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PSEUDO-DIFFERENTIAL OPERATOR ASSOCIATED TO THE RADIAL BASIS
FUNCTIONS UNDER TENSION.

A. Bouhamidi1

Abstract. Radial basis functions under tension (RBFT) depend on a positive parameter, incorporate
the concept of spline with tension and provide a convenient way for the control of the behavior of the
interpolating surface. The RBFT involve a function which is not complicated than exponential and
may be easily coded. In this paper, we show that the RBFT, as like thin plate spline, may be associated
to a differential operator in a Beppo-Levi space type. Both smoothing and interpolating problems by
RBFT are studied.

Résumé. Les fonctions splines radiales sous tension dépendent d’un paramètre positif. Ces fonctions
permettent d’incorporer un concept de tension pour toute dimension de l’espace. On montre dans ce
papier que ces fonctions sont associées à un opérateur pseudo-différentiel dans un espace de type Beppo-
Levi et on étudie le problème d’interpolation et de lissage. Des examples numériques sont donnés pour
illustrer ce type d’approximation.

Introduction

The radial basis functions under tension (RBFT) was introduced in [5]. The RBFT depend on a positive
parameter and provide a convenient way of controlling the behavior of the interpolating surface. The aim of
this paper is to give an explicit definition and construction of the associated native space of the RBFT, as a
Beppo-Levi space type (see Theorem 2 and remark 2 in [5, p.141]). We show that the RBFT, as the thin plate
splines, may be carried out from a (pseudo-) differential operator with a simple fundamental solution arising
in the formulation of the RBFT. Furthermore, in this paper, we investigate both interpolating and smoothing
problems.

The spline under tension was first introduced by Schweikert [22] as a mean of eliminating extraneous inflection
points in curve fitting by the cubic spline. With the proper use of the tension parameter, a user is able to reduce
the length of the interpolating curve and hence remove extraneous bumps. In the limit, the curve reduces to
piecewise linear interpolant as the tension parameter becomes large. The problem of interpolation by spline
with the concept of tension has many applications, for instance, in geology for terrain modelling [15,17,23].

The thin plate splines under tension for two variables has been previously addressed by Franke and Nielson [11]
and by Franke [12]. In [11] Franke and Nielson proposed a method of a construction of surfaces under tension
based on a triangulation of the domain containing the scattered interpolating points. The second approach
of Franke [12], for the construction of bivariate splines under tension, models a physical process of thin plate
under tension. The approach of Franke [12], is approximately parallel that the development of Harder and
Desmarais [14] for thin plate splines and based on experimental results. The basis function used by Franke [12],
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resulted from the equation of thin plate subject to lateral loads and mid-plane forces which may be written in
the general form as ∆2W = 1

D (q + Nx
∂2W
∂x2 + Ny

∂2W
∂y2 − Nxy

∂2W
∂x∂y ) where W is the lateral deflection, q is the

lateral load, Nx, Ny and Nxy are the mid-plane forces, and D depends on the properties of the plate material.
In order to simplify the previous equation, Franke considered a thin plate under a point load at the origin and
set Nx/D = Ny/D = τ2 and Nxy = 0, which gives an equation in the following form ∆2W − τ2∆W = p, where
p is the point load at the origin, namely p(0) = q/d and p = 0 elsewhere. Radial symmetry is assumed and

by setting V = ∆W =
1
r

d

dr
(r

dW

dr
), one may obtain the polar form of the last equation d

dr (r dV
dr ) − τ2rV = 0.

The last equation is a modified Bessel equation of order zero, which has for convenient solution with respect to
the boundary conditions, the function −(2π)−1K0(τr), where K0 is a modified Bessel function of order zero.
Finally, the basis function proposed by Franke [12] is Wτ (r) = −(2π)−1

∫ r

0
t−1

∫ t

0
K0(τs)dsdt + C, where C is

a constant which may be equal to zero. In the terms of Franke [12], the lack of an elementary representation
of the basis function is not a serious problem. Franke [12] proposed that the function can be approximated,
either by numerical approximation of the integral formulation above, or by considering the function as solution
of ordinary differential equation. By the assumption of point loads, the problem of interpolation of scattered
data (xk, yk) ∈ R2 for k = 1, . . . , N by thin plate spline under tension, as proposed by Franke [12], has the
following representation F (x, y) =

∑N
k=1 AkWτ (

√
(x− xk)2 + (y − yk)2) + a.

A theoretical framework of the problem of thin plate splines with tension was presented in [2–4] in d-
dimensional space Rd. Let us now give a brief description of the spline under tension as was presented in [2–4].
Let X(Rd) be the space of distributions whose derivatives of order one and two are square integrable on Rd,

X(Rd) =
{
u ∈ D′(Rd) : Dαu ∈ L2(Rd) for |α| = 1, 2

}
, (1)

where D′(Rd) is the space of distributions on Rd. In the space X(Rd), we consider the semi-scalar product

(u|v)X =
∑

|α|=2

2
α!

∫

Rd

Dαu(x)Dαv(x)dx + τ2
∑

|α|=1

∫

Rd

Dαu(x)Dαv(x)dx, (2)

with its associated semi-norm denoted by | . |X . Given any set of scattered points x1, . . . , xN in Rd and any set
of real values f1, . . . , fN , there is a unique function sτ ∈ X(Rd) minimizing the semi-norm | . |X subject to the
interpolating constrains sτ (xi) = fi for i = 1, . . . N . The function sτ has explicitly the form

sτ (x) =
N∑

i=1

λiEd,τ (x− xi) + λN+1, with
N∑

i=1

λi = 0, (3)

where the function Ed,τ is a fundamental solution in Rd of the differential operator Dτ = ∆2 − τ2∆, namely
Ed,τ is a tempered distribution in Rd satisfying ∆2Ed,τ − τ2∆Ed,τ = δ, where δ is Dirac measure at the origin.
A crucial point of this theory is of finding a fundamental solution of the operator Dτ in Rd which has a simple
expression. For d = 1, 2, 3, a fundamental solution of the operator ∆2 − τ2∆ is given by (see [3, 4])

Ed,τ (x) =





c1(e−τ |x| + τ |x|) for d = 1,
c2(K0(τ |x|) + ln(|x|)) for d = 2,

c3
e−τ |x| − 1

|x| for d = 3,

where K0 is the modified Bessel function and c1 = −1/(2τ3), c2 = −1/(2πτ2) and c3 = −1/(4πτ2). In the
paper, we have used | . | to denote the Euclidean norm in Rd.

The disadvantage of this representation is as follows. An explicit expression of the fundamental solution is, in
general, unknown, for all d ≥ 4, and the fundamental solution does not have an elementary explicit expression, for
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instance for d = 2, its expression involves a Bessel function (which is more complicate than the usual functions).
Furthermore, this fundamental solution does not have a similar explicit expression for all d ≥ 1. The crucial
question now is how to construct a (pseudo-)differential operator with a fundamental solution which generates
a tempered distribution that has a simple and similar explicit expression for all dimension d ≥ 1 and that allows
the construction of the radial basis functions under tension as presented in [5]. The goal is the construction of
a radial basis function depending on a tension parameter such that, as in the univariate case, in the limit the
radial basis functions under tension reduce to the pseudo-linear splines as the tension parameter becomes large
and reduce to the pseudo-cubic splines as the tension parameter becomes small. Let us now give here a brief
recall of the theory of the pseudo-polynomial (m, s)−splines investigated by Duchon [10]. Let us consider the
space H̃s introduced by Peetre [19], which is the set of all tempered distributions u whose Fourier transforms,

denoted û (or Fu), are locally integrable real-valued functions on Rd satisfying
∫

Rd

|û(ξ)|2|ξ|2sdξ < ∞. Let

Vm,s be the space of all distributions u for which all the derivatives Dαu of order |α| = m are in H̃s. In the
space Vm,s the following semi-norm

Nm,s(u) = (
∑

|α|=m

m!
α!

∫

Rd

|D̂αu(ξ)|2|ξ|2sdξ)1/2, (4)

is defined. Under the assumption −m +
d

2
< s <

d

2
, the space Vm,s with the semi-norm (4) is continuously

embedded in the space C(Rd) of continuous functions on Rd. The pseudo-linear splines correspond to s = s0 :=
d + 1

2
−m and m ≥ 1, and the pseudo-cubic splines correspond to s = s∞ :=

d + 3
2

−m and m ≥ 2. We have

Vm,s∞ ↪→ C(Rd) and Vm,s0 ↪→ C(Rd).
Let S(Rd) denote the space of rapidly decaying, infinitely differentiable functions on Rd and let S ′(Rd) denote

its dual space, the space of tempered distributions on Rd. The space D(Rd) = C∞0 (Rd) denotes the space of
infinitely differentiable supported functions on Rd.

1. Associated Beppo-Levi space

Let us introduce the following weight function

ωm,τ (ξ) = τ2 |ξ|d+1−2m

1−
( |ξ|2
|ξ|2 + τ2

) d+1
2

, (5)

where m ≥ 1 is a positive integer and τ > 0 is a positive parameter. We consider the following semi-norm

|u|m,τ =
( ∑

|α|=m

m!
α!

∫

Rd

|D̂αu(ξ)|2 ωm,τ (ξ)dξ
)1/2

, (6)

in an appropriate space Xm
τ (Rd) (see below). The choose of the weight function given by (5), is motivated by

the following arguments. By expanding the function ωm,τ , we obtain the asymptotic behavior

ωm,τ (ξ) ∼τ→∞ τ2|ξ|d+1−2m a.e,

namely, as τ →∞, the weight function ωm,τ goes to the weight function associated to the pseudo-linear splines
up to a multiplicative constant. And on the other hand, we have the asymptotic behavior

ωm,τ (ξ) ∼τ→0
2

d + 1
|ξ|d+3−2m a.e,
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which also means that, as τ → 0, the weight function ωm,τ goes to the weight function associated to the pseudo-
cubic splines up to a multiplicative constant. Furthermore, the semi-norm | . |X associated to the semi-scalar
product (2) for curve spline under tension (see [2]) is given by

|u|X =
∫ +∞

−∞
|u′′(t)|2dt + τ2

∫ +∞

−∞
|u′(t)|2dt. (7)

By using Plancherel’s formula, the expression of the semi-norm (7) may be written in the following form

|u|X =
(∫ +∞

−∞
(|ξ|2 + τ2)|û′(ξ)|2 dξ

)1/2

. (8)

Observe that if we choose m = 1 and d = 1 in the expression (6), we obtain the semi-norm (8) minimizing by
the curve spline under tension. We will show that the RBFT given in [5], may be derived from the minimization
problem of the semi-norm (6) in an appropriate Beppo-levi space type Xm

τ (Rd).
We remark that the weight function ωm,τ satisfies

1 ≤ 1

1−
( |ξ|2
|ξ|2 + τ2

) d+1
2

≤ 1
τ2
|ξ|2 + 1, ∀ξ ∈ Rd,

which gives
τ2|ξ|d+1−2m ≤ ωm,τ (ξ) ≤ |ξ|d+3−2m + τ2|ξ|d+1−2m. (9)

Let us consider the subspace Hωm,τ of tempered distributions u, whose Fourier transforms û are locally integrable

real-valued functions on Rd satisfying
∫

Rd

|û(ξ)|2ωm,τ (ξ)dξ < ∞. On this space, we consider the following scalar

product

(u|v)ωm,τ =
∫

Rd

û(ξ)v̂(ξ)ωm,τ (ξ)dξ. (10)

The associated norm is denoted by ||u||ωm,τ = (u|u)1/2
ωm,τ .

Theorem 1. The space Hωm,τ endowed with the scalar product (10) is a subspace of H̃s0 , with continuous
injection and it is a Hilbert subspace of S ′(Rd) with continuous injection.

Proof. This is an immediate consequence of the inequality (9) and the properties of the space H̃s of Peetre
[19]. ¤

Let us consider the functional Beppo-Levi type space [8], Xm
τ (Rd) = BLm(Hωm,τ ) of distributions on Rd

whose derivatives of order |α| = m are in Hωm,τ , namely

Xm
τ (Rd) =

{
u ∈ D′(Rd) ; Dαu ∈ Hωm,τ , ∀α ∈ Nd, |α| = m

}
. (11)

A semi-inner product in Xm
τ (Rd) is given by

(u|v)m,τ =
∑

|α|=m

m!
α!

∫

Rd

D̂αu(ξ)D̂αv(ξ)ωm,τ (ξ)dξ, ∀u, v ∈ Xm
τ (Rd). (12)

The associated semi-norm is |u|m,τ = (u|u)1/2
m,τ . The null subspace of the semi-normed space (Xm

τ (Rd), | . |m,τ )
is Πm−1 the space of polynomials of degree ≤ m− 1 on Rd.
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Theorem 2. The space Xm
τ (Rd) satisfies the following properties

a) Vm,s∞ ∩ Vm,s0 ⊂ Xm
τ (Rd) ⊂ Vm,s0 and the last inclusion is with continuous injection.

b) S(Rd) ⊂ Xm
τ (Rd) ⊂ S ′(Rd).

c) The space Xm
τ (Rd) is a semi-Hilbert subspace of the space C(Rd) with continuous injection.

Proof. Let u be a distribution such that for all multi-index α with |α| = m, the Fourier transform D̂αu of Dαu
is a locally integrable function on Rd. ¿From the inequality (9), we have

τNm,s0(u) ≤ |u|m,τ ≤
√
N 2

m,s∞(u) + τ2N 2
m,s0

(u). (13)

The inequalities (13) prove the item a). The other items follow from the properties of the spaces Vm,s0 and
Vm,s∞ . ¤

2. Associated Pseudo-differential operator

Let us define the pseudo-differential operator ∆d,τ : S ′(Rd) → S ′(Rd) as a differential operator such that for
a tempered distribution T , the Fourier transform of ∆d,τT is a tempered distribution given by

∆̂d,τT = ωm,τ (ξ)|ξ|2mT̂ = τ2 |ξ|d+1

1−
( |ξ|2
|ξ|2 + τ2

) d+1
2

T̂ .

As usual in the distributions theory, we use the standard notation 〈T, ϕ〉, to denote the action of a distribution
T on a test function ϕ.

Proposition 1. a) For any element u of Xm
τ (Rd), the distribution ∆d,τu is well-defined as a tempered

distribution such that for any function ϕ in S(Rd),

〈∆d,τu, ϕ〉 = 〈u, ∆d,τϕ〉 = (u|ϕ)m,τ .

b) If u is an element of Xm
τ (Rd) such that ∆d,τu = 0, then u is a polynomial in Πm−1.

Proof. a) Let u ∈ Xm
τ (Rd) ⊂ S ′(Rd) and let α be a multi-index such that |α| = m. We have gα := (iξ)2αωm,τ û =

(iξ)αωm,τ D̂αu ∈ L1
loc(Rd) and gα is a distribution on Rd. Let (ϕn)n be a sequence of functions in D(Rd) which

converges to zero in S(Rd). We have 〈gα, ϕn〉 =
∫
Rd ωm,τ (ξ)(iξ)αD̂αu(ξ)ϕn(ξ)dξ. By virtue of the Cauchy-

Schwarz’s inequality, we have |〈gα, ϕn〉| ≤ (
∫
Rd ωm,τ (ξ)|D̂αu(ξ)|2dξ)1/2(

∫
Rd ωm,τ (ξ)|(iξ)αϕn(ξ)|2dξ)1/2. Since,

|(iξ)α| ≤ |ξ||α| = |ξ|m, and according to (9), we obtain

|〈gα, ϕn〉| ≤ C sup
ξ∈Rd

|(1 + |ξ|2)d+1ϕn(ξ)|, (14)

where 0 < C := max(1 + τ2, 2)|u|m,τ

[∫
|ξ|≤1

|ξ|d+1dξ +
∫
|ξ|>1

1
|ξ|3d+1 dξ

]1/2

< ∞ is a positive constant. Since the

sequence (ϕn)n converges to zero in S(Rd), it follows from (14) that the sequence 〈gα, ϕn〉 converges to zero
and this shows that the distribution gα is tempered. Then, the linear combination

∑

|α|=m

m!
α!

gα = (−1)mωm,τ (ξ)|ξ|2mû = (−1)m∆̂d,τu,

is also a tempered distribution and consequently, ∆d,τu is well-defined as a tempered distribution. Furthermore,

for any ϕ ∈ S, we have (u|ϕ)m,τ =
∑

|α|=m

m!
α!

∫

Rd

ξ2αωm,τ (ξ)û(ξ)ϕ̂(ξ)dξ, and using the relation
∑

|α|=m

m!
α!

ξ2α =
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|ξ|2m, we obtain that (u|ϕ)m,τ = 〈F [∆d,τu],Fϕ〉 = 〈Fu,F [∆d,τϕ]〉. Since for any distribution T ∈ S ′(Rd) and
any function ϕ ∈ S(Rd), we have the relation 〈FT,Fϕ〉 = 〈T, ϕ〉, the result follows.

b) Let u be an element of Xm
τ (Rd), such that ∆d,τu = 0, it follows that ωm,τ (ξ)|ξ|2mû = 0, then |ξ|d+1û = 0.

The function ξ 7→ |ξ|d+1 vanishes only at the origin. It follows that û is a distribution whose support is the
origin. From Schwartz’s Theorem [20, p.100], û is a finite linear combination of Dirac’s measure at the origin
and its derivatives. Hence u is a polynomial, and its derivatives Dαu for all |α| = m are also polynomials
belonging to Hωm,τ

. But the only polynomial in Hωm,τ
is the zero polynomial, thus Dαu = 0 for |α| = m,

namely u is in Πm−1. ¤

A fundamental solution of the differential operator ∆d,τ is a tempered distribution Φd,τ such that

∆d,τΦd,τ = δ, (15)

where δ is Dirac’s measure at the origin. The Fourier transform Φ̂d,τ of Φd,τ satisfies the following relation

ωm,τ (ξ)|ξ|2mΦ̂d,τ = 1. (16)

Theorem 3. A fundamental solution of the operator ∆d,τ is the tempered distribution Φd,τ induced by the
function, also denoted Φd,τ and given by

Φd,τ (x) = Cd,τ (e−τ |x| + τ |x|), where Cd,τ = − 1
2dτ3π(d−1)/2Γ(d+1

2 )
, (17)

where Γ is the Gamma function. The function Φd,τ has a continuous extension to a function of class C2 on Rd.

Proof. Let Φ1(x) = τ |x| and Φ2(x) = e−τ |x|. The distributions induced by the functions Φ1 and Φ2 and also
denoted by Φ1 and Φ2, respectively, are tempered. We recall the following two formulas, which are accessible
in the literature. The first one (see, for instance, [13, pp 172-173])

|̂ξ|α = 2d+απd/2 Γ(d+α
2 )

Γ(−α
2 )

Fp[
1

|ξ|d+α
], (18)

for α > 0 and α /∈ 2N, and the second one (see, for instance, [21, pp 163-165])

∫ +∞

0

e−βtJν(αt)tν+1dt = 2β
1√
π

(2α)νΓ(ν +
3
2
)(α2 + β2)−ν− 3

2 , (19)

where ν > −1, β > 0, α ∈ R, and Jν is a Bessel function. From formula (18), for α = 1, we get the Fourier
transform of the distribution Φ1 as Φ̂1 = −2dτπ(d−1)/2Γ(d+1

2 )Fp[ 1
|ξ|d+1 ]. Thus

ωm,τ (ξ)|ξ|2mΦ̂1 = −2dτπ(d−1)/2Γ(
d + 1

2
)ωm,τ (ξ)Fp[

1
|ξ|d+1−2m

]. (20)

Since ξ 7→ 1
|ξ|d+1−2m is in fact a locally integrable function, thus the symbol Fp for finite part of the distribution

is useless. Now, from formula (19), for β = τ , α = |ξ| and ν =
d− 2

2
we get the following formula

(2π)d/2|ξ| 2−d
2

∫ +∞

0

e−τtJ d−2
2

(|ξ|t)t d
2 dt = 2dτπ(d−1)/2Γ(

d + 1
2

)(|ξ|2 + τ2)−
d+1
2 ,
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which means by the Hankel transform that the Fourier transform of the function Φ2 is given by Φ̂2 =

2dτπ(d−1)/2Γ(
d + 1

2
)(|ξ|2 + τ2)−

d+1
2 . Thus

ωm,τ (ξ)|ξ|2mΦ̂2 = 2dτπ(d−1)/2Γ(
d + 1

2
)ωm,τ (ξ)|ξ|2m(|ξ|2 + τ2)−

d+1
2 . (21)

Let Ad,τ = −2dτπ(d−1)/2Γ(d+1
2 ). From relations (20) and (21), we get ωm,τ (ξ)|ξ|2mF [Φ1 +Φ2] = τ2Ad,τ , which

means that the Fourier transform of the function Φd,τ satisfies ωm,τ (ξ)|ξ|2mΦ̂d,τ = 1, namely, ̂∆d,τΦd,τ = 1 = δ̂.
Therefore ∆d,τΦd,τ = δ, and Φd,τ is a fundamental solution of the pseudo-differential operator ∆d,τ .

It is obvious to check that the function Φd,τ has a continuous extension to a function of class C2 on Rd, which
still denoted Φd,τ with the extension to zero given, for i, j = 1, · · · , d, by ∂Φd,τ

∂xi
(0) = 0, ∂2Φd,τ

∂xi∂xj
(0) = 0 for i 6= j

and ∂2Φd,τ

∂x2
i

(0) = −Cd,τ τ2 = 1
2dτπ(d−1)/2Γ( d+1

2 )
. ¤

A compactly supported measure µ on Rd, is said to be orthogonal to Πm−1, if and only if it satisfies the

orthogonal condition
∫

Rd

ξαdµ(ξ) = 0, for all multi-index α such that |α| ≤ m− 1. This condition is equivalent

to Dβµ̂(0) = 0, for all multi-index such that |α| ≤ m − 1, where µ̂ is the Fourier transform of the measure µ.
It is well known that the Fourier transform µ̂ of a compactly supported measure µ on Rd is a slowly increasing
bounded C∞ function on Rd.

Theorem 4. Let µ be a compactly supported measure, orthogonal to Πm−1. Then
a) The convolution product µ ∗ Φd,τ is an element of Xm

τ (Rd).
b) We have ∆m

d,τ (µ ∗ Φd,τ ) = µ.
c) For any element u of Xm

τ (Rd) we have 〈µ, u〉 = (µ ∗ Φd,τ |u)m,τ .

Proof. See [6]. ¤

It immediately follows from the item c) of Theorem 4 that for all compactly supported measure µ orthogonal
to Πm−1,

〈µ, µ ∗ Φd,τ 〉 = (µ ∗ Φd,τ |µ ∗ Φd,τ )m,τ = |µ ∗ Φd,τ |2m,τ > 0.

Especially, for all measure µ =
p∑

k=1

ckδxk
supported at by finite set {x1, · · · , xp} of p points of Rd such that

〈µ, p〉 =
∑p

k=1 ckp(xk) = 0, for all p ∈ Πm−1, we have 〈µ, µ ∗Φd,τ 〉 =
∑p

i,j=1 cicjΦd,τ (xi−xj) > 0, which means
that the function Φd,τ is strictly conditionally positive definite function of order m ≥ 1 for all d ≥ 1. For the
definition of a strictly conditionally positive definite function see, for instance, [7, 18].

3. Variational Problem

Let us give an arbitrary finite set A = {x1, · · · , xN} ⊂ Rd of scattered data points (xi 6= xj). We assume
that N ≥ d(m) := dim(Πm−1) and that A contains a Πm−1-unisolvent subset, which means that if p ∈ Πm−1 is
such that p(xi) = 0 for i = 1, · · · , d(m), then p is the zero polynomial. Let z = (z1, · · · , zN )T be a given vector
in RN .

Consider the following interpolating problem

Findu ∈ Xm
τ (Rd) such that

|u|m,τ = min
v∈Xm

τ (Rd)
v(xi)=zi
i=1,··· ,N

|v|m,τ (22)
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and the smoothing problem
Findu ∈ Xm

τ (Rd) such that
Jρ(u) = min

v∈Xm
τ (Rd)

Jρ(v), (23)

where

Jρ(v) = |v|2m,τ +
1
ρ

N∑

i=1

(v(xi)− zi)2.

In the space Xm
τ (Rd), we consider the scalar product given by

〈u|v〉m,τ = (u|v)m,τ +
1
ε

N∑

i=1

u(xi)v(xi) (24)

where the parameter ε = 1 for the interpolating problem and ε = ρ for the smoothing problem, is fixed once
and for all the rest of this Section. Let ||u||m,τ the associated norm of the scalar product given by (24).

The following proposition is an immediate consequence of Theorem 2,

Proposition 2. The space Xm
τ (Rd) endowed with the scalar product (24) and its associated norm is a Hilbert

subspace of C(R) with continuous injection.

Now, we can state the following Theorem

Theorem 5. Let N be an integer such that N ≥ d(m), let A = {x1, · · · , xN} be a finite set of distinct points in
Rd which contains a Πm−1-unisolvent subset and let z = (z1, · · · , zN )T ∈ RN . Then, the interpolating problem
(22) and the smoothing problem (23) have a unique solution σAτ and σAτ,ρ in Xm

τ (Rd), respectively. The solutions
are explicitly given by

σAτ (x) =
N∑

i=1

λiΦd,τ (x− xi) +
d(m)∑

i=1

αipi(x), (25)

and

σAτ,ρ(x) =
N∑

i=1

µiΦd,τ (x− xi) +
d(m)∑

i=1

βipi(x), (26)

where Φd,τ is given by (17) and (pj)j=1,··· ,d(m) is a basis of Πm−1. The vectors λ = (λ1, · · · , λN )T , µ =
(µ1, · · · , µN )T , α = (α1, · · · , αd(m))T and β = (β1, · · · , βd(m))T are computed by solving the following nonsin-
gular linear systems

(
A M

MT O

)(
λ
α

)
=

(
z
O

)
, and

(
A + ρIN M

MT O

)(
µ
β

)
=

(
z
O

)
, (27)

where A = (Φd,τ (xi − xj))1≤i,j≤N is a N ×N matrix, M = (pj(xi)) 1≤i≤N
1≤j≤d(m)

is a N × d(m) matrix, IN is the
N ×N identity matrix.

Proof. The proof of this theorem is based on the classical abstract theory of spline functions. For instance,
Theorem 4.4.2 in [16, p. 196] and Theorem 4.4.4 in [16, p. 201] prove the result (see also Theorem 1.1 in [1, p.
147] and Theorem 2.1 in [1, p. 153]). The fact that the linear systems are nonsingular resulted from the
conditionally positive definiteness of the function Φd,τ (see, for instance, [7, 18]) ¤

4. Numerical results

In this section, we give some examples of approximations by radial basis function with tension. All our
computations were carried out using Matlab 6.5 on an Intel Pentium workstation with about 16 significant
decimal digits.
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4.1. Example 1

In the first example we consider the problem of interpolation in one variable. The function to be interpolated

is the function f(x) =
1
2
(10 + tanh(x)) restricted to the range [−5, 5]. We interpolate the function at the

following N = 7 points x1 = −5, x2 = −2, x3 = −0.5, x4 = 0, x5 = 1, x6 = 2 and x7 = 5 by a cubic spline
and by the RBFT with τ = 0.91. Figure 1 shows the results. We observe that the cubic spline presents some
extraneus values relative to the interpolating function. This problem is eliminated by using RBFT. The relative
error of the cubic spline to the original function is numerically computed and is 1.39e− 002. Since the relative
error of the RBFT with τ = 0.91 to the original function is 8.28e− 004.
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4.4
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−5 −4 −3 −2 −1 0 1 2 3 4 5
4.4

4.6

4.8

5

5.2

5.4

Figure 1. The original function (left), the original function with the interpolating cubic spline
(center), the original function with the RBFT with τ = 0.91 (right).

4.2. Example 2

In this example we consider the smoothing problem also in one variable with the original function f is the
one given in Example 1. The N = 150 points x1, · · · , xN are given in the range [−5, 5] and we consider the
values

zi = f(xi) + εi, i = 1, . . . , N

where the εi’s are independently, normally and identically distributed random variables. The function is ap-
proximated by using the smoothing RBFT for different values of the parameter τ of tension together with the
values of the parameter ρ. We compared the method of the smoothing RBFT to the smoothing cubique spline.
Figure 2 shows the results. The relative error of the smoothing cubic spline for ρ = 0.1 to the original function
is 0.0098. Since the relative error of the RBFT for ρ = 0.1 and τ = 1 is 0.0105 and for ρ = 0.1 and τ = 7 is
0.0034.

4.3. Example 3

The third example examines the case of interpolation of surface with two variables. It shows how the use of
RBFT may help to avoid an undesirable extraneous overshoot of the interpolating surface. The function to be
interpolated is given on the rectangle [0, 1]× [0, 1] by

f(x, y) =





1
2

if y ≤ 2
5

1
2
(1− 25

9
(y − 2

5
)2) if y >

2
5

and x ≤ 1
5

125
72

(1− y)2(1− x) if y >
2
5

and x >
1
5
.



ESAIM: PROCEEDINGS 81

−5 −4 −3 −2 −1 0 1 2 3 4 5
4.4

4.6

4.8

5

5.2

5.4

−5 −4 −3 −2 −1 0 1 2 3 4 5
4.4

4.6

4.8

5

5.2

5.4

−5 −4 −3 −2 −1 0 1 2 3 4 5
4.4

4.6

4.8

5

5.2

5.4

Figure 2. The original function with the smoothing cubic spline with ρ = 0.1 (left), the
original function with the the smoothing RBFT with τ = 1 and ρ = 0.1 (center), the original
function with the the smoothing RBFT with τ = 6 and ρ = 0.1 (right).
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Figure 3. The original function (left), the TPS (center), the RBFT with τ = 10 (right). The
number of points is N = 500.

This is an extreme example since the interpolated original surface is discontinuous. Such surface models a
terrain with a faults. We interpolated the function f on a set of N = 500 scattered data points randomly
distributed on [0, 1] × [0, 1]. Figure 3 shows the original function together with the interpolating thin plate
spline and RBFT with τ = 10. we observe that the thin plate spline together with RBFT with small value of
the parameter of tension present some overshoot. Figure 4 shows the RBFT for some increasing values of the
parameter of tension, we observe that a large values of the the parameter of tension improve the result and
illuminate the overshoot.
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Figure 4. The RBFT with τ = 100 (left), the RBFT with τ = 500 (center), the RBFT with
τ = 2000 (right). The number of points is N = 500.
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