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Abstract

The definition of nearest-neighbor probability p(C) is introduced to characterize classification problems
with binary inputs. It measures the likelihood that two patterns, which are close according to the
Hamming distance, are assigned to the same class.

It is shown that the generalization ability gNN (C) of neural networks that resemble the nearest-
neighbor algorithm can be expressed as a function of p(C) and is upper bounded by p(C) when p(C) > 0.5.
In the opposite case a proper operator, called complementation, is proposed to improve the classification
process in the test phase.

1 Introduction

Despite its evident simplicity, the generalization ability of the nearest-neighbor algorithm in many real-
world problems is comparable with the one achieved by sofisticated learning techniques for neural networks.
Moreover, its theoretical validity has been well-established [1] allowing to guarantee the general reliability
of this classification method.

Unfortunately, the assignment of a class to a new input pattern requires the execution of a search among
the samples in the training set to detect the closest one. The execution time needed increases with the size
of the training set, which can lead to an excessive computational burden.

A way to overcome such a difficulty is to emulate the nearest-neighbor algorithm through a neural
network, whose intrinsic parallelism speeds up the classification process. In this case a training phase is
needed to obtain the weights, and sometimes the architecture, of the resulting connectionist model.

Several methods have been proposed to achieve this goal [2, 3, 4, 5, 6]. Most of them introduce a
partition of the input space in close subsets, each of which is generally associated with a single neuron. In
many models, such as the Learning Vector Quantization (LVQ) [7], the test phase is performed according to
the distance from input patterns called prototypes not necessarily included in the training set.

An intrinsic limitation of the nearest-neighbor approach is that the classification process is only based
on local properties. Thus, it may miss some global behaviors of the classifier to be identified. It would be
interesting to evaluate the locality of a training set, i.e. an estimate of the generalization ability achievable
by the nearest-neighbor algorithm, through a direct inspection of the given samples. Nevertheless, only
asymptotic estimates are available in the literature [1], which are not useful when the size of the training set
is small.

The present paper aims to develop a theoretical framework that can be applied to classification problems
with binary inputs. The concept of structured random classifier is introduced together with the definition
of nearest-neighbor probability p(C), which allows to measure the locality of a binary classifier C. Bounds on
the generalization ability gNN (C) achievable by the nearest-neighbor algorithm and by neural networks that
adopt the same approach will be obtained through the quantity p(C). A simple preprocessing method, called
complementation, is then proposed to allow the successful treatment of classifiers with poor locality.

For the sake of brevity, the proofs of the theorems will be omitted, but can be found in [8].
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2 The Nearest-Neighbor Probability

Consider a single output binary classifier C which receives Boolean patterns x having n components as input.
If the integer values −1 and +1 are used to code the two binary states, a Boolean function fC : {−1,+1}n →
{−1, +1} can be determined, where the value of fC(x) gives the class assigned by C to any input pattern x.

Denote with d(x, z) the usual Hamming distance between two patterns x,z ∈ {−1,+1}n, given by the
number of different bits

d(x,z) =
1
2

n∑

i=1

|xi − zi|

being xi the ith component of the binary vector x. We will analyze the properties of a general class of binary
classifiers, whose behavior is univocally determined by a fixed real number p ∈ (0, 1), called generation
probability. The Boolean function fC associated with a classifier C of this kind is generated through the
algorithm in Fig. 1.

STRUCTURED RANDOM CLASSIFIER
(Generation Algorithm)

1. Set h = 1. Choose at random with uniform probability a pattern
x0 ∈ {−1,+1}n and set

fC(x0) =
{

+1 with probability 0.5
−1 with probability 0.5

2. Consider the set Dh of the patterns x ∈ {−1,+1}n having d(x, x0) = h.

3. For each x ∈ Dh choose at random with uniform probability a pattern
z ∈ Dh−1 such that d(x, z) = 1 and set

fC(x) =
{

fC(z) with probability p
−fC(z) with probability 1− p

4. Add 1 to h; if h ≤ n go to Step 2.

Figure 1: Algorithm used to generate a structured random classifier.

The following definition will be extensively used:

Definition 1 A classifier C constructed according to the algorithm in Fig. 1 will be called structured random
classifier.

The following theorem gives a basic property of structured random classifiers, which allows to forecast
the performance of the nearest-neighbor algorithm.

Theorem 1 Let C be a structured random classifier, defined on the input domain {−1, +1}n and character-
ized by the generation probability p. If m ≤ n is a positive integer, for any pair x,z the probability

pm(C) = Pr{fC(x) = fC(z) | d(x, z) = m} (1)

only depends on p, m and n. In particular, we have

pm(C) =
1 + (2p1(C)− 1)m

2
(2)

Thus, the quantity p(C) = p1(C) = Pr{fC(x) = fC(z) | d(x, z) = 1} is a characteristic of any structured
random classifier C; it will be called nearest-neighbor probability. In the same way, the real number pm(C)
will be named the mth-order nearest-neighbor probability of C.
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2.1 Influence of p(C) on binary classification

Consider a structured random classifier C, defined on the input domain {−1, +1}n and associated with a
Boolean function fC . In the noise-free assumption the behavior of C is to be determined starting from a given
training set S that contains a collection of s samples (xj , yj), j = 1, . . . , s, where yj = fC(xj). The vectors
xj are supposed to be obtained by s independent applications of a fixed (unknown) distribution probability
Q acting on the domain {−1,+1}n.

If C is a structured random classifier, the generalization ability gNN (C) of the nearest-neighbor algorithm,
i.e. the probability of correctly classifying a new input pattern x, can be expressed in terms of the nearest-
neighbor probability p(C), as shown by the following theorem. Here we have denoted with X and Y the
random variables whose realization is x and y, respectively; furthermore, d(x, S) is the distance between x
and the training set S, defined as

d(x, S) = min
xj∈S

d(x, xj)

Theorem 2 Let C be a structured random classifier, defined on the input domain {−1, +1}n. The probability
gNN (C) that the nearest-neighbor algorithm correctly classifies a new input pattern X not belonging to a given
training set S is given by

gNN (C) = Pr{Y = fC(X)} =
∑

m≥1

Pr{d(X, S) = m}pm(C) (3)

where the probability Pr{d(X, S) = m} is evaluated according to the distribution Q used to generate x.

As one can see, the quantity gNN (C) increases with the nearest-neighbor probabilities pm(C); in turn, these
depend on p(C) according to equation (2). Note that for p(C) = 0.5 equation (3) gives gNN (C) = 0.5, which
corresponds to a random classification with uniform probability. On the other hand, when 0.5 < p(C) ≤ 1
simple bounds for the quantity gNN (C) are given by the following corollary.

Corollary 1 For any structured random classifier C having 0.5 < p(C) ≤ 1 the generalization ability gNN (C)
satisfies the following inequalities

0.5 < gNN (C) ≤ p(C) (4)

If p(C) < 0.5 we are not able to derive general bounds for the quantity gNN (C). However, if the distri-
bution probability Q, used to generate the training S, is uniform on its domain {−1, +1}n, the following
theorem gives an estimate of the generalization ability of the nearest-neighbor algorithm.

Theorem 3 For any structured random classifier C the generalization ability gNN (C) satisfies the following
inequality

gNN (C) ≤ p(C)− (1− p(C))(2p(C)− 1)

(
2n − n− 1

s

)

(
2n − 1

s

) (5)

if the training set S has been obtained by a random sampling with uniform probability in the input space.

2.2 Complement of a Boolean function

If C is a structured random classifier, the generalization ability gNN (C) can be made not lower than 0.5 by
preprocessing the training set through a proper transformation [9], which will be called complementation.

Definition 2 Given a Boolean function fC : {−1, +1}n → {−1,+1}, its complement f̃C is defined as

f̃C(x) = fC(x)⊕ fP(x) = fC(x)fP(x)

where fP = x1 ⊕ x2 ⊕ · · · ⊕ xn is the parity function and ⊕ is the logical xor product.
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In analogy with this definition the notation C̃ will be used henceforth to denote the binary classifier associated
with f̃C .

The complement operation allows one to change the nearest-neighbor probability according to the fol-
lowing theorem

Theorem 4 The nearest-neighbor probability p(C̃) of the complement of a structured random classifier C is

p(C̃) = 1− p(C)

Thus, when facing a structured random classifier C with p(C) < 0.5, the application of Theorem 4 allows
to make the generalization ability gNN (C) higher than 0.5 by complementing the associated Boolean function
fC .

3 Estimating the nearest-neighbor probability

The results obtained in the previous sections can be applied to any practical situation if we assume that the
classification problem at hand is a particular realization of a structured random classifier C. In these cases it
is necessary to achieve a refined estimate of the nearest-neighbor probability p(C) which should be obtained
by using all the available information.

Consider a Bernoulli random variable B assuming the value 1 with probability p (and thus the value 0
with probability 1− p). The Chebyshev’s inequality [1] bounds the probability that the empirical average of
l subsequent realizations of B shifts away from its expected value EB = p

Pr{|µ(p)− p| ≥ ε} ≤ Var(B)
lε2

(6)

where Var(B) is the variance of B, whereas µ(p) is the empirical average of B obtained by a sample with l
realizations bi, i = 1, . . . , l

µ(p) =
1
l

l∑

i=1

bi

Since B is a Bernoulli random variable, Var(B) = p(1− p).
In our case p is one of the high-order nearest-neighbor probabilities pm(C), whereas B is the output of

the two-state function h defined as

h(x, z) = 1− |fC(x)− fC(z)|
2

(7)

By virtue of (2) the empirical average µ(pm(C)) can be employed to obtain an estimate p̂(m)(C) of the
nearest-neighbor probability p(C)

p̂(m)(C) =
1 + (2µ(pm(C))− 1)1/m

2

This estimate can be used if the probability Pr{|p̂(m)(C) − p(C)| ≥ ε} is sufficiently small, which can be
verified by employing the following result.

Theorem 5 If σ2
m(C) is the variance of the output of the two-state function h(x,z) defined in (7), then

Pr
{
|p̂(m)(C)− p(C)| ≥ ε

|2p̂(m)(C)− 1|m
}
≤ σ2

m(C)
|Cm|ε2

(8)

where Cm = {(x, z) ∈ S × S : d(x, z) = m}.
The values of m that can be used in estimating the nearest-neighbor probability p(C) through p̂(m)(C) are

therefore those which lead to a sufficiently small value of the so computed modified confidence. In particular,
in our tests only the integers m are taken, which lead to a confidence not higher than that deriving from the
Chebyshev’s inequality for m = 1, provided that they do not exceed the maximum value of 0.1. If for m = 1
we obtain a confidence less than 1%, other values of m are not considered. In any case an estimate of the
variance σ2

m(C) obtained with less than 20 samples is discarded.
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4 Tests on artificial Boolean classifiers

In order to assess the significance of the nearest-neighbor probability p(C) in the analysis of the generalization
ability of the nearest-neighbor algorithm and of neural networks employing the same approach, two kind of
experiments have been devised. In the first of them we investigate binary classifiers C whose nearest-neighbor
probability p(C) is fixed beforehand. Through a proper algorithm we have generated the truth tables of 30
Boolean functions for any value of the nearest-neighbor probability ranging from 0 to 1 with step 0.025.
These values have been estimated by using the procedure described in the previous section; the dimension
of the input space was always n = 10.

102 (10%) samples among the total 1024 have been randomly chosen (with uniform probability) to
form the training set S, whereas the remaining 922 input patterns have then been used to evaluate the
generalization ability gNN (C) of the nearest-neighbor algorithm. This is reported in Fig. 2a together with
the upper bound (5), whose right hand side has been computed by employing the estimate of p(C) obtained
on the pattern in S.

a) b)

Figure 2: Theoretical and experimental generalization ability of the nearest-neighbor algorithm on artificial
binary classifiers: a) before complementation, b) after complementation.

As one can see, the difference between the theoretical prevision and the experimental evaluation of
the generalization ability performed by the nearest-neighbor method is very small, thus showing the high
confidence associated with equation (5). The deviations reported in Fig. 2 are mainly due to the uncertainty
in the empirical estimation of the nearest-neighbor probability p(C).

It is noteworthy to observe that the generalization ability is less than 0.5 (random classifier) when
p(C) < 0.5. As previously described, this undesirable behavior can be overcome by preprocessing the training
(and test) set through the complementation defined in Sec. 2.2. This leads to the curve plotted in Fig. 2b
for the experimental evaluation of the generalization ability gNN (C). The symmetry of this empirical curve
points out the efficiency of the complement operator.

4.1 Monk’s problems

A second experiment deals with three realistic benchmarks, known as Monk’s problems [10]; the associated
classifiers are defined in a “robot” domain, described by six discrete attributes, which lead to 432 different
samples. The first two Monk’s problems are noise-free, whereas in the third case 5% of the total samples
in the training set are misclassifed, simulating the action of noise in their aquisition. Since the inputs are
discrete but not Boolean, a proper transformation has been applied, thus resulting in binary input patterns
containing 15 components, each of which is associated with the presence of a particular attribute in the
corresponding robot.

The estimation of the nearest-neighbor probability gives the values listed in the second column of Tab. 1.
Only in the second Monk’s problem this value is less than 0.5, thus leading to an advantage in using the
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Problem NN prob. Upper bound Class. ability
Monk #1 0.9085 0.9085 0.8052
Monk #2 0.3030 0.5571 0.4525
Monk #2 (compl.) 0.6970 0.6970 0.6502
Monk #3 0.9232 0.9232 0.8391

Table 1: Nearest-neighbor probability estimate, upper bound and real value of the nearest-neighbor algorithm
generalization ability for the Monk’s problems.

complement operator, whose corresponding results are shown in the third row.
The two rightmost columns of Tab. 1 contain the upper bound and the real value of the generalization

ability obtained with the nearest-neighbor algorithm. Since the training sets are not produced by a uniform
sampling of the input space, equation (5) is only used when the estimation of the nearest-neighbor probability
p(C) falls below 0.5. In the other cases, p(C) is directly employed as an upper bound for the generalization
ability.

The difference between the values reported in these columns is always around 0.1; this error is mostly
due to the small number of samples at hand: 432 input patterns out of the total 215 = 32768 can only give
partial information about the underlying nearest-neighbor probability.
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