l_’__l
TILBURG & %}?ﬁ ¢ UNIVERSITY
l\;’fl

Analysis of communication systems with timed token protocols using the power-series
algorithm

Blanc, Hans; Lenzini, L.

Publication date:
1995

Link to publication

Citation for published version (APA):
Blanc, J. P. C., & Lenzini, L. (1995). Analysis of communication systems with timed token protocols using the
power-series algorithm. (CentER Discussion Paper; Vol. 1995-100). Unknown Publisher.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

? Users may download and print one copy of any publication from the public portal for the purpose of private study or research
? You may not further distribute the material or use it for any profit-making activity or commercial gain
? You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright, please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 16. sep. 2016


https://pure.uvt.nl/portal/en/publications/analysis-of-communication-systems-with-timed-token-protocols-using-the-powerseries-algorithm(c7d57162-6272-4cb3-b39d-a986aa0f5825).html

Analysis of Communication Systems with Timed
Token Protocols using the Power-Series Algorithm

J.P.C. Blanc L. Lenzini
Tilburg University, University of Pisa
Dept. of Econometrics, Dept. of Information Engineering
P.O. Box 90153, via Diotisalvi, 2
5000 LE Tilburg, [-56126 Pisa
The Netherlands Italy
e-mail: blanc@kub.nl email: lenzini@iet.unipi.it

October 3, 1995

Abstract

The IEEE 802.4 and FDDI (Fibre Distributed Data Interface) standards are high speed
MAC (Medium Access Control) protocols for LAN/MANs employing a timer-controlled token
passing mechanism, the so-called Timed Token Protocol, to control station access to the shared
media. These protocols support synchronous and real-time (i.e., time-critical) applications, and
provide priority among asynchronous (i.e., non time-critical) applications. During the last few
years, much research has focused on the study of timed token protocols, to obtain performance
measures such as throughputs or mean waiting times. The recent development of the Power-
Series Algorithm (PSA) has opened new perspectives in the analysis of this class of protocols.
This paper shows the versatility of the PSA technique when evaluating the station buffer oc-
cupancy and delay distributions of a very general model that can be used to represent the
behavior of several LAN/MANs MAC protocols, among which the timed token MAC protocols.
Specifically, the focus of the paper is on the solution of an almost exact model of the IEEE
802.4 MAC protocol. Since the model we propose and solve numerically by exploiting the PSA
technique, is an approximate model of the FDDI MAC protocol, the paper also reports on a
comparison between performance measures obtained for this model and simulation results for
the corresponding exact model of FDDI.

1 Introduction

The idea behind the class of timed token protocols, such as IEEE 802.4 and FDDI, is firstly to
partition the services they can provide to their users into two main classes, namely time-critical
and non time-critical types of services; and secondly, to employ a token passing MAC protocol
with a cycle-dependent timing mechanism that limits the amount of data (organized into frames)
transmitted by a station for each class of service in a cycle. The non time-critical class of service
may be further subdivided into subclasses, according to a priority scheme that is normally optional.

In this section we first introduce the elements of the IEEE 802.4 MAC protocol that are relevant
to our analysis, and then we highlight the main difference with respect to FDDI.



1.1 IEEE 802.4 Token Bus

The IEEE 802.4 Token Bus standard, cf. [1], specifies a token passing protocol on a bus with an
optional priority mechanism. Specifically, this MAC protocol identifies four priority classes, denoted
access classes, termed 0, 2, 4, and 6, with 6 being the highest priority and 0 the lowest. Each access
class acts as a virtual substation in that the token is passed, internally, from the highest access
class downward, in the order 4, 2, 0. A time parameter, denoted hi_pri_token _hold time, is assigned
to class 6, whereas each of the other three classes is assigned a parameter, called ”target” token
rotation time (abbreviated as TTRT;, 7 = 4,2,0). Hence, for the IEEE 802.4 standard, there can
be at most three different values for the TTRT parameters. Each station using the optional priority
scheme will have three rotation timers for the three lower access classes, and each access class has
its own queue for frames to be transmitted. When a station receives the token, it is guaranteed to
transmit data frames of class 6 until either the station becomes empty, or a period of time equal
to hi_pri_token_hold_time has elapsed, whichever comes first. For each of the other access classes,
the corresponding virtual substation measures the time it takes the token to circulate around the
logical ring. If the token returns in less than TTRT, then the substation transmits frames of that
class until such frames are transmitted or TTRT has elapsed, whichever comes first. Otherwise,
if the token returns later than TTRT the station cannot send frames of that priority on this pass
of the token, and forwards the token immediately. Hence, the priority 6 class supports the time-
constraint service whereas priorities 4, 2, and 0 support non time-constraint services. Obviously,
if the total transmission time of class 6 data frames in a token cycle exceeds all the TTRTSs, then
no lower class frames can be transmitted at all. The aim of the cycle-dependent timing mechanism
is to allow lower classes access to the channel, successively starting from the access class with the
largest TTRT down to the one with the smallest TTRT, as the aggregate offered load of class 6
traffic decreases.

The access class service algorithm consists of loading the residual value (target token rotation
time minus the contents of the token rotation timer for the corresponding access class) from the
token rotation timer into a token hold timer, and resetting the same token rotation timer. The main
difference between the IEEE 802.4 token bus and the FDDI MAC protocols is the management of
negative residual values or accumulated latency as it is called in FDDI (see Appendix A); the latter
MAC protocol takes this into account, whereas the former MAC protocol does not. In other words,
the IEEE 802.4 standard forgets this accumulated latency by resetting the proper token rotation
timer, whereas FDDI keeps track of the accumulated latency (by setting to 1 the Late_Ct counter;
see Appendix A) until it has been recovered because, for example, one station does not transmit
time-critical frames in some cycle.

1.2 The Model

The main difficulty in the analysis of a timed token MAC protocol is the high degree of complexity
and interdependence of the various processes that describe the operations of the protocol itself. In
fact, when a station has seized the token, time-critical (priority 6 in IEEE 802.4 or synchronous in
FDDI) frames (if any) are always transmitted, whereas asynchronous frames are transmitted only
if the token is early. This implies that there are interdependencies between the total service time
given at one station, the service time required at subsequent stations, and the total cycle time.
Therefore, exact analytically-tractable solutions for timed token protocols are very difficult to
formulate. Thus, simplifying assumptions have to be made in order to obtain analytically tractable



solutions. There are many papers on FDDI (see, for example, [10, 11, 15, 16, 17, 21, 23, 24]) and
IEEE 802.4 (see, for example, [12, 17, 5, 25]), providing bounds and mean performance figures
(typically throughput and mean waiting time). A summary of the research work related to the
FDDI performance evaluation can be found in [9]. What we want to stress here is that the recently
developed Power-Series Algorithm (PSA) [6, 7, 8] allows the numerical calculation of station buffer
occupancy and delay distributions for detailed models of moderate size.

In [4], numerical results are obtained with the PSA for a timed token protocol (FDDI) model in
which the switchover times between stations are zero, interarrival and service times are exponential,
and either each station implements the 1-limited service discipline (i.e., asynchronous traffic has an
additional limitation beside the token rotation time restriction), or no station has a service limit
(i-e., no synchronous traffic). Furthermore, in [4] the influence of the accumulated lateness is not
considered, and the constraint on the actual cycle time has been replaced by a constraint on the
mean total time needed by the different queues to serve (transmit) packets in the last cycle.

The model proposed in this paper removes several of the above limitations, and becomes almost
exact for the IEEE 802.4 token bus MAC protocol. Specifically, in our model the number of frames
allowed to be transmitted by a station during one cycle of the server may be restricted by any limit,
the switchover times are different from zero, and the distributions of switchover and service times
are described by Cox distributions. Note that by using an Erlang distribution (i.e., a particular
distribution belonging to the class of Cox distributions) with a sufficient number of stages, we can
approximate as closely as we want both the deterministic switchover times between stations in a real
LAN/MAN and constant service times. Constant service times can be adopted both for simplicity
and because the wide area ATM subnetworks, to which LAN/MANSs will be interconnected, manage
packets of fixed length (i.e., cells) rather than of variable lengths.

In our model a distinction is made between access class 6 queues (type ST queues, i.e., syn-
chronous or time-constraint traffic) and the other queues (type AT queues, i.e., asynchronous or non
time-constraint traffic). We allow an arbitrary distribution of type ST and type AT queues within
the logical ring; furthermore, type ST and type AT queues can have arbitrary hi_pri_token_hold_time
and TTRT parameters respectively. Thus, there can be as many different hi_pri_token_hold time’s
as the number of type ST queues; and likewise for type AT queues.

Since in our model frames are of constant length, frames belonging to type ST queues are served
(i.e., transmitted) according to a K-limited service discipline that limits the number of frames that
can be served during the token visit; the value of the limit is generally station dependent. As we
will see in the next section, from a purely mathematical standpoint it is convenient to assume that
the TTRT (to be indicated briefly by R in the rest of the paper) is infinite for a type ST queue,
and that the limit K is infinite for a type AT queue. Hence, we model a generic type ST queue j
by K; finite and R; infinite, and we model a generic type AT queue by R; finite and K; infinite.

A virtual substation may initiate a transmission of a non time-critical frame if the token hold
timer has not reached the TTRT threshold. This might cause an additional delay in the release
of the token, hereafter called overflow transmission (asynchronous overrun in FDDI), which is
bounded by the time for the transmission of a frame of maximum length. According to the IEEE
802.4 standard, the on-going transmission shall nevertheless be completed. To make our model as
general as possible and in order to make a comparison with FDDI (which allows for asynchronous
overrun), we model this overflow transmission as well.

To conclude, in the timed token model we propose and solve, we neglect only the accumulated
lateness. Therefore, the proposed model is an exact model (to the extent that an Erlang distribution



with a sufficient number of stages represents a constant distribution) for the IEEE 802.4 standard
and an approximate (but fairly precise) model for FDDI.

Finally, in our model, time-critical and non time-critical frames are assumed to be generated
by a Poisson process. While for non time-critical frames this choice is commonly made, for time-
critical frames, at first glance, it may seem inadequate. However, when time-critical frames are
generated by a Variable Bit Rate (VBR) video source [20] or by an aggregate number of voice
sources [13], it has been shown that a Poisson distribution very well approximates the real sources.
In principle, the PSA can also handle systems with Markovian arrival processes (MAPs), cf. [26],
but this requires a still larger supplementary space than the MAC protocol already demands.

1.3 Organization of the paper

Notations for our model are introduced in Section 2. This section also contains a detailed description
of the model, in particular of the timed token access control protocol, and some remarks on the
stability of the system. In Section 3 the queue-length process for this model is transformed into a
Markov process with the aid of some supplementary variables, and the balance equations for the
stationary state probabilities are given. The recurrence relations of the PSA for this model are
derived in Section 4. Several numerical examples are presented in Section 5, where results of our
model are also compared with simulation results for systems with an FDDI protocol. Section 6
contains some concluding remarks.

2 The model

The communication system consists of S stations (queues) and a single token (server) which visits
the stations in cyclic order. Frames arrive at queue j according to a Poisson process with rate A;,
j=1,...,5. The superposition of the arrival processes at the various queues is a Poisson process
with rate A = Ele A;. Each queue may contain an unbounded number of frames. At each station
frames are served in order of arrival. Service times of frames arriving at queue j are assumed to
be Cox distributed, i.e., the distribution consists of ¥; exponential phases, with probability 7;4 a

service consists of consecutive phases ¢,¢—1,...,1,¢ =1,...,%;, and the transition rate at phase
Yispjy, ¥ =1,...,%;,5=1,...,5. The mean service time 3; for frames at queue j is then given
by

;

¢
ﬂjzzfmzi, j=1,...,8. (2.1)

The Erlang Eg; distribution is the particular case of this class of distributions with Tie; = 1 and
iy =¥;/Bjforally =1,...,%9,,5=1,...,5. The load offered at queue j is defined as p; = A;8;,
j=1,...,5,and p = Ele p; will denote the total load offered to the system. The times the server
needs for switching from queue j — 1 (queue 0 indicating queue S) to queue j are also assumed
to be Cox distributed, with {2; exponential phases, with probability w; 4 consisting of consecutive
phases ¢, —1,...,1, ¢ = 1,...,Q;, and with transition rate at phase 1 being denoted by v;,

v=1,...,957=1,...,5. The mean switchover time §; from queue j — 1 to queue j is:
0y ¢ 1
5j:2wj,¢zr, i=1,...,5. (2.2)
$=1 P=1 bR



The mean total switchover time during one cycle of the server along the queues is denoted by
A= Ele 0;. The target token rotation time, exclusive of the total expected switchover time A,
at queue j will be denoted by R;, j =1,...,5. The (expected) token rotation time, also exclusive
of the total expected switchover time A, is defined as

S
T(v)=T(v1,...,vs) = Z:vjﬂj; (2.3)

here, v; denotes the number of frames served at queue j since the beginning of the last completed
visit of the server to that queue, 5 = 1,..., 5. This means that if the server is currently serving a
frame at queue j, j = 1,...,5, then v; is the sum of the number of frames served at that queue
during the previous visit and those already served during the current visit. The service limit at
queue j will be denoted by K;, j =1,...,5. When the server arrives at queue j, it will pass if that
queue is empty or if the (expected) token rotation timer has expired; otherwise, it will start servicing
frames at that queue until either the queue becomes empty, or the maximal number of frames per
visit, K;, has been served, or the rotation timer which is augmented by 3; after each service
completion exceeds the target R;, 7 = 1,...,5. Note that this target will have no effect on the
number of frames served during a visit of the server if R; > 25:1 KnBr+(K;—-1)8,7=1,...,5.
On the other hand, if K;8; > R; then the limit K; has no effect because the maximal number of
frames served during a visit of the server to queue j is equal to [R;/8;],7 =1,...,5 ([z] denotes
the smallest integer larger than or equal to z). Hence, let Rj = min{R;, S KnBh+ (K; —1)8;}
be the effective target rotation time, and let K; = min{K;, [R;/8;]} be the effective service limit
at queue j,j=1,...,5.

Because the number of frames served per cycle at a queue in the above described polling sys-
tems with token rotation time restrictions can not be more than in polling systems without such
restrictions, a necessary condition for stability of the former systems is, cf. e.g. [7],

p+ A max {)\j/Kj} < 1. (2.4)

71=1,...,8
Further, it is shown in [18] that in the special case when the mean service times 3;, j = 1,..., 35,
are all equal to, say, 8, and when the targets R;, j = 1,...,5 are all equal to some multiple of

the mean service time, say, R; = R = K(, and the service limits do not influence the system, i.e.
K;j=K=R/B,for j =1,...,5, the restriction on the rotation times implies that the condition

A
pt 4 max {p+p;} <1, (2.5)

should hold in case of stability. In all other cases of our model, the condition for stability seems
to be unknown (in [22] a generalization of (2.5) to systems with different targets R; is given, but
our experiments indicate that this condition is not always correct, cf. the comments on table 3 in
Section 5). Still we will assume stability throughout the paper. In numerical experiments with the
PSA instability can be detected by the occurrence of negative state probabilities.

3 The queue-length process

The random variable N; will indicate the number of frames present at queue j in steady state,
j = 1,...,5. Beside the vector of random variables N = (Nj,..., Ng) several supplementary



variables are needed to obtain a Markov process. The supplementary variable U; will indicate
the number of services which have beeen performed during the last completed visit to queue 7,
j=1,...,5. The range of values of the vector U = (Uy,...,Us) is the product set

K= é{o,L...,Kj}. (3.1)

The supplementary variable H will indicate the queue to which the server is switching or to which
the server is attending. The supplementary variable Z will indicate the action of the server. More
precisely, Z = 0 will indicate that the server is switching and Z = & will indicate that the server
is serving the xth frame during the current visit. The supplementary variable ¢ will indicate
the actual phase of the current switching time or service time. We will assume that the Markov
process (N,U, H, Z, ®) is stable, and denote the stationary state probabilities of this process by
p(n,w, h,k,0),n e NS ueck,h=1,...,S, 6=1,...,Kp,d=1,...,Qifc=0,6=1,...,9,
if £ > 0. In order to formulate the balance equations for this stationary Markov process we will
use the indicator function I;¢} taking the values 0 (if C' is false) or 1 (if C' is true), and the unit
vectors e;, 7 =1,...,5,in INS. The balance equations for the probabilities of states in which the
server is switching are, forn e N, ue K, h=1,...,5,¢=1,...,Q4,

S
[A + Vh,¢]p(n7 u, h: 07 ¢) = Z A,71{11]21}p(n —€5,1, h: 07 ¢) + Vh,¢+1I{¢<ﬂh}p(n7 u, h: 07 ¢ + 1)
j=1
Ky
+ Vh—l,lwh,qSI{uh_l =0} Z I{nh_l:0VT(u+neh_1)2Rh_1}p(n7 u+kep 1,h—1,0, 1)
k=0
Ky
—I_ :uh—l,lwh,qSI{uh_l 21} Z I{nh_1:0Vuh_1:Kh_1 VT(u-l—neh_l)ZRh_l}
k=0

X I{T(u-l—(n—l)eh_l)<Rh_1}p(n +ep_1,u+ (Ii', - uh_l)eh_l, h—1,k, 1). (3.2)

The first term at the righthand side stands for transitions caused by an arrival of a frame at one of
the queues. The second term stands for a phase transition in the switching time. The third term
describes a transition from a switch to queue h — 1 to a switch to queue h; such a transition can
only occur if up_; = 0, indicating that no service has been performed during the last visit to queue
h — 1, and if either queue h — 1 was empty or the token rotation timer at queue A — 1 had expired
at the instant when the server completed its switch to this queue. The fourth term describes a
transition from a last service at queue h—1 to a switch to queue h; such a transition can only occur
if up_1 > 1, indicating that at least one service has been performed during the last visit to queue
h — 1, if the token rotation timer at queue h — 1 had not expired at the instant when the server
was ready to start the up_ith service, and if either queue h — 1 became empty or the service limit
of queue h — 1 had been reached or the token rotation timer at queue A — 1 had expired after this
service.

The balance equations for the probabilities of states in which the server is serving frames are,
fornc NS, uek,h=1,....5,nm>1,k=1,...,Kp, T(u+(k—1)er) < Rn, 6 =1,..., %,

S
[A + /'l’h,tﬁ]p(n: u, h: K, ¢) = Z A,71{11]21}p(n —€j5,1, h: K, ¢) + ,u’h,¢+1]{¢<\11h}p(n7 u, h: K, ¢ + 1)

7=1
+ I/h,17rh,¢I{H:1}p(n, u, h,0,1)+ ,uh,lﬂ'h,qgf{nzz}p(n +ep,u,h,k—1,1). (3.3)



The first term at the righthand side stands for transitions caused by an arrival of a frame at one
of the queues. The second term stands for a phase transition in the service time. The third term
describes a transition from a switch to queue A to the first service at queue A (k = 1). The fourth
term describes a transition from one service at queue h to another service at queue h (k¥ > 2). The
last two types of transitions can only occur if the timer had not expired before the new) service
started, i.e., if T(u+ (k — 1)en) < Rp. It should be noted that foralln € N®, u e K, h=1,..., 5,
k=1,...,Kp, ¢6=1,...,0,

T~

p(n,u,h,k,¢)=0, ifnpb=0 or T(u+ (k—1)ey) > Ry, (3.4)

because the server cannot be serving a frame at a queue which is empty or at which the token
rotation timer had already expired when the server was ready to start a (new) service. Finally, it
holds by the law of total probability that

oo Ky, ¥,
Z ZZ ZZ anuhOgb—l—ZanuhnqS) . (3.5)
n;=0 ng=0wu; =0 ug=0h=1 | =1 k=1 ¢=1

4 The power-series algorithm

Before the recurrence relations of the PSA for the present model are derived, we introduce the
following bilinear mapping of the interval [0,1] onto itself:

(1+Gyp 4

69— -
1+Gp’ PT11r6-co

(4.1)
This mapping is needed to enlarge the radius of convergence of the power-series expansions and to
avoid numerical instabilities; see [7, 8] for a more elaborate discussion on the use of this mapping.
The choice of the parameter G depends on the model on hand. For the present type of models a
value in the order of G = 1.5 is recommended. Next, we introduce power-series expansions of the
state probabilities as functions of 6:

p(n,u, h,k, @) = gin| Z 0%b(k;n, u, b, &, P). (4.2)
k=0

Here, we use the notation [n| = ny 4+ - -+ ng. In order to obtain a parametrization of the model as
function of § we write A\j = ajp = a;0/(1+G—-GO),j=1,...,5,and A = Ap = AG/(1+ G — G9),
cf. (4.1). These expressions and the expansions (4.2) are substituted into the equations (3.2), (3.3)
and (3.5) for the state probabilities. By equating coefficients of corresponding powers of 8 on both
sides of these equations one obtains relations for the coefficients of the power-series expansions of
the state probabilities. The recurrence relations for the coefficients of the probabilities of states in
which the server is switching are, for k =0,1,2,...,n e N’ ue K, h=1,...,5,6=1,...,0,

(14 G)vh gb(k;n,u, h,0,¢)
S
=Y ajln>13b(k;n — ej,u,k,0,¢) + [Grhg — Allps>13b(k — 1;0,u,h,0, )

i=1

+ Vh,¢+1I{¢<ﬂh}[(1 + G)b(ki n,u,h,0,¢+ 1) - GI{kZl}b(k —1in,u,h,0,6+ 1)]



Ky
—I_ Vh—l,lwh,¢I{uh_1 :0} Z I{”h—l :0VT(u-|—Iﬁ‘,eh_1)2Rh_1}

k=0
X [(1+ G)b(k;n,u+ kep_1,h —1,0,1) — Glg>13b(k — 1;n,u+ kep_1,h —1,0,1)]
Ky
+ ph-119h¢ w1513 D Lnn_1=0veun_y=Kp_1VT(utren_1)>Ra_y HIT (0t (s—1)en_1)<Fn_1}
k=0

X [(14+ G)>13b(k—L;n+ep1,u+ (k—up_1)ep_1,h - 1,5,1)
— Glgsnb(k—2;n+epr,ut (k—up1)en1,h—1,k,1)]. (4.3)
The recurrence relations for the coefficients of the probabilities of states in which the server is
serving frames are, for k = 0,1,2,..,n e NS, ue K,h=1,...,5, n, > 1,6 = 1,...,Kp,
T(u—l_(""’_ 1)eh) < Rh: ¢: 17"'7‘Ph7
(1+ G)pngb(k;n,u, h, &, §)

S
= Z a’JI{n]21}b(k7 n-—ej;u, h: K, ¢) + [Glu’h,d) - A]I{k21}b(k —1in,u, h: K, ¢)

7=1
+ lu’h,¢+1I{d><‘I’h}[(1 + G)b(ki n,u,h,k, ¢+ 1) - GI{kZl}b(k —Lin,u,h,k, ¢+ 1)]
+ Vh1Th ¢l =13 [(1 + G)b(k;n,u,k,0,1) — GIg>130(k — 150,10, h,0,1)]
+ praTho >0 (1 + G)p>13b(k — L;n+ ep,u,h,6— 1,1)

— Glp>03b(k — 2,0+ ep,u, b,k — 1,1)]. (4.4)
The law of total probability implies: for £ = 0,1,2,...,
K, Ks 8§ [0 K, ¥,
ZZ Z Z Z Zb(k— |n|;n,u,h,0,¢)+ Z Zb(k— In|;n,u,k,k,@)| = L0}
0<[nj<k w=0 us=0h=1 |$=1 r=1¢=1

(4.5)
The relations (4.3) and (4.4) can be used to compute the coefficients of the power-series expansions
of the state probabilities in a mainly recursive manner when a suitable ordering of the states is
adopted, cf. [7, 8]. The only term which may prevent recursive computation is the term with
b(k;n,u+ kep_1,h —1,0,1) in (4.3). This term is only relevant if up_; = 0. This suggests that
the coefficients should be computed, for fixed £ and n, in decreasing order of u;, j =1,...,5. In
this way, only the term with £ = 0 may cause a problem. It is readily verified that the only case
in which the coeflicients can not be computed recursively is the case n = 0 and u = 0; this is the
only situation in which the server can make a complete cycle along the queues without a change in
the values of N and U. In the case n = 0 and u = 0 equation (4.3) reduces to: for £k =0,1,2,...,
h=1,...,5, ¢6=1,...,Q4,

(1 + G)I/h,ng(k; 0,0,h,0, ¢) = [Gl/h,qg — A]I{k21}b(k —-1;0,0,h,0, ¢)
+ Vh,¢+]_.[{¢<ﬂh}|:(1 + G)b(k, 0,0,h,0,0+ 1) - GI{kZl}b(k —1;0,0,h,0,0+ 1)]
K1

+ Vho11@ho Y [(1+ G)b(k; 0, kep_1,h—1,0,1)— Gl>13b(k—1;0, kep_1,h—1,0,1)]. (4.6)

k=0

This forms, for each fixed k&, ¥ = 0,1,2,..., a dependent set of equations for the coeflicients
b(k;0,0,h,0,¢9), h = 1,...,5, ¢ = 1,...,0Q5 Note that these sets of equations have a similar



structure as those which have been encountered in cyclic polling models without token rotation
timers, cf. [6, 7]. These sets of equations can be solved together with (4.5). For the case £ = 0 -
which corresponds to the case p = 0 - we note that for h =1,...,5,¢=1,...,Qp,

5(0;0,u,h,0,6)=0, ifu#0, (4.7)

because the components of U will all vanish if there are no arrivals. In this case, (4.5) reduces to

S Qp
> ) 5(0;0,0,h,0,6) = 1. (4.8)
h=1¢=1
For k=1,2,..., relation (4.5) can be rewritten as
S ﬂh K1 S ﬂh,
ZZkaOth& Z ZI{u;éo}ZZkauthS)
h=1¢=1 u1=0  ug=0 h=1¢=1
K, ¥,
—Z ZZ ZZZb —|n|nuh0¢—|—22b k—|n|;n,u,h,k,¢)|. (4.9)
1<|n|<k W= =0 ug=0h=1|¢=1 r=1¢=1
Hence, for each k, £ = 0,1,2,..., one set of linear equations of size 2;321 Qj, - all with the same

determinant - has to be solved to obtain the coefficients for states with n = 0 and u = 0; and all
other coeflicients can be computed recursively. See Appendix B for a detailed computation scheme.

K=1 K=1 K=1|K=2 K=2 K=2 K=2 K=2|K=3 K=3|K=4
V=1 ¥v=2 ¥=4 | ¥¥=1 ¥=1 ¥=2 ¥=2 ¥=4 | ¥=1 =2 |¥=1
S| Q=1 Q=2 Q=4 Q=1 Q=2 Q=1 Q=2 Q=4 Q=1 Q=2]| Q=1
2 788 556 392 427 370 330 301 212 277 195 197
3 82 64 50 46 42 39 36 28 31 24 22
4 27 22 18 16 16 14 13 10 10 7 7

Table 1: The maximal number of terms of the power-series expansions that can be computed with
a storage capacity of 5,000,000 coefficients.

The number of coefficients which have to be computed in order to determine the power-series
expansions up to the Mth power of 8 (or p) is

S S
(M;“ S+ 1) TTIL+ Kl 30 (95 + K585). (4.10)
t1 h=1 j=1

Note that quite some coefficients may vanish, cf. e.g. (3.4), (4.7). Moreover, it is not necessary
to keep all computed coeflicients in memory until the end of the execution of the algorithm if the
coeflicients of the power-series expansions of the desired performance measures are updated when
those of the state probabilities are computed, cf. [8]. In table 1 the number of terms of the power-
series expansions is listed which can be computed with a given storage capacity, for systems with
the same service limit K, the same number of phases of the service time distributions ¥ and the
same number of phases of the switching time distributions Q for all queues.



Finally, it should be noted that the convergence of the power series can be accelerated with the
aid of the so-called e-algorithm, cf. e.g. [7, 8]. The accuracy of the results obtained with the PSA
can be estimated by inspection of the series produced with the aid of the e-algorithm. The relative
errors in the data to be presented in the next section are estimated to be in the order of 0.1%
or (much) less. The correctness of the implementation of the PSA has been carefully checked by
comparison with simulation experiments.

5 Examples

Once the moments of the joint queue length distribution have been computed those of the waiting
time distributions can be determined in the usual manner for polling systems with Poisson arrival
streams, cf. e.g. [7]. In the examples below W, denotes the waiting time, without service time,

at queue 7, j = 1,...,5, and W denotes the waiting time, without service time, of an arbitrary
frame. In all examples the mean switchover times between the queues are chosen to be equal, i.e.
6; =A/S,j=1,...,5. The influence of individual switchover times on performance measures is

usually limited, cf. e.g. [6]. The most important characteristics of the switchover times are the
first two moments of the total switchover time of the server during a cycle along the stations.

Rl Rz E{Wl} E{Wz} E{W} O'{Wl} O'{Wz} O'{W}
1.0 1.0 14.24 1.36 11.67 15.07 1.45 14.44
2.0 2.0 5.31 1.26 4.50 6.09 1.30 5.71
3.0 3.0 4.18 1.40 3.63 4.79 1.38 4.62
4.0 4.0 3.71 1.59 3.29 4.52 1.54 4.19
6.0 6.0 3.26 1.96 3.00 4.09 1.95 3.80
2.0 1.0 2.14 17.05 5.12 2.21 23.79  12.36
3.0 1.0 1.89 12.89 4.09 2.02 18.44 9.52
3.0 2.0 3.39 4.76 3.66 3.99 6.86 4.74
4.0 3.0 3.48 2.57 3.30 4.24 3.07 4.05
4.0 2.0 2.05 8.92 3.42 2.16 14.44 7.28
4.0 1.0 1.77 11.42 3.70 1.93 16.42 8.47
1.0 2.0 11.68 0.72 9.49 12.39 0.67 11.92
1.0 4.0 10.97 0.69 8.92 11.65 0.63 11.20

Table 2: Two-queue model with K; = K3 = 00, p = 0.8 and A = 0.1.

Consider first a system with S = 2 queues, Erlang E, service times and Erlang E, switching
times. The arrival rate at the first queue is four times as high as that at the second queue, i.e.
A1 = 4)Xy. The mean service times are 8; = 1.0, j = 1,2. Note that the token rotation timer
will only take values which are multiples of 1.0 for this model. Table 2 shows the means and the
standard deviations of the waiting time distributions for this model as function of the target token
rotation times R; and Rj, while the service limits K, and K, are chosen such that they do not
influence the performance of the system (i.e., K; > Rj, j = 1,2). Both queues represent stations
with asynchronous traffic. The first five entries of the table concern cases in which the stations have
the same priority (R; = R3). Note that increasing the TTRT leads to decreasing mean waiting
times at station 1, while By = Ry = 2.0 yields a minimal mean waiting time at station 2. The
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Rl Rz E{Wl} E{Wz} E{W} O'{Wl} O'{Wz} O'{W}
2.0 2.0 18.74 1.72 15.34 19.62 1.60 18.84
3.0 3.0 5.63 1.65 4.83 6.41 1.51 5.99
4.0 4.0 3.82 1.73 3.40 4.56 1.61 4.22
6.0 6.0 2.70 1.96 2.55 3.37 1.96 3.15
3.0 1.0 2.41 36.02 9.13 2.44 43.71  23.82
3.0 2.0 4.58 6.79 5.03 5.22 9.34 6.33
4.0 3.0 3.59 2.82 3.44 4.30 3.25 4.12
4.0 2.0 2.24 10.62 3.92 2.30 16.52 8.37
4.0 1.0 1.96 20.22 5.61 2.06 25,69  13.70
2.0 3.0 14.24 1.20 11.63 14.99 0.99 14.40
2.0 4.0 12.84 1.15 10.50 13.56 0.94 13.00

Table 3: Two-queue model with K; = K3 = 00, p = 0.7 and A = 0.4.

other entries concern cases in which the stations have different priorities (R; # R2). Note that
increasing the TTRT of some station may lead to smaller mean waiting times at other stations of
which the TTRT is kept fixed; see for example the entries with B, = 1.0 fixed and R, increasing:
here, E{W;} is decreasing. Note also that E{W5,} is not a monotonic function of R; for Ry = 1.0
fixed. Table 3 concerns similar quantities as table 2, the difference being a larger total switchover
time and a smaller offered load. In this case, the values Ry = Ry = 1.0 and the values R; = 2.0,
Ry = 1.0 correspond to unstable systems. This example reveals a remarkable difference concerning
stability between polling systems with and without rotation time restrictions. In the latter systems
it is necessary to increase the service limit of the bottleneck station to prevent instability, cf. (2.4).
Here, we observe a system which is not stable for R; = 2.0, Ry = 1.0, but which is stable for
R, = 3.0, Ry = 1.0, while station 2 forms the bottleneck. Note that the foregoing observations
are in contradiction with the stability condition given in [22], formula (13). The latter condition
applied to the present example would give a stability condition p < 1/1.48 = 0.676 for both cases
R,y =2.0, Ry = 1.0, and R; = 3.0, Ry = 1.0. Experiments with the PSA indicate that the former
system is still stable for p = 0.697, while the latter is still stable for p = 0.750. These properties
have been confirmed by simulation of completely deterministic systems.

K1 K, | B{Wi} E{W,} E{W} |o{Wi} o{W:} o{W}
4.77 1.95 4.21 5.50 2.52 5.17
3.34 5.09 3.69 3.96 7.03 4.79
3.30 5.29 3.70 3.96 7.15 4.84
3.39 4.76 3.66 3.99 6.86 4.74
3.31 5.18 3.68 3.97 7.08 4.81

4.78 1.89 4.20 5.49 2.47 5.17

Jay
n

=L NN =
DN = N =N =

Table 4: Two-queue model with By = 3.0, Ry = 2.0, p = 0.8, and A = 0.1.

In table 4 we show the effects of varying the service limits for fixed values of the target token
rotation times on the mean and the standard deviation of the waiting times. Note that service
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Rl Rz E{Wl} E{Wz} E{W} O'{Wl} O'{Wz} O'{W}
1.0 1.0 14.24 1.36 11.67 15.07 1.45 14.44
2.0 2.0 5.66 0.98 4.72 6.36 1.17 6.01
3.0 3.0 4.96 1.09 4.19 5.64 1.23 5.30
20 1.0 2.00 17.99 5.20 2.09 23.88 12.59
3.0 2.0 4.77 1.95 4.21 5.50 2.52 5.17
1.0 2.0 11.73 0.72 9.53 12.43 0.66 11.96

Table 5: Two-queue model with K; = K, =1, p = 0.8, and A = 0.1.

limits K1 > 3 and K3 > 2 do not pose any restrictions on the number of frames served per visit for
the given target token rotation times Ry = 3.0 = 383y and Ry = 2.0 = 28,. In table 5 we show the
effects of varying the target token rotation times for fixed values of the service limits on the mean
and the standard deviation of the waiting times. Note that target token rotation times R; > 3.0
and Ry > 3.0 do not pose any restrictions on the number of frames served per visit for the given
service limits K1 = Ko = 1.

Rl Rz R3 E{Wl} E{Wz} E{W3} E{W} O'{Wl} O'{Wz} O'{Wg} O'{W}
oo 00 o0 8.25 2.17 2.20 5.22 9.70 2.52 2.55 7.71
20 2.0 20 9.45 2.00 2.41 5.83 10.99 2.36 2.93 8.78
1.5 15 1.5 12.26 2.25 5.05 7.96 14.07 2.50 6.59 11.44
1.0 1.0 1.0 56.93 3.23 1.83 29.73 59.73 3.45 1.76  50.28
oo 15 15 4.45 12.23 13.29 8.61 5.16 17.42 17.95 13.68
15 o0 o 13.86 1.40 1.47 7.65 15.32 1.53 1.569  12.54

Table 6: Three-queue model with K1 = Ky = K3 =1, p = 0.8, and A = 0.15.

Rl Rz R3 E{Wl} E{Wz} E{W3} E{W} O'{Wl} O'{Wz} O'{Wg} O'{W}
oo 00 o0 8.59 1.32 1.38 4.97 9.90 1.46 1.54 7.95
co 3.5 35 8.57 1.36 1.41 4.98 9.89 1.54 1.60 7.94
3.0 3.0 3.0 8.74 1.35 1.46 5.07 10.10 1.52 1.69 8.11
25 25 25 9.13 1.37 1.58 5.30 10.57 1.56 1.87 8.48
20 2.0 20 10.32 1.42 1.73 5.95 11.82 1.60 2.03 9.53
1.5 15 1.5 13.56 1.61 1.91 7.66 15.28 1.75 213  12.39
2.0 3.0 3.0 10.68 1.10 1.21 5.91 12.03 1.15 1.30 9.79
co 2.5 25 8.39 1.79 1.84 5.10 9.80 2.21 2.26 7.83

Table 7: Three-queue model with Ky =1, K = K3 =2, p = 0.8, and A = 0.15.

Next, consider a system with 5 = 3 queues and exponential service and switching times. The
arrival rate at the first queue is twice as high as that at the other queues, i.e. Ay = 2y = 2A3.
The mean service times are 1 = 1.0 and 8y = B3 = 0.5. In table 6 and 7 we show the effects of
varying the target token rotation times for fixed values of the service limits on the mean and the
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standard deviation of the waiting times. Note that target token rotation times R; > 2.0, =1,2,3,
do not pose any restrictions on the number of services per visit for the given service limits K; = 1,
j = 1,2,3, in table 6, and, similarly, that target token rotation times Ry > 3.0, Ry > 3.5, R3 > 3.5
do not pose any such restrictions for the given service limits K; = 1, K; = K3 = 2, in table 7.
The effects of the service time distributions and the switching time distributions on the waiting
time characteristics are shown in table 8 for the model of table 6. These distributions are chosen
to be either exponential for all queues, or Erlang E,,,, with m the number of phases. It is seen that
the influence of the switching time distributions is only minor, but that the influence of the service
time distributions is important. However, the latter seem to affect mainly the absolute values, and
not so much the relative values, of the waiting time characteristics.

serv. switch. | E{W 1} E{W,} E{W3} E{W} | oc{Wi} o{We} o{Ws} o{W}
M M 9.45 2.00 2.41 5.83 10.99 2.36 2.93 8.78
M E, 9.42 1.99 2.41 5.81 10.98 2.36 2.93 8.76
M E4 9.40 1.99 2.40 5.80 10.96 2.36 2.92 8.75
E, M 7.36 1.61 2.00 4.58 8.49 1.83 2.40 6.79
E, E, 7.33 1.60 1.99 4.56 8.42 1.83 2.39 6.74
E, E4 7.32 1.60 1.99 4.55 8.44 1.83 2.39 6.75
E4 M 6.32 1.42 1.78 3.96 7.21 1.57 2.12 5.77
E4 E, 6.29 1.41 1.78 3.94 7.18 1.57 2.11 5.75
E4 E4 6.27 1.41 1.77 3.93 7.18 1.57 2.11 5.75

Table 8: Three-queue model: the influence of the service and switching time distributions.

Table 9 concerns symmetrical systems with exponential service and switching times. The mean
service times are 8; = 1.0,5 =1,...,S5. In the table, N stands for the number of frames present in
an individual queue, and L = Ele N; indicates the total number of frames present in the system,
both including the frame in service if any.

S K R |P{L=0} E{L} o{L} |P{N=0} E{N} o{N} | E{W} o{W}
3 1 oo| 0.164 471 508 0410 157 219 | 4.89  6.65
3 1 30| 0.160 490 529 | 0407 1.63 229| 513  7.08
3 1 10| 0.102 800 832| 0304 267 354| 900 1173
3 2 oo 0.70 449 486 | 0418 1.50 2.09 | 4.61  6.27
3 2 7.0 0.169 453 491 | 0418 151 213 | 4.66  6.44
3 2 50| 0.165 470 510 | 0413 157 220 | 488  6.71
3 2 30| 0151 521 561 0.390 1.74 240 | 552  7.47
4 1 oo 0159 478 511 | 0478 119 177 | 479  6.91
4 1 30| 0150 519 555| 0466 1.30 1.92 | 549  7.64

Table 9: Symmetrical models with p = 0.8, A = 0.12.
The next examples concern systems with S = 3 queues and with Erlang E4 service and switching

time distributions. Tables 10, 11, 12, 13 concern systems with fixed service limits K1 = Ky = K3 =
1, fixed target token rotation times By = Ry = Rz = 2.0, and with A = 0.15. They show waiting
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E{W:}

E{W,}

E{W3}

E{W)

O'{Wl}

O'{Wz}

O'{W3}

a{W}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.16/0.16
0.39/0.41
0.59/0.62
0.90/0.96
1.44/1.55
2.58/2.81
6.27/7.61

0.15/0.15
0.31/0.33
0.43/0.46
0.57/0.65
0.76/0.91
1.02/1.35
1.41/2.12

0.15/0.15
0.32/0.33
0.44/0.47
0.61/0.66
0.84/0.93
1.19/1.32
1.77/2.06

0.15/0.16
0.36/0.37
0.51/0.54
0.75/0.80
1.12/1.24
1.84/2.07
3.93/4.86

0.29/0.31
0.67/0.71
0.93,/0.99
1.32/1.40
1.95/2.11
3.23/3.49
7.18/8.67

0.25/0.27
0.49/0.54
0.61/0.71
0.76/0.94
0.95/1.28
1.20/1.79
1.57/2.61

0.25/0.27
0.51/0.54
0.66/0.72
0.86/0.96
1.14/1.31
1.53/1.74
2.11/2.46

0.27/0.29
0.59/0.63
0.80/0.87
1.11/1.20
1.60/1.78
2.59/2.86
5.75/6.97

Table 10: Three-queue model with A; = 2A3 = 2A3, and #; = 1.0, 83 = B3 = 0.5.

E{W:}

E{W,}

E{W3}

E{W)

O'{Wl}

O'{Wz}

O'{W3}

o{W}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.15/0.15
0.36/0.37
0.53/0.55
0.79/0.81
1.22/1.25
2.06/2.09
4.42/4.18

0.14/0.15
0.32/0.34
0.45/0.48
0.64/0.73
0.96/1.17
1.57/2.12
3.33/5.63

0.14/0.15
0.33/0.34
0.47/0.50
0.68/0.73
1.03/1.13
1.73/1.91
3.74/4.27

0.15/0.15
0.33/0.35
0.48/0.51
0.70/0.76
1.07/1.19
1.79/2.04
3.83/4.70

0.27/0.28
0.62/0.65
0.86/0.89
1.20/1.23
1.73/1.75
2.74/2.77
5.54/4.96

0.24/0.26 0.24/0.26
0.50/0.56 0.53/0.57
0.68/0.78 0.73/0.79
0.93/1.12
1.33/1.78
2.13/3.10
4.41/7.85 4.94/5.73

1.01/1.11
1.48/1.65
2.39/2.66

0.25/0.27
0.55/0.60
0.76/0.82
1.05/1.16
1.53/1.73
2.44/2.86
5.01/6.36

Table 11:

Three-queue model with Ay = Ay = A3, and #; = 1.0, 83 = B3 = 0.5.

E{W:}

E{W,}

E{W3}

B{W}

O'{Wl}

O'{Wz}

O'{W3}

o{W}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.17/0.18
0.44/0.49
0.68/0.78
1.06/1.24
1.75/2.12
3.29/4.35
8.75/15.1

0.16/0.17
0.39/0.44
0.56/0.65
0.79/0.93
1.11/1.34
1.58/2.05
2.34/3.24

0.16/0.17
0.40/0.44
0.57/0.66
0.83/0.96
1.20/1.42
1.80/2.20
2.86/3.70

0.16/0.18
0.42/0.46
0.62/0.72
0.93/1.09
1.45/1.75
2.49/3.24
5.67/9.28

0.33/0.37
0.79/0.88
1.12/1.28
1.63/1.91
2.51/3.06
4.40/5.73
10.7/16.9

0.31/0.34
0.69/0.78
0.91/1.07
1.19/1.43
1.57/1.89
2.09/2.73
2.88/3.95

0.31/0.34
0.70/0.77
0.95/1.10
1.28/1.49
1.74/2.07
2.43/3.01
3.53/4.60

0.32/0.35
0.74/0.83
1.03/1.19
1.45/1.70
2.14/2.61
3.59/4.67
8.46/13.7

Table 12: Three-queue model with Ay = 23 = 2A3, and 81 = B2 = B3 = 1.0.

B{w}

o{W}

PIN>0} P{N>1}

PIN>2}

P{N>3}

PIN>4}

P{N>5}

P{N>6}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.16/0.17
0.42/0.47
0.62/0.71
0.93/1.08
1.43/1.72
2.42/3.11
5.23/8.27

0.32/0.36
0.74/0.83
1.03/1.19
1.44/1.68
2.09/2.55
3.35/4.29
6.87/10.6

0.0379
0.1289
0.1859
0.2549
0.3415
0.4560
0.5298

9.1e-4
0.0118
0.0261
0.0523
0.1000
0.1893
0.2628

1.8e-5

9.9e-4
0.0035
0.0108
0.0301
0.0819
0.1357

3.3e-7
8.5e-5
5.0e-4
0.0023
0.0096
0.0371
0.0730

5.9e-9
7.7Te-6
7.5e-5
5.3e-4
0.0032
0.0170
0.0390

1.1e-10
7.2e-7
1.2e-5
1.2e-4
0.0011
0.0079
0.0208

2.0e-12
7.0e-8
1.8e-6
3.0e-5
3.6e-4
0.0036
0.0108

Table 13: Three-queue model with A; = Ay = A3, and 8, = B2 = B3 = 1.0.
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P

E{W:}

E{W,}

E{Ws}  E{W}

O'{Wl}

O'{Wz}

O'{W3}

a{W}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.16/0.16
0.39/0.35
0.54/0.46
0.73/0.58
0.96/0.72
1.25/0.88
1.63/1.06

0.16/0.17
0.40/0.48
0.60/0.78
0.92/1.22
1.45/2.08
2.48/3.99
5.09/12.9

0.16/0.18 0.16/0.17
0.41/0.51 0.40/0.45
0.64/0.79  0.60/0.67
1.00/1.29 0.88/1.03
1.67/2.15 1.36/1.65
3.11/4.15 2.28/3.00
7.88/11.2 4.85/8.37

0.32/0.29
0.65/0.53
0.81/0.62
0.98/0.70
1.17/0.79
1.38/0.85
1.64/0.92

0.30/0.35
0.72/0.90
1.02/1.39
1.46,/2.01
2.16/3.18
3.46/5.52
6.54/15.8

0.31/0.37
0.76/0.96
1.11/1.38
1.65/2.08
2.58/3.17
4.49/5.73
10.4/13.6

0.31/0.34
0.71/0.82
0.99/1.20
1.40/1.75
2.08/2.72
3.46/4.86
7.63/13.2

Table 14: Model with Al = Ag = Ag, Kl = ]_, Kg = Kg = 00, Rl =

o0, R2:R3

= 2.0.

P

E{W:}

E{W,}

E{Ws}  E{W}

O'{Wl}

O'{Wz}

O'{W3}

a{W}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.16/0.15
0.34/0.32
0.46/0.42
0.58/0.52
0.73/0.64
0.90/0.78
1.09/0.92

0.16/0.17
0.41/0.49
0.62/0.77
0.92/1.25
1.41/2.07
2.28/4.09
4.10/12.5

0.16/0.18 0.16/0.17
0.43/0.52 0.40/0.44
0.68/0.80 0.58/0.67
1.09/1.32 0.87/1.03
1.84/2.19 1.33/1.63
3.46/4.16 2.21/3.01
8.69/11.5 4.63/8.32

0.29/0.28
0.55/0.48
0.65/0.58
0.75/0.65
0.83/0.71
0.91/0.77
0.97/0.81

0.31/0.35
0.74/0.91
1.03/1.35
1.43/2.05
2.03/3.16
3.02/5.78
4.94/15.4

0.31/0.37
0.82/0.99
1.21/1.39
1.83/2.13
2.87/3.22
5.02/5.68
11.2/13.9

0.31/0.34
0.71/0.83
1.00/1.18
1.42/1.79
2.14/2.73
3.58/4.86
7.76/13.1

Table 15: Model with Al = Ag = Ag, Kl = 2, Kg = Kg = 00, Rl =

o0, R2:R3

= 2.0.

P

E{W:}

E{W,}

E{Ws} E{W}

O'{Wl}

O'{Wz}

O'{W3}

o{W}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.17/0.16
0.41/0.37
0.60/0.50
0.84/0.66
1.20/0.84
1.77/1.08
2.81/1.37

0.16/0.18
0.39/0.50
0.59/0.80
0.90/1.31
1.44/2.31
2.56/4.82
5.84/14.9

0.16/0.18 0.16/0.17
0.40/0.53 0.41/0.44
0.61/0.86 0.60/0.67
0.96/1.43 0.89/1.02
1.58/2.42 1.36/1.60
2.94/4.86 2.26/2.96
7.39/13.2 4.72/7.70

0.32/0.30
0.69/0.57
0.91/0.70
1.17/0.82
1.54/0.96
2.10/1.09
3.10/1.25

0.30/0.37
0.71/0.96
1.02/1.46
1.48/2.25
2.26/3.67
3.83/7.02
8.10/19.2

0.30/0.39
0.74/1.05
1.08/1.59
1.61/2.42
2.52/3.72
4.43/6.70
10.0/15.9

0.31/0.34
0.71/0.82
0.98/1.20
1.37/1.79
2.02/2.80
3.32/5.27
7.08/14.1

Table 16: Model with Al = 2)\2 = 2)\3, Kl = ]_, Kg = Kg = 00, Rl = 00, R2 = R3 = 2.0.

P

E{W:}

E{W,}

E{Ws} E{W}

O'{Wl}

O'{Wz}

O'{W3}

o{W}

0.1
0.3
0.4
0.5
0.6
0.7
0.8

0.15/0.15
0.34/0.32
0.46/0.44
0.61/0.56
0.78/0.71
0.99/0.89
1.25/1.11

0.16/0.18
0.43/0.51
0.65/0.82
0.99/1.33
1.54/2.33
2.53/4.76
4.57/14.9

0.16/0.18 0.16/0.17
0.45/0.55 0.39/0.43
0.73/0.90 0.58/0.65
1.19/1.47 0.85/0.98
2.07/2.55 1.29/1.57
4.04/4.97 2.14/2.88
10.4/13.9 4.37/7.75

0.29/0.27
0.55/0.50
0.67/0.62
0.79/0.72
0.91/0.82
1.03/0.93
1.15/1.04

0.32/0.37
0.79/0.99
1.13/1.47
1.60/2.22
2.32/3.61
3.52/6.93
5.76/19.1

0.32/0.38
0.88/1.07
1.35/1.65
2.09/2.45
3.40/3.91
6.13/6.89
13.8/16.9

0.30/0.33
0.71/0.82
1.01/1.20
1.45/1.78
2.23/2.86
3.83/5.32
8.41/14.4

Table 17: Model with Al = 2)\2 = 2)\3, Kl = 2, Kg = Kg = 00, Rl = 00, R2 = R3 = 2.0.
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time characteristics as function of the offered load p, for various combinations of the arrival rates
and the mean service times. For each performance measure two values are listed. The left valuesare
the results of computations with the PSA for the model described in Section 2. The right values
are simulation results for a corresponding system with an FDDI protocol, cf. Appendix A. The
simulations have been carried out with constant service and switchover times, and the accumulated
lateness is dealt with as described in Appendix A. The relative widths of the 95% confidence
intervals are in the order of 10% or less. In the completely symmetrical case (table 13) also some
excess probabilities for the number of frames present at a station are displayed for the PSA-model.

In the final examples, the model of the previous examples is considered, but now there is a
service limit for queue 1 (synchronous traffic), while there are target token rotation times for queue
2 and 3 (asynchronous traffic). In all these cases, 8; = 1.0, 5 = 1,2,3 and Ry = R3 = 2.0. In
tables 14 and 15 the arrival rates are equal, while K; = 1 respectively K; = 2. In tables 16 and
17, A1 = 2A3 = 2A3, and K7 = 1 respectively K; = 2. Also in these tables computations with the
PSA for the model of the token bus are compared with simulations for comparable systems with
an FDDI protocol.

When only non time-critical traffic is managed by all the stations, performance figures of the
token bus and FDDI are very close up to very high offered load (approx. 70%). On the other hand,
when there is at least one station managing time-critical traffic the agreement is poor. The above
facts are obviously due to the different ways the accumulated lateness is managed by the token bus
and FDDI MAC protocols.

6 Conclusions

In this paper we proposed a general model for communication systems with timed token access
protocols, including the IEEE 802.4 token bus protocol; we solved this model with the aid of the
power-series algorithm. The model can readily be modified to include finite buffer spaces; this
modification requires only the addition of a few indicator functions in the balance equations (3.2),
(3.3), and hence in the recurrence relations (4.3), (4.4). Comparison of performance measures
computed with our model with those obtained by simulating systems with an FDDI protocol
revealed that these values diverge with increasing load. Further improvement of the model could
be achieved by including the accumulated lateness, and also by using more general (Markovian)
arrival processes. Both these extensions of the model come at a cost, namely larger supplementary
spaces than indicated in (4.10). As an alternative to the approximation of the rotation timers by
their expected values, cf. (2.3), one could approximate the rotation timers by Erlang distributed
timers. An important subject for further research is the determination of the stability conditions
for the proposed model.
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A FDDI (Fibre Distributed Data Interface)

FDDI, standardized by the American National Standards Institute X3T9 committee (e.g., [2, 3])
is based on a dual fiber optic ring. To provide guaranteed service to time-critical (synchronous)
traffic, FDDI enforces a limitation on how much synchronous traffic each node can send per token
received. Specifically, a Target Token Rotation Time (TTRT) is negotiated among stations during
ring initialization and whenever a station captures the token it can transmit synchronous data up
to a maximum duration of Ts7 = (TTRT — «a)/S, where S is the number of active stations while «
is a constant term which takes into account the maximum ring latency, the maximum frame length,
and the time it takes to transmit a token. Hence, priority 6 service plays in the Token Bus the same
role as the synchronous service in FDDI. To compute the maximum time a station can transmit non
time-critical traffic (asynchronous) data when it captures a token, two timers are used: the Token
Rotation Timer (TRT) and the Token Holding Timer (THT). TRT measures the time between the
receipt of two consecutive tokens while THT is used to limit the transmission of a station when a
token is captured. If TRT reaches TTRT before the token returns to the station, a variable, named
Late_Ct, is set to 1 and TRT is restarted. When the token arrives at a station with Late_Ct=1 the
token is called a late token. Whenever a late token is captured, only synchronous transmissions
are enabled, TRT is not restarted, and Late_Ct is set to 0. TRT is left running to count both the
amount of time by which the token arrived late (accumulated lateness) plus the next rotation time
of the token. On the other hand, if the token arrives before TRT reaches TTRT and Late_Ct is
0, the token is named an early token. Whenever an early token is captured, the current value of
TRT is stored in the THT, TRT is reset to time the next rotation of the token and synchronous
frames are transmitted for a time up to Tsr. After synchronous transmission, THT is enabled and
asynchronous transmissions start (THT is disabled during Synchronous frame transmissions). The
difference between TTRT and the content of THT is the maximum time available for asynchronous
transmissions in this cycle. Any unused time remaining in THT at the end of asynchronous frame
transmissions is lost; it cannot be retained until the next token arrives. A station may initiate a
transmission of an asynchronous frame if the timer THT has not reached the TTRT threshold. This
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may cause an additional delay in the release of the token (hereafter called asynchronous overrun)
since the transmission of an asynchronous frame is always completed. The asynchronous overrun
is bounded by the time for the transmission of a frame of maximum length. Multiple levels of
asynchronous priorities may be distinguished by a station. For each priority level n, a threshold
value (T_Pri(n)) is defined. T_Pri(n) are an ordered sequence of values in the range [0,TTRT],
higher priorities have higher T Pri values and the highest priority has a threshold which is equal
to TTRT. Asynchronous transmissions start from the highest priority. Asynchronous frames of
priority n may only be transmitted if THT is less than T Pri(n). If multiple asynchronous priority
levels are not implemented, all asynchronous frames have a threshold value which is equal to TTRT.

It has been formally proved [14, 19] that FDDI guarantees upper bounds for mean and maximum
cycle times, e.g., the average token rotation time does not exceed TTRT, and the maximum token
rotation time does not exceed twice the TTRT.

B The computation scheme

The computation scheme for computing the coefficients of the power-series expansions of the state
probabilities up to the Mth power of 8 reads:
For k=0, n=0, u=0, solve the set of equations (4.6), (4.8).
For m=1 to M do
for k=0 to m do
for all n with |n|=m — %k do
for u; = K; downto 0 do
for ug = Kg downto 0 do
if n#0 or u# 0 then
determine an h = h(n,u) such that up > 1, or if u =0 such that ny > 1,
for h=~h(n,u)+1,...,s1,...,h(n,u) do
for ¢ = ) downto 1 do compute b(k;n,u,h,0,¢) according to (4.3),
for k=1 to Ky do for ¢ = ¥, downto 1 do
compute b(k;n,u,h,k,$) according to (4.3),
else solve the set of equations (4.6), (4.9) for k=m.
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