(n+m) >= 0.Let n � 1 and m � 0. By (i), 
m = s(z[m + 1℄) � � � s(z[m + n℄)
m+n.Hen
e < 
�nj
m >=< "
n1 j z[m + 1℄ 
 � � � 
 z[m + n℄ >< 
j
m+n >= 0.Therefore the statement holds. �� t � t � t
n�1 
n 
n+1 � � �� � � �s(z(n)) s(z(n+1))On the orthonormal family f
ngn2Z, we 
onstru
t N�1 trunks at ea
hn 2 Z.Lemma 4.2. Put en;j � s(y(n+1)j )
n8



where y(n)j � ( (g[n℄)�1j ; : : : ; (g[n℄)�Nj ) 2 S(CN ) for n 2 Z and j = 1; : : : ; N .Then fen;j : n 2 Z; j = 1; : : : ; Ng is an orthonormal family in H. Spe
ially,en;1 = 
n�1 for ea
h n 2 Z.Proof. By de�nition of y(n)j , fy(n)j gNj=1 is an orthonormal basis of CNfor ea
h n 2 Z. From this, we see < en;jjem;i >= Æj;iÆn;m for ea
h n;m 2Z and i; j = 1; : : : ; N . Hen
e the �rst statement holds. Be
ause y(n)1 =( (g[n℄)�11; : : : ; (g[n℄)�N1 ) = (z(n�1)1 ; : : : ; z(n�1)N ) by (3.3) and Lemma 4.1 (i),en;1 = s(y(n+1)1 )
n = s(z(n))
n = 
n�1 for ea
h n 2 Z. �Corollary 4.3. (i) < en;jj
m >= 0 for ea
h n;m 2 Z and j = 2; : : : ; N .(ii) For k � 1, m 2 Z and i = 1; : : : ; N , there are m0 2 Z and x 2S(CN )
k su
h that em;i = s(x)
m0 .Proof. (i) By Lemma 4.2, 
m = em+1;1. Hen
e the statement holds.(ii) If k = 1, then put x � y(m+1)i and m0 � m. If k � 2, then putm0 � m+ k� 1 and x � y(m+1)i 
 z(m+1) 
 � � � 
 z(m+k�1). Then s(x)
m0 =s(y(m+1)i 
 z(m+1) 
 � � � 
 z(m+k�1))
m+k�1 = s(y(m+1)i )
m = em;i. �
� t� � �� � �t t6 6 � t� � �� � �t t6 6 � t� � �� � �t t6 6
n
n�1 
n+1 �� � � � � �

en+1;2 � � � en+1;Nen;2 � � � en;Nen�1;2 � � �en�1;N
By putting N bran
hes on a trunk su

essively, we 
omplete trees.Lemma 4.4. LeteJ;n;j � sJen;j (J 2 f1; : : : ; Ng�; n 2 Z; j = 2; : : : ; N):Then the followings hold:(i) < eJ;n;ijem;j >= 0 for ea
h J 2 f1; : : : ; Ngk, k � 1, n;m 2 Z, j =1; : : : ; N and i = 2; : : : ; N .(ii) f
n : n 2 Zg [ feJ;n;j : J 2 f1; : : : ; Ng�; n 2 Z; j = 2; : : : ; Ng is anorthonormal family.Proof. (i) By Corollary 4.3 (ii), there are x 2 S(CN )
k and m0 2Z su
h that em;j = s(x)
m0 . From this, < eJ;n;ijem;j >=< "J jx ><en;ij
m0 >= 0 by Corollary 4.3 (i).(ii) By (i), it is suÆ
ient to show < eJ;n;ijeJ 0 ;m;j >= 0 when (J; n; i) 6=(J 0 ;m; j) for J; J 0 2 f1; : : : ; Ng� n f0g, n;m 2 Z and i; j = 2; : : : ; N . If9



jJ 0 j = jJ j, then < eJ;n;ijeJ 0 ;m;j >= ÆJ;J 0 < en;ijem;j >= ÆJ;J 0 ÆijÆnm byLemma 4.2. If l � jJ 0 j � jJ j > 0, then there are m0 � 1 and x 2 S(CN )
jJjand eJ 0 ;m;j = s(x)
m0 . Hen
e < eJ;n;ijeJ 0 ;m;j >=< "J jx >< en;ij
m0 >= 0by (i). �

� t� � �� � �6 6�� � � � � �~
t� � �� � �t t6 6 t� � �� � �t t6 6� � �

t� � �� � �t t6 66...
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n
en;2 en;Ne1;n;2 eN;n;2

eJ;n;2ef1g[J;n;2 efNg[J;n;2

When N = 3, we have the following tree:������ �����Ir���� r���� ������ �����Ir���� r���� ������ �����Ir���� r����� u � u � u � � �� � � �See the �gure in Example 3.4 (v).4.2. Completeness.We show the 
ompleteness of the family f
n : n 2Zg [ feJ;n;j : J 2 f1; : : : ; Ng�; n 2 Z; j = 2; : : : ; Ng of ve
tors in H whi
hare 
onstru
ted until the previous subse
tion. For this purpose, we preparean index set of basis.For z 2 S(CN )1, put�(z) � an2Z�(n)(z); �(n)(z) �ak�1�(n)k (z);10



�(n)1 (z) � f(n; ;)g; �(n)2 (z) � f(n; y(n+1)j ) : j = 2; : : : ; Ng;�(n)k (z) � f(n; "J 
 y(n+1)j ) : j = 2; : : : ; N; J 2 f1; : : : ; Ngk�2gfor k � 3.Lemma 4.5. (i) Pute(n; x) � s(x)
n ((n; x) 2 �(n)(z); n 2 Z)where we de�ne s(;) � I. Then fe(x) : x 2 �(z)g = f
n 2 Zg [feJ;n;j : J 2 f1; : : : ; Ng�; n 2 Z; j = 2; : : : ; Ng.(ii) For J 2 f1; : : : ; Ng� and n 2 Z, sJ
n 2 Lin < fe(x) : x 2 �(z)g >.(iii) fe(x) : x 2 �(z)g is 
omplete in H.Proof. (i) We see e(n; ;) = 
n, e(n; y(n+1)j ) = s(y(n+1)j )
n = en;j,e(n; "J 
 y(n+1)j ) = eJ;n;j for j = 2; : : : ; N , J 2 f1; : : : ; Ng� and n 2 Z.(ii) Put H1 � Lin < fe(x) : x 2 �(z)g >. By (i), we identify H1 andLin < f
n; eJ;n;j : J 2 f1; : : : ; Ng�; n 2 Z; j = 2; : : : ; Ng >. If J = 0, thensJ
n = 
n 2 H1. By Lemma 4.2, dimLin < fen;j : j = 1; : : : ; Ng >= Nfor ea
h n 2 Z. Hen
e Lin < fen;j : j = 1; : : : ; Ng >= Lin < fsj
n : j =1; : : : ; Ng >. Therefore if j = 1; : : : ; N , then sj
 2 Lin < fen;j0 : j0 =1; : : : ; Ng >� H1. From this, for J 2 f1; : : : ; Ngk, k � 1, j = 1; : : : ; N ,sJsj
n 2 Lin < fsJen;j0 : j0 = 1; : : : ; Ng >� H1 for ea
h n 2 Z.(iii) By Lemma B.3 (ii) and de�nition of feJ;n;ig, feJ;n;ig is 
omplete in H.By (i), the assertion holds. �Theorem 4.6. For z 2 S(CN )1, fe(x) : x 2 �(z)g is a 
omplete orthonor-mal basis of GP (z).Proof. By Lemma 4.4 (ii) and Lemma 4.5, the statement holds. �We 
all fe(x) : x 2 �(z)g the GP basis of GP (z). Note that the GP basisdepends on the 
hoi
e of fg[n℄gn2Z in (3.3).5. Properties of GP representations5.1. Uniqueness, irredu
ibility and equivalen
e.Theorem 5.1. (Uniqueness) For z 2 S(CN )1, GP (z) is unique up tounitary equivalen
es.Proof. For z 2 S(CN )1, �x fg[n℄gn2Z in (3.3). �(z) in x 4.2 isuniquely determined by them. For representations (H; �;
) and (H0 ; �0 ;
0)of ON whi
h are GP (z), take 
anoni
al basis fe(x) : x 2 �(z)g and fe0(x) :x 2 �(z)g in Theorem 4.6, respe
tively. Then we 
an de�ne a unitary11



operator U from H to H0 by Ue(x) � e0(x) for x 2 �(z). We see AdU Æ � =�0 . �By Theorem 5.1, we 
an use the symbol GP (z) as both a representation andan equivalen
e 
lass of representations of ON for ea
h z 2 S(CN )1.Re
all De�nition 2.2.Theorem 5.2. (Irredu
ibility I) If z 2 S(CN )1 is non eventually periodi
,then GP (z) is irredu
ible.Proof. Assume that z is non eventually periodi
 and (H; �;
) =GP (z). Fix v0 2 H, v0 6= 0. By 
y
li
ity, there are n � 1 and J 2f1; : : : ; Ng� su
h that < �(s�J)v0j
n >6= 0. Sin
e < �(s�J)v0j
n >=<�(s(z[n℄)s�J)v0j
 >, we 
an assume 
 �< v0j
 >6= 0. By Lemma B.5,�(s(z[n℄) fs(z[n℄)g�)v0 goes to 

 when n ! 1. Hen
e 
 2 ONv0. There-foreH = ON
 � ONv0 � H. We see that v0 is a 
y
li
 ve
tor of H. Be
auseany non zero ve
tor in H is 
y
li
, H is irredu
ible. �The inverse of Theorem 5.2 is shown in x 5.2.Theorem 5.3. (Equivalen
e) For z; y 2 S(CN )1, GP (z) � GP (y) if andonly if z � y.Proof. If z � y, then GP (z) � GP (y) by Lemma C.3.Assume z 6� y. If GP (z) � GP (y), then we 
an assume that there is arepresentation (H; �) of ON with unit 
y
li
 ve
tors 
 and 
0 whi
h satisfy
hain 
onditions with respe
t to z and y, respe
tively. By Lemma C.1 (ii)and Lemma C.2, �(ON )
 and �(ON )
0 are orthogonal. Be
ause 
 and 
0are 
y
li
, this is 
ontradi
tion. Therefore GP (z) 6� GP (y). �We 
onsider a relation between 
hain and 
y
le here.Lemma 5.4. Assume that z 2 S(CN )1 is non eventually periodi
 andy 2 TS(CN ). If (H; �) is a representation of ON with 
;
0 2 H whi
hsatisfy the 
hain 
ondition with respe
t to z, and the 
y
le 
ondition withrespe
t to y, respe
tively, then < 
j
0 >= 0.Proof. Assume y 2 S(CN )
p for p � 1.< 
j
0 >=< �(s(z[np℄))
npj�(s(y
n))
0 >=< z[np℄jy
n >< 
npj
0 > :By S
hwarz inequality, j < 
j
0 > j � j < z[np℄jy
n > j. By Lemma A.1(iv), z 6� y1. Hen
e j < 
j
0 > j � limn!1 j < z[np℄jy
n > j = 0 byLemma A.6 (i). �Proposition 5.5. Let z 2 S(CN )1 and y 2 TS(CN ). If z is non eventuallyperiodi
, then GP (z) 6� GP (y). 12



Proof. Assume that GP (z) � GP (y). We derive 
ontradi
tion. Byassumption, we 
an assume that (H; �;
) is GP (z) and (H; �;
0) is GP (y).By Lemma 5.4, < 
j
0 >= 0. In the same way, < 
nj
0 >= 0 for ea
hroot ve
tors f
ng of GP (z). Assume that y 2 S(CN )
p for p � 1. ForJ 2 f1; : : : ; Ngm, m � 0, n 2 Z, there are k; l � 0 su
h that m + k = lpand < �(sJ)
nj
0 >=< "J 
 z(n+1) 
 � � � 
 z(n+k) j y
l >< 
n+kj
0 >= 0.By Lemma B.3 (ii), 
0 = 0. This is 
ontradi
tion. Hen
e GP (z) 6� GP (y).�Corollary 5.6. Any irredu
ible GP representation with 
hain and that with
y
le are inequivalent.5.2. De
omposition. In order to de
ompose GP representation with 
hainby eventually periodi
 z 2 S(CN )1, we prepare a stru
ture theorem ofeventually periodi
 
hains.For a representation (H; �) ofON and a unitary operator U on a Hilbertspa
e K, we have a new representation (K
H; U��) of ON whi
h is de�nedby(5.1) (U � �)(si) � U 
 �(si) (i = 1; : : : ; N):In this subse
tion, an equality between representations means their unitaryequivalen
e.Lemma 5.7. Let ' 2 L1(U(1)) su
h that j'(w)j = 1 almost everywherew 2 U(1), M' the multipli
ation operator on L2(U(1)) by ', and (H; �) arepresentation of ON . Then we have the followings:(i) M' � � = Z �U(1) � Æ 
'(w) d�(w)where 
 is the U(1)-gauge a
tion on ON in x 3 and � is the Haarmeasure of U(1).(ii) M' � � =M' � � where �'(w) � '(w) for w 2 U(1).Proof. (i) De�ne a unitary W from L2(U(1)) 
H to L2(U(1);H) byW (�
v) � ��v for � 2 L2(U(1)) and v 2 H. ThenW (U��)(si)W �(��v) =(M'�) � (�(si)v). From this, (W (M' � �)(si)W � )(w) = '(w)�(si) (w) =�(
'(w)(si)) (w) for  2 L2(U(1);H), w 2 U(1), and i = 1; : : : ; N . There-fore f(AdW Æ (M' � �))(x) g (w) = (� Æ 
'(w))(x) (w) for ea
h x 2 ON , 2 L2(U(1);H) and w 2 U(1). By de�nition of dire
t integral, we have thestatement.(ii) De�ne an operator T on L2(U(1)) by (T�)(w) � �( �w). Then TM'T � =M �'. From this, (T 
 I)(M' � �)(si)(T � 
 I) = (M �' � �)(si) for ea
hi = 1; : : : ; N . Hen
e the assertion holds. �13



Corollary 5.8. Let p � 1 and '(w) � w1=p for w 2 U(1) where w1=p =e2�p�1�=p when w = e2�p�1�, 0 � � < 1. For a representation (H; �) ofON , we have M' � � = Z �U(1) � Æ 
w1=p d�(w):We denote M' by Mw1=p simply.Lemma 5.9. Let (H; �;
) = GP (z) for z = z(1) 
 � � � 
 z(p) 2 S(CN )
p,p � 1. Assume that a set f
jgp�1j=0 of ve
tors whi
h are de�ned by 
j ��(s(z(j+1) 
 � � � 
 z(p)))
 for j = 0; : : : ; p� 1, is an orthonormal family.(i) �(s(z[j℄))�
 = 
j for 0 = 1; : : : ; p� 1.(ii) Let �
(w) � w
 for 
 2 R, y � z1 = (z(1); z(2); : : :) andvnp+j � �n+j=p 
 
jfor j = 0; : : : ; p�1, n 2 Z. If �0 �M �w1=p��, then �0(s(y[n℄)�)v0 = vnfor ea
h n 2 N.(iii) If �0 �M �w1=p��, then �n
�(sJ)
j = �0(sJ)vnp+j for J 2 f1; : : : ; Ng�,n 2 Z and j = 0; : : : ; p� 1.(iv) M �w1=p � � is 
y
li
.Proof. (i) �(s(z[j℄))
j = �(s(z(1)) � � � s(z(j)))�(s(z(j+1)) � � � s(z(p))
 =
 for 0 = 1; : : : ; p� 1. Then the assertion holds.(ii) Sin
e y[np℄ = z
n, (�0(s(z))(�

))(w) = �w�(w)
 for � 2 L2(U(1)) andw 2 U(1). Hen
e �(s(y[np+j℄)�)
0 = �(s(z[j℄)�(s(z)p)�)
 = �(s(z[j℄)�)
 =
j for n 2 N and j = 0; : : : ; p� 1 by (i). Therefore�0(s(y[np+ j℄)�)v0 = �n+j=p 
 
j = vnp+j:From this, the statement holds.(iii) For w 2 U(1), J 2 f1; : : : ; Ngk, k � 1, 
 2 R, and j = 0; : : : ; p� 1,(�0(sJ)(�
 
 
j))(w) = �wk=p�
(w)
 �(sJ)
j = �
�k=p(w) 
 �(sJ)
j:From this, �

 �(sJ)
j = �0(sJ)(�
+k=p

j) = �0(sJ). Hen
e we have theassertion.(iv) Put �0 � M �w1=p � �. We extend y = (y(n))n2Z by y(�np+j) � z(j) forn � 1 and j = 0; : : : ; p � 1. Note �0(s(y[n℄))v0 = v�n for n � 1. Hen
efvngn2Z � V. Sin
e Lin < f�(sJ )
j : J 2 f1; : : : ; Ng�; j = 0; : : : ; p � 1g >is dense in H, Lin < f�n 
 �(sJ)
j : n 2 Z; J 2 f1; : : : ; Ng�; j = 0; : : : ; p�1g > is dense in L2(U(1))
H. By (iii), V = L2(U(1))
H. Therefore �0 is
y
li
. �When (H; �;
) = GP (z), we denote U�GP (z) and GP (z)Æ
w insteadof U � � and � Æ 
w for 
onvenien
e.14



Proposition 5.10. (Stru
ture of eventually periodi
 
hain) If z 2 S(CN )
p,p � 1, is non periodi
, then Mw1=p �GP (z) = GP (z1).Proof. Be
ause z is non periodi
, the 
ondition in Lemma 5.9 is satis-�ed by Lemma B.1. By Lemma 5.9 (iii), vn 2 V � �(ON )v0 for ea
h n 2 N.Sin
e fvngn�1 is an orthonormal family, �0 
ontains GP (z1) as subrepre-sentation. By Lemma 5.9 (iv), M �w1=p �GP (z) = GP (z1). By Lemma 5.7(ii), M �w1=p �GP (z) =Mw1=p �GP (z). Hen
e the assertion holds. �Theorem 5.11. If z 2 S(CN )
p, p � 1, is non periodi
, thenGP (z1) = Z �U(1)GP (z) Æ 
w1=p d�(w):Proof. By Proposition 5.10 and Corollary 5.8, the statement holds.�Corollary 5.12. (De
omposition of eventually periodi
 
hain)(i) If z 2 S(CN )1 is eventually periodi
, then there are p � 1 and y 2S(CN )
p su
h that y is non periodi
 and(5.2) GP (z) = Z �U(1)GP (y) Æ 
w1=p d�(w):(ii) If there are q � 1 and y0 2 S(CN )
q whi
h satis�es the statement (i)with respe
t to z, then p = q and there is 
 2 U(1) su
h that y0 � 
y.Proof. (i) By Lemma A.1 (ii) and Theorem 5.3, GP (z) � GP (y1)for non periodi
 y 2 S(CN )
p. By Theorem 5.11, the statement holds.(ii) By Theorem 5.11,GP (y10 ) = Z �U(1)GP (y0) Æ 
w1=q d�(w) = GP (z) = GP (y1):By Theorem 5.3, y10 � y1. By Lemma A.1 (iii), there is 
 2 U(1) su
h thatp = q and y0 � 
y. �For z 2 TS(CN ) and w 2 U(1), we 
onsider wz by the s
alar produ
tof a ve
tor z by a s
alar w. We see wz 2 TS(CN ) again.Proposition 5.13. If z 2 TS(CN ) is non periodi
, thenGP (z1) = Z �U(1)GP (wz) d�(w):15



Proof. By Lemma B.2 (i), GP (wz) = GP (z) Æ 
 �w1=p . By Lemma 5.7(ii) and Corollary 5.12, the statement holds. �By Proposition 5.13, if the period of 
hain is 1(that is, z 2 S(CN )),then GP (z1) = Z �U(1)GP (z) Æ 
w d�(w):We illustrate this by the tree of representations in Example 3.4 when N = 2:
�������� AA��AA��-6tr rrw= Z d�(w)U(1)�� � � � � ��� t6���� ��AA��AA r rr � t6���� ��AA��AA r rr � t6���� ��AA��AA r rrTheorem 5.14. (Irredu
ibility II) For z 2 S(CN )1, GP (z) is irredu
ibleif and only if z is non eventually periodi
.Proof. If z is non eventually periodi
, then GP (z) is irredu
ible byTheorem 5.2. If z is eventually periodi
, then GP (z) is not irredu
ible byCorollary 5.12. Hen
e the statement holds. �6. States and spe
trums of ON asso
iated with GPrepresentations6.1. States.We show a relation between GP representations with 
hainand states of ON .Theorem 6.1. For z 2 S(CN )1, the GNS representation (Hz; �z;
z) ofON by the following state !z of ON :(6.1) !z(sIsJ)� � Æk;l < z[k℄j"I >< "J jz[l℄ >for I 2 f1; : : : ; Ngk, J 2 f1; : : : ; Ngl, k; l � 0, is equivalent to GP (z).Furtheremore the followings hold:(i) !z is pure if and only if z is non eventually periodi
.(ii) For z; z0 2 S(CN )1, (Hz; �z) and (Hz0 ; �z0 ) are equivalent if and onlyif z � z0 .(iii) If z 2 S(CN )1 is eventually periodi
, then there is y 2 TS(CN) su
hthat (Hz; �z) = Z �U(1)GP (wy) d�(w):Proof. Put !̂z(x) �< 
j�(x)
 > for x 2 ON . By Lemma B.3 (i),we have !̂z(sIs�J) = !z(sIs�J). Hen
e !̂z = !z. By uniqueness of GNS16



representation and 
y
li
ity of GP representation, (Hz; �z) is equivalent toGP (z).(i) By Theorem 5.2, (Hz; �z) is irredu
ible if and only if z is non eventuallyperiodi
.(ii) By Theorem 5.3, the assertion holds.(iii) By Corollary 5.12, the statement holds. �We 
all !z the GP state of ON by z 2 S(CN )1.Corollary 6.2. The following state !z of ON is pure if and only if z 2S(CN )1 is non eventually periodi
:!z(sIs�J) � ÆjIj;jJj�zIzJ (I; J 2 f1; : : : ; Ng�)where zJ � z(1)j1 � � � z(k)jk for J = (j1; : : : ; jk) 2 f1; : : : ; Ngk for k � 1 wherez = (z(n)) and z(n) = (z(n)1 ; : : : ; z(n)N ).In this way, we see that GP states are de�ned on the(gauge �xing)UHFsubalgebra of ON .States asso
iated with permutative representations with 
hain([5, 7, 8℄)are given as follows: For J � (jn)n�1 2 f1; : : : ; Ng1, de�ne a state ! of ONby !(sJ 0s�J 00 ) � 0 (J 0 6= J 00); !(sJ 0s�J 0 ) � ÆJ 0 ;J[n℄ (J 0 2 f1; : : : ; Ngn)where J [n℄ � (j1; : : : ; jn) for n � 1.Re
all that the GP state is de�ned for GP representation with 
y
le([10℄).Proposition 6.3. If ! and !0 are GP states of ON by eventually periodi
z 2 S(CN )1 and non periodi
 y 2 S(CN )
p, p � 1, respe
tively, su
h thatGP (z) =Mw1=p �GP (y), then!(x) = ZU(1) !0(
w1=p(x)) d�(w) (x 2 ON )where � is the normalized Haar measure of U(1) de�ned by d�(e2�p�1�) � d�for 0 � � < 1.Proof. Let (H; �;
) = GP (z) and (H0; �0;
0) = GP (y). By Corol-lary 5.12, we 
an realize (H; �;
) as H = L2(U(1);H0) and Hw = f�(w) :� 2 L2(U(1);H0)g and 
(w) = 
0 for w 2 U(1). By Corollary 5.12 (i),� = Z �U(1) �0 Æ 
w1=p d�(w):Be
ause ! =< 
j�(�)
 > and !0 =< 
0j�0(�)
0 >, we have!(x) = ZU(1) < 
0j(�0 Æ 
w1=p)(x)
0 > d�(w) = ZU(1) !0(
w1=p(x)) d�(w)17



for ea
h x 2 ON . �In Proposition 6.3, we 
an 
he
k the following equation: For I; J 2f1; : : : ; Ng�,!(sIs�J) = 8>><>>: !0(sIs�J) (jIj = jJ j);p(e2�p�1(jIj�jJj)=p � 1)2�p�1(jIj � jJ j) !0(sIs�J) (jIj 6= jJ j):This is veri�ed by Theorem 6.1 and x 6 in [10℄.By Proposition 6.3, we have the following:Corollary 6.4. Let z 2 TS(CN ). Assume that !z1 and !wz are GP statesby z1 and wz for w 2 U(1), respe
tively.(i) If z is non periodi
, then!z1 = ZU(1) !wz d�(w):(ii) If z 2 S(CN ), then!z1 = ZU(1) !z Æ 
w d�(w):6.2. Spe
trum.We 
onsider the spe
trum of ON . The spe
trum Spe
ONofON is the set of all equivalen
e 
lasses of irredu
ible representations ofON .One of our aim is a 
lassi�
ation of elements of Spe
ON and a 
onstru
tiveunderstanding of them.We review results about 
y
le 
ase in [10℄. PutTSNP (CN ) � fz 2 TS(CN ) : z is non periodi
g:Then TSNP (CN )=� is identi�ed with a subset of Spe
ON by Theorem 3.3.On the other hand, letSNP (CN )1 � fz 2 S(CN )1 : z is non eventually periodi
g:Then SNP (CN )1=� is identi�ed with a subset of Spe
ON by Theorem 5.14and Theorem 5.3. By Corollary 5.6, SNP (CN )1= � and TSNP (CN )= �have no interse
tion as subsets of Spe
ON .In 
onsequen
e, GPSpe
ON � �TSNP (CN )=�� t �SNP (CN )1=�� isidenti�ed with a subset of Spe
ON . In [12℄, we show that GPSpe
ON is
losed under U(N)-a
tion arising from the 
anoni
al a
tion of U(N) onON . Next problem is a study of Spe
ON nGPSpe
ON , that is, (i) whetherSpe
ON nGPSpe
ON is empty or not. If it is not empty, then (ii) 
onstru
tall of them 
on
retely. 18



7. Examples7.1. Corresponden
e with ordinary permutative representations.Let E � f"1; : : : ; "Ng be the 
anoni
al basis of CN and a subsetE1N � f("in)n�1 : in 2 f1; : : : ; Ngg = f"J : J 2 f1; : : : ; Ng1gof S(CN )1. Then the GP representation of ON by z 2 E1N \ S(CN )1 isa (
y
li
)permutative representation with 
hain by [5, 7, 8℄. For instan
e,Example 3.4 (v) is asso
iated with "J 2 E1N , J � (1)1 2 f1; : : : ; Ng1.By Theorem 5.3, we see that a 
lass of GP representation is properlywider than ordinary permutative representation by [5, 7, 8℄.7.2. Representations of O2 parameterized by U(1). Fix � 2 U(1) andlet z(n)� � 1p2(1; �n) 2 S(C2) for n 2 N. Then z� � (z(n)� )n2N 2 S(C2)1.z� is eventually periodi
 if and only if � is a root of unity, that is, there isp � 1 su
h that �p = 1.Proposition 7.1. We have the following statement about representationsof O2:(i) GP (z�) is not a permutative representation by [5, 7, 8℄ for any � 2U(1).(ii) GP (z�) is irredu
ible if and only if � is not a root of unity.(iii) If there is a positive integer p su
h that �p = 1 and �q 6= 1 for ea
h1 � q < p, then,GP (z�) = Z �U(1)GP (wz�[p℄) d�(w)where z�[p℄ � z(1)� 
� � �
z(p)� 2 S(CN )
p. Furthermore fGP (wz� [p℄)gw2U(1)is a family of mutually inequivalent irredu
ible representations of O2.(iv) For �; �0 2 U(1), GP (z�) = GP (z�0 ) if and only if � = �0 .(v) Put a state !� of O2 by!�(si1 � � � sik) = !�(s�jl � � � s�j1) = 0;!�(si1 � � � siks�jl � � � s�j1) = 2�kÆk;l�j1�i1�2(j2�i2) � � � �k(jk�ik)for ea
h i1; : : : ; ik; j1; : : : ; jl = 1; 2, k; l � 1. Then the GNS represen-tation of O2 by !� is equivalent to GP (z�).(vi) The set of all equivalen
e 
lasses of irredu
ible representations of O2by � 2 U(1) is one to one 
orresponded to fe2�p�1� 2 U(1) : � 62 Qg.Proof. (i) Be
ause z� is not equivalent to any element in E12 in x 7.1for ea
h � 2 U(1), the statement holds.(ii) By Theorem 5.2, GP (z�) is irredu
ible if and only if z� is non eventuallyperiodi
. By de�nition, z� is non eventually periodi
 if and only if z(1)� 6= z(n)�19



for ea
h n � 2 if and only if � 6= �n for ea
h n � 2. From this, GP (z�) isirredu
ible if and only if � is not a root of unity.(iii) By assumption, z�[p℄ = 2�p=2(1; �) 
 � � � 
 (1; �p�1) 
 (1; 1) is nonperiodi
. GP (z�[p℄) is irredu
ible. By Lemma B.2, the statement aboutfGP (wz�[p℄)gw2U(1) holds. Note z� = (z�[p℄)1. By Corollary 5.12, we havethe �rst assertion.(iv) GP (z�) = GP (z�0 ) if and only if z� � z�0 . Be
ause phase fa
tors aredetermined, z� � z�0 if and only if there areM and L su
h that �n+L = (�0)nfor ea
h n �M . This holds only if (�0�)n = ��L for ea
h n �M . If L 6= 0,then � = �0 . If L = 0, then � = �0 , too. Hen
e GP (z�) = GP (z�0 ) if andonly if � = �0 .(v) Note (z�)J = �j1�1�2(j2�1) � � � �k(jk�1) for ea
h J = (j1; : : : ; jk) 2 f1; : : : ; Ngk,in Corollary 6.2. By Corollary 6.2,!(sIs�J) = 2�kÆk;l�j1�1�2(j2�1) � � � �k(jk�1)�i1�1�2(i2�1) � � � �l(il�1)= 2�kÆk;l�j1�i1�2(j2�i2) � � � �k(jk�ik)for I = (i1; : : : ; il) and I = (j1; : : : ; jk). Hen
e we have the assertion.(vi) The statement holds by (ii) and (iv). �>From this, Theorem 1.1 is proved.For example, if � = e2�p�1=3, then (�n)n2N = (�; �2; 1; �; �2; 1; : : :),((�2)n)n2N = (�2; �; 1; �2; �; 1; : : :). Therefore z� 6� z�2 . Hen
e GP (z�) 6�GP (z�2).7.3. Representations arising from real numbers.We de�ne a permu-tative representation of ON with 
hain arising from a real number.For a real number a 2 [0; 1), 
onsider the N -adi
 expansion a =Pk�1 ak=Nk.De�nition 7.2. (i) For a 2 [0; 1), b(a) � (b(k)(a))k2N 2 f1; : : : ; Ng1 isde�ned by b(k)(a) � ak + 1 2 f1; : : : ; Ng.(ii) For a; a0 2 [0; 1), a � a0 if there are k; l � 0 su
h that Nka = N la0mod 1.For "b(a) = ( "b(k)(a) )k2N 2 E1N � S(CN )1, we have a GP representationGP ("b(a)) of ON . This 
lass of representations of ON is well known by[5, 7, 8℄.Proposition 7.3. (i) For a 2 [0; 1), GP ("b(a)) is irredu
ible if and onlyif a 62 Q.(ii) For a; a0 2 [0; 1), GP ("b(a)) = GP ("b(a0 )) if and only if a � a0 .Proof. (i) b(a) is non eventually periodi
 if and only if a 62 Q. Hen
eGP ("ba) is irredu
ible if and only if a 62 Q by Theorem 5.2.20



(ii) By Theorem 5.3, GP ("b(a)) = GP ("b(a0 )) if and only if "b(a) � "b(a0 ). We
an 
he
k that "b(a) � "b(a0 ) if and only if a � a0 . �Any representation of O2 in x 7.2 and that in x 7.3 are disjoint.7.4. Representations arising from dynami
al systems on proje
-tive spa
es. Let F be a transformation on a 
omplex proje
tive spa
eCPN�1 � (CN n f0g)=C�. Consider the orbit of the dynami
al system(CPN�1; F ) at a 2 CPN�1. Put an � F n(a) for n 2 N. Then we havea sequen
e a� � (an)n2N in CPN�1. Choose b(n)(a) 2 S(CN ) su
h that[b(n)(a)℄ � f
b(n)(a) : 
 2 C�g = an. Then b(a) � (b(n)(a))n2N 2 S(CN )1.A sequen
e (an)n2N in CPN�1 is eventually periodi
 if there are M;p su
hthat an+p = an for ea
h n � M . The equivalen
e 
lass of b(a) in S(CN )1is independent in the 
hoi
e of b(n)(a) with respe
t to a. In this sense, theequivalen
e 
lass of GP (b(a)) essentially depends on the orbit of F startingfrom a.Proposition 7.4. (i) GP (b(a)) is irredu
ible if and only if a� is noneventually periodi
.(ii) For a; a0 2 CPN�1, GP (b(a)) = GP (b(a0)) if and only if there areL;M su
h that aL+n = a0n for ea
h n �M .Proof. (i) b(a) is non eventually periodi
 if and only if the orbit a� isnon eventually periodi
 in CPN�1. By Theorem 5.2, it follows.(ii) By Theorem 5.3, the assertion holds. �On the other hand, if z = (z(n)) 2 S(CN )1, we have a sequen
e f[z(n)℄gin CP n�1. Hen
e the parameter spa
e S(CN )1 
an be regarded as a set ofall sequen
es of points in CP n�1.In the same way, we 
an obtain a representation of ON from a dynam-i
al system on a sphere SN�1.7.5. Others.Example 7.5. The representation of O2 arising from a dynami
al system(C; Q), Q(z) � z2 gives a dire
t sum of 
hains in [17℄. Put a representation(L2(C); �0) of O2 arising from Q by(7.1) (�0(si)�)(z) � mi(z)�(Q(z))for � 2 L2(C) and z 2 C where mi(z) � 2jzj � �Ei(z), i = 1; 2, E1 � fz 2C : Im z � 0g, E2 � fz 2 C : Im z < 0g, �Y is the 
hara
teristi
 fun
tion onY � C, L2(C) is taken by a measure d�(z) = dxdy on C for z = x+p�1y,and s1; s2 are generators of O2. Then (L2(C); �0) is equivalent to(GP ((2�1=2; 2�1=2)1))�1 = (Z �U(1)GP ((2�1=2; 2�1=2)) Æ 
w d�(w))�1 :21



Example 7.6. Let z(n) � (1=2n=2; (2n � 1)1=2=2n=2) for n � 1. Then z �(z(n)) 2 S(C2)1 and z is non eventually periodi
.Example 7.7. For � 2 [0; 1), de�ne z� = (z(n)� ) 2 S(C2)1 byz(n)� � (
os 2�n�; sin 2�n�) 2 S1 � f(x; y) 2 R2 : x2 + y2 = 1g (n 2 N):Then z� is non eventually periodi
 if and only if � 62 Q. Hen
e GP (z�) isirredu
ible if and only if � 62 Q. If there is p 2 N su
h that p = minfq 2N : q� 2 N [ f0gg, thenGP (z�) = Z �U(1)GP (wz�[p℄) d�(w):If � 6= 0, then GP (z�) is neither equivalent to any representation in x 7.2nor that in x 7.3.A
knowledgement: We would like to thank Prof. Abe for en
ouragementto write paper. Appendix A. Te
hni
al lemmataA.1. Parameters of representations. Re
all notations in x 2.Lemma A.1. (i) � is an equivalen
e relation in S(CN )1.(ii) If z 2 S(CN )1 is eventually periodi
, then there is y 2 TS(CN) su
hthat y is non periodi
 and z � y1.(iii) Let z 2 S(CN )1. If there are non periodi
 elements x; y 2 TS(CN )su
h that z � y1 and z � x1, then there is 
 2 U(1) su
h that x � 
y.(iv) Let z; y 2 S(CN )1. If z is non eventually periodi
 and y is eventuallyperiodi
, then z 6� y.Proof. (i) Re
e
tion law and Symmetri
 law. are trivial. We showtransitive law. If x � y and y � z, then there are L;L0 ;M;M 0 andf
ng; f
0ng � U(1) su
h that x(n+L) = 
ny(n), n � M and y(n+L0 ) = 
0nz(n),n � M 0 . From these, x(n+L+L0 ) = 
n+L0y(n+L0)
0nz(n) for ea
h n � M 00 �maxfM;M 0g. Hen
e x � z. � is transitive.(ii) Assume that z = (z(n)) 2 S(CN )1 is eventually periodi
. Then thereare positive integersM;p and a sequen
e f
ng � C, j
nj = 1 for ea
h n �Msu
h that z(n+p) = 
nz(n) for ea
h n � M . De�ne y � (y(i))pi=1 2 S(CN )
pby y(i) � z(M+i�1) for i = 1; : : : ; p. Thenz(M+kp+i�1) = 
M+(k�1)p+i�1z(M+(k�1)p+i�1) = � � � = Ck;iz(M+i�1) = Ck;iy(i)22



for i = 1; : : : ; p and k � 0 where Ck;i � Qk�1l=0 
M+lp+i�1. Hen
e z � y1. Ify is periodi
, then there are q � 1 and non periodi
 y1 2 TS(CN ) su
h thaty = y
q1 . Hen
e z � y11 .(iii) Assume that x 2 S(CN )
k ,y 2 S(CN )
l for k; l � 1 and (x(1); : : : ; x(k)),(y(1); : : : ; y(l)) are standard tensor 
omponents of x and y in De�nition2.2 (iv). Furthermore we assume k � l. If k = al + b for a � 0 and0 � b � l�1. By (i), x1 � y1. By de�nition of equivalen
e, there are L andf
ngn�1 � U(1) su
h that x(1+L) = 
1y(1); : : : ; x(l+L) = 
ly(l); x(l+1+L) =
l+1y(1); : : : ; x(k�b+L) = 
k�by(l); x(k�b+1+L) = 
k�b+1y(1) : : : ; x(k+L) = 
ky(b).From this, x(1+l+L) = 
l+1
1x(1+L); : : : ; x(1+2l+L) = 
2l
lx(1+l+L). x is peri-odi
 when k > l. Therefore k = l. Then x(1+L) = 
1y(1); : : : ; x(k+L) = 
ky(k).From this, �L(x) = x(1+L) 
 � � � 
 x(k+L) = (
1 � � � 
k)y(1) 
 � � � 
 y(k) = 
ywhere 
 � 
1 � � � 
k 2 U(1). Hen
e x � 
y.(iv) Denote z = (z(n)) and y = (y(n)). Assume z � y. Then there are L andf
ng � U(1) su
h that z(n+L) = 
ny(n) for n � M . Be
ause y is eventuallyperiodi
, there are p,M 0 and f
0ng � U(1) su
h that y(n+p) = 
0ny(n) for ea
hn � M 0 . Hen
e z(n+L+p) = 
n+py(n+p) = 
n+p
0ny(n) = 
n
n+p
0nz(n+L) forn � M 00 � maxfM;M 0g. Hen
e z is eventually periodi
. This 
ontradi
tsagainst the 
hoi
e of z. Therefore z 6� y. �We 
onsider the value of the inner produ
t among S(CN )
n as ve
torsin (CN )
n for n � 1.Lemma A.2. If x � y, then there are L � 0, M � 1 and fCkg � U(1)su
h that x[k℄ = 
y[k + L℄ for ea
h k �M .Proof. By assumption, there are L � 0, M � 1 and f
kg � U(1) su
hthat x(k) = 
ky(k+L) for ea
h k � M . Hen
e x[k℄ = x(1) 
 � � � 
 x(k) =(
1y(1+L))
 � � � 
 (
ky(k+L)) = Cky[k℄ where Ck = 
1 � � � 
k for k � 1. �Lemma A.3. (i) For z; y 2 S(CN )1, z � y if and only if there are nonnegative integers L and M su
h that j < z(n+L)jy(n) > j = 1 for ea
hn �M where z = (z(n)) and y = (y(n)).(ii) For z 2 S(CN )1, z is eventually periodi
 if and only if there arepositive integers p and M su
h that j < z(n+p)jz(n) > j = 1 for ea
hn �M where z = (z(n)).(iii) If z; y 2 S(CN )1 and z 6� y, then there is a positive integer M su
hthat j < z(M)jy(M) > j < 1 where z = (z(n)) and y = (y(n)).Proof. Two unit ve
tors in a ve
tor spa
e with inner produ
t arelinearly dependent if and only if the absolute value of the inner produ
t ofthem are 1. By De�nition 2.2, (i) and (ii) follow immediately. (iii) is a23




orollary of (i). �Lemma A.4. If z 2 S(CN )1 is non eventually periodi
, then there is apositive integer M su
h that j < z[k℄jz[k0 ℄ > j < 1 when k; k0 > M andk 6= k0 .Proof. For L � 1, put y � �L(z). Be
ause z is non eventually peri-odi
, y 6� z. By Lemma A.3 (ii), we have the statement. �Lemma A.5. (i) If z; y 2 S(CN )1 are not equivalent, then z and �(y)are not equivalent, too.(ii) For ea
h z = (z(n))n�1 2 S(CN )1 and f
n 2 C : j
nj = 1; n � 1g �U(1), z0 � (
nz(n))n�1 is equivalent to z.Proof. By De�nition 2.2, they hold immediately. �Lemma A.6. (i) If z; y 2 S(CN )1 are not equivalent, thenlimn!1 < z[n℄jy[n+ p℄ >= 0for ea
h p � 0 where < z[n℄jy[n℄ > is the inner produ
t of ve
tors z[n℄,y[n℄ in (CN )
k and z[n℄ is the symbol in (2.2).(ii) If z 2 S(CN )1 is non eventually periodi
, thenlimn!1 < z[n℄jz[n+ p℄ >= 0for ea
h p � 1.Proof. (i) Denote z = (z(n)) and y = (y(n)).We show p = 0 
ase at �rst. By Lemma A.3 (iii), there is M � 1 su
hthat j < z(M)jy(M) > j < 1. We denote M1 � M . If j < z(n)jy(n) > j = 1for ea
h n > M1, then this 
ontradi
ts z 6� y by Lemma A.3 (i). Hen
ethere is M2 > M1 su
h that j < z(M2)jy(M2) > j < 1. In this way, we 
antakes a monotone in
reasing sequen
e (Mn)n2N of positive integers su
h thatj < z(Mn)jy(Mn) > j < 1 for ea
h n � 1. From this, 0 � j < z[Mn℄jy[Mn℄ >j = j < z(1)jy(1) > j � � � j < z(Mn)jy(Mn) > j � Qnk=1 j < z(Mk)jy(Mk) > j < 1.Clearly, j < z[Mn+1℄jy[Mn+1℄ > j < j < z[Mn℄jy[Mn℄ > j for ea
h n � 1.Therefore limn!1 j < z[n℄jy[n℄ > j � limn!1 j < z[Mn℄jy[Mn℄ > j = 0.Hen
e we have p = 0 
ase.By Lemma A.5 (i), z 6� y0 � �p(y) for ea
h p � 0. Hen
elimn!1 < z[n℄jy[n+ p℄ >= limn!1 < z[n℄jy0 [n℄ >= 0:(ii) By Lemma A.3, we 
an obtain a monotone in
reasing sequen
e (Mn)n2Nof positive integers su
h that j < z[Mn+1℄jz[Mn+1+p℄ > j < j < z[Mn℄jz[Mn+24



p℄ > j < 1 for ea
h n � 1. Hen
e the assertion is veri�ed. �A.2. Properties of s(z). Re
all notations in x 3.Lemma A.7. (i) s("J) = sJ � sj1 � � � sjk for J = (j1; : : : ; jk) 2 f1; : : : ; Ngkfor k � 1.(ii) A map s from TS(CN ) to IsoON is a homomorphism as semigroup,that is, s(z
y) = s(z)s(y) for z; y 2 TS(CN ) where IsoON is the semi-group of all isometries in ON . Spe
ially, s(z[k℄) = s(z(1)) � � � s(z(k)) forz = (z(n)) 2 S(CN )1, k � 1.(iii) For z 2 S(CN )
n and y 2 S(CN )
m, n;m � 1,s(z)�s(y) = 8>>>><>>>>: < zjy > I (n = m)< zjy1 > s(y2) (n < m; y = y1 
 y2; y1 2 S(CN )
n);< z1jy > s(z2)� (n > m; z = z1 
 z2; z1 2 S(CN )
m);(iv) Let z = (z1; : : : ; zN ) 2 S(CN ). If g = (gij) 2 U(N) satis�es gj1 = zjfor j = 1; : : : ; N , then we have s(z) = �g(s1).Proof. (i),(ii),(iii) follow by simple 
omputation.(iv) s(z) = z1s1 + � � �+ zNsN = g11s1 + � � �+ gN1sN = �g(s1). �Lemma A.8. (i) If z; y 2 S(CN )1 are not equivalent, thenlimk!1 ks(z[k℄)�s(y[k℄)k = 0:(ii) If z 2 S(CN )1 is non eventually periodi
, thenlimk!1 ks(z[k℄)�s(z[k + p℄)k = 0for ea
h p � 1.Proof. (i) By Lemma A.7 (iii), s(z[k℄)�s(y[k℄) =< z[k℄jy[k℄ > I.Hen
e ks(z[k℄)�s(y[k℄)k = j < z[k℄jy[k℄ > j for k � 1. By Lemma A.6(i), the assertion holds.(ii) By Lemma A.6 (ii), the statement holds. �Appendix B. Lemmata on GP representationsB.1. Cy
les. The following lemma is shown in [10℄. We show this here for
onvenien
e again. Re
all De�nition 3.2 (i).Lemma B.1. Let (H; �;
) = GP (z) for z = z(1) 
 � � � 
 z(p) 2 S(CN )
pfor p � 1. Put 
j � �(s(z(j+1)) � � � s(z(p)))
 for j = 0; : : : ; p�1. If z is nonperiodi
, then f
jgp�1j=0 is an orthonormal family.25



Proof. We identify �(sj) and sj here. We see k
jk = 1 for j =0; : : : ; p � 1. Put �(y) = y(2) 
 � � � 
 y(p) 
 y(1) for y = y(1) 
 � � � 
 y(p) 2S(CN )
p and zj � �j(z) for j = 0; : : : ; p � 1. Then s(zj)
j = 
j forj = 0; : : : ; p� 1. From this, < 
ij
j >=< zijzj >< 
ij
j >. Furthermore< 
ij
j >=< zijzj >n< 
ij
j > for ea
h n 2 N. By S
hwarz inequality,j < 
ij
j > j � j < zijzj > jn. If z is non periodi
 and i 6= j, j < zijzj > jngoes to 0 when n!1. Hen
e < 
ij
j >= 0 when i 6= j. �Lemma B.2. Let z 2 S(CN )
p for p � 1. Then the followings hold:(i) For 
 2 U(1), GP (
z) = GP (z) Æ 
�
1=p .(ii) Any two elements in fGP (
z)g
2U(1) are mutually inequivalent.Proof. Assume (H; �;
) = GP (z).(i) Put �0 � �Æ
�
1=p . Then �0(s(
z))
 = 
 f�(
�
1=p(s(z)))
g = 
�(�
(s(z)))
 =
. Be
ause �0 is 
y
li
, too, (H; �0 ;
) = GP (
z).(ii) For 
; 
0 2 U(1), 
z � 
0z if and only if 
 = 
0 . Hen
e the statementholds by Theorem 5.3. �B.2. Chains.Lemma B.3. Let (H; �) be a representation of ON and z 2 S(CN )1.Assume that there is a unit ve
tors 
 2 H su
h that 
 satis�es the 
hain
ondition with respe
t to z in De�nition 3.1 (ii). Then the followings hold:(i) �(s�J)
 =< "J jz[k℄ > 
k for J 2 f1; : : : ; Ngk and k � 1 where 
k ��(s(z[k℄)�)
 for k � 1.(ii) A subspa
e H1 � Lin < f�(sJ )
n : J 2 f1; : : : ; Ng�; n 2 Zg > of�(ON )
 is dense in �(ON )
.Proof. (i) By de�nition, 
k = �(s(z[k℄))
 for k � 1. By Lemma A.7(iii), �(s�J)
 = �(s�J)�(s(z[k℄))
k = �(s�Js(z[k℄))
k =< "J jz[k℄ > 
k.(ii) H0 � Lin < f�(sIs�J)
 : I; J 2 f1; : : : ; Ng�g > is dense in �(ON )
. By(i), H0 � H1. Hen
e H1 is dense in �(ON )
. �Lemma B.4. Let (H; �;
) = GP (z) for non eventually periodi
 z 2 S(CN )1.If < vj
 >= 0, then limn!1�(s(z[n℄)�v = 0:Proof. By Lemma B.3 (ii), it is suÆ
ient to show the 
ase v = sJ
nfor J 2 f1; : : : ; Ng� and n 2 Z. Assume J 2 f1; : : : ; Ngk for l � 0. For k � l,y(k) � "J 
 z(n+1)
� � � 
 z(n+k�l) 2 S(CN )
k. Hen
e y � (y(l)) 2 S(CN )1.From this, �(s(z[n℄)�v =< z[k℄jy[k℄ > 
n+k�l. Hen
e k�(s(z[n℄)�vk = j <z[k℄jy[k℄ > j. By Lemma A.6 (ii), we have the assertion. �26



Lemma B.5. Let (H; �;
) = GP (z) for non eventually periodi
 z 2 S(CN )1.If v0 2 H satis�es < v0j
 >6= 0, then there is 
 2 C, 
 6= 0 su
h thatlimn!1�(s(z[n℄) fs(z[n℄)g�)v0 = 

:Proof. We simply denote �(si) and si here. Assume 
 �< 
jv0 >6= 0and put v � v0 � 

. Then we haveks(z[n℄) fs(z[n℄)g� v0 � s(z[n℄) fs(z[n℄)g� (

)k � ks(z[n℄) fs(z[n℄)g� vk:By < 
jv >= 0 and Lemma B.4,limn!1 s(z[n℄) fs(z[n℄)g� v0 = limn!1 s(z[n℄) fs(z[n℄)g� (

):Sin
e s(z[n℄) fs(z[n℄)g� (

) = 
s(z[n℄)
n = 

, we have the assertion. �Appendix C. Lemmata for Theorem 5.3Lemma C.1. Let (H; �) be a representation of ON and z; y 2 S(CN )1.Assume that there are unit ve
tors 
 and 
0 in H su
h that 
 and 
0satisfy the 
hain 
ondition with 
hains f
ngn2N and f
0ngn2N with respe
tto z and y in De�nition 3.1 (ii), respe
tively. Then we have the followings:(i) If z 6� y, then < 
j
0 >= 0.(ii) If z 6� y, then < 
kj
0l >= 0 for ea
h k; l � 1.(iii) If f
ngn2N and f
0ngn2N are orthogonal, then < �(sI)
kj�(sJ)
0l >=0 for ea
h I; J 2 f1; : : : ; Ng� and k; l � 1.Proof. (i) By Lemma 4.1, < 
j
0 >=< z[k℄jy[k℄ >< 
kj
0k > forea
h k � 1. By S
hwarz inequality and Lemma A.6 (i), j < 
j
0 > j � j <z[k℄jy[k℄ > j ! 0 when k !1. Hen
e < 
j
0 >= 0.(ii) For ea
h k; l � 1, 
k and 
0l satisfy 
hain 
onditions with respe
t to�k(z) and �l(y). Be
ause z 6� y, we see �k(z) 6� �l(y). By (i), we have theassertion.(iii) If jIj = jJ j, then < �(sI)
kj�(sJ)
0l >= ÆIJ < 
kj
0l >= 0 by(ii). If jIj = k0 + l0 > k0 � jJ j, l0 � 1, then < �(sI)
kj�(sJ)
0l >=ÆI1J < �(sI2)
kj
0l >. Hen
e < �(sI2)
kj
0l >=< "I2 j y[l + 1; 1 + k0 ℄ ><
kj
0k0+l >= 0 by (ii). �Lemma C.2. Let (H; �) be a representation of ON and z; y 2 S(CN )1.Assume that there are unit ve
tors 
 and 
0 in H whi
h satisfy the 
hain
ondition with respe
t to z and y, and f
ng and f
0ng are their 
hains,respe
tively. If f
ng and f
0ng are mutually orthogonal, then �(ON )
 and�0(ON )
0 are orthogonal ea
h other.27



Proof. By Lemma B.3 (ii), Lin < f�(sJ)
 : J 2 f1; : : : ; Ng�g > andLin < f�0(sJ)
0 : J 2 f1; : : : ; Ng�g > are dense in �(ON )
 and �0(ON )
0 ,respe
tively. By Lemma C.1 (iii), the assertion holds. �Lemma C.3. (i) Let z 2 S(CN )1. Then GP (�L(z)) = GP (z) for ea
hL � 0.(ii) For z 2 S(CN )1 and f
ng � U(1), put y � (y(n))n2N 2 S(CN )1 byy(n) � 
nz(n). Then GP (y) � GP (z).Proof. (i) Let (H; �;
) = GP (z). Then f�(s(z[k℄)�)
 : k � 1gis an orthonormal family. Hen
e f�(s(z[k + L℄)�)
 : k � 1g is, too.Hen
e (H; �;
) satis�es the 
hain 
ondition of GP (�(z)). By Theorem5.1, GP (�L(z)) � GP (z).(ii) Let (H; �;
) = GP (z). By Lemma A.2, there is fCkg � U(1) su
hthat z[k℄ = Cky[k℄ for ea
h k � 1. Hen
e �(s(y[k℄)�)
 = �(s( �Ckz[k℄)�)
 =Ck�(s(z[k℄)�)
. Therefore f�(s(y[k℄)�)
 : k � 1g is an orthonormal familyin H. Hen
e (H; �;
) = GP (y). By Theorem 5.1, GP (y) � GP (z). �Referen
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