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Abstract. We classify initial-value problems for a class of one-dimensional evolution equations,
which can be reduced to Cauchy problems for some systems of first-order ordinary differential
equations. The technique applied relies heavily on higher conditional symmetries of the equations
under study, which means, in particular, that the obtained reductions cannot be derived within the
framework of the standard Lie approach.

1. Introduction

The principal object of the study in the present paper is the problem of reduction of initial-value
problems for nonlinear partial differential equations (PDEs) of the form

Uy = g(u)uxx + f(l/h Uy) (D

for the real-valued function u of two variables ¢, x. Provided g(u) # constant, equation (1)
can always be reduced to the form

Ur = Ulyxx + F(”a ux) (2)

by the change of the dependent variable u(t, x) = U (v(¢, x)) with an appropriately chosen
function U. That is why, we will concentrate in the following on the case of the nonlinear
PDE (2).

The underlying idea of our approach to the analysis of reducibility of the initial-value
problems for equation (2) is to exploit their higher conditional symmetries as suggested in our
recent paper [1]. The higher conditional symmetry is the generalization of the Lie—Backlund
(higher Lie) symmetry (see, e.g., [2, 3]), on the one hand, and of the non-classical (conditional)
symmetry, on the other hand.

The motivation for introducing the concept of higher conditional symmetry was a necessity
to provide a symmetry setting for the ‘nonlinear separation of variables’, which is due to
Galaktionov [4, 5] and the ‘antireduction’ [6, 7]. We have proved [8] that it is higher conditional
symmetries that enable reductions of the corresponding evolution PDEs to systems of several
ordinary differential equations (ODEs) (see, also, [9]). Note that using Lie and non-classical
symmetries we can reduce a given PDE to one ODE. This is the reason why the phenomenon
of nonlinear separation of variables cannot be completely understood within the framework of
the theory of first-order symmetries.

0305-4470/00/325763+19$30.00  © 2000 IOP Publishing Ltd 5763



5764 R Z Zhdanov and A Yu Andreitsev

Furthermore, we have proved in [1] that existence of non-trivial higher conditional
symmetry is a necessary and sufficient condition for reducibility of a given evolution PDE
to a system of ODEs. This statement is the generalization of the known relation between
reduction of PDEs to ODEs and their non-classical symmetries (see, e.g., [10-16]).

An additional motivation for search for higher conditional symmetries of PDEs belonging
to the class (2) is the fact that a particular equation of the form (2), namely, the porous medium
equation,

Uy = Ullyy + u)zc
does not admit non-classical symmetries [17]. So it would be natural to classify PDEs of a

more general form that admit first- or higher-order conditional symmetries.

2. Some basic facts from the theory of higher Lie symmetries

When we talk about an (infinitesimal) Lie—Bicklund transformation group, we mean the
canonical representation of this group

W =u+en(t,x,u,uy,...,uy)

wy=ur+eDen(t, x,u,uy, ..., uy), ... 3)
k

up =ur+eDin(t, x,u,uy, ..., uy),....

This group corresponds to the so-called Lie-Bécklund vector field

in(D';n)iEni+(Dxn)i+(Dfn)i+~-~- )
= ouy ou ouy oun
In formulae (3) and (4) D, is the total differentiation operator
D, = 9 + 3 K+l 9
Ix = a
and u; = %, k = 0,1,2,.... The use of the canonical representation of the Lie—

Bicklund group is more convenient for computations, since the prolongation formulae simplify
drastically. They are obtained by successive application of the total derivative operator D, to
n, as is readily seen from the formula (4).

The coefficient n entering into (3) and (4) may also depend on the derivatives of the
function u(z, x) with respect to the temporal variable . However, we intend to consider the
group (3) as a symmetry of the PDE (2) and, in view of this fact, we can express all the
derivatives of u with respect to ¢ in terms of #, x, u, uy, us, ... on the solution set of PDE (2).
This yields (3) as the most general form of the infinitesimal Lie—Backlund group admitted by
equation (2).

It is common knowledge that the Lie—Bicklund infinitesimal transformation group is the
generalization of the Lie infinitesimal transformation group. If the function » has the structure

77:ﬁ(t»x»u)_go(tsxau)ut_51(t»xau)“1 (5)

then the Lie-Bécklund vector field (4) is equivalent to the Lie vector field (for further details
see [2,3]):

0] a a
= t,x, — + t,x, — + t,Xx, P
Q=6 x M)at E1(r, x M)ax n(, x M)au
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Note that relation (5) is the necessary and sufficient condition for (3) to be reducible to a
Lie transformation group. Hence it follows, in particular, that if the order of the derivatives
contained in (3) is higher than the order of PDE (2), than the corresponding symmetry cannot
be reduced to a Lie symmetry.

Let us denote by the symbol M the surface in the space of variables , x, u, u;, uy, us, ...
defined by the system of algebraic equations u;, — uus — F = 0, DJ (u; — uup — F) =
0,j =1,2,.... We say that PDE (2) is invariant under the Lie-Bécklund vector field (4) if
the condition

Quy —uuy — )|, =0 (6)

holds.

Relation (6) is the criterion for invariance of PDE (2) under the group (3) and as such
it contains the four-step algorithm for calculation of Lie—Bicklund symmetries admitted by
(2). In the first step, we need to compute the result of the action of the operator Q (4) on
u; — uuy — F. The next step is to eliminate all the derivatives u;;, j =0, 1, 2, ... with the use
of the equations Dl (u, —uup, — F) =0, j =0,1,2,.... The obtained relation is split with
respect to the variables uy,;, j > 0, which yields the system of linear PDEs (determining
equations) for the function 5. Finally, in the fourth step, we solve the thus obtained system of
PDEs and obtain the most general form of the infinitesimal Lie-Bécklund group (3) admitted
by equation (2).

Further details about higher Lie symmetries, as well as numerous examples of application
of the above algorithm for calculating higher symmetries of specific PDEs can be found in
[2,3].

Denote by the symbol L, the surface in the space of variables 7, x, u, u;, uy, us, . . . defined
by the system of algebraic equations n(t, x, u, uy, ..., uy) =0, Din(t, x,u,uy, ..., uy) =
0,j =1,2,.... We say that PDE (2) is invariant under the Lie—Bécklund vector field (4) if
the condition

Qs = F)| 0, =0

holds.

The algorithm for computing higher conditional symmetries is very much the same as that
for computing standard Lie-Bicklund symmetries. The principal difference is the necessity
to take into account not only differential consequences of the equation under study but the
differential consequences of the side condition n(¢, x, u, uy,...,uy) = 0, as well. As a
result, the number of determining equations decreases and new (non-Lie) symmetries arise.
However, the price for this is the fact that the determining equations are no longer linear. Note
that the same situation takes place for non-classical symmetries. To calculate these symmetries,
one needs to solve nonlinear determining equations [10-16].

In full analogy with the classical symmetry reduction method, one can exploit conditional
symmetries in order to perform the dimensional reduction of an invariant PDE. An invariant
solution is looked for as the general solution of PDE

n(t, x,u,uy,...,uy) =0. @)

This equation is the criterion for invariance of the manifold u — u (¢, x) = 0 with respect to
the action of the infinitesimal group (3). PDE (7) contains no derivatives with respect to ¢ and,
consequently, can be regarded as the Nth-order ODE with respect to the variable x. Its general
integral can be (locally) represented in the form

u(t,x) =U (1, x, 01(1), ¢2(1), ..., on(1)) ®)
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where ¢;(¢) (j = 1,..., N) are arbitrary smooth functions. In the following, we call the
expression (8) the ansatz invariant under the Lie—Bécklund vector field (4). We have proved
in [1] the assertion establishing the connection between reducibility of PDE of the form

ul‘zF(t7x?u’ula"'aun) (9)
to ordinary differential equations and its higher-order conditional symmetry.

Theorem. Let equation (9) with F € CN*1(D), where D is an open domain in R™, be
conditionally invariant under the Lie—Bdcklund vector field (4) with n € C*(D’), where D'
is an open domain in RN and 9n/duy # 0 on D'. Then ansatz (8) invariant under the
Lie—Bdcklund vector field (4) reduces PDE (9) to a system of N ordinary differential equations
for some functions ¢;(t) (j =1,..., N),

do; .

d—t'lej(t,gpl,...,goN) j=1,...,N. (10)
Now suppose the converse. Namely, that ansatz (8), where the function U and its derivatives
BU"”/a(pjaxk (j=1,...,N, k=0,..., N) exist and are continuous on an open domain

Dy in RN*2, reduces (9) to a system of ordinary differential equations (10) with F; € C! (D)),
where D} is an open domain in RN*2. Then there exists a Lie—Bécklund vector field (4) such
that equation (9) is conditionally invariant with respect to it.

This theorem provides the connection between various direct methods for reducing a
given evolution-type PDE to systems of ordinary differential equations and those methods
which rely on its symmetries. It states that the direct and symmetry approaches, when taken
in full generality, are, in some sense, equivalent. However, for the purposes of the present
paper it is more convenient to apply the approach developed in [1, 8], that exploits the higher
conditional symmetries of equation (2).

In order to be able to implement the above reduction algorithm efficiently, we have
to integrate the nonlinear ODE (7) in a closed form. Evidently, this is not always
possible. However, as our previous experience shows, there are sufficiently many nonlinear
evolution equations such that their higher conditional symmetries are linear in the variables
u,uy,...,uy. So that, it would be natural to attempt classifying all the possible nonlinear
PDEs (2), that admit higher conditional symmetries of the form

00 N—1 9
Q:kgo |:DI; (MN—;(L(I,X)MZ>:| a_uk (11)

If such conditional symmetries are found, then equation (7) is linear and can be integrated to
yield an ansatz of the form

N
u=Yy_ filt,x)pi(1). (12)
i=1
There are numerous examples of such equations obtained both by the direct approach by
Galaktionov [4,5], Olver [19] and by the symmetry approach by Zhdanov [8], Fokas and
Liu [9]. However, up to the best of our knowledge, the classification problem for PDE (2)
admitting conditional symmetries of the form (11) has not been solved yet in full generality.
One of the principal objectives of the present paper is to fill this gap. As shown in [18], the
order of the operator Q satisfies the inequality N < 5. In what follows, we will study the
cases N = 3,4, 5 and describe all the possible inequivalent forms of the functions F such that
nonlinear evolution equation (2) admits conditional symmetries (11). Another objective of the
paper is to exploit higher conditional symmetries for reduction of initial-value problems for
nonlinear PDEs (2) with the help of the reduction technique developed in [1, 20].
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3. Classification of nonlinear equations (2) by their higher conditional symmetries

As we have already mentioned, the order of conditional symmetry N cannot be greater than 5.
On the other hand, symmetry (11) with N = 1, 2 reduces to a first-order conditional symmetry.
For these reasons, we restrict our considerations to the cases N = 3, 4, 5.

Theorem 1. Let the nonlinear evolution equation (2) be conditionally invariant with respect
to the Lie—Bdcklund operator (11) with N > 3. Then the function F is necessarily quadratic
nu,uy,

F=)\ouz+)L1uux+k2u2+uoux+,ulu+u2 (13)

where Mg, A1, A2, o, 41, Uy are constants.

Proof. We give the proof of the assertion for the case N = 3, the remaining cases N = 4,5
are handled in the same way.
Writing down the invariance condition (6) for the operator (11) under N = 3 we obtain

Fryu 2+ 3F 0 u? ty + (Bay +3F,, +2arF, , )u>,
+3Fu,mxuxxui + (6a; + a% +3a1x +3F, + arFyy, +3a1Fy ) Uxxls
+(4a0 +dyx + 2a2a2x + 2a1x + 3aOFuxux)Mxxu + (a2x Fux - a2t)uxx
+meui + (ajaz +3aix +3ap +3a1 F,,, — azF,m)ui
+(apay + Saox +2a1a2, + a1 xx +3aoFyy uxu + (aoFy, + aix F,, — ay)uy
+Q2agazy + age)u’ + (agF, + aox Fy, —ao)u —apF = 0. (14)

The above relation should hold identically with respect to the variables ¢, x, u, u,, tyy.
Differentiating equation (14) three times with respect to the variable u ., we obtain F, , ,, = O,
which means that the function F' is a quadratic polynomial in u,. With this fact in hand we
can differentiate (14) twice with respect to u,, and thus obtain that the coefficient of ui is a
constant.

Next, differentiating (14) with respect to u,, and twice with respect to u,, we come to the
conclusion that

F = Aoui + AUy + oty + Fr(u)

where Ag, A1, (4o are constants. Having substituted this function into (14) and differentiated
three times with respect to u,, we arrive at the desired form (13) for F. The theorem is proved.
O

Before going any further we give a brief account of the equivalence transformations of
the variables ¢, x, u that do not change the form of the whole class of PDEs

Uy = Ul y + Aoui + Aui, + Aou’ + Lol + iU + |4y (15)

or of some of its subclasses. These transformations will be used in the following in order to
simplify the forms of evolution equations (15).

First of all, we note that in equation (15) we can cancel the coefficient o by transforming
the spatial variable x

x' = x+ uot.

That is why, in what follows we will suppose that 1y = O.
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Furthermore, given the condition A; # 0, making the change of independent variables
x'=xx t =t
yields that A; = 1. Next, provided A; = 0, 1, # 0 we can rescale the variables ¢, x

x'= /Al x 1=kt

in (15), thus getting A, = £1.
So, the class of PDEs (15) splits into the following three sub-classes:

Uy = Ullyy +)»0ui + Ul +A2u2 + @+ Uy
Uy = Ullyy +A0u§ +u’ + i+ o
Uy = Ullyy +k0ui + U+ Uy,

We will also use the fact, that the equation

P 2+ 4)\.0 P 3
u,:uuxx+koux+uux+mu + uu )LQ#—Z
is transformed by the substitution
(1, x) 2 ) o, y) > (16)
u(t,x) =exp| — v(t, =ex
P\T53va,) ") V=P 3 0
to become
U = VU, + Xovi + .
Given the condition Ay = —%, the substitutions
. 2 sinx — 1
u(t,x) = (sinx + 1)~ v(z, y) y=—
cos x
coshx + 1
u(t, x) = (coshx — D’v(t,y)  y=-——
sinh x
reduce the equations
Uy = Ullyy — %ui +u’+ wiu (17

to the form
3.2
Ur = VVyy — 3V, + Q0.

Note that the choice of one of the two transformations given above is implied by the sign at
the term u? in equation (17).

Now we turn back to the symmetry classification of equations (15) that admit conditional
symmetries (11) under N = 3,4,5. We consider in some detail the case N = 3. Inserting
(13) into (14) yields the relation

Bay +3x; + 4)‘05’2)”;2” + (6a; + a% +3ay, + 6Xy + Xjay
+0A0a)uyctty + (4ag + anex +2a2a2; + 2a1, + 6Xoag)ux
+(2houy + Aqu)azy — ax )y + (@1az +3ax +3ap + 31 1a;
—2)\2a2)ui + (apas + Sagy, +2a1az, + ajye + 3N 1ap)uu
+((2Aottx + yu)(@o +a1y) — @iy + (2aoazy, + dor)u’
+((Auy +20u + py)ag + Chouy + Au)ag, — ag)u

—()»()1/1)2C + AU, + )»2142 + uu+ /,Lz)a() =0.
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As this relation must hold identically with respect to the variables u, u,, we can splititby u, u,
and obtain the system of algebraic and differential equations for finding unknown functions

dap, dp, az

B+4rp)a, +3x1; =0

(3 +2X0)az, + a3 + hay +6(1 + Aga; + 61, =0

Ayxx +2a2a0 + M1asy +2a1x + (4 +6A0)ap =0

ajay — 2 ax + (3 +20p)ai, +3hia; + B+ Aglag =0
2a1ay, + apay + ajye + Aay, + (5 +209)agy +4riag =0
2apaa, + Aoy + Aiagx + Aoag =0

ags =0 a; =0 ay =0 Maag = 0.

Solving the above system yields an exhaustive description of all the possible Lie—Backlund
operators (11) with N = 3. The results obtained are summarized below, where we give all
inequivalent PDEs (2) admitting third-order conditional symmetries (11) and the corresponding
Lie—Béacklund operators. Note that we skip those third-order Lie-Backlund symmetries which
lead to reductions that are particular cases of reductions through fourth- or fifth-order Lie—
Biécklund symmetries.

244X

o+ 18
(3_'_4)\0)2“ K1l + U (18)

Uy = Ullyy +A0ui + Uy
2 3
(ho #—3. ko #—3)

ad
Q = ((3 +4)\0)2uxxx + 3(3 +4)\Q)Mxx + ZMX) a— + ...
u

Uy =uuxx—u)26+/x]u+u2 (19)
3

O = (uxxx — Buy) 8_ +--- B = constant
u

Uy = Uik, + Aott> + € (1 + ho)u? + pyu + o (20)

(ho#—3, Ao #—1, e=0,+£1)

d
Qz(uxxx"'eux) +ee
du

Similarly, we obtain evolution equations that admit fourth- and fifth-order conditional
symmetries of the form (11). The results obtained are listed below.

u,:uu”—§u§+uux—6u2+ulu+/¢2 21
ad

Q = (uxxxx + 6uxxx - 9uxx - 54”)() E +e

Uy = Ullyy — 35 + [+ [ (22)

0= ) ! +
= Uxxxx) — + -
au

Uy = Ulley — S5+ €u” + i + o €=0,=+1 (23)

0= (uxxxxx + S€Uyyy +4€2ux) ai e,
u
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Remark 1. It is straightforward to apply the above results in order to describe PDEs of the
more general form (1), that admit higher conditional symmetries. To this end, one has to look
for a transformation u (¢, x) = g(v(t, x)) reducing (1) to the form (15). As aresult, one obtains
the following generalization of PDE (2) admitting higher conditional symmetries:

d*g(v) (dg(v)
dv? dv

—1
v = g(V)vyy + (g(v) ) + kog(v)> V2 + 21 8(0)v,

d —1 d —1
+3282(v) (ﬂ) T povs + (1g(v) + f1a) ( gw))

dv dv

where g(v) is an arbitrary smooth function. Conditional symmetries admitted by the above
equation are given by formulae (18)—(23), where one has to change u(z, x) to g(v(z, x)).
Furthermore, the ansatz for the function v(x) takes the form

N
g(t,x) =Y filt, )g;(0).
i=1

Remark 2. Higher conditional symmetries listed in (18)—(23) are not new (in the sense that
the reductions corresponding to them are known). Our principal result is that they exhaust
the set of all possible conditional symmetries (11) with N = 3, 4, 5 admitted by inequivalent
PDEs of the form (2).

Remark 3. Equation (18) with u, = 0 possesses the additional conditional symmetry
0
O = (Uyxx — 3uyy — (Bexp(—2x) — 2)uy + 2B exp(—2x)u) F™ +--- (24)
u

where B is an arbitrary real constant. We have not singled out equation (18) under u, = 0,
since it is reduced to the form (20) under p, = 0, € = 0 with the help of transformation (16),
and furthermore, conditional symmetry (24) is reduced to the conditional symmetry Q from
(20) under € = 0. However, the ansitze

u = exp(2x) (¢1 (1) + ¢2(1) sinh(B exp(—x)) + ¢3(1) cosh(B exp(—x)))
B = ﬂ2 >0

u = exp(2x) (¢1(t) + @2(7) sin(B exp(—x)) + ¢3(1) cos(f exp(—x)))
B=-8<0

u = @1(1) + @2(t) exp(x) + ¢3(r) exp(2x) B =0

corresponding to (24) seem to be new. Note that hereafter we denote by the symbol ¢; () an
arbitrary smooth functions of 7.

4. Reduction of initial-value problems for evolution equations (2)

Thus there exist six inequivalent classes of PDEs (2) that are invariant with respect to Lie—
Bicklund operators (11) under N > 2. Using their higher conditional symmetries we can
reduce these equations to systems of three, four or five ODEs (the number of ODEs is
determined by the order of the corresponding Lie-Bicklund operator). Moreover, using the
technique developed in [1] we can describe classes of initial-value problems for evolution
equations (18)—(23), which can be reduced to Cauchy problems for the corresponding systems
of ODEs.
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Consider PDE (2) together with the initial-value condition
a(x)uyx (0, x) +b(x)u(0, x) = c(x) (25)

where a(x), b(x), c(x) are some smooth real-valued functions. According to [1], one can
search for initial-value conditions, that are reducible with the help of higher conditional
symmetry (4), using the following two-step algorithm:

e compute the maximal Lie invariance algebra of PDE (7) within the class of Lie vector
fields
0 d
X=850x)—+ (&, Du+o,x)— (26)
ox ou
e put
a(x) = £(0,x) b(x) = =1 (0, x) c(x) = (0, x).
As a result, we obtain the initial-value problem for the PDE (2) invariant with respect to
the Lie—Bécklund operator (4), which can be reduced to a Cauchy problem for some system

of ODEs, provided the additional compatibility requirements are met (see, for further details,
[20D).

4.1. Reduction of (18)

Let us apply the technique described to PDE (18). First, integrating equation

(3 4;‘0)2uxxx 3(3 4/‘\'0)Mxx 2”x =0 (2')
we obtain the ansatz
(t ) - (t) (t) (t) ( )
u(t,x)=¢ + @ €xp + @ exp 28
! 2 3+ 4)\0 3 3+ 4)\.0

that reduces (18) to the system of three ODE:s.
Next, we compute Lie symmetry of equation (27) and derive the following class of initial-
value conditions:

X X
—(3+4Xry) <a1 + oy exp (3 +4)\0> + a3 exp (—3 +4k0>> u, (0, x)
+ (oz4 + 203 exp <—3 +x4ko)) u(0, x) = By

X 2x
+Brexp | — 3+ 40 + Bzexp | — 3van ) (29)

Here o1, oy, . . ., B3 are arbitrary real constants.
Finally, inserting ansatz (28) into initial-value problem (18) and (29) yields the following
Cauchy problem:

dgol _ 2+ 4)\0 )
- m% + Higr + 1
d(p2 2+ 4)\()
o Grdngp i the
dos 2 P N
At~ Grang2 1P T Grang T
Oly (0%} 0 QD](O) /31
203 o)ty 20 w0 | =] B

0 -3 20+ oy ©3(0) B3
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4.2. Reduction of (19)

Turn now to PDE (19). Integrating equation
Uyxx — Buy = 0 (30)

yields the ansatz for u(¢, x), whose explicit form depends essentially on the sign of the
parameter B, namely,

u(t, x) = @1(t) + @2(1) sinh(Bx) + @3(r) cosh(Bx) B=g>0 (3

u(t, x) = @1(1) + 2(t) sin(Bx) + @3(r) cos(Bx) B=-<0 (32

u(t, x) = @1(t) + @a(t)x + @3(1)x* B =0. (33)
The forms of symmetry operators admitted by the differential equation (30) also depend on
the sign of B. That is why, applying the above algorithm yields three different initial-value
conditions for PDE (19)
B=p8*>0
(o + ap sinh(Bx) + a3 cosh(Bx)) u, (0, x) + B (g — o cosh(Bx) — a3 sinh(Bx)) u(0, x)

= B (B1 + B2 sinh(Bx) + B3 cosh(Bx)) (34)

B=-8><0

(a1 + ap sin(Bx) + a3 cos(Bx)) u, (0, x) + B (g — a cos(Bx) + a3 sin(Bx)) u(0, x)

= B (B1 + B2 sin(Bx) + B3 cos(Bx)) (35)
B=0
(o1 +0ox + 3x?) 1y (0, x) + (otg — 2030)u(0, x) = By + fox + P3x°. (36)
Here «, a3, . .., B3 are arbitrary real constants.

Inserting (31) into the initial-value problem (19) and (34) yields the following Cauchy
problem:

de

a5 —B03 + B3 + 1 + o

d§02 2

e +

ar B o102 + 192

de:

d_: = B o103 + 11193 (37
as a3 —ap ¢1(0) B
—a3 oy o O | =1 B

—y o oy 3(0) B3
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Next, substituting ansatz (32) into initial-value problem (19) and (35) we obtain the Cauchy
problem

de

a5 —Bp3 — B*¢3 + 191 + 1o

dfﬂz 2

T +

a1 B 0192 + 1192

d

& —B2p193 + 1193 (38)

dt
s o3 —on ©1(0) Bi
a3 oy —ag 0 | =] B
—ay oy »3(0) B3

Finally, inserting ansatz (33) into initial-value problem (19) and (36) we arrive at the
following Cauchy problem:

dey

d_tl = 20103 — @3 + L1901 + o

dg,

2 2005 +

ar P23 + U192

d

D o 22+ g (39

dt
ay o 0 ®1(0) B

=203 0o+ 0oy 20 §02(0) = :32

0 —a3 20 +oy »3(0) B3

4.3. Reduction of (20)

Evidently, ansétze corresponding to conditional symmetry Q from (20) are obtained from
formulae (31)—(33) under B = ¢. What is more, the initial-value conditions have the forms
(34)—(36) with B = €. Inserting the ansitze (31)—(33) under B = ¢ into the corresponding
initial-value problems for evolution equation (20) yields the following Cauchy problems:

e=1
de, 2 2 2
e (T + X)o7 + Ao(—93 +@3) + 191 + 2
dg,
P (1 +2X0)0102 + 1192
des
e (1 +2X0) 0103 + 203
©1(0), ©2(0), ¢3(0) satisfy relations (37) with 8 = 1
€e=-—1
de 2 2 2
Pl =1+ 20)07 — Ao(@y +93) + 191 + (2
de2

el —(1+2X0)0192 + (192
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dos
dt

01(0), ¢2(0), ¢3(0) satisfy relations (38) with 8 =1

= —(1+2X0)0103 + 1203

do;

e 20103 + ho@3 + L1@1 + ia

@
d_t2 = (2+4X0) 293 + 1192

d
% = (2+4K0) @3 + 1293

©1(0), ¢2(0), ¢3(0) satisfy relations (39).

4.4. Reduction of (21)
Having calculated the Lie symmetry algebra of the equation
Uyyxx +OUyxy — Uy —54u, =0 (40)

within the class of Lie vector fields (26), we obtain the following class of initial conditions for
the evolution equation (21):

(o) + ap exp(3x) + a3 exp(—3x)) u, (0, x) + (g — 32 exp(3x) + 6ce3 exp(—3x)) u (0, x)
= B1 + B2exp(3x) + B3 exp(—3x) + B exp(—6x) 41)

where o, ay, . .., B4 are arbitrary real constants.
Integrating (40) yields the ansatz

u(t, x) = @1(r) + 92(1) exp(3x) + @3(r) exp(—=3x) + ¢4(r) exp(—6x) (42)

which reduces the initial-value problem (21) and (41) to the Cauchy problem

d

% = 180203 — 6¢7 + w191 + 1o

dor _

a e

d

% = 540204 — 60103 + U193

d

b 180104 — 603 + 14194

dr

oy 90(3 —60(2 0 (,01(0) ,31

—3ay 3oy +ay 0 —3a; ©2(0) B>
603 0 3oy +ay  —6a o0 | | B

0 0 3a3 a3 + 0y ©4(0) Ba
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4.5. Reduction of (22)

Having calculated the Lie symmetry algebra of the equation u,,,, = 0 we arrive at the
following initial-value condition for evolution equation (22):

(al +opx + a3x2) U (0, x) + (otg — 3a3x) u(0, x) = By + Box + Bax’ + fax® (43)
where o, oy, ..., B4 are arbitrary real constants. Integrating the equation u,,,, = 0 yields
the ansatz

u(t, x) = @1(1) + @2()x + @3(Dx” + pa(D)x
which reduces the initial-value problem (22) and (43) to the Cauchy problem

% = 20103 — 303 + 191 + 2

% = 60104 — 30203 + (1192

dos _ 20204 — 203 + 1193

dr

de4

E = K194
oy o 0 0 ©1(0) B

=3y o +oay 200 0 w0 | | B

0 —203 20+ oy 3oy »3(0) B3
0 0 -3 3ty ©4(0) Ba

4.6. Reduction of (23)

Consider the sixth class of evolution equations (23). Depending on €, the general solution of
the equation

Uprory + 5€U py + 462U, =0 (44)

is given by one of the three formulae below

e=1 u(t,x) = @(t) +@a(t)sinx + @3(t) cos x + @4(t) sin 2x + @s(t) cos2x  (45)

€ =-—1 u(t,x) = @(t) + @2(t) sinh x + @3(t) cosh x + @4 (¢) sinh 2x + ¢5(t) cosh 2x
(46)

€e=0 u(t, x) = @1(t) + @a(1)x +@3()x7 + pa(1)x” + s (1)x*. (47)

Calculating the Lie symmetry algebra of equation (44) within the class of Lie vector fields
(26) we obtain the following initial conditions for the corresponding evolution equations (23):

e=1

() + s sinx + a3 cos x)u, (0, x) + (cg — 200 cos x + 23 sin x)u (0, x)

= B1 + Posinx + B3cosx + B4 sin2x + Bs5cos 2x 48)
€e=—1
(o) + ap sinh x + a3 cosh x) u, (0, x) + (g4 — 203 cosh x — 23 sinh x) u (0, x)

= B + By sinh x + B3 cosh x + B4 sinh 2x + B5 cosh 2x 49)
€e=0
(o1 + 0ox + 3x?) 1y (0, x) + (ots — 43 x) u(0, x) = By + Pox + Bax” + Pux” + Psx* (50)

where a1, ay, . . ., Bs are arbitrary real constants.
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Inserting ansétze (45)—(47) into the corresponding initial-value problems (23) withe = 1,
(48); (23) with € = —1, (49); (23) with € = 0, (50); reduces them to the following Cauchy
problems:

de,
o =¥ T30 =305 — e — g e+
dey
e —3¢304 — 30205 + Y192 + U192
des
ke —3¢305 — 30204 + Q1903 + L1 @3
doy
P 20003 — 20104 + 11194
dos
3 = —303 + 305 — 20105 + 1195
oy %0@ —%az 0 0 ¢1(0) Bi
—203 oy —a; 20 —203 2(0) B2
—20a, o oy 2063 —20, ©3(0) =1 B
0 —%012 a3 ay  —2a; ©4(0) Ba
0 —loz —sa0 20 ay @5(0) Bs
de
o = ¢ 30303 - el + el e+
de,
d—(/; = 39304 — 302905 — Q192 + 192
des
e 30305 — 30204 — Q103 + U193
do4
e —30203 + 20104 + (1194
des
o = T2 R0+ 20105 + g
oy 2o -3, O 0 ¢1(0) Bi
—2an oy o] —2a 203 @2 (O) ,32
2y« o 203 —2ap »0) | =] B
0 —%Oéz —%043 ay 204 ©4(0) Ba
0 —loz —lam 20 o @5(0) Bs
d(p1
e 201903 — 393 + 191 + 12
der
— = 60101 — Y203 + [L1P2
dt
des
e 120,95 + %<P2<P4 - 90% + 193
des

=6 — +
dr Y205 — P304 + [L1¢Q4
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% = 20305 — 3¢, + JL195
ay ay 0 0 0 ¢1(0) B
—4a; o+ oy 20 0 0 »2(0) B2
0 —303 200+ 30 0 w0 | =1 8
0 0 —203 30 + 04 4ay ©4(0) Ba
0 0 0 —a3 oy ®s(0) Bs

Next, we give an example of using the above reduction technique for constructing the
unique analytical solution of the initial-value problem for the evolution equation of the form
(15). Consider the following problem:

Uy = Uy — U + LU+ o 51
(a1 +x + a3x2) U, (0, x) — 203xu(0, x) = a1 x + x?
where w1, U2, @3, B1, Br are arbitrary constants. Inserting (33) into (51) yields the Cauchy
problem (39) under o) = 5, ap = B3 = 1, aq4 = B = 0. Integrating ODEs from (39) gives
1

= —wCHt—-C?In(1-C —ut
1 1—Clexp(—,u1t)<(M2 11 C3) 1n ( | exp(—puit))

+&C1 exp(—u1t) + C3)
M1

C 05 = 23
3=
1 — Cyexp(—pu11) 2(1 — Cy exp(— 1))
where Cy, C;, C3 are arbitrary parameters (integration constants). They are specified by

imposing the initial Cauchy data (the second equation from (51)) on the functions ¢, ¢, ¢3,
whence we obtain the unique solution of (51)

_ ! o ) —
0.5 = T yamegns (0 + (32 2 @9 =)

+ ad x2.
2(1 = (1 = p1) exp(—pit))

It has been mentioned in the previous section that there are third-order conditional
symmetries, which give rise to reductions obtainable with the aid of fifth-order conditional
symmetries. However, these symmetries are useful within the context of initial-value problems,
since they may yield new initial-value conditions, which cannot be derived with the aid of
fifth-order conditional symmetries by the above described method. That is why, we give in
the appendix additional third-order conditional symmetries and then present an example of

the new initial-value problem that can be reduced to a Cauchy problem for a system of three
ODEs.

P2 =

5. Discussion

Application of the methods and ideas of the Lie theory of continuous groups to solving
initial/boundary value problems for nonlinear PDEs still remains a great challenge for
mathematicians. The principal reason for this situation is the fact that the class of initial or
boundary conditions for PDEs of practical importance, that can be efficiently handled by the
symmetry reduction routine, is too narrow compared with practical needs. This was one of the
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reasons why there were numerous attempts to generalize the notion of classical Lie symmetry
in order to weaken constraints on the choice of initial/boundary conditions that are needed
to secure invariance of the initial/boundary value problem under some prescribed symmetry
group. Inthis way, anumber of new efficient reduction techniques have been developed, like the
non-classical [10], conditional symmetry [11-13, 15, 16], direct [14], nonlinear separation of
variables [4, 5, 19], antireduction [6, 7] and higher conditional [7, 8] (or generalized conditional
[9]) symmetry methods. These methods can be conventionally classified into two principal
groups. The first group contains the direct methods (the ansatz method by Fushchych, the direct
method by Clarkson and Kruskal, the antireduction method by Fushchych and Zhdanov and
the method of nonlinear separation of variables, which is due to Galaktionov), relying upon a
special ad hoc representation of the solution to be found in the form of an ansatz containing some
arbitrary elements (functions) fi, f2, ..., fu andunknown functions ¢y, ¢, .. ., ¢, with fewer
numbers of independent variables. Inserting the ansatz in question into the PDE under study
and requiring for the obtained relation to be equivalent to a system of PDEs for the functions
@1, ©2, - - ., Py yields nonlinear determining equations for the functions fi, f>, ..., f,. Having
solved the latter yields a number of ansitze reducing a given PDE to one or several PDEs
having fewer independent variables. The second group of methods (the non-classical method
by Bluman and Cole, the method of conditional symmetries by Fushchych, the method of side
conditions by Olver and Rosenau, the method of higher conditional symmetries by Zhdanov
and Fokas and Liu) may be regarded as infinitesimal ones. They are in line with the traditional
Lie approach to the reduction of PDEs, since they exploit symmetry properties of the equation
under study in order to construct its invariant solutions. And again any deviation from the
standard Lie approach requires solving an over-determined system of nonlinear determining
equations.

The direct and infinitesimal approaches are equivalent in the sense that they yield the same
invariant solutions. However, a proper choice of an approach when solving some specific
problem may simplify essentially the calculations. In particular, when handling classification
problems, it is definitely more convenient to use the infinitesimal approach. On the other hand,
the direct approach is more flexible and is more straightforwardly generalized. No wonder that
the first examples of reductions of nonlinear PDEs to several ordinary differential equations
were found by direct methods by properly generalizing the form of similarity ansétze.

As shown in the present paper (see also [20]), higher conditional symmetries are the
most efficient tool for solving the problem of dimensional reduction of initial-value problems
for evolution-type PDEs in a purely algebraic way. Moreover, provided some reasonable
smoothness conditions are met, reducibility of an initial-value problem for PDE (2) to a Cauchy
problem for some system of ODE:s is in one-to-one correspondence with higher conditional
symmetries admitted by (2) [20].

Having reduced an initial-value problem (2) and (25) to a Cauchy problem for a system
of ODEs extends the choice of methods for investigation of (2) and (25) substantially. First,
we can try to solve the Cauchy problem in question analytically, thus obtaining an exact
solution of the corresponding initial-value problem (2) and (25). However, even if we do not
succeed in integrating it in a closed form, there is a broad choice of highly efficient routines
for solving the Cauchy problem approximately, which, in turn, yields approximate solutions
of the initial-value problem for the nonlinear partial differential equation (2).

Since higher Lie symmetries are particular cases of higher conditional symmetries, the
above reduction technique can be applied to solitonic evolution equations, as well. So it
might be of interest to investigate the problem of classifying initial-value conditions for
solitonic equations such that the corresponding initial-value problems can be reduced to Cauchy
problems for some systems of nonlinear ODEs.
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The last remark concerns systems of evolution equations (which are not necessarily of
parabolic type). Our approach can be easily modified in order to become applicable to systems
of PDEs. This idea seems to be especially promising for systems of hydrodynamic-type
equations which admit infinite-parameter Lie—Backlund groups. These and related problems
are under study now and will be reported in our future publications.
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Appendix. Additional conditional symmetries for PDE (2)
Additional third-order conditional symmetries appears for the following PDE:

Uy = Uy — %ui +€M2+[,L11/l+,u2

where e = 0, =1, u, # 0. We give the list of these symmetries and the corresponding ansitze
omitting the details of the derivation.

Casel. € =1
d
(1) Qz(uxxx+4ux)_+"'
ou
u(t, x) = @3(t) cos 2x + @ (¢) sin 2x + ¢ (1)

) 0 = (tyyx +3(tan V)t + (3tan’ x + 1) uy) % +oo

u(t, x) = @3(t) sin® x + (1) sinx + ¢, (¢).

Case 2. ¢ = —1
0
(D O = (Uxxx _4ux)a_+"'
u
u(t, x) = @3(t) cosh 2x + @, (t) sinh 2x + ¢ (¢)
0
(2) Q = (uxxx + 3uxx + 2ux)_ +ee
du
u(t, x) = g3(He™ + @a(1)e™ + 1 (1)
0
3) 0 = (tyex — 3(tanh x)uy, + (3tanh®x — 1) uy) FREEE
u
u(t, x) = @3(t) sinh? x + @2 (1) sinh x + ¢y (¢)
d
@) 0 = (tyrx — 3(coth )ty + (3coth® x — 1) uy) PR
u

u(t, x) = @3(t) cosh? x + @2(t) coshx + @ (1).
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Case 3. € =0
1) 0 = ) oo+
u(t, x) = @3(1)x> + (1) x + @1 (1)
2 Q = (tyxx — 3% Uy + 3x—2ux)% +oe (A1)

u(t, x) = g3()x* + o ()x* + 91 (1)

3 _ 6x 6 1 ) X 2
3) 0= “xxx+muxx_ x2+/3+ <x2+,3> Uy

24x 0
il ewhi
(x2 +ﬁ) u

u(t, x) = g3(t) (x* + B7) + o2 (1) (x* — Bx) + @1 (x>

Consider, for example, the conditional symmetry (Al). Calculating Lie symmetry of the
equation

Upxy — 3x71uxx + 3x72ux =0

within the class of Lie vector fields (26), we arrive at the following initial-value problem:

utzuuxx—%ui+ulu+uz (A2)

(o1x + x4+ a3x)uy (0, x) + (s — dazxHu(0, x) = Bi + Box” + Bax*

where a1, ay, . . ., B3 are arbitrary real constants.

Comparing this problem to that corresponding to the fifth-order conditional symmetry
0= (uxxx”)% + - -+, we conclude that (A2) cannot be reduced to the latter. Ansatz (A1)
reduces (A2) to the Cauchy problem for the system of three ODEs

des

— =230 + 11@3 + [

dr

des

—— = 120391 — @3 + L1902

dr

de

N 2ppr +

ar Q201 + 191
Oy 20[2 0 </)1(0) ,Bl

—4az 20 +ay 4oy w0 | =] B

0 —203 doy + oy @3 ) ,33
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