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Abstra
tWe apply fuzzy modeling to derive a mathemati
al model for abiologi
al phenomena: the orientation to light of the planarian Den-dro
oleum la
teum. This behavior was des
ribed linguisti
ally by sev-eral ethologists and fuzzy modeling allows us to transform their de-s
riptions into a mathemati
al model. The behavior of the resultingmathemati
al model, as studied using both simulations and rigorousanalysis, is 
ongruent with the behavior a
tually observed in nature.This seems to indi
ate that the verbal explanations suggested by theethologists are indeed 
orre
t.We believe that the fuzzy modeling approa
h demonstrated heremay be very suitable for biomimi
ry, that is, the design of arti�
ialsystems based on mimi
king a natural behavior observed in nature.keywords: Linguisti
 modeling, hybrid systems, dis
rete-event systems.
1 Introdu
tionIn many of the �soft s
ien
es� (e.g., psy
hology, so
iology, ethology) s
ientistsprovided verbal des
riptions and explanations of various phenomena based on�eld observations. It is obvious that obtaining a suitablemathemati
almodel,2



des
ribing the observed system or behavior, 
an greatly enhan
e our ability tounderstand and study it in a s
ienti�
 manner. Indeed, mathemati
al modelsare very useful in summarizing and interpreting empiri
al data. Furthermore,on
e derived, su
h models allow us to analyze the system qualitatively andquantitatively using mathemati
al tools.In a re
ent paper [14℄, we advo
ated fuzzy logi
 theory as the most suit-able tool for transforming linguisti
 des
riptions of various observed phenom-ena into suitable mathemati
al models. This approa
h is 
ongruent with thenotion that the real power of fuzzy logi
 is in its ability to handle and manip-ulate linguisti
 information based on per
eptions rather than equations (see,e.g., [4℄ [8℄ [9℄ [17℄). Indeed, fuzzy modeling is routinely used to transformthe knowledge of an expert, be it a physi
ian or a pro
ess operator, into a
omputer algorithm. Yet, not enough attention has been given to its possibleuse as a tool to assist human observers transform their linguisti
 des
riptionsinto mathemati
al models.A fuzzy model represents the real system in a form that 
orresponds
losely to the way humans per
eive it. Thus, the model is easily under-standable, even by a non-professional audien
e, and ea
h parameter has areadily per
eivable meaning. The model 
an be easily altered to in
orporate3



new phenomena, and if its behavior is di�erent than expe
ted, it is usuallysimple to �nd whi
h rule/term should be modi�ed and how. Furthermore,being a mature �eld, the mathemati
al pro
edures used in fuzzy modelinghave been tried and tested many times, and the standard te
hniques are welldo
umented. Furthermore, fuzzy modeling o�ers a unique advantage�the
lose relationship between the linguisti
 des
ription and the resulting math-emati
al model 
an be used to verify the validity of the verbal explanationssuggested by the observer. Thus, the derived mathemati
al model 
an beused to prove or refute the modeler's ideas as to how the natural systembehaves and why.In [14℄, we presented this approa
h in detail and demonstrated it bytransforming the linguisti
 des
ription of territorial behavior in �sh, givenby Nobel Laureate Konrad Lorenz in [7℄, into a mathemati
al model.In this paper, we use this approa
h to develop a mathemati
al modelfor an additional phenomenon of animal behavior: the orientation to lightof the planarian Dendro
oleum la
teum. This behavior was des
ribed andexplained by several ethologists, and we demonstrate how fuzzy modeling 
anbe used to transform this linguisti
 information into a mathemati
al model.The behavior of the resulting mathemati
al model, as studied using both4



simulations and rigorous analysis, is 
ongruent with the behavior a
tuallyobserved in nature. This seems to indi
ate that the verbal explanationssuggested by the ethologists are indeed 
orre
t.There are several reasons why our work fo
uses on models from ethology.First, for many a
tions of animals (and humans) the all-or-none law does nothold; the behavior itself is �fuzzy�. Hen
e, fuzzy modeling seems the mostappropriate tool for studying su
h behaviors.The se
ond reason is that resear
hes studying animal behavior often pro-vide a linguisti
 des
ription of both their observations and interpretations.For example, Fraenkel and Gunn des
ribe the behavior of a 
o
kroa
h, thatbe
omes stationary when a large part of his body surfa
e is in 
onta
t witha solid obje
t, as: �A high degree of 
onta
t 
auses low a
tivity . . . � [5, pp.23℄.Another reason is that re
ently a great deal of resear
h e�ort is beingdire
ted towards biomimi
ry�the development of arti�
ial produ
ts or ma-
hines that mimi
 biologi
al phenomena (see, e.g., [1℄ [10℄). An important
omponent in this �eld is the ability to perform reverse engineering of ananimal's fun
tioning and then implement this behavior in an arti�
ial sys-tem. We believe that the approa
h presented in [14℄ and demonstrated in5



this paper may be very suitable for addressing biomimi
ry in a systemati
manner. Namely, start with a linguisti
 des
ription of an animal's behavior(e.g., foraging in ants) and, using fuzzy logi
 theory, obtain a mathemati
almodel of this behavior whi
h 
an be implemented by arti�
ial systems (e.g.,autonomous robots).The remainder of this paper is organized as follows. Se
tion 2 presentsthe linguisti
 des
riptions and explanations given by several ethologists whohave studied the response of Dendro
oleum la
teum to light. Se
tion 3 appliesfuzzy modeling to transform these linguisti
 des
riptions into a mathemati
almodel. Se
tion 4 des
ribes the results of simulations using the mathemati-
al model and 
ompares these to the behavior a
tually observed in nature.Se
tion 5 analyses the mathemati
al model. The �nal se
tion 
on
ludes.
2 Klino-kinesis in the Dendro
oleum la
teumAn animal's life depends on oriented movements. Su
h movements guide theanimal into its normal habitat or into other situations whi
h are of impor-tan
e to it. Various external fa
tors�light, smell, 
urrents, humidity, heat,and so on�a
tivate the living me
hanisms and lead to orientation. This allows6



predators to move towards possible prey, and away from possible danger. Insu
h a movement, referred to as taxis (see, e.g., [6℄), the dire
tion of move-ment is 
orrelated with the dire
tion of the stimulus. For example, positive(negative) photo-taxis is the dire
ted movement towards (away from) a sour
eof light. Taxes require sensory organs that 
an a

urately dete
t the dire
-tion of the stimulus, and a brain sophisti
ated enough to pro
ess the sensorydata and 
onsequently determine the appropriate dire
tion of movement.Simple organisms, su
h as wood li
e or �at-worms, do not ne
essarilyhave the physiologi
al equipment needed to perform taxes. Their eyes, forexample, do little more than indi
ate the general intensity of light but notits dire
tion. Hen
e, in su
h organisms the lo
omotory a
tion is a�e
ted bythe intensity of the stimulus but not by the dire
tion of the stimulus. Thistype of response is referred to as kinesis.1Klino-kinesis2 is de�ned as a movement where the rate of turning, butnot the dire
tion of turning, depends on the intensity of the stimulus. Thistype of movement appears in many �at-worms: in regions with higher lightintensity their rate of turning in
reases. As a result, eventually the animalsaggregate in shadier parts of the available habitat.1from the Greek kinesis, movement.2from the Greek klino, in
line. 7



In a 
lassi
al paper, Philip Ullyott studied this type of behavior in theDendro
oleum la
teum [15℄. In order to determine whether the rea
tion issimply to the intensity of the light falling on the animal, or to its dire
tionas well, he designed an apparatus insuring that the only obje
t visible to theanimal is the single pat
h of light dire
tly above it.He analyzed the e�e
ts of su
h a stimulus on the animal's behavior, andfound that the stimulus did not a�e
t the animal's linear velo
ity. Instead,in
reased light intensity yielded an in
rease in the rate of 
hange of dire
tion(r.
.d.) in whi
h the animal moved. Ullyott de�ned the r.
.d. as the sum ofall the deviations in the animal's path during one time unit, summing up bothright-hand and left-hand de�e
tions as positive 
hanges, and expressing theresult in units of angular degrees per minute. As the light was swit
hed on,the r.
.d. immediately in
reased but with time the r.
.d. fell o�, 
onvergingto a 
onstant level whi
h Ullyott designated the basal r.
.d. This de
rease ofresponse under 
onstant stimulation suggested the existen
e of an adaptationme
hanism. Ullyott summarized his �ndings as follows:�(1) An in
rease in stimulating intensity produ
es an in
rease in r.
.d.(2) This initial in
rease in r.
.d. falls o� under 
onstant stimulation owingto adaptation. 8



(3) There is a basal r.
.d., whi
h is an expression of the fa
t that turningmovements o

ur even in absolute darkness or at 
omplete adaptation.� [15,pp. 274℄Fraenkel and Gunn [5, Chapter V℄ reviewed and re�ned Ullyott's work.They developed a simpli�ed and deterministi
 model for the �averaged� ani-mal's movement in order to explain how its behavior eventually drives it toshadier regions. The most important simpli�
ation is the assumption thatthe animal always turns to the right and always through exa
tly 90Æ. As ther.
.d. in
reases, the time between these right-hand turns de
reases.Following Ullyott, Fraenkel and Gunn provided a heuristi
 explanationof how this behavior drives the animal to the darker regions. Suppose thatthe animal is pla
ed in a plane des
ribed by two 
oordinates (x; y), andthe light intensity be
omes stronger as we move along the positive dire
tionof the x-axis (see Fig. 1). Beginning at a point A, (and assuming thatthe animal is fully adapted to the light at A), the animal 
ontinues in thepositive x dire
tion until making a right-hand turn at point B, and so on.Along the segment AB, the light intensity in
reases and the adaptation levellags behind, so the r.
.d. in
reases. Along the BC segment the light intensityis 
onstant and the r.
.d. de
reases ba
k to its basal level. Along the CD9
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xFigure 1: The path followed by the �average� animal. Adapted from [5, pp.49℄.segment the light intensity de
reases and the r.
.d. remains 
onstant (notethat r.
.d. is a�e
ted only by an in
rease in the light's intensity). Finally,the behavior along the DE segment is as in the BC segment. Sin
e ther.
.d. in
reases along the AB segment and, due to the adaptation pro
ess,de
reases along the other segments (until it 
onverges to the basal r.
.d.), thesegment AB will be shorter than the segment CD. Hen
e, if we denote theinitial starting point by A, then after a set of 
onse
utive turns the animalends up at a point E, whi
h is 
loser to the darker part of the plane.Note that the adaptation pro
ess plays an essential role in this explana-tion sin
e it allows the animal to (indire
tly) 
ompare a 
ertain light intensity10



in the present with another light intensity in the past.Ullyott's results were quite surprising at the time of their publi
ation.Indeed, he postulated that although the animals' movements are not orientedwith the dire
tion of the light (i.e., kinesis), they still yield a result similarto negative photo-taxis, (i.e., �nally, the animals 
ongregate in the shadierregions of their habitat): �This alternate stimulation and adaptation has ane�e
t on the r.
.d. of su
h a kind that the animal is led automati
ally to thepla
e of minimal intensity.� [15, pp. 277℄It is important to note that both Ullyott and Fraenkel and Gunn providedonly a linguisti
 des
ription of the animal's behavior and a linguisti
 expla-nation of its out
ome. Patlak [12℄ studied the behavior of parti
les under thefollowing assumptions: the parti
les move in a random way but with persis-ten
e of dire
tion. Their movement is also in�uen
ed by an external for
e.He derived a suitable Fokker-Plan
k-type equation 
hara
terizing the parti-
les' movement and used this sto
hasti
 model to analyze klino-kinesis [11℄.However, his model ignores the adaptation pro
ess whi
h plays a vital rolein the des
ription given by Ullyott and Fraenkel and Gunn.
11



3 Fuzzy modelingIn this se
tion, we use the fuzzy modeling approa
h, des
ribed in [14℄, totransform the linguisti
 des
ription given above into a mathemati
al model.3.1 Identi�
ation of variablesThe variables in the model are: the animal's lo
ation in the plane (x(t); y(t));the light intensity at every point in the plane l(x; y); the light intensitythat the animal is 
urrently adapted to la(t); the r.
.d. r(t); the dire
tion ofmovement �(t); and the dis
rete set of times: t1; t2; : : : , in whi
h the animalperforms a turn. The model also in
ludes two 
onstants: the animal's linearvelo
ity v, and the basal r.
.d. rb.The next stage is to transform the linguisti
 model des
ribed in Se
tion 2into a set of fuzzy rules.3.2 The fuzzy rulesThe adaptation pro
ess 
hanges la(t), the level of adaptation to light, ina

ordan
e with the level of light l(t). We state this as two fuzzy rules� If l � la is positive, then _la = 
112



� If l � la is negative, then _la = �
1where 
1 is a positive 
onstant.The r.
.d. de
reases (in
reases) when it is above the basal r.
.d. (whenthe light stimulus is above the adaptation level). We state this as� If r � rb is large, then _r = �
2� If l � la is high, then _r = 
3where 
2; 
3 are positive 
onstants.Finally, following Fraenkel and Gunn's model, we add a 
risp rule� If R ttl r(�)d� = q, then � = � � �=2Here, tl < t designates the time when the last turn took pla
e, and q is apositive 
onstant. In other words, the r.
.d. a

umulates and whenever itrea
hes the threshold q, the animal makes a right-hand turn.3.3 De�ning the fuzzy termsThe next step is to de�ne the various fuzzy membership fun
tions, operators,and the fuzzy inferen
ing method used. Note that in developing a mathemat-i
al model for a system that is des
ribed linguisti
ally, there is a large number13



of degrees of freedom. Should we use ordinary di�erential equations or par-tial di�erential equations? linear or nonlinear equations? with or withouttime-delay fa
tors? negle
t or in
lude �small� e�e
ts? and so on.In the fuzzy modeling approa
h, the linguisti
 des
ription leads naturallyto the fuzzy rule base. However, the degrees of freedom are manifested in
hoosing the other 
omponents of the fuzzy model: the type of membership-fun
tions, logi
al operators, inferen
ing method, and the values of the di�er-ent parameters. Some guidelines on how to redu
e the number of degrees offreedom are des
ribed in [14℄.For our �rst set of rules, we model the fuzzy sets using the followingmembership fun
tions�positive(x) = ek1xek1x + e�k1x �negative(x) = e�k1xek1x + e�k1x (1)where k1 is a positive 
onstant. For the se
ond set of rules, we use �large(x) =Sk2(x), �high(x) = Sk3(x), where k2; k3 are positive 
onstants, and S is the
14



pie
ewise linear fun
tion
Sk(z) := 8>>>>>>>><>>>>>>>>:

0; if z � 0z=k; if 0 < z < k1; if z � k: (2)
We 
an now inferen
e the fuzzy rules to obtain a set of di�erential equa-tions.3.4 Fuzzy inferen
ingWe use simple additive inferen
ing. The �rst set of rules yields_la = 
1�positive(l � la)� 
1�negative(l � la)= 
1 ek1(l�la)ek1(l�la) + e�k1(l�la) � 
1 e�k1(l�la)ek1(l�la) + e�k1(l�la)= 
1 tanh(k1(l � la)): (3)Similarly, the se
ond set of rules yields_r = �
2Sk2(r � rb) + 
3Sk3(l � la): (4)15



_x = v 
os(�)_r = �
2Sk2(r � rb) + 
3Sk3(l � la)_la = 
1 tanh(k1(l � la)) �  � � �=2ti  ti i+ 1_y = v sin(�)
R tti r(�)d� = q

Figure 2: The hybrid model.The a
tual movement of the animal is given by_x = v 
os(�); _y = v sin(�): (5)The 
risp rule implies that the value � �jumps� at the dis
rete times t1; t2; : : :satisfying R ti+1ti r(�)d� = q, i = 0; 1; : : : (with t0 de�ned as zero). Thus, thesystem 
ombines 
ontinuous-time dynami
s and dis
rete events and is, there-fore, a hybrid system [16℄.Fig. 2 summarizes the mathemati
al model. The upper arrow in this�gure 
orresponds to the 
onditional transition des
ribed by the 
risp rule.When the 
ondition holds, the value of � is updated, and the evolution intime pro
eeds using the 
ontinuous-time dynami
s.The fuzzy modeling approa
h allowed us to transform the linguisti
 de-s
ription of the behavior into a mathemati
al model. The suitability of this16



model is determined, among other fa
tors, by how well it mimi
s the pat-terns that were a
tually observed in the natural system. In the next twose
tions, we study the behavior of the mathemati
al model using simulationsand rigorous analysis.
4 SimulationsOur simulations were motivated by the experiments performed by Ully-ott [15℄.4.1 Response to a sudden in
rease in light intensityIn one of his experiments, Ullyott �rst determined the basal r.
.d. by measur-ing the r.
.d. after the animals were pla
ed in total darkness for three hours(to make them 
ompletely dark adapted). He then exposed the animals to asudden in
rease in light intensity, and measured the r.
.d. at di�erent times.It should be noted that Ullyott's results were obtained by measuring andaveraging the behavior of many animals. Fig. 3 depi
ts the averaged r.
.d.as a fun
tion of time.We simulated a similar s
enario in our model using Eqns. (3)-(4) with the17
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1 = 5; 
2 = 1; 
3 = 2; k1 = 1; k2 = 1; k3 = 2; r(0) = rb = 2; la(0) = 0; (6)and the light intensity given by l(t) = 0 for t 2 [0; 1), and l(t) = 1 for t 2[1; 2℄. Fig. 4 depi
ts la(t) as a fun
tion of time. It may be seen that the18
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hed on, and then 
onvergesto la(t) = 1(= l(t)).Fig. 5 depi
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tion of time. Note the rapid in
rease of r(t)near the swit
hing time t = 1, and then the 
onvergen
e ba
k to the basalr.
.d. It is quite interesting to 
ompare this �gure with the results a
tuallymeasured by Ullyott as depi
ted in Fig. 3. The qualitative resemblan
e isobvious.
19



0 1 2 3 4 5 6 7 8
1.95

2

2.05

2.1

2.15

tFigure 5: r(t) as a fun
tion of time. r(0) = rb = 2, and the light is swit
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tory for initial values x(0) = y(0) = 0. Thelight intensity is l(x; y) = x.initial 
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tory (x(t); y(t)). Denoting the timesof the right-hand turns by t1; t2; : : : , (with t0 de�ned as zero), it may beseen that x(t0) > x(t4) > x(t8) > : : : . Thus, the traje
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the gradient was rather a gradual pro
ess, but in ea
h 
ase with the steepgradient, the animal was to be found at the darker end within 2 hours fromthe beginning of the experiment.� [15, pp. 272℄
5 AnalysisOne of the prin
iple advantages of mathemati
al models is that we 
an an-alyze them qualitatively and quantitatively using mathemati
al tools. Inthis se
tion, we analyze the behavior of the hybrid model for the s
enariosdes
ribed in the simulations above.5.1 Response to a sudden in
rease in light intensityWe �rst analyze the e�e
t of a �jump� in the light intensity on the r.
.d. Weuse 1(t) to denote the step fun
tion.3Proposition 1 Consider the hybrid model with initial 
onditions la(0) =0, r(0) = r0, and light intensity l(t) = 1(t). Denote w := 
1k1k2 � 
2,p1 := sinh(k1), and assume that the model's parameters satisfy the following3i.e., 1(t) = 0 for t < 0, and 1(t) = 1 for t � 0.

22




onditions: k3 � 1; w > 0; and k2 � r0 � rb + p1k2
3k1k3w : (7)Then, la(t) = 1� 1k1 ar
sinh(p1 exp(�
1k1t)); (8)where ar
sinh denotes the inverse hyperboli
 sine fun
tion, andr(t) = rb+exp(� 
2k2 t)(r0�rb)+ 
3k1k3 Z t0 exp( 
2k2 (��t)) ar
sinh(p1 exp(�
1k1�))d�:(9)Proof. See the Appendix.It is easy to verify that the spe
i�
 parameter values used in the simula-tion (6) indeed satisfy (7). Hen
e, (8) and (9) a
tually provide an analyti
aldes
ription of the responses depi
ted in Figs. 4 and 5, respe
tively.Note that the integral in (9) 
an a
tually be expressed expli
itly usingthe Gauss Hypergeometri
 fun
tion 2F1 (see, e.g., [13℄) be
auseZ exp(
�) ar
sinh(p exp(��))d�= exp(
�)
2 �2F1(1=2; 
=2; 1 + 
=2;� exp(2�)=p2) + 
 ar
sinh(p exp(��))� :23



Note also that the proof [see Eq. (13) in the Appendix℄ indi
ates that r(t)satis�es a �rst order non-homogeneous di�erential equation, with a for
-ing fun
tion that behaves like f(t) := ar
sinh(exp(�t)). Sin
e f(0) =ar
sinh(1) > 0, and f(t) de
ays to zero with t, this explains the responsedepi
ted in Fig. 5.As a �nal 
omment, we note that Eq. (14) (see the Appendix) impliesthat the response of r(t) to a step fun
tion in the light intensity de
aysexponentially. This agrees with the observations of Ullyott, who states: �. . . itis possible to see that the falling o� of r.
.d. with time is exponential...� [15,pp. 270℄.5.2 Response in a plane with di�erent light intensitiesIn this se
tion, we analyze the traje
tory of the hybrid model when exposedto a light with a dire
tional gradient. Spe
i�
ally, we assume that l(x; y) = x,that is, the light intensity in
reases as we move in the positive x dire
tion.Proposition 2 Consider the hybrid model with:
1 = 
2 = 
3 = k1 = k2 = v = 1; rb = 2; k3 = 3; q = 10; l(x; y) = x;(10)24



and initial 
onditions: r(0) = rb, x(0) = y(0) = la(0) = 0. Then, there existtimes 0 = t0 < t1 < t2 : : : su
h that R ti+1ti r(�)d� = q, andx(t4) < x(t0): (11)Proof. See the Appendix.In other words, after one set of turns, the animal ends up with x(t4) < x(t0)so that it moved to the darker region of the plane.
6 Con
luding remarksVerbal des
riptions and explanations of various phenomena appear through-out many of the �soft s
ien
es�. Constru
ting a suitable mathemati
al model,based on this linguisti
 information, 
an greatly enhan
e our understandingof these phenomena. Fuzzy modeling seems to be the natural tool for this pur-pose. In this paper, we demonstrated this using an example from ethology:the orientation to light of the planarian Dendro
oleum la
teum. Simulationsand analysis indi
ate that the behavior of the derived mathemati
al model is
ongruent with the behavior a
tually observed in nature. This suggests thatthe verbal explanations given by Ullyott and Fraenkel and Gunn are indeed25




orre
t.We believe that fuzzy modeling 
an and should be utilized in many �eldsof s
ien
e, in
luding biology, e
onomi
s, psy
hology, so
iology and more. Insu
h �elds, many linguisti
 models exist in the resear
h literature, and they
an be dire
tly transformed into mathemati
al models using the methoddes
ribed herein.Re
ently, the �eld of biomimi
ry, that is, the design of arti�
ial algorithmsand ma
hines that imitate biologi
al behavior, is attra
ting 
onsiderable re-sear
h interest. In many 
ases, there exist verbal des
riptions of the naturalbehavior we aim to mimi
. Hen
e, we believe that the paradigm presentedhere, namely, using fuzzy modeling to transform a behavior des
ribed inwords into a mathemati
al model, is parti
ularly suitable for biomimi
ry.
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AppendixProof of Proposition 1. It is easy to verify that for l(t) = 1(t), (3)yields l(t)� la(t) = 1k1 ar
sinh(p1 exp(�
1k1t)); (12)whi
h proves (8).It follows from (12) that l(t)� la(t) 2 [0; 1℄, and 
ombining this with (7),we 
on
lude that l(t)� la(t) 2 [0; k3℄ for all t, so (2) yields Sk3(l(t)� la(t)) =1k1k3 ar
sinh(p1 exp(�
1k1t)). Substituting in (4), we get_r(t) = �
2Sk2(r(t)� rb) + 
3k1k3 ar
sinh(p1 exp(�
1k1t)):By (7), r(0)� rb < k2, so it follows from (2) that there exists a � > 0, su
hthat_r(t) = � 
2k2 (r(t)� rb) + 
3k1k3 ar
sinh(p1 exp(�
1k1t)); 8t 2 [0; �): (13)
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Integrating this equation, we get (9). Furthermore, (9) yieldsr(t) � rb + exp(� 
2k2 t)(r0 � rb) + 
3k1k3 Z t0 exp( 
2k2 (� � t))p1 exp(�
1k1�)d�� rb + exp(� 
2k2 t)(r0 � rb) + p1k2
3k1k3w (1� exp(�
1k1t)); (14)and using (7), we getr(t)� rb � r0 � rb + p1k2
3k1k3w � k2: (15)Hen
e, we 
an take � in (13) to be arbitrarily large and, therefore, (9) a
tuallyholds for all t � 0. 2Proof of Proposition 2. We begin by noting that it follows from (4)that r(0) � rb implies r(t) � rb for all t � 0. Hen
e, for any � > � �0, with � � � � q=rb, we have R �� r(�)d� � (� � �)rb � q. Thus, thetimes t0; t1; t2; : : : always exist.
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It is useful to rewrite the model's equations for the spe
i�
 
hoi
e (10):_z(t) = _x(t)� tanh(z(t))_r(t) = �S1(r(t)� rb) + S3(z(t))_x(t) = 
os �(t)_y(t) = sin �(t) (16)where z(t) := l(t) � la(t), that is, the di�eren
e between the a
tual lightintensity and the intensity the animal is adapted to.We now 
onsider ea
h of the intervals [ti; ti+1℄, i = 0; 1; 2; 3, in turn. Forea
h interval, we 
ompute analyti
al bounds for the model's fun
tions andthen �propagate� these in order to obtain bounds for the next interval. Quiteexpe
tedly, the bounds be
ome more and more 
omplex during this �propa-gation� pro
ess. Hen
e, for the sake of notational 
onvenien
e, we sometimesrepla
e the analyti
al bounds by the 
orresponding numeri
al values.Interval I: t 2 [0; t1℄. In this interval, �(t) = 0 so _x(t) = 1 and _y(t) = 0.Hen
e, _z(t) = 1� tanh(z(t)), with z(0) = 0. Using the fa
t that tanh(x) � x
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for all x � 0, we get _z(t) � 1� z(t), soz(t) � 1� exp(�t): (17)Using the Lambert W fun
tion4 we 
an express the solution of the di�erentialequation for z(t) as z(t) = 1 + 4t�W (exp(1 + 4t))2 : (18)Let t0 be the �rst time su
h that z(t0) � 3. Then, for t � min(t1; t0), wehave S3(z(t)) = z(t)=3, so (17) yields _r(t) � �(r � rb) + (1 � exp(�t))=3,with r(0) = rb. Hen
e, r(t) � rb + 1=3� 1=3(t + 1) exp(�t). We now showthat t1 < t0. Seeking a 
ontradi
tion, we assume that t1 � t0. Then,q = Z t10 r(t)dt� Z t00 r(t)dt� Z t00 (rb + 1=3� 1=3(t+ 1) exp(�t))dt= ((3rb + 1)t0 � 2 + (2 + t0) exp(�t0))=3:4The Lambert W fun
tion is de�ned by W exp(W ) = x. See, e.g., [3℄ [2℄ and thereferen
es therein. 30



This yields t0 < (3q + 2)=(3rb + 1) = 32=7. Substituting this bound in (18)we �nd that z(t0) � (1 + 128=7 � W (exp(135=7)))=2 � 1:4012, and this
ontradi
ts the de�nition of t0. We 
on
lude that t1 < t0 and, therefore, t1 �32=7, and z(t1) � 1:4012.Let t00 be the �rst time su
h that r(t00)�rb � 1. Then, for t � min(t00; t1),we have _r(t) = �(r(t)� rb) + z(t)=3= �(r(t)� rb) + (1 + 4t�W (exp(1 + 4t)))=6:Integrating, we getr(t) = rb+(exp(�t)�1)=2+2t=3� 16 Z t0 exp(� � t)W (exp(1+4�))d�: (19)We now show that t00 > t1. Seeking a 
ontradi
tion, assume that t00 � t1.Then, t00 � 32=7, but substituting this in (19), we get r(t00) � rb < 0:41477,whi
h is a 
ontradi
tion to the de�nition of t00. Hen
e, t00 > t1, and r(t1)�rb �0:41477.If p(t) is some fun
tion of time, then from here on we denote the value p(ti)31



by pi. Summarizing our results, using this notation, we havet1 � 32=7; z1 � 1:4012; and r1 � rb � 0:41477: (20)Interval II: t 2 [t1; t2℄. In this interval, �(t) = ��=2 so _x(t) = 0 and _y(t) =�1. Hen
e, _z(t) = � tanh(z(t)). Solving this equation, we get sinh(z(t)) =sinh(z1) exp(t1 � t) � sinh(z1). We already know that z(t1) < 3 so z(t) 2[0; 3) and S3(z(t)) = z(t)=3 for all t 2 [t1; t2℄. Let t00 denote the �rst timesu
h that r(t00) � rb � 1 (we already know that t00 > t1). Then, for t 2[t1;min(t2; t00)℄, we have_r(t) = �(r(t)� rb) + z(t)=3� �(r(t)� rb) + sinh(z1) exp(t1 � t)=3 (21)where we used the fa
t that x � sinh(x) for any x > 0. Integrating, we getr(t) � exp(t1 � t)(sinh(z1)(t� t1)=3 + r1 � rb) + rb (22)and using the fa
t thatmaxx x exp(�x) = exp(�1), we get r(t) � exp(�1) sinh(z1)=3+r1. Substituting (20), we get r(t)� rb < 1. Hen
e, t00 > t2, and we 
an 
on-32




lude that (22) holds for all t 2 [t1; t2℄. Thus,q = Z t2t1 r(t)dt� Z t2t1 [exp(t1 � t)(sinh(z1)(t� t1)=3 + r1 � rb) + rb℄dt (23)= r1 + rb(t2 � t1 � 1) + sinh(z1)=3� exp(t1 � t2)(r1 � rb + (t2 � t1 + 1) sinh(z1)=3):This yields t2 � t1 � (q + rb � r1 � sinh(z1)=3)=rb� 4:4748; (24)where the se
ond equation follows from substituting (20). Hen
e,z2 = ar
sinh (sinh(z1) exp(t1 � t2))� ar
sinh (sinh(z1) exp(�4:4748))� 0:0218: (25)To obtain the last bound for this interval, we substitute t = t2 in (22), to
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get r2 � rb � exp(t1 � t2)(sinh(z1)(t2 � t1)=3 + r1 � rb)� :03713; (26)where the se
ond equation follows from substituting (20) and (24).Interval III: t 2 [t2; t3℄. In this interval, �(t) = �� so _x(t) = �1 and _y(t) = 0.Hen
e, _z(t) = �1 � tanh(z(t)), so z(t) � z2 exp(t2 � t). Let t00 denote the�rst time su
h that r(t00) � rb � 1 (we already know that t00 > t2). Then,for t 2 [t2;min(t3; t00)℄, we have_r(t) � �(r(t)� rb) + z2 exp(t2 � t)=3: (27)Integrating, we get r(t) � rb � exp(t2 � t)(r2 � rb + (t � t2)z2=3), and us-ing maxx x exp(�x) = exp(�1), we get r(t)� rb � exp(�1)z2=3 + r2 � rb. Itis easy to verify, using (25) and (26), that this implies that r(t) � rb < 1.
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Hen
e, t00 > t3 and (27) holds for all t 2 [t2; t3℄. Thus,q = Z t3t2 r(t)dt� Z t3t2 [rb + exp(t2 � t)(t� t2)z2=3 + (r2 � rb) exp(t2 � t)℄dt= r2 � rb + (t3 � t2)rb + z2=3� exp(t2 � t3)(r2 � rb + (1 + t3 � t2)z2=3)� r2 � rb + (t3 � t2)rb + z2=3:This yields, t3 � t2 � (q + rb � r2 � z2=3)=rb� 4:81072;where the se
ond equation follows from substituting (25) and (26). Compar-ing this with (20), we �nd that t3� t2 > t1. Sin
e _x(t) = 1 for t 2 [0; t1℄ and_x(t) = �1 for t 2 [t2; t3℄ this implies that x(t3) < x(t0).Interval IV: t 2 [t3; t4℄. In this interval, �(t) = �3�=2 so _x(t) = 0 and _y(t) =�1. Hen
e, x(t4) = x(t3) < x(t0) and this 
ompletes the proof. 2
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